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THREE STEP ITERATIVE PROCEDURE WITH ERRORS FOR
GENERALIZED ASYMPTOTICALLY QUASI-NONEXPANSIVE

MAPPINGS IN BANACH SPACES

Yeol Je Cho, Jong Kyu Kim* and Heng You Lan

Abstract. In this paper, we introduce a class of new iterative procedures with
errors approximating the common fixed point for three generalized asymp-
totically quasi-nonexpansive mappings and prove several strong convergence
theorems for the iterative procedures with errors in uniformly convex Banach
spaces. Our results extend and improve the recent corresponding theorems
obtained by Chang-Kim-Jin [6], Ghosh-Debnath [7], Kim-Kim-Kim [14], Li-
Kim-Huang [17], Liu ([21, 22]), Nammanee-Noor-Suantai [24], Suantai [27],
Tan-Xu [28], Xu-Noor [30], Zeng-Wong-Yao [32], Zeng-Yao [33], Zhou-Cho-
Grabiec [34] and Zhou-Guo-Hwang-Cho [35].

1. INTRODUCTION

In 1974, Ishikawa [10] proved the convergence theorem for the two-step iter-
ative sequence: Let C be a convex compact subset of a Hilbert space H , T be a
Lipschitzian pseudo-contractive mapping from C into itself, and x1 be any point in
C. Then the sequence {xn}

(1.1)
{

xn+1 = αnTyn + (1− αn)xn

yn = βnTxn + (1 − βn)xn
n = 1, 2, · · · ,

converges strongly to a fixed point of T , where {αn} and {βn} are sequences in
[0, 1] that satisfy the following two conditions:
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(i) lim
n→∞βn = 0,

(ii)
∞∑

n=1
αnβn = ∞.

The iteration (1.1) is said to be a Ishikawa iterative sequence [10].
If βn = 0 for each n ≥ 1, then it is said to be a Mann iterative sequence [23].

That is,

(1.2) xn+1 = αnTxn + (1− αn)xnn = 1, 2, · · · ,

In 1972, Goebel-Kirk [8] introduced the concept of asymptotically nonexpan-
sive mapping. The iterative approximation problems for nonexpansive mapping,
asymptotically nonexpansive mapping, asymptotically nonexpansive type mapping,
asymptotically quasi-nonexpansivemapping, and asymptotically quasi-nonexpansive
type mapping were studied extensively by Bai-Kim [1], Goebel-Kirk [8], Li-Kim-
Huang [17], Liu ([21, 22]), Chang-Kim-Kang [6] and references therein (see, [3,
11, 12, 16]) in the setting of Hilbert spaces or Banach spaces.

Recently, Xu-Noor [30] introduced and studied the following three-step iterative
sequence to approximate fixed points of asymptotically nonexpansive mapping T

with some control conditions on {an}, {λn} and {αn} :

(1.3)




zn = anxn + bnT nxn,

yn = λnxn + µnT nzn,

xn+1 = αnxn + βnT nyn,

n = 1, 2, · · · ,

And, Kim-Kim-Kim [14] proved the convergence theorems of modified three-
step iterative sequences with mixed errors for an asymptotically quasi-nonexpansive
mapping T with suitable conditions:

(1.4)




zn = anxn + bnT n(xn) + wn,

yn = λnxn + µnT n(zn) + vn,

xn+1 = αnxn + βnT n(yn) + un,

n = 1, 2, · · · ,

Very recently, Zhou-Cho-Grabiec [34] introduced a class of new generalized
asymptotically nonexpansive mappings and gave a sufficient and necessary condition
for the modified Ishikawa and Mann iterative sequences to converge to fixed points
for the class of mappings. Zhou-Gu-Huang-Cho [35] established several strong
convergence results for the modified three-step iterative sequences with errors for a
class of uniformly equi-continuous and asymptotically quasi-nonexpansivemappings
in uniformly convex Banach spaces.
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On the other hand, Huang-Deng-Fang [9] introduced a new three step itera-
tive procedure for approximating the unique common fixed point of fuzzy strongly
pseudo-contractive mappings and show the convergence of the iterative procedure
by using Petryshyn’s inequality in real uniformly smooth Banach spaces.

The purpose of this paper is to introduce a class of new iterative procedures with
errors approximating the common fixed point for three generalized asymptotically
quasi-nonexpansive mappings and to give several strong convergence theorems for
the iterative procedures with errors in uniformly convex Banach spaces. The results
presented in this paper extend, improve and unify the recent corresponding results
announced by [6, 7, 14, 17, 18, 19, 20, 21, 23, 24, 25, 27, 28, 29, 30, 32, 33, 34]
and [35].

2. PRELIMINARIES

Let X be a normed linear space, C be a nonempty convex subset of X and
Ti : C → C (i = 1, 2, 3) be given mappings. Then, for any given x1 ∈ C, the
procedure {xn} in C defined by

(2.1)




zn = anxn + bnT n
3 (xn) + cnwn,

yn = λnxn + µnT n
2 (zn) + νnvn,

xn+1 = αnxn + βnT n
1 (yn) + γnun,

n = 1, 2, · · · ,

which is called the generalized modified three step iterative procedure with errors,
where {αn}, {βn}, {γn}, {λn}, {µn}, {νn}, {an}, {bn} and {cn} are sequences
in [0, 1] with αn + βn + γn = λn + µn + νn = an + bn + cn = 1, and {un}, {vn}
and {wn} are sequences in C satisfying some conditions.

If Ti = T for i = 1, 2, 3, then the procedure {xn} defined by (2.1) becomes to
the procedure

(2.2)




zn = anxn + bnT n(xn) + cnwn,

yn = λnxn + µnT n(zn) + νnvn,

xn+1 = αnxn + βnT n(yn) + γnun,

n = 1, 2, · · · ,

which is called the modified three step iterative procedure with errors and was
studied by Zhou-Guo-Huang-Cho [35] and Kim-Kim-Kim [14]. We note that
{un}, {vn}, {wn}, {αn}, {βn}, {γn}, {λn}, {µn}, {νn}, {an}, {bn} and {cn}
in (2.2) are the same as in (2.1).

