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THREE STEP ITERATIVE PROCEDURE WITH ERRORS FOR
GENERALIZED ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS IN BANACH SPACES

Yeol Je Cho, Jong Kyu Kim* and Heng You Lan

Abstract. In this paper, we introduce a class of new iterative procedures with
errors approximating the common fixed point for three generalized asymp-
totically quasi-nonexpansive mappings and prove several strong convergence
theorems for the iterative procedures with errors in uniformly convex Banach
spaces. Our results extend and improve the recent corresponding theorems
obtained by Chang-Kim-Jin [6], Ghosh-Debnath [7], Kim-Kim-Kim [14], Li-
Kim-Huang [17], Liu ([21, 22]), Nammanee-Noor-Suantai [24], Suantai [27],
Tan-Xu [28], Xu-Noor [30], Zeng-Wong-Yao [32], Zeng-Yao [33], Zhou-Cho-
Grabiec [34] and Zhou-Guo-Hwang-Cho [35].

1. INTRODUCTION

In 1974, Ishikawa [10] proved the convergence theorem for the two-step iter-
ative sequence: Let C be a convex compact subset of a Hilbert space H, T be a
Lipschitzian pseudo-contractive mapping from C into itself, and x; be any point in
C'. Then the sequence {z,,}

Tl = @ Tyn + (1 — ap)xy,
1.1 e " n=1,2---,

converges strongly to a fixed point of T, where {a,} and {f3,} are sequences in
[0, 1] that satisfy the following two conditions:
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(i) lim 3, =0,

n—oo

. S
(i) > apfy = oc.
n=1
The iteration (1.1) is said to be a Ishikawa iterative sequence [10].
If 6, = 0 for each n > 1, then it is said to be a Mann iterative sequence [23].
That is,

(1.2) Tpt1 = pTey + (1 —ap)zyn=1,2,-- -,

In 1972, Goebel-Kirk [8] introduced the concept of asymptotically nonexpan-
sive mapping. The iterative approximation problems for nonexpansive mapping,
asymptotically nonexpansive mapping, asymptotically nonexpansive type mapping,
asymptotically quasi-nonexpansive mapping, and asymptotically quasi-nonexpansive
type mapping were studied extensively by Bai-Kim [1], Goebel-Kirk [8], Li-Kim-
Huang [17], Liu ([21, 22]), Chang-Kim-Kang [6] and references therein (see, [3,
11, 12, 16]) in the setting of Hilbert spaces or Banach spaces.

Recently, Xu-Noor [30] introduced and studied the following three-step iterative
sequence to approximate fixed points of asymptotically nonexpansive mapping 7'
with some control conditions on {a,}, {A,} and {a,}:

Zn = QpTp + b, T,
(1.3) Yn = AnZn + T " 2p, n=1,2---,
Tl = QnTy + BT yn,

And, Kim-Kim-Kim [14] proved the convergence theorems of modified three-
step iterative sequences with mixed errors for an asymptotically quasi-nonexpansive
mapping 7" with suitable conditions:

Zn = nTn + bnTn(xn) + Wn,
(14) Yn :)‘nxn +M?’LT”(ZTL)+’UTL7 n= 1727"' )
Tptl = QpTp + ﬁnTn(yn) + Up,

Very recently, Zhou-Cho-Grabiec [34] introduced a class of new generalized
asymptotically nonexpansive mappings and gave a sufficient and necessary condition
for the modified Ishikawa and Mann iterative sequences to converge to fixed points
for the class of mappings. Zhou-Gu-Huang-Cho [35] established several strong
convergence results for the modified three-step iterative sequences with errors for a

class of uniformly equi-continuous and asymptotically quasi-nonexpansive mappings
in uniformly convex Banach spaces.
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On the other hand, Huang-Deng-Fang [9] introduced a new three step itera-
tive procedure for approximating the unique common fixed point of fuzzy strongly
pseudo-contractive mappings and show the convergence of the iterative procedure
by using Petryshyn’s inequality in real uniformly smooth Banach spaces.

The purpose of this paper is to introduce a class of new iterative procedures with
errors approximating the common fixed point for three generalized asymptotically
quasi-nonexpansive mappings and to give several strong convergence theorems for
the iterative procedures with errors in uniformly convex Banach spaces. The results
presented in this paper extend, improve and unify the recent corresponding results
announced by [6, 7, 14, 17, 18, 19, 20, 21, 23, 24, 25, 27, 28, 29, 30, 32, 33, 34]
and [35].

2. PRELIMINARIES

Let X be a normed linear space, C' be a nonempty convex subset of X and
T;,: C — C (i =1,2,3) be given mappings. Then, for any given x; € C, the
procedure {x,} in C' defined by

Zn = A&y + b, T3 (2y) + cpwn,
(21) Yn :)‘nxn +MnTgL(zn)+ann7 n = 1727"' )
Tn+l1 = Opdp + ﬁnT{L(yn) + TnUn,

which is called the generalized modified three step iterative procedure with errors,
where {an}, {Bn}, {7}, {An}s {pn}, {¥n}, {an}, {bn} and {cn} are sequences
in [0, 1] with ay, + Bn + VY0 = A\ + fn + Vn = ap + by + ¢, = 1, and {u, }, {v,}
and {w,} are sequences in C satisfying some conditions.