If bn = cn ≡ 0 in (2.1), then the procedure {xn} in C defined by

(2.3)

{
yn = λnxn + µnT n

2 (xn) + νnvn,

xn+1 = αnxn + βnT n
1 (yn) + γnun,

n = 1, 2, · · · ,
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is called the generalized modified Ishikawa iterative procedure with errors, where
{αn}, {βn}, {γn}, {λn}, {µn}, {νn} are sequences in [0, 1] with αn + βn + γn =
λn+µn+νn = 1, and {un} and {vn} are sequences in C satisfying some conditions
(see, [17]). The iterative procedure (2.3) was studied by Zhou-Cho-Grabiec [34]
when νn = γn ≡ 0 and T1 = T2.

If µn = νn ≡ 0 in (2.3), then the procedure {xn} in C defined by

(2.4) xn+1 = αnxn + βnT n
1 (xn) + γnun, n = 1, 2, · · · ,

is called the generalized modified Mann iterative procedure with errors, where
{αn}, {βn} and {γn} are sequences in [0, 1] with αn + βn + γn = 1, and {un} is
a sequence in C satisfying some conditions.

Remark 2.1. The above three step iterative process with errors includes many
iterative processes as special cases, such as Liu ([21, 22]) Suzuki [26], Xu-Noor
[30], Zhou-Cho-Grabiec [34] and Zhou-Guo-Huang-Cho [35].

In the sequel, we need the following definitions and lemmas for the main results
in this paper.

Definition 2.1. A Banach space X is said to be uniformly convex if the modulus
of convexity of X :

δX(ε) = inf{1 − 1
2
‖x + y‖ : ‖x‖ = ‖y‖ = 1, ‖x − y‖ ≥ ε} ≥ 0

for all 0 < ε ≤ 2.

Remark 2.2. If X is a real uniformly convex Banach space, then it is reflexive
and strictly convex, and so the normalized duality mapping J : X → 2X∗ defined
by

J(x) = {f ∈ X∗, 〈x, f〉 = ‖x‖‖f‖, ‖x‖ = ‖f‖}, ∀x ∈ X,

is single-valued, where X∗ is the dual space of X .

Definition 2.2. Let X be a real Banach space, C be a nonempty subset of X
and F (T ) denote the set of fixed points of T . A mapping T : C → C is said to be

(1) asymptotically nonexpansive if there exists a sequence {rn} of positive real
numbers with rn → 0 as n → ∞ such that

(2.5) ‖T n(x) − T n(y)‖ ≤ (1 + rn)‖x− y‖

for all x, y ∈ C and n ≥ 1;
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(2) asymptotically quasi-nonexpansive if

(2.6) ‖T n(x) − y‖ ≤ (1 + rn)‖x − y‖

holds for all x ∈ C and y ∈ F (T );

(3) generalized asymptotically quasi-nonexpansive if there exist two sequences
{rn} and {sn} ⊂ [0, 1) with rn → 0 and sn → 0 as n → ∞ such that

(2.7) ‖T n(x)− p‖ ≤ (1 + rn)‖x− p‖ + sn‖x − T n(x)‖

for all x ∈ C, p ∈ F (T ) and n ≥ 1;

(4) uniformly L-Lipschitzian if there exists a positive constant L such that

‖T n(x)− T n(y)‖ ≤ L‖x− y‖
for all x, y ∈ C and n ≥ 1;

(5) uniformly L-Hölder continuous if there exist positive constants L and α such
that

‖T n(x) − T n(y)‖ ≤ L‖x − y‖α

for all x, y ∈ C and n ≥ 1;

(6) uniformly equi-continuous if, for any ε > 0, there exists δ > 0 such that

‖T n(x) − T n(y)‖ ≤ ε

whenever ‖x−y‖ ≤ δ for all x, y ∈ C and n ≥ 1 equivalently, T is uniformly
equi-continuous if and only if

‖T n(xn)− T n(yn)‖ → 0

whenever ‖xn − yn‖ → 0 as n → ∞.

Remark 2.3. It is easy to see that

(1) if sn ≡ 0 for all n ≥ 1, then the generalized asymptotically quasi-nonexpansive
mapping reduces to the asymptotically quasi-nonex-pansive mapping;

(2) if rn = sn for all n ≥ 1, then the generalized asymptotically quasi-nonexpansive
mapping becomes to the quasi-nonexpansive mapping;

(3) if T is asymptotically nonexpansive, then it is uniformly L−Lip-schitzian;
(4) if T is uniformly L−Lipschitzian, then it is L-uniformly Hölder continuous;
(5) if T is uniformly L-Hölder continuous, then it is uniformly equi-continuous.
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However, their converses are not true.

Example 2.1. Let X = R1 and C = [0, 1]. Define a mapping T : C → C by

Tx = (1 − x
3
2 )

2
3

for all c ∈ C. Then T is uniformly equi-continuous, but it is not uniformly
L−Lipschitzian.

Lemma 2.1. Let C be a nonempty subset ofX and for i = 1, 2, 3, T i : C → C
be generalized asymptotically quasi-nonexpansive mappings, the real sequences
{rin} and {sin} be as in (2.7). Then there exist two sequences {rn} and {sn} ⊂
[0, 1) converging to 0 as n → ∞ such that, for any x ∈ C, p ∈ F (T ) and
i = 1, 2, 3,

‖T n
i (x) − p‖ ≤ (1 + rn)‖x − p‖ + sn‖x − T n

i (x)‖, n ≥ 1.

Proof. Setting

rn = max{r1n, r2n, r3n}, sn = max{s1n, s2n, s3n}, n ≥ 1,

then from (2.7), we have rn, sn ⊂ [0, 1), rn, sn → 0 (n → ∞) and

‖T n
i (x)− p‖ ≤ (1 + rin)‖x − p‖ + sin‖x − T n

i (x)‖
≤ (1 + rn)‖x − p‖ + sn‖x − T n

i (x)‖, n ≥ 1,

for all x ∈ C, p ∈ F (T ) and i = 1, 2, 3.

Lemma 2.2. ([27]). Let {an}, {bn} and {δn} be sequences of nonnegative
real numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn.

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then limn→∞ an exists. In particular, if {an}
has a subsequence converging to zero, then limn→∞ an = 0.

By Lemma 2.2, we can prove the following import lemma for the our main
theorems.

Lemma 2.3. Let X be a normed linear space and C be a nonempty convex
subset of X . For i = 1, 2, 3, let Ti : C → C be generalized asymptotically quasi-
nonexpansive mappings and two sequences {r in} and {sin} be as in (2.7). Assume
that

F = F (T1) ∩ F (T2) ∩ F (T3) 
= ∅,
rn = max{r1n, r2n, r3n}, sn = max{s1n, s2n, s3n}, n ≥ 1 and {xn} is a
sequence defined by (2.1) with the conditions that



Generalized Asymptotically Quasi-nonexpansive Mappings 2161

(1) {vn} and {wn} are bounded, un = u′
n + u′′

n, n ≥ 1, and

∞∑
n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn);

(2)
∑∞

n=1
rn+2sn
1−sn

≤ ∞;
(3)

∑∞
n=1 cn < ∞, ∑∞

n=1 νn < ∞ and
∑∞

n=1 γn < ∞.
Then we have the following.

(i) limn→∞ ‖xn − p‖ exists for any p ∈ F .
(ii) limn→∞ D(xn, F ) exists,

where D(x, F ) denotes the distance from x to the set F , that is,

D(x, F ) = inf
y∈F

‖x − y‖.

Proof. Let p ∈ F = F (T1) ∩ F (T2) ∩ F (T3),

M1 = sup{‖un − p‖ : n ≥ 1}, M2 = sup{‖vn − p‖ : n ≥ 1}},
M3 = sup{‖wn − p‖ : n ≥ 1}, M = max{Mi : i = 1, 2, 3},

and for all n ≥ 1,

rn = max{r1n, r2n, r3n}, sn = max{s1n, s2n, s3n}, σn =
2 + rn

1 − sn
.

By the condition (1), we have ‖un−p‖ ≤ ‖u′
n−p‖+‖u′′

n‖ with ‖u′′
n‖ = o(αn)

for all n ≥ 1 and
∑∞

n=1 ‖u′
n‖ < ∞, and so there exists a sequence {εn} with

εn > 0 and εn → 0 such that ‖u′′
n‖ = εnαn, i.e.,

‖un − p‖ ≤ ‖u′
n − p‖ + εnαn

and

‖u′
n − p‖ = ‖un − p − u′′

n‖ ≤ ‖un − p‖+ ‖u′′
n‖

≤ M + εnαn.

It follows from (2.1) and Lemma 2.1 that

‖xn − T n
3 (xn)‖ ≤ ‖xn − p‖ + ‖T n

3 (xn) − p‖
≤ (2 + r3n)‖xn − p‖ + s3n‖xn − T n

3 (xn)‖
≤ (2 + rn)‖xn − p‖+ sn‖xn − T n

3 (xn)‖,
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that is,
‖xn − T n

3 (xn)‖ ≤ 2 + rn

1 − sn
‖xn − p‖ = σn‖xn − p‖.

Similarly, we have,
‖zn − T n

2 (zn)‖ ≤ σn‖zn − p‖,
and

‖yn − T n
1 (yn)‖ ≤ σn‖yn − p‖,

‖zn − p‖ ≤ an‖xn − p‖+ bn‖T n
3 (xn) − p‖ + cn‖wn − p‖

≤ an‖xn − p‖+ bn[(1 + r3n)‖xn − p‖ + s3n‖xn − T n
3 (xn)‖] + Mcn

= (an + bn + bnr3n)‖xn − p‖+ bns3n‖xn − T n
3 (xn)‖ + Mcn

≤ (an + bn + r3n)‖xn − p‖+ s3n‖xn − T n
3 (xn)‖ + Mcn

≤ (1 + rn + snσn)‖xn − p‖ + Mcn,

‖yn − p‖ ≤ λn‖xn − p‖ + µn‖T n
2 (zn) − p‖ + νn‖vn − p‖

≤ λn‖xn − p‖ + µn[(1 + r2n)‖zn − p‖ + s2n‖zn − T n
2 (zn)‖] + Mνn

≤ λn‖xn − p‖ + µn(1 + rn + snσn)‖zn − p‖+ Mνn

≤ λn‖xn − p‖ + µn(1 + rn + snσn)(1 + rn + snσn)‖xn − p‖
+µn(1 + rn + snσn)Mcn + Mνn

≤ [λn + µn + µn(rn + snσn)(2 + rn + snσn)]‖xn − p‖
+Mcnµn(1 + rn + snσn) + Mνn

≤ [1 + (rn + snσn)(2 + rn + snσn)]‖xn − p‖
+Mνn + Mcnµn(1 + rn + snσn),

and so

‖xn+1 − p‖
≤ αn‖xn − p‖ + βn[(1 + r1n)‖yn − p‖ + s1n‖yn − T n

1 (yn)‖] + γn‖un − p‖
≤ αn‖xn − p‖ + βn(1 + rn + snσn)‖yn − p‖ + Mγn + 2γnαnεn

≤ {αn + βn(1 + rn + snσn)[1 + (rn + snσn)(2 + rn + snσn)]}
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×‖xn − p‖ + Mνnβn(1 + rn + snσn)