If T, =T for i = 1,2, 3, then the procedure {x,,} defined by (2.1) becomes to
the procedure

Zp = QpTy + bnTn(xn) + Cpwnp,
(2.2) Yn = AnZn + nT™(20n) + Vnn, n=12,---,
Tn+l1l = Opdp + ﬁnTn(yn) + TnUn,

which is called the modified three step iterative procedure with errors and was
studied by Zhou-Guo-Huang-Cho [35] and Kim-Kim-Kim [14]. We note that
{un}, {vn}, {wn}, {an}, {Bn}, {mm}, {Ands {n}, {vn}, {an}, {bn} and {c,}
in (2.2) are the same as in (2.1).

If b, = ¢, = 0 in (2.1), then the procedure {z,,} in C defined by

(2.3) n=1.2 ...

) ) )

{ Yn = A& + T3 (20) + VnUn,
Tptl = Qply + ﬁnT{L(yn) + Ynln,
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is called the generalized modified Ishikawa iterative procedure with errors, where

{an}, {Bn}, {1} {Anks {1}, {vn} are sequences in [0, 1] with iy + By + 75 =
An+pn+vy, =1, and {u, } and {v,, } are sequences in C satisfying some conditions
(see, [17]). The iterative procedure (2.3) was studied by Zhou-Cho-Grabiec [34]
when v, =, =0 and T1 = Ts.

If i, = vy, =0 in (2.3), then the procedure {x,} in C' defined by

(24) Tp+l = QpTp + ﬁnT{L(fL‘n) + Ynlp, n=1,2--,

is called the generalized modified Mann iterative procedure with errors, where
{an}, {6} and {~,} are sequences in [0, 1] with «), + 3, + v, = 1, and {u,} is
a sequence in C' satisfying some conditions.

Remark 2.1. The above three step iterative process with errors includes many
iterative processes as special cases, such as Liu ([21, 22]) Suzuki [26], Xu-Noor
[30], Zhou-Cho-Grabiec [34] and Zhou-Guo-Huang-Cho [35].

In the sequel, we need the following definitions and lemmas for the main results
in this paper.

Definition 2.1. A Banach space X is said to be uniformly convex if the modulus
of convexity of X:

. 1
ox(€) =mf{l -z +yl: [z =yl =1, lz —yll = €} 2 0
forall 0 < e <2.

Remark 2.2. If X is a real uniformly convex Banach space, then it is reflexive
and strictly convex, and so the normalized duality mapping J : X — 2X" defined
by

J(@) ={f € X" (@, f) = l=[If1, M=l = Wf113 - Vo e X,

is single-valued, where X* is the dual space of X.

Definition 2.2. Let X be a real Banach space, C be a nonempty subset of X
and F'(T') denote the set of fixed points of 7. A mapping 7' : C' — C'is said to be

(1) asymptotically nonexpansive if there exists a sequence {r,} of positive real
numbers with r,, — 0 as n — oo such that

(2.5) [T () = T"(y)|| < (L+rn)llz =y

forall x,y € C and n > 1;
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(2) asymptotically quasi-nonexpansive if

(2.6) 177 (2) =yl < (L+rn)llz =y

holds for all z € C' and y € F(T);
(3) generalized asymptotically quasi-nonexpansive if there exist two sequences
{rn} and {s,} C [0,1) with r,, — 0 and s,, — 0 as n — oo such that

(2.7) 1T (2) = pll < (L+r)llz = pll + sullz = T"(2)]]

forallz € C, pe F(T) and n > 1,

(4) uniformly L-Lipschitzian if there exists a positive constant L such that

17" (2) = T"(y)|| < Lllz — yl|
forall z,y € C and n > 1;

(5) uniformly L-Holder continuous if there exist positive constants L and « such
that

[T (z) = T"(y)Il < Lz — ylI*
forall z,y € C and n > 1;

(6) uniformly equi-continuous if, for any € > 0, there exists > 0 such that

[T () =T"(y)| <€

whenever ||z —yl|| < 0 for all z, y € C and n > 1 equivalently, 7" is uniformly
equi-continuous if and only if

[T () = T"(yn) — 0

whenever ||z, — y,|| — 0 as n — oo.

Remark 2.3. It is easy to see that
(1) if s, = 0 for alln > 1, then the generalized asymptotically quasi-nonexpansive
mapping reduces to the asymptotically quasi-nonex-pansive mapping;

(2) ifr, = s, foralln > 1, then the generalized asymptotically quasi-nonexpansive
mapping becomes to the quasi-nonexpansive mapping;

(3) if T is asymptotically nonexpansive, then it is uniformly L—Lip-schitzian;
(4) if T is uniformly L—Lipschitzian, then it is L-uniformly Holder continuous;

(5) if T is uniformly L-Holder continuous, then it is uniformly equi-continuous.
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However, their converses are not true.
Example 2.1. Let X = R! and C = [0, 1]. Define a mapping 7' : C — C by
T =(1-a%)3
for all ¢ € C. Then T is uniformly equi-continuous, but it is not uniformly
L—Lipschitzian.