+Mcnβnµn(1 + rn + snσn)2 + Mγn + 2γnαnεn

= {1 + [(1 + rn + snσn)3 − 1]}‖xn − p‖ + Mνnβn(1 + rn + snσn)

+Mcnβnµn(1 + rn + snσn)2 + Mγn + 2γnαnεn

≤ [1 + (k3
n − 1)]‖xn − p‖ + Γ(γn + νn + cn),

where kn = 1 + rn + snσn = 1+rn+sn
1−sn

for all n ≥ 1 and Γ is a positive constant.
Note that

∞∑
n=1

rn + 2sn

1− sn
=

∞∑
n=1

(kn − 1) < ∞

is equivalent to
∞∑

n=1

(kn
3 − 1) < ∞,

limn→∞ εn = 0 and sequences {rin} and {sin} in (2.7) converge to 0 as n → ∞
for i = 1, 2, 3. Therefore, the conclusions of the lemma follows from Lemma 2.2.
This completes the proof.

Lemma 2.4. ([31]). Let p > 1 and r > 0 be two any real numbers. Then a
Banach space X is uniformly convex if and only if there exists a continuous strictly
increasing convex function g : [0,∞) → [0,∞) with g(0) = 0 such that

‖λx + (1− λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − wp(λ)g(‖x− y‖)

for all x, y ∈ Br(0) = {x ∈ X : ‖x‖ ≤ r} and all λ ∈ [0, 1], where

wp(λ) = λp(1 − λ) + λ(1− λ)p.

As an immediate consequence of Lemma 2.4, we have the following:

Lemma 2.5. Let X be a uniformly convex Banach space and Br(0) be a
closed ball of X . Then there exists a continuous strictly increasing convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that

‖λx + µy + γz‖2 ≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − λµg(‖x− y‖)

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1] with λ + µ + γ = 1.
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Proof. We first observe that λ
1−γ x + µ

1−γ y ∈ Br(0) for x, y ∈ Br(0) and
λ, µ, γ ∈ [0, 1] with λ + µ + γ = 1. It follows from Lemma 2.4 that

‖λx + µy + γz‖2 =
∥∥∥(1− γ)

[ λ

1 − γ
x +

µ

1− γ
y
]

+ γz
∥∥∥2

≤ (1 − γ)
∥∥∥ λ

1 − γ
x +

µ

1 − γ
y
∥∥∥2

+ γ‖z‖2

≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − (1− γ)w2

( λ

1− γ

)
g(‖x− y‖)

≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − λµ

1− γ
g(‖x− y‖)

≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − λµg(‖x− y‖).

This completes the proof.

3. MAIN RESULTS

Now, we are in a position to prove the main theorems.

Proposition 3.1. Let X be a uniformly convex Banach space, C be a nonempty
convex subset of X , and for i = 1, 2, 3, Ti : C → C be uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mappings with

F = F (T1) ∩ F (T2) ∩ F (T3) 
= ∅

and two sequences {rin} and {sin} ⊂ [0, 1) such that rin → 0 and sin → 0. Sup-
pose that rn = max{r1n, r2n, r3n}, sn = max{s1n, s2n, s3n},

∑∞
n=1

rn+2sn
1−sn

<
∞ and {xn} is a procedure defined by (2.1) with the following conditions:

(i) 0 ≤ αn+1 ≤ αn < ξ, 0 ≤ λn+1 ≤ λn < η, 0 ≤ an+1 ≤ an < ζ,∑∞
n=1 αn = ∞, ∑∞

n=1 λn = ∞, ∑∞
n=1 an = ∞;

(ii) βn → 0, µn → 0 as n → ∞;
(iii)

∑∞
n=1 cn < ∞, ∑∞

n=1 νn < ∞ and
∑∞

n=1 γn < ∞;
(iv) {vn} and {wn} are bounded, un = u′

n + u′′
n, n ≥ 1, and

∞∑
n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn).

Then we have
lim inf
n→∞ ‖xn − Tixn‖ = 0,

for each i=1,2,3.
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Proof. By Lemma 2.3, we know that limn→∞ ‖xn − p‖ exists for any p ∈ F .
It follows that {xn − p}, {T n

1 (yn)− yn}, {T n
2 (zn)− zn}, {T n

3 (xn)−xn}, {zn −
p}, {yn−p} are all bounded. Also, {Tn

1 (yn)−p}, {T n
2 (zn)−p} and {T n

3 (xn)−p}
are bounded by the assumptions of Ti (i = 1, 2, 3). Now, we set

r1 = sup{‖xn − p‖ : n ≥ 1}, r2 = sup{‖T n
3 (xn) − p‖ : n ≥ 1},

r3 = sup{‖yn − p‖ : n ≥ 1}, r4 = sup{‖T n
1 (yn)− p‖ : n ≥ 1},

r5 = sup{‖zn − p‖ : n ≥ 1}, r6 = sup{‖T n
2 (zn) − p‖ : n ≥ 1},

r7 = sup{‖un − p‖ : n ≥ 1}, r8 = sup{‖vn − p‖ : n ≥ 1},
r9 = sup{‖wn − p‖ : n ≥ 1}, r = max{ri : 1 ≤ i ≤ 9}.