Lemma 2.1. Let C' be a nonempty subset of X and fori =1,2,3,T; : C — C
be generalized asymptotically quasi-nonexpansive mappings, the real sequences
{rin} and {sin} be as in (2.7). Then there exist two sequences {r,} and {s,} C
[0,1) converging to 0 as n — oo such that, for any x € C, p € F(T) and
1=1,2,3,

173 (z) —pll < A +r)llz —pll + snllz =T (@), n=>1.

Proof. Setting
Ty = max{rin, Ton, T3n}, Sp = max{Sin, Son, S3n}t, n >1,
then from (2.7), we have ry,, s, C [0,1), 7, 8, — 0 (n — 00) and
173 (z) —pll < (L +7rin)llz —pll + sinllz — T (@)
< A+ rp)llz = pll + snllz =T ()|, n=>1,
forallz € C,pe F(T) and i = 1,2,3. |

Lemma 2.2. ([27]). Let {ay}, {bn} and {0,} be sequences of nonnegative
real numbers satisfying the inequality

apt1 < (1 + 5n)an + bp.-

IfY 02 0p <ooandy by < 00, then lim,,_.o ay, exists. In particular, if {a,,}
has a subsequence converging to zero, then lim,,_.. a, = 0.

By Lemma 2.2, we can prove the following import lemma for the our main
theorems.

Lemma 2.3. Let X be a normed linear space and C be a nonempty convex
subset of X. Fori=1,2,3, let T; : C — C be generalized asymptotically quasi-
nonexpansive mappings and two sequences {1, } and {s;,} be as in (2.7). Assume
that

F:F(Tl)ﬂF(Tg)ﬂF(Tg) 7&@,

T = max{rin, ron,Tsn}, Sn = max{Sin, Son,Ssn}, n > 1 and {z,} is a
sequence defined by (2.1) with the conditions that
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(1) {vn} and {wy} are bounded, w, = u,, +u!, n>1, and

o
Do lunll < oo, lurll = o(an);
n=1
(2) T, B2 < oo,
(3) 2ntien <00, 2ot v <00 and 37 n < 00
Then we have the following.
(i) limy, oo ||y, — || exists for any p € F.
(i) limy,— o0 D(xy, F') exists,

where D(z, F') denotes the distance from x to the set F, that is,

D(z, F)

inf || — vyl
inf Jlo =yl
Proof. Letp e F = F(Tl) N F(Tg) N F(Tg),

My = sup{||lun, — p|| : n > 1},

Mz = sup{|jw, —p|| : n > 1},
and for all n > 1,

My = sup{||lv, — p|| : » > 1}},
M = max{M,; :i=1,2,3},

T'n = max{rln, T2n, r3n}7

247,
Sp = max{31n7 S2n, 33n}7 On = .
1—s,

By the condition (1), we have ||u, —pl|| < ||u, —p|| + ||ur|| with ||u) ]| = o(aw,)
for all n > 1 and > 7, ||uy,|

| < oo, and so there exists a sequence {¢,} with
€n, > 0 and €, — 0 such that ||ul || = €, an, ic.,

lun = pll < llup, = pll + €ncm
and
[, = pll = llun = p =y || < flun = pll + [Jug |
< M + epa,.
It follows from (2.1) and Lemma 2.1 that
[n = T3 (zn) | < llzn = pll + 175" (2n) = pl]

< (24 7r3n)|zn — ol + sznllzn — T3 (2|

< 24700 — 2l + sl — T3 (@),
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that is,

lzn = T5'(@n) | < T~ llzn = pll = oz = pl.
Similarly, we have,
|20 = T5' (z0) || < onllzn —pll,
and
lyn — T (yn) | < onllyn — pll,
[2n —pll < anllzn — pll + bn || T35 (2n) — pll + cnllwn — pl|
< anllen = pll + 0u[(1+7r30) |20 — Pl + s3allzn — T3 (20)[|]] + Mep
= (an +bp + buran)|vn — pll + bpsanllvn — 15 (z0) || + Mep

< (an + by 4 730) |20 — pll + 83070 — T3 (20)|| + Mecy,

IN

(1 +7n + spon)||xn — p|| + Mep,

A

19n = Pl < Anllzn =Pl + pnll T3 (20) = Pl + valvn = pll

IN

AnllTn = DIl + (1 + ron) |20 — 2l + 52020 — T5'(20)||] + Moy,

IN

)\onn _pH +Mn(1 +rn + Snan)Hzn _pH + MVTL

IN

AnllTn = Pl + (1 + 70 + 8000) (1 + 70 + sp0n) |20 — D]

+in (1 + 7 + Spon)Mey, + Muy,

IN

[)\n + un + Mn(rn + Snan)(Q +rn + Snan)] Hxn — pH
+Mcppn (1 + 1y + spopn) + Muy,
< [T+ (1 + 8000) (2 + 70+ spow) |||l 2n — p|

+Mvy, + Meppin(1+ 7y + Spon),

and so

41 = pll

IN

anllzn = pll + Bul(1+712) |yn — pIl + s12llyn — TT ()] + Yallun — pl|

IN

anllzy, = pll + Bn(1+ 1o + 8000) [[yn — DIl + My + 29n0nen

IN

{an + Bn(L+7n + spon)[1+ (7o + $n0n) (2 + 70 + Snow)|}
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x||zn = pll + Mvnfn(1 410 + Snon)
+ M Bupin(1+ 1n + 5,00)% + M7y, 4 29nanen
= {1+ [+ 70+ 5000)% = 1}z — Dl + M B (1 + 7 + 5,0,)
+ M Bupin(1+ 1n + 5,00)% + M7y, 4 29nane,
< [+ (k= Dz = pll + T + vn + cn),
where k, = 1+ 71, + $p,0, = H{_"% for all n > 1 and I is a positive constant.

Note that

o0

ZTT%R =3 (hn—1) < 00
n=1 ~ Sn n=1
is equivalent to
o
Z(kn3 - 1) < o0,
n=1

lim,,—oc €, = 0 and sequences {r;,} and {s;,} in (2.7) converge to 0 as n — oo
for ¢+ = 1,2, 3. Therefore, the conclusions of the lemma follows from Lemma 2.2.
This completes the proof. u

Lemma 2.4. ([31]). Let p > 1 and r > 0 be two any real numbers. Then a
Banach space X is uniformly convex if and only if there exists a continuous strictly
increasing convex function g : [0, 00) — [0, 00) with g(0) = 0 such that

Az 4+ (1= Nyll” < Azl + (1 = Mllyl]” — wp(N)g(llz - yl)
forall x, y € B,.(0) ={x € X : || <r}andall X € [0, 1], where
wp(A) = AP(1 = X) + (1 = N)P.

As an immediate consequence of Lemma 2.4, we have the following:

Lemma 2.5. Let X be a uniformly convex Banach space and B,.(0) be a
closed ball of X. Then there exists a continuous strictly increasing convex function
g :[0,00) — [0,00) with g(0) = 0 such that

X+ py + 212 < Ml + ullyl® +l120P = Mg (lla = yll)

Sforall x, y, z € B,(0) and A\, u, v € [0,1] with A+ pu+~v=1.
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Proof.  We first observe that ﬁx + 15y € B.(0) for z, y € B,(0) and
A, iy, v €10, 1] with A+ p + v = 1. It follows from Lemma 2.4 that

A L

Az + py +vz||* = H(l —7) [1 Tt o Vy} + 72H2

< = pZme+ T2+

A
< Nl + llyl + 11207 = (1= ) (7 )l = )
Al
< Nl + llyl + 11207 = 1= gl = yl)

< Ml + pllyll* + v l12l1* = Aug(llz = yl)).

This completes the proof. u

3. MAIN RESULTS
Now, we are in a position to prove the main theorems.

Proposition 3.1. Let X be a uniformly convex Banach space, C' be a nonempty
convex subset of X, and for i =1,2,3, T; : C — C be uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mappings with

F:F(Tl)ﬂF(Tg)ﬂF(Tg)#m

and two sequences {r;,} and {s;,} C [0,1) such that r;;,, — 0 and s;, — 0. Sup-

_ _ oo rp+2s
pose that Ty, = max{Tin, ron, T3n}, Sp = MaxX{Sin, S2n, S3n}, P peq ratda o

oo and {xy} is a procedure defined by (2.1) with the following conditions:
(l) Ogan—l—lSan<§:OS/\n—l—lS)\n<n:0§an+lsan<C;
2720:1 O = 00, 2720:1 Ap = 00, Zzozl Qp = OO,
(ii) B — 0, iy, — 0 as n — oo,
(#if) Y 02 n <00, Y2 vy <00 and Y yp < 00

(iv) {vn} and {wy} are bounded, u,, = u,, +ull,n > 1, and

9]
S lupll < oo, unll = ofan).
n=1

Then we have
liminf ||z, — Tiz,| = 0,
n—oo

for each i=1,2,3.
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Proof. By Lemma 2.3, we know that lim,,_, ||, — p|| exists for any p € F.
It follows that {z,, — p}, {T7"(yn) —Un}, {15 (2n) — 2n}, {15 (xn) —xpn}, {20 —
P}, {yn—p} are all bounded. Also, {T7'(yn)—p}, {15 (2n)—p}and {T5(x,)—p}
are bounded by the assumptions of 7; (i = 1,2, 3). Now, we set