By using Lemma 2.5, (2.1) and condition (iv), we have

‖un − p‖ ≤ ‖u′
n − p‖ + ‖u′′

n‖
with ‖u′′

n‖ = o(αn) for all n ≥ 1 and
∑∞

n=1 ‖u′
n‖ < ∞, and so there exists a

sequence {εn} with εn > 0 and εn → 0 such that ‖u′′
n‖ = εnαn, that is,

‖un − p‖ ≤ ‖u′
n − p‖+ εnαn,

‖u′
n − p‖ = ‖un − p − u′′

n‖ ≤ ‖un − p‖+ ‖u′′
n‖

≤ M + εnαn,

and

(3.1)

‖xn+1 − p‖2 ≤ αn‖xn − p‖2 + βn‖T n
1 (yn) − p‖2

+γn‖un − p‖2 − αnβng(‖xn − T n
1 (yn)‖)

≤ αn‖xn − p‖2 + βn‖T n
1 (yn) − p‖2

+γn(r + 2αnεn)2 − αnβng(‖xn − T n
1 (yn)‖)

It follows from the assumption of T1 that

‖yn − T n
1 (yn)‖ ≤ ‖yn − p‖+ ‖T n

1 (yn) − p‖
≤ (2 + r1n)‖yn − p‖+ s1n‖yn − T n

1 (yn)‖
≤ (2 + rn)‖yn − p‖ + sn‖yn − T n

1 (yn)‖,
that is,

‖yn − T n
1 (yn)‖ ≤ σn‖yn − p‖,
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where σn = 2+rn
1−sn

, and so

(3.2)

‖T n
1 (yn) − p‖2 ≤ [(1 + r1n)‖yn − p‖+ s1n‖yn − T n

1 (yn)‖]2

= (1 + r1n)2‖yn − p‖2 + s2
1n‖yn − T n

1 (yn)‖2

+2s1n(1 + r1n)‖yn − p‖‖yn − T n
1 (yn)‖

≤ [(1 + r1n)2 + s2
1nσ2

n + 2s1n(1 + r1n)σn]‖yn − p‖2

≤ k2
n‖yn − p‖2,

where kn = 1 + rn + snσn = 1+rn+sn
1−sn

> 1 for all n ≥ 1.
Similarly, we have

‖zn − T n
2 (zn)‖ ≤ σn‖zn − p‖,

which implies that

(3.3)

‖yn − p‖2 ≤ λn‖xn − p‖2 + µn‖T n
2 (zn)− p‖2 + νnr2

−λnµng(‖xn − T n
2 (zn)‖)

≤ λn‖xn − p‖2 + µn[(1 + rn)‖zn − p‖ + sn‖zn − T2(zn)‖]2

+νnr2 − λnµng(‖xn − T n
2 (zn)‖)

≤ λn‖xn − p‖2 + µnk2
n‖zn − p‖2 + νnr2

−λnµng(‖xn − T n
2 (zn)‖)

and
‖xn − T n

3 (xn)‖ ≤ σn‖xn − p‖,
which implies that

(3.4)

‖zn − p‖2 ≤ an‖xn − p‖2 + bn‖T n
2 (zn)− p‖2 + cn‖wn − p‖2

−anbng(‖xn − T n
3 (xn)‖)

≤ an‖xn − p‖2 + bn[(1 + rn)‖xn − p‖ + sn‖xn − T3(xn)‖]2

+cnr2 − anbng(‖xn − T n
3 (xn)‖)

≤ an‖xn − p‖2 + bnk2
n‖xn − p‖2 + cnr2

−anbng(‖xn − T n
3 (xn)‖)

= (an + bnk2
n)‖xn − p‖2 + cnr2 − anbng(‖xn − T n

3 (xn)‖)
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≤ (1−bn+bnk2
n)‖xn−p‖2+cnr2−anbng(‖xn−T n

3 (xn)‖)
= [1+bn(k2

n−1)]‖xn−p‖2+cnr2−anbng(‖xn−T n
3 (xn)‖)

≤ [1 + (k2
n − 1)]‖xn − p‖2 + cnr2 − anbng(‖xn − T n

3 (xn)‖)
≤ k2

n‖xn − p‖2 + cnr2 − anbng(‖xn − T n
3 (xn)‖).

Thus, it follows from (3.4) and (3.3) that

(3.5)

‖yn − p‖2 ≤ λn‖xn − p‖2 + µnk2
n[k2

n‖xn − p‖2 + cnr2

−anbng(‖xn−T n
3 (xn)‖)]+νnr2−λnµng(‖xn−T n

2 (zn)‖)
≤ (λn + µnk4

n)‖xn − p‖2 + cnµnk2
nr2 + νnr2

−anbnµnk2
ng(‖xn − T n

3 (xn)‖)− λnµng(‖xn − T n
2 (zn)‖)

≤ (1− µn + µnk4
n)‖xn − p‖2 + k2

nr2cn + r2νn

−anbnµnk2
ng(‖xn − T n

3 (xn)‖)− λnµng(‖xn − T n
2 (zn)‖)

≤ [1 + µn(k4
n − 1)]‖xn − p‖2 + k2

nr2cn + r2νn

−anbnµnk2
ng(‖xn − T n

3 (xn)‖)− λnµng(‖xn − T n
2 (zn)‖)

≤ [1 + (k4
n − 1)]‖xn − p‖2 + k2

nr2cn + r2νn

−anbnµnk2
ng(‖xn − T n

3 (xn)‖)− λnµng(‖xn − T n
2 (zn)‖)

= k4
n‖xn − p‖2 + k2

nr2cn + r2νn

−anbnµnk2
ng(‖xn − T n

3 (xn)‖)− λnµng(‖xn − T n
2 (zn)‖)

Substituting (3.2) and (3.5) into (3.1), we have

(3.6)

‖xn+1 − p‖2

≤ αn‖xn − p‖2 + βnk2
n‖yn − p‖2 + γn(r + 2αnεn)2

−αnβng(‖xn − T n
1 (yn)‖)

≤ αn‖xn − p‖2 + βnk2
n{k4

n‖xn − p‖2 + k2
nr2cn + r2νn

−anbnµnk2
ng(‖xn − T n

3 (xn)‖)− λnµng(‖xn − T n
2 (zn)‖)}

+γn(r + 2αnεn)2 − αnβng(‖xn − T n
1 (yn)‖)