ri=sup{|lzn —pll :n =1}, r2 = sup{[|T3'(zn) —pl| : 0 > 1},
ry = sup{lyn —pllin =1}, 74 = sup{T0n) — ol : 1 > 1,
rs = sup{llza —pll:n =1}, 16 = sup{|TE(0) — pll i m > 1),
re = sup{|un —pl :n > 1}, rs = sup{[jon —pll :n > 1},
rg =sup{||w, —p|| : m > 1}, r=max{r;:1<i<9}.
By using Lemma 2.5, (2.1) and condition (iv), we have
[un = pll < llup, = pll + [l

with ||ul)|| = o(ay) for all n > 1 and > 77, |lu;,|| < oo, and so there exists a
sequence {€,} with €, > 0 and ¢, — 0 such that ||u!!|| = €, that is,

lun = pll < llup, = pll + €nan,

lug, = pll = llun —p = upll < [Jun — pll + [Jugl
< M + epay,
and
lznt1 = plI* < anllzn = plI* + Ball T (yn) — pII?
1) +nllun = Pl = anBag(lzn — T1 (ya) )

< anllzn = plI? + BallTT (yn) — 2|12
9 (1 + 200€0)? = anBng (|20 — T (y) )
It follows from the assumption of 73 that
1y = T7" ()l < llyn = pll + [IT7(yn) = pll
< 2+ 71n)llyn = pll + sinllyn — T7 (yn) |l

< @2+ rn)llyn — Pl + snllyn =TT (yn) I,
that is,
lyn = T1' ()|l < onllyn — pll,
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where o, = £, and so
n

1T (yn) = 21 < [+ 710) [y = 2l + s10ll9 — T7 () 1]

= (14 710)*llyn = pII* + siullyn — T3 (yn)

(3.2) +2810 (1 + 7r10) [y = 2llllyn — T (yn) |

I

< [(L+7r1n)? + 51,00 + 2510 (1 + r12) 0] [y — plI?

< knllyn — plI?,

where k, = 1+ 1, + s,0p, = i{_ﬂ:fﬂ > 1 for all n > 1.
Similarly, we have

[2n = T3 (z2n) | < onllzn —pll,
which implies that
lyn = plI? < Anllzn — plI? + 1| T35 (20) — p|I* + vier?

—Anfing([l2n = T3'(2n)[])

. < Anlln = pI? + pal(1 4 70) 20 =PIl + 5012
3 1 = Anping (|20 — T3 (20) )
< Mallzn = plI® + pnkillzn — plI* + var?
—Antng(|lzn — T3 (20) )
and

|20 — T3 (zn)|| < onlln —pll,
which implies that

l2n = pII* < anllzn = pl* + ball T3 (2n) = plI* + callwn — p||?

—anbng(||Tn — T3 (20)]])
< apllrn — pH2 + bn[(L+ 70) |70 — Pl + 0|20
3. +eur® — anbug (7 — TP () )
< an||lzn — plI? + buk2||zn — p||* + cpr?

—anbng(||Tn — T3 (20)]])

— Ta(z)|I?

= T3(a)|I]?

= (an + bnki)Hxn - pH2 + Cnr2 — apbng(||zn — T:?(xn)H)



Generalized Asymptotically Quasi-nonexpansive Mappings 2167

< (L=bntbuky) |2 —pl* +car® —anbug (|20 —T5 (z4) )
= [L+bn(ky = D |20 —p|* +ur® — anbng (|20 —T5 (22) )
< [1+ (k= Dlllan = pl* + ear? = anbug (|2 — T3 (xn))
< Kl = pl® + car® = anbng ([l — T3 () |))-
Thus, it follows from (3.4) and (3.3) that
lyn = pII* < Aullzn = plI + pnky (kg ll2n — plI + cor®
—anbng (|20 =T (xn) )]+ Va1 = Anptng (|20 =T5 (20) 1)
< (An+ k) |20 = plI* + copinkir® + vpr?
—anbupnkpg(||zn — T3 (@n) ) = Anting(||zn — T3 (z0)I1)
< (1= ptn + pnkp) |25 = plI* + karPen + 170y
—anbupnkpg(||zn — T3 (2n) ) = Anting (|0 — T3 (z0)I1)
(3.5)
< [+ pn(ky = Dlllen = plI? + kpren + 12y
—anbupnkpg(||zn — T3 (@n) ) = Anting(||n — T3 (z0)I1)
< L+ (ky = D]llzn — | + kpren + 7w,
—anbupnkpg(||zn — T3 (2n) ) = Anting(||zn — T3 (z0)I1)
= kMlzn — plI? + k2r?c, + v,
—anbupnkipg(||zn — T3 (@n) ) = Anting(||zn — T3 (z0)I1)
Substituting (3.2) and (3.5) into (3.1), we have
lznt1 — pl®
< anllzn = plI* + Bk lyn = plI* + vl + 2an€,)?
—anBng([|lzn — 17" (yn)|l)

3.6) < omllzn =l + Bki{kylon — pI® + kirPen +
—anbnpnkrg(|lzn — T3 (2n)[]) = Anptng(l2n — T3 (20) 1)}
+n(r + 20‘71671)2 — anBug(lzn — 11" (yn) )

= (an + BukS) |2y — pl|? + kirie, + E2r%u, + v (r + 2am6,)?
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— 0 Bng (20 =TT (W) 1) = anbupnBuking(lzn — T3 (zn)|])
—AntinBnking (|2 — T3 (24) )

< (1= B+ Bukp) lzn = pII” + knrPen + knr®vn + (1 + 20n6,)?
— 0 Bng (20 =TT (Yn)|l) = anbupinBuking(lzn — T3 (zn)|])
—AntinBnking (|2 — T3 (z4) )

= [L+ Ba(ky — Dllzn = pl* + knrPen + knr?vn + (7 + 2an€,) >y
— 0 Bng (20 =TT (W) 1) = anbupinBuking(lzn — T3 (zn)|])
—~Antin Bk g ([0 — T3 (20)]])

< [14 (K8 — D)||zn — p|> + k2r2c, 4+ k2120, + (r 4 20m€n)* 0
— g (|20 = T (W) ) = AntinBuking (|l 2n — T3 (z0) )
—anbptinSnkng (|2 — T3 (x2)])-

Since k, — 1 = H{_"% 1= ”1‘+25" the assumption )~ ; ”{’LES" < oo implies

that lim,, oo ky, = 1.nThus there exists a constant ¢ € (0, 1) such that k,, > 1 —¢
for all n > 1. Therefore, it follows from the assumption (i) and (3.6) that

241 = pl?
< [1+ (K8 = D)]l|zn — pl|? + kir2en + k2120, + (5 + 20m€n)?Yn
—an(1 = an —)g(l|en — TT(yn)l)
(1= X = vn) (1 = — ) kg (|l2n — T3 (2)]])
(3.7) —ap (1 = ap —cn) (1= Ay — ) (1 = an = ) kng (20 — T3 (2)]])
<14 (k8 — D)]llzn — plI2 + kir2en + k2020, + (r + 20men) 27
—an (1 = &)g(llzn = T1 () )
(1 =) (1= &)1 —e)?g(llxn — T3 (z0)])
(1=O@ =1 =& —e)*g(llxn — T§(n))-
From (3.7), we have
241 = p?

< [L+ (kf = Dlllwn = pl* + kpr?en + karvn + (r + 20men)* 1

—an(1 = &)g([lan = T1 (yn))
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which leads to

an(1 =) g(llzn —T7 (yu)l)
<14 (K8 — D))|zn — p|> + E2r2c, + k2120,
(3.8) , )
FYn (1 + 200€,)° — [|2ny1 — ||
<z = plI* = lznsr — pI* + 0n + M(cn + vn + ),

where 6, = r?(k8 — 1) and M is a positive constant.
Notice that >, (k, — 1) < oo is equivalent to > _°° | (k,% — 1) < co. There-

n=1

fore, we have ) 7, §,, < oo. It follows from (3.8) that

ani1(1 =) g(llznsr = Ti (yni) )
(3.9) <N #nt1 = pl* = lzns2 = plI> + onp1
+M()\n+1 + ppt1 + Vn—l—l)-

Adding the both sides of (3.8) and (3.9) and using the assumption (i), then we have

(1 =8> anrilg(llen =T @)D + g(lzner = T (gar) )]

xD xD
< oy = plP + oz =Pl +2 3 o0 + 20 S + pin + 1),

n=1 n=1
which implies that
tim inflg ([, — T3 () ) + 9(lns1 — T3 (i) )] = 0.
By virtue of the properties of g, we conclude that
. ; . i+1

lim [z, =177 (yn, ) = 0, lim [z, 41 =177 (yns41) || = 0.

j—oo j—oo
Observe that

[ = T7" ()

IN

|20 — T7" (Y ) | + 177 (yn) — T7' (z0) ],
[y — zull < pnllen — T3 (20) || + vallvn — 24|

< pin(l|zn = pll + 115" (2n) — plI) + vnllvn — 24|
0

A

l
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as n — oo. It follows from the uniform equi-continuity of 7" that || 7"z, =Ty | —
0 as n — oo. This yields that

lan, = T (@)l = 0, lan, 41 = T (2,11l = 0
as j — oo. Observe that
lon = Ti@a)ll < l#nss = 2all + lenrs = TF (@)
HITP () = TP @) |+ T (00) = i) |

and
Hxnj-f-l - xn]H < ﬁn].HT{Lj(yn].) - xn]H +’YnjHuTLj - xn]H — 0

as j — oo. Again, by using the uniform equi-continuity of 7', we conclude that
1777 (@n,) = 137 @)l = 0

as j — oo, which proves that

(3.10) |Zn; — T1(xn,)|| — 0 as j— oo.