= (αn + βnk6
n)‖xn − p‖2 + k4

nr2cn + k2
nr2νn + γn(r + 2αnεn)2
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−αnβng(‖xn − T n
1 (yn)‖)− anbnµnβnk4

ng(‖xn − T n
3 (xn)‖)

−λnµnβnk2
ng(‖xn − T n

2 (zn)‖)
≤ (1 − βn + βnk6

n)‖xn − p‖2 + k4
nr2cn + k2

nr2νn + γn(r + 2αnεn)2

−αnβng(‖xn − T n
1 (yn)‖)− anbnµnβnk4

ng(‖xn − T n
3 (xn)‖)

−λnµnβnk2
ng(‖xn − T n

2 (zn)‖)
= [1 + βn(k6

n − 1)]‖xn − p‖2 + k4
nr2cn + k2

nr2νn + (r + 2αnεn)2γn

−αnβng(‖xn − T n
1 (yn)‖)− anbnµnβnk4

ng(‖xn − T n
3 (xn)‖)

−λnµnβnk2
ng(‖xn − T n

2 (zn)‖)
≤ [1 + (k6

n − 1)]‖xn − p‖2 + k4
nr2cn + k2

nr2νn + (r + 2αnεn)2γn

−αnβng(‖xn − T n
1 (yn)‖)− λnµnβnk2

ng(‖xn − T n
2 (zn)‖)

−anbnµnβnk4
ng(‖xn − T n

3 (xn)‖).
Since kn −1 = 1+rn+sn

1−sn
−1 = rn+2sn

1−sn
, the assumption

∑∞
n=1

rn+2sn
1−sn

< ∞ implies
that limn→∞ kn = 1. Thus, there exists a constant ε ∈ (0, 1) such that kn ≥ 1 − ε
for all n ≥ 1. Therefore, it follows from the assumption (i) and (3.6) that

(3.7)

‖xn+1 − p‖2

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn + (r + 2αnεn)2γn

−αn(1 − αn − γn)g(‖xn − T n
1 (yn)‖)

−λn(1− λn − νn)(1− αn − γn)k2
ng(‖xn − T n

2 (zn)‖)
−an(1 − an − cn)(1− λn − νn)(1 − αn − γn)k4

ng(‖xn − T n
3 (xn)‖)

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn + (r + 2αnεn)2γn

−αn(1 − ξ)g(‖xn − T n
1 (yn)‖)

−λn(1− η)(1− ξ)(1 − ε)2g(‖xn − T n
2 (zn)‖)

−an(1 − ζ)(1− η)(1− ξ)(1− ε)4g(‖xn − T n
3 (xn)‖).

From (3.7), we have

‖xn+1 − p‖2

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn + (r + 2αnεn)2γn

−αn(1 − ξ)g(‖xn − T n
1 (yn)‖)
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which leads to

(3.8)

αn(1− ξ)g(‖xn − T n
1 (yn)‖)

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn

+γn(r + 2αnεn)2 − ‖xn+1 − p‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + δn + M(cn + νn + γn),

where δn = r2(k6
n − 1) and M is a positive constant.

Notice that
∑∞

n=1(kn − 1) < ∞ is equivalent to
∑∞

n=1(kn
6 − 1) < ∞. There-

fore, we have
∑∞

n=1 δn < ∞. It follows from (3.8) that

(3.9)

αn+1(1− ξ)g(‖xn+1 − T n+1
1 (yn+1)‖)

≤ ‖xn+1 − p‖2 − ‖xn+2 − p‖2 + σn+1

+M(λn+1 + µn+1 + νn+1).

Adding the both sides of (3.8) and (3.9) and using the assumption (i), then we have

(1− ξ)
∞∑

n=1

an+1[g(‖xn − T n
1 (yn)‖) + g(‖xn+1 − T n+1

1 (yn+1)‖)]

≤ ‖x1 − p‖2 + ‖x2 − p‖2 + 2
∞∑

n=1

σn + 2M

∞∑
n=1

(λn + µn + νn),

which implies that

lim inf
n→∞ [g(‖xn − T n

1 (yn)‖) + g(‖xn+1 − T n+1
1 (yn+1)‖)] = 0.

By virtue of the properties of g, we conclude that

lim
j→∞

‖xnj − T
nj

1 (ynj )‖ = 0, lim
j→∞

‖xnj+1 − T
nj+1
1 (ynj+1)‖ = 0.

Observe that

‖xn − T n
1 (xn)‖ ≤ ‖xn − T n

1 (yn)‖+ ‖T n
1 (yn) − T n

1 (xn)‖,
‖yn − xn‖ ≤ µn‖xn − T n

2 (zn)‖ + νn‖vn − xn‖
≤ µn(‖xn − p‖ + ‖T n

2 (zn) − p‖) + νn‖vn − xn‖
→ 0
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as n → ∞. It follows from the uniform equi-continuity of T that ‖Tnxn−T nyn‖ →
0 as n → ∞. This yields that

‖xnj − T
nj

1 (xnj )‖ → 0, ‖xnj+1 − T
nj+1
1 (xnj+1)‖ → 0

as j → ∞. Observe that

‖xn − T1(xn)‖ ≤ ‖xn+1 − xn‖+ ‖xn+1 − T n+1
1 (xn+1)‖

+‖T n+1
1 (xn+1)− T n+1

1 (xn)‖ + ‖T n+1
1 (xn) − T1(xn)‖

and
‖xnj+1 − xnj‖ ≤ βnj‖T nj

1 (ynj ) − xnj‖ + γnj‖unj − xnj‖ → 0

as j → ∞. Again, by using the uniform equi-continuity of T , we conclude that

‖T nj+1
1 (xnj) − T

nj+1
1 (xnj+1)‖ → 0

as j → ∞, which proves that

(3.10) ‖xnj − T1(xnj)‖ → 0 as j → ∞.