Similarly, by (3.7), we now know that

lzns1 = pl?
< [+ (k5 = Dlllen = plI* + knr?en + kir?vn + (r + 20nen)*m

“An(1 =)A= &)1 =) g(|lzn — T3 (2n)]),

that is,
An(1=n)(1 =61 —)*g(|lwn — T3 (z0)]])
- < 1+ (kS — 1)]l|lzn — pl? + kir2e, + k2r2u,
e +(r + 2000) 9 — |Zns1 — p?
<|lzn = plI? = Nzns1 = plI® + 0n + M(cn + vi + )
and

lzns1 = pl®
< [1+ (kn = Dlllzn = pl* + kpr?en + kir?vn + (r + 20men) * 1

—an(1 = )1 =n)(1 =& =) g(llzn — T (wn)),
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that is,

an(1 =) (1 =n) (1= =) g(llzn — T3 (xn)|)
<1+ (K8 — D]||n — pl|? + kir2e, + k2r2u,
(3.12)
+(r + 20‘n€n)27n — g1 — pH2
< lwn = plI? = lZns1 — pI° + 60 + M(cn + v + ),

where §,, and M are the same as in (3.8). By virtue of the properties of g, the
assumption (i), (3.11) and (3.12), we have

lim [z, — Ty (2n,)]| = 0,

X i+1
im ||zn,; 41 — T;]+ (zn;+1)[l =0,
Jj—00 J—00

and

Wiy

tim [, — T3 (e, )| =0, Jim [, 1 — 75"

1
(@n;42)[ = 0.
j—o0 j
Since for ¢ = 2, 3,
lzn = Ti(ea) | < ll@nsr = 2l + Tt = T (@0
T (@na1) = T @) |+ 1T (20) — Tilza) |

and
Hxnj-f-l - xn]H < ﬁn].HT{Lj(yn].) - xn]H +’YnjHuTLj - xn]H — 0

as j — oo. By the proof of (3.10), we get

for each ¢ = 2, 3.
It follows from (3.10) and (3.13) that

|2n; — Ti(xn,)|| =0 as j—o0, i=1,2,3.
This completes the proof. u

Let {w,} be a given sequence in C. A mapping T : C' — C'is said to satisfy
Condition (I):

If F(T) # (), then there exists a nondecreasing function f : [0, 00) — [0, 00)
with f(0) =0 and f(r) > 0 for all € (0, 00) such that

lwn = T(wn)|| = f(D(wn, F(T)))
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for all n > 1.
By using Proposition 3.1, we have the following result.

Theorem 3.2. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T; : C — C (i = 1,2, 3) uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mappings with

F:F(Tl)ﬂF(Tg)ﬂF(Tg)#m

and two sequences {ri,} and {s;,} C [0,1) such that r;,, — 0 and s;,, — 0. Let
Tn = Max{T1iy, ron, "3n}, Sn = MaX{Sin, S2n, S3n}r P oney %f—giﬂ < oo and {x,}
be a procedure defined by (2.1) with the following conditions:

(i)()San—l—lSan<§:0§/\n+1S)‘n<n:0§an+lsan<c;
D1 O =00, 3071 Ay =00, D07 ap = 00;

(ii) B — 0, iy, — 0 as n — oo,

(i) D02 en <00, Y02 vy <00 and Y 07 n < 00

(iv) {vn} and {wy} are bounded, u,, = u,, +ull,n > 1, and

9]
S lupll < oo, lunll = ofan).
n=1

If T;(i = 1,2, 3) satisfy Condition (1), then the procedure {x ., } converges strongly
to a common fixed point of T, Ty and Ts.

Proof. 1t follows from Proposition 3.1 that
liminf ||z, — Tz,|| =0, i=1,2,3
n—oo
and so, by Condition (I), we see that

liminf f(D(z,, F)) = 0.

n—oo

By virtue of the property of f, we assert that

liminf D(z,, F) = 0.

n—oo

Therefore, It follows from Lemma 2.3 that

lim D(zy, F)=0.

n—oo
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Now, we can take an infinite subsequence {z; } of {x,,} and a sequence {p;} C
F such that ||z, —p;|| <277, Set M = exp{d> ", (k, — 1)} and write n;;; =
n; + [ for some [ > 1. Then we have

< U+ (Rnji1 = D2 +1-1 = pj|
-1

<exp {3 (knyem — 1) Hllow, — il

m=0

< =,
<5

which implies that
2M + 1
Ipj+1 — pjill < o1
Hence {p;} is a Cauchy sequence. Assume that p; — p as j — oo. Then p € F
from the closedness of F'(T"), which implies that 2; — p as j — oo. This completes
the proof. n

If T; =T for all = 1,2, 3 in Theorem 3.2, we have the following theorem.