Similarly, by (3.7), we now know that

‖xn+1 − p‖2

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn + (r + 2αnεn)2γn

−λn(1 − η)(1− ξ)(1− ε)2g(‖xn − T n
2 (zn)‖),

that is,

(3.11)

λn(1− η)(1− ξ)(1 − ε)2g(‖xn − T n
2 (zn)‖)

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn

+(r + 2αnεn)2γn − ‖xn+1 − p‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + δn + M(cn + νn + γn)

and

‖xn+1 − p‖2

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn + (r + 2αnεn)2γn

−an(1− ζ)(1− η)(1− ξ)(1− ε)4g(‖xn − T n
3 (xn)‖),
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that is,

(3.12)

an(1 − ζ)(1 − η)(1− ξ)(1− ε)4g(‖xn − T n
3 (xn)‖)

≤ [1 + (k6
n − 1)]‖xn − p‖2 + k4

nr2cn + k2
nr2νn

+(r + 2αnεn)2γn − ‖xn+1 − p‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + δn + M(cn + νn + γn),

where δn and M are the same as in (3.8). By virtue of the properties of g, the
assumption (i), (3.11) and (3.12), we have

lim
j→∞

‖xnj − T
nj

2 (znj )‖ = 0, lim
j→∞

‖xnj+1 − T
nj+1
2 (znj+1)‖ = 0,

and

lim
j→∞

‖xnj − T
nj

3 (xnj )‖ = 0, lim
j→∞

‖xnj+1 − T
nj+1
3 (xnj+1)‖ = 0.

Since for i = 2, 3,

‖xn − Ti(xn)‖ ≤ ‖xn+1 − xn‖ + ‖xn+1 − T n+1
i (xn+1)‖

+‖T n+1
i (xn+1) − T n+1

i (xn)‖ + ‖T n+1
i (xn) − Ti(xn)‖

and
‖xnj+1 − xnj‖ ≤ βnj‖T nj

1 (ynj ) − xnj‖ + γnj‖unj − xnj‖ → 0

as j → ∞. By the proof of (3.10), we get

(3.13) ‖xnj − Ti(xnj )‖ → 0 as j → ∞,

for each i = 2, 3.
It follows from (3.10) and (3.13) that

‖xnj − Ti(xnj )‖ → 0 as j → ∞, i = 1, 2, 3.

This completes the proof.

Let {
n} be a given sequence in C. A mapping T : C → C is said to satisfy
Condition (I):

If F (T ) 
= ∅, then there exists a nondecreasing function f : [0,∞) → [0,∞)
with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that

‖
n − T (
n)‖ ≥ f(D(
n, F (T )))
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for all n ≥ 1.

By using Proposition 3.1, we have the following result.

Theorem 3.2. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T i : C → C (i = 1, 2, 3) uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mappings with

F = F (T1) ∩ F (T2) ∩ F (T3) 
= ∅

and two sequences {rin} and {sin} ⊂ [0, 1) such that rin → 0 and sin → 0. Let
rn = max{r1n, r2n, r3n}, sn = max{s1n, s2n, s3n},

∑∞
n=1

rn+2sn
1−sn

< ∞ and {xn}
be a procedure defined by (2.1) with the following conditions:

(i) 0 ≤ αn+1 ≤ αn < ξ, 0 ≤ λn+1 ≤ λn < η, 0 ≤ an+1 ≤ an < ζ,∑∞
n=1 αn = ∞, ∑∞

n=1 λn = ∞, ∑∞
n=1 an = ∞;

(ii) βn → 0, µn → 0 as n → ∞;
(iii)

∑∞
n=1 cn < ∞, ∑∞

n=1 νn < ∞ and
∑∞

n=1 γn < ∞;
(iv) {vn} and {wn} are bounded, un = u′

n + u′′
n, n ≥ 1, and

∞∑
n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn).

If Ti(i = 1, 2, 3) satisfy Condition (I), then the procedure {xn} converges strongly
to a common fixed point of T1, T2 and T3.

Proof. It follows from Proposition 3.1 that

lim inf
n→∞ ‖xn − Tixn‖ = 0, i = 1, 2, 3

and so, by Condition (I), we see that

lim inf
n→∞ f(D(xn, F )) = 0.

By virtue of the property of f , we assert that

lim inf
n→∞ D(xn, F ) = 0.

Therefore, It follows from Lemma 2.3 that

lim
n→∞ D(xn, F ) = 0.
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Now, we can take an infinite subsequence {xnj} of {xn} and a sequence {pj} ⊂
F such that ‖xnj − pj‖ ≤ 2−j . Set M = exp{∑∞

n=1(kn − 1)} and write nj+1 =
nj + l for some l ≥ 1. Then we have

‖xnj+1 − pj‖ = ‖xnj+l − pj‖
≤ [1 + (knj+l−1 − 1)]‖xnj+l−1 − pj‖

≤ exp
{ l−1∑

m=0

(knj+m − 1)
}
‖xnj − pj‖

≤ M

2j
,

which implies that

‖pj+1 − pj‖ ≤ 2M + 1
2j+1

.

Hence {pj} is a Cauchy sequence. Assume that pj → p as j → ∞. Then p ∈ F
from the closedness of F (T ), which implies that xj → p as j → ∞. This completes
the proof.

If Ti = T for all i = 1, 2, 3 in Theorem 3.2, we have the following theorem.

Theorem 3.3. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T : C → C be a uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mapping with F (T ) 
= ∅ and
two sequences {rn} and {sn} ⊂ [0, 1) such that rn → 0 and sn → 0. Let∑∞

n=1
rn+2sn
1−sn

< ∞ and {xn} be a procedure defined by (2.2) with the following
conditions:

(i) 0 ≤ αn+1 ≤ αn < ξ,
∑∞

n=1 αn = ∞;
(ii) µn → 0 as n → ∞;
(iii)

∑∞
n=1 cn < ∞, ∑∞

n=1 νn < ∞ and
∑∞

n=1 γn < ∞;
(iv) {vn} and {wn} are bounded, un = u′

n + u′′
n, n ≥ 1, and

∞∑
n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn).

If T satisfy Condition (I), then the sequence {xn} converges strongly to a fixed
point of T .

Remark 3.1. Theorem 3.3 reduces to Theorem 6 in Zhou-Guo-Huang-Cho [35]
when sn ≡ 0 for all n ≥ 1.

If bn = cn ≡ 0 for all n ≥ 1 in Theorem 3.2, we can obtain the following
conclusion ([17]).
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Theorem 3.4. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T i : C → C (i = 1, 2) uniformly equi-continuous
and generalized asymptotically quasi-nonexpansive mappings with

F = F (T1) ∩ F (T2) 
= ∅

and two sequences {rin} and {sin} ⊂ [0, 1) such that rin → 0 and sin → 0 for
i = 1, 2. Let rn = max{r1n, r2n}, sn = max{s1n, s2n},

∑∞
n=1

rn+2sn
1−sn

< ∞ and
{xn} be a procedure defined by (2.3) with the following conditions:

(i) 0 ≤ αn+1 ≤ αn < ξ, 0 ≤ λn+1 ≤ λn < η,
∑∞

n=1 αn = ∞, ∑∞
n=1 λn = ∞;

(ii) βn → 0, µn → 0 as n → ∞;
(iii)

∑∞
n=1 νn < ∞ and

∑∞
n=1 γn < ∞;

(iv) {vn} is bounded, un = u′
n + u′′

n, n ≥ 1, and
∞∑

n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn).

If T1 and T2 satisfy Condition (I), then the procedure {xn} converges strongly to
a common fixed point of T1 and T2.

If µn = νn = bn = cn ≡ 0 in Theorem 3.2 for all n ≥ 1, then we can obtain
the following result.

Theorem 3.5. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X and T1 : C → C uniformly equi-continuous and gen-
eralized asymptotically quasi-nonexpansive mapping with F (T 1) 
= ∅ and two
sequences {r1n} and {s1n} ⊂ [0, 1) such that r1n → 0 and s1n → 0. Let∑∞

n=1
r1n+2s1n

1−s1n
< ∞ and {xn} be a sequence defined by (2.4) with the following

conditions:

(i) 0 ≤ αn+1 ≤ αn < ξ,
∑∞

n=1 αn = ∞;
(ii)

∑∞
n=1 γn < ∞;

(iii) un = u′
n + u′′

n, n ≥ 1, and
∞∑

n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn).

If T1 satisfies Condition (I), then the procedure {x n} converges strongly to a fixed
point of T1.

Now We introduce an another convergence theorem of the three step iterative
procedure for the generalized asymptotically quasi-nonexpansive mappings without
the Condition (I).
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Theorem 3.6. Let X be a uniformly convex Banach space, C be a nonempty
closed convex subset of X , and for i = 1, 2, 3, T i : C → C uniformly L-Hölder
continuous and generalized asymptotically quasi-nonexpansive mappings with

F = F (T1) ∩ F (T2) ∩ F (T3) 
= ∅
and two sequences {rin} and {sin} ⊂ [0, 1) such that rin → 0 and sin → 0. Let
rn = max{r1n, r2n, r3n}, sn = max{s1n, s2n, s3n}, n ≥ 1,

∑∞
n=1

rn+2sn
1−sn

<
∞ and {xn} be a procedure defined by (2.1) with the following conditions:

(i) 0 ≤ αn+1 ≤ αn < ξ, 0 ≤ λn+1 ≤ λn < η, 0 ≤ an+1 ≤ an < ζ,∑∞
n=1 αn = ∞, ∑∞

n=1 λn = ∞, ∑∞
n=1 an = ∞;

(ii) βn → 0, µn → 0 as n → ∞;
(iii)

∑∞
n=1 cn < ∞, ∑∞

n=1 νn < ∞ and
∑∞

n=1 γn < ∞;
(iv) {vn} and {wn} are bounded, un = u′

n + u′′
n, n ≥ 1, and

∞∑
n=1

‖u′
n‖ < ∞, ‖u′′

n‖ = o(αn).

If for some integer m ≥ 1 and i = 1, 2, 3, T m
i are completely continuous, then

{xn} converges strongly to some common fixed point of T 1, T2 and T3.

Proof. Since for i = 1, 2, 3, Ti are uniformly L-Hölder continuous and ‖Tixnj−
xnj‖ → 0 as j → ∞, we have

‖Tm
i xnj − xnj‖ ≤ ‖Tm

i xnj − Tixnj‖ + ‖Tixnj − xnj‖
≤ ‖Tm

i xnj − Tm−1
i xnj‖ + · · · + ‖Tixnj − xnj‖

≤ L(m − 1)‖Tixnj − xnj‖α + ‖Tixnj − xnj‖
→ 0 as j → ∞.

Since Tm
i are completely continuous, we conclude that there exists a subsequence

{xni} of {xnj} such that T m
i xni → p as i → ∞. Hence xni → p as i → ∞. It

follows from Proposition 3.1 that p ∈ F (T ). Now the conclusion of the theorem
follows from Lemma 2.3. This completes the proof.

Remark 3.2. The results presented in this paper extend, improve and unify the
corresponding results in [1, 6, 7, 14, 17-22, 24, 25, 27-30, 32-35].

Question. In recently, Beg-Abbas-Kim [2], Chang-Kim [4], Chang-Kim-Jin
[5], Kim-Kim-Nam [13], Kim-Kim-Kim [15] studied the convergence theorems for
the iterative processes generated by many kind of nonlinear operators in Convex
metric spaces.
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From the Theorem 3.2 and Theorem 3.6, following Question arises quite natu-
rally and is so much interesting.

Can the Theorem 3.2 and Theorem 3.6 be extended to metric spaces and metric
spaces with weak-metrics ?
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