Theorem 3.3. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T : C' — C be a uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mapping with F(T) # () and
two sequences {r,} and {s,} C [0,1) such that r, — 0 and s, — 0. Let
Yoy ﬂ{f—gjﬂ < oo and {x,} be a procedure defined by (2.2) with the following
conditions:

(1) 0< apy1 <oy <& D00 oy =00
(ii un—>0asn—>oo

)
(iif) S Cn <00, 2 vy <00 and Y7y < 00
(iv) {vn} and {w,} are bounded, u,, = ul, +ul,n > 1, and

Z [upll < oo, [lupll = o(awn).
n=1

If T satisfy Condition (1), then the sequence {x,} converges strongly to a fixed
point of T

Remark 3.1. Theorem 3.3 reduces to Theorem 6 in Zhou-Guo-Huang-Cho [35]
when s,, =0 for all n > 1.

If b, = ¢, = 0 for all n > 1 in Theorem 3.2, we can obtain the following
conclusion ([17]).
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Theorem 3.4. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T; : C — C (i = 1, 2) uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mappings with

and two sequences {ri,} and {s;,} C [0,1) such that r;, — 0 and s;,, — 0 for
i=1,2. Let 7, = max{rin, ran}, Sp = max{sin,San} Doy % < o0 and
{z} be a procedure defined by (2.3) with the following conditions:
(l) 0< QAnt1 <ap < 5: 0< /\n+1 < )\n <mn, 220:1 Qp = 00, 220:1 )\n = oo
(ii) B — 0, pyp, — 0 as n — oo,

(iil) Y 0 v <00 and Y 07y < 00
(iv) {vn} is bounded, u,, = ul, + ull,;n > 1, and

9]
ol < oo, lunll = o(awm).
n=1

If T and Ty satisfy Condition (1), then the procedure {x,} converges strongly to
a common fixed point of T and T5.

If u, = v, = b, = ¢, = 0 in Theorem 3.2 for all n > 1, then we can obtain
the following result.

Theorem 3.5. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T : C' — C uniformly equi-continuous and gen-
eralized asymptotically quasi-nonexpansive mapping with F(T1) # 0 and two
sequences {ri,} and {s1,} C [0,1) such that r1,, — 0 and s1, — 0. Let
Yo % < 0o and {x,} be a sequence defined by (2.4) with the following
conditions:

(i) 0 S Qnt1 S oy < f, 220:1 oy = 00,
(i) D opiy Yn < 00

(iii) up = up, +ul,n > 1, and

9]
S lupll < oo, lunll = ofan).
n=1

If Ty satisfies Condition (1), then the procedure {x ,} converges strongly to a fixed
point of T1.

Now We introduce an another convergence theorem of the three step iterative
procedure for the generalized asymptotically quasi-nonexpansive mappings without
the Condition (I).
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Theorem 3.6. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X, and for i = 1,2,3, T; : C — C uniformly L-Holder
continuous and generalized asymptotically quasi-nonexpansive mappings with

F:F(Tl)ﬂF(Tg)ﬂF(Tg)#m

and two sequences {ri,} and {s;,} C [0,1) such that r;;, — 0 and s;, — 0. Let
rn = max{Tin, ron, T3}, Sn = mMax{Sin, S2n, S3n}, n >1, > 7, %f—giﬂ <
oo and {x,} be a procedure defined by (2.1) with the following conditions:
)0 < apt1 <ap, <& 0< g1 <A< 0<apy1 <ay <
O =00, D7 Ay =00, 20y = 00;
(ii) Bn — 0, py, — 0 as n — oo,

(i) D02 en <00, Y0l vy <00 and Y07y < 00

(iv) {vn} and {w,} are bounded, w, = ul, +u),n > 1, and

9]
S lupll < oo, lunll = o(an).
n=1

If for some integer m > 1 and © = 1,2,3, T;" are completely continuous, then

{z} converges strongly to some common fixed point of Ty, T and Ts.

Proof. Since fori = 1, 2, 3, T; are uniformly L-Holder continuous and Hszn] —
Tp, || — 0as j — oo, we have

IN

Hszxn] - xn]H Hszxn] - szn]H + HTZmTL] - xn]H

IN

11" wn,; — Tz‘m_lxn]’ [+ + 1 Toxn; — 2,
< L(m - 1)HTan] - xn]’Ha + HTZmTL] - xn]H

—0 as j — oo.

Since T;" are completely continuous, we conclude that there exists a subsequence
{zp, } of {y,} such that T}"x,, — p as i — oco. Hence x,, — p as i — oo. It
follows from Proposition 3.1 that p € F(T'). Now the conclusion of the theorem
follows from Lemma 2.3. This completes the proof. ]

Remark 3.2. The results presented in this paper extend, improve and unify the
corresponding results in [1, 6, 7, 14, 17-22, 24, 25, 27-30, 32-35].

Question. In recently, Beg-Abbas-Kim [2], Chang-Kim [4], Chang-Kim-Jin
[5], Kim-Kim-Nam [13], Kim-Kim-Kim [15] studied the convergence theorems for
the iterative processes generated by many kind of nonlinear operators in Convex
metric spaces.
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From the Theorem 3.2 and Theorem 3.6, following Question arises quite natu-
rally and is so much interesting.

Can the Theorem 3.2 and Theorem 3.6 be extended to metric spaces and metric
spaces with weak-metrics ?
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