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RECURRENT DIMENSIONS AND EXTENDED COMMON MULTIPLES
OF QUASI-PERIODIC ORBITS GIVEN BY SOLUTIONS OF SECOND
ORDER NONLINEAR EVOLUTION EQUATIONS
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Abstract. In our previous paper we introduced the sequence of Extended
Common Multiples (abr. ECM) and the ECM condition for a pair of rationally
independent irrational numbers to estimate the recurrent dimensions of quasi-
periodic orbits. In this paper first we define the quasi-periodic properties
for the functions, which have recurrent properties related with some ECM
sequences. Next we study a second order nonlinear evolution equation with a
quasi-periodic perturbation term, which gives an ECM sequence, and we show
the existence of solutions, which have the quasi-periodic properties induced
by this ECM sequence. Furthermore, we estimate the recurrent dimensions
of the discrete orbits given by this solution for the case where the irrational
frequencies of the q.p. pertubations satisfy the ECM condition.

1. INTRODUCTION

Recurrent properties of quasi-periodic orbits depend on rationally approximable
properties of their irrational frequencies. In our previous paper [7] we introduced the
sequence of Extended Common Multiples (abr. ECM) and the ECM condition for a
pair of rationally independent irrational numbers to estimate the recurrent dimensions
of quasi-periodic orbits. In this paper we define the quasi-periodic properties for
the functions, which have recurrent properties related with some ECM sequences.
Next we study a second order nonlinear evolution equation with a quasi-periodic
perturbation term, which gives an ECM sequence, and we show the existence of
solutions, which have the quasi-periodic properties induced by this ECM sequence.
Furthermore, we estimate the recurrent dimensions of discrete orbits given by the
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solutions of the second order nonlinear evolution equation with the quasi-periodic
perturbation term, the irrational frequencies of which satisfy the ECM condition.

In this section we introduce the notations and definitions given in [7].

First we introduce the definitions of recurrent dimensions.

Let T" be a nonlinear operator on a Banach space X. For an element x € X we
consider a discrete dynamical system given by

xn=T"z, neNy:=NU{0}
and its orbit is denoted by
Y, ={T"z: neNp}

For a small € > 0, define upper and lower first e-recurrent times by

M. = sup min{m : T"""z € V.(T"z), m € N},
neNg
M, = inf min{m:T" "z € V.(T"x), m € N},

neNg

respectively, where V.(z) = {y € X : [ly — z|| < €}. Then upper and lower
recurrent dimensions are defined as follows:

_ log M, = log M
Dy(S,) = limsup —2¢ ,(2,) = limsup —2—=
e—0 _10g5 e—0 —log€

log M. log M
d.(2,) = liminf 2225 D (5,) = lim inf 2=
e—0 —loge e—0 —loge

Instead of considering the whole orbit we can treat a local point in the orbit, say,
T™zx ng € N. Define the first e-recurrent time by

M.(ng) = min{m € N : T™ "0z ¢ V(T™z)}

and the upper and lower recurrent dimensions by

_ log M,
D (o) = lim sup 22 Me(0).
eo —loge
log M. (no)

D, (no) = hgiionf —loge

It follows from the definitions that we have
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Here we treat discrete 2-frequencies quasi-periodic orbits. Let a function g from

[0, +00) x [0,4+00) to X be 1-periodic with respect to each variable:
g(t,s)=g(t+1,8)=g(t,s+1), Vt,s€][0,+00)
and consider the following Holder condition.
(H1) There exist constants 01,0} : 0 < 01,07 <1 and Ly, L} > 0, which satisfy
lg(t, ) = g(t', )| < Laft—¥|" + Li|s — |1,
tt' s, 8 >0:|t—t| <ep,|s—5| <eo

for a small constant g > 0.

Let 71, 72 be irrational numbers, which have the Diophantine approximations
{n;/m;}, {r;/l;}, respectively. Then we consider the quasi-periodic orbit defined
by

o(n) =g(rin,mn), L ={pn)e X: ne Ny}

Hereafter we consider the case where 71, 79 are (KL) class numbers;
(1.1) CF <mp <C§, VkeN:k>k,
(1.2) Di<ls; < D3 VseN:s2>s
for some large ko, so € N and Co > C; > 1, Dy > Dy > 1.

Remark 1.1. (KL) class number, the abbreviation of Khinchin-Lévy number,
was introduced in [7]. In [2] Khinchin proved that the denominators {m} of
the Diophantine approximations of almost all irrational numbers satisfy (1.1) and
furthermore, he had shown that there exists a constant vy, which satisfies

. 1
lim (myg)* =
k—o0
for almost all irrational numbers. By Lévy this constant was estimated:
7\,2
Yo = e12loe2 ~ 3.27582...
To simplify our argument we introduce the following constants.
E1 = min{Cl, Dl}, E2 = maX{Cg, DQ},

o1 = min{oy, 01}, L =max{Lq, L}}.
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We define the following sets of positive integers by using {m;}, {l;} as the
bases. Let 0 < o, 8 < 1 and k, s € N, then we put

M) :={m e N:m = ppmy + pp_1mi—1 + - - - + PNy,

k
k>u>1: T“’:a, pi €Npi=uut1,.. k-

M
pk‘vpuzlv pj< j+17 j:u7u+17"'7k}7
m;
[L]? = {l EN:l=qils+qgs—1ls—1+ -+ qly,

s—1
s>t>1: — =0, ¢ €Ng,i=1tt+1,..,s:

s
l: )
g, > 1, ¢ < Jl—“ j=tt+1,.. s}
J
and define
x xD
()= g, (7= IS
k=1 s=1

Furthermore, we put

d
[M]i) ={m e N :m = pymy + pp—1mi—1 + - - - + pamy,
pieNyi=dd+1,.. k:

m ms;
1<pe<—2 0<p < j—dd+1,.. k—1},
mig mg

[L]gd) = {l EN:I= q:;ls + q:;—lls—l +---+ ledv
¢ €ENyi=d d+1,..s:

l,
13Qs<l8l+17 OSQj<jl—ﬂ, j=d,d+1,...,s—1}
s j
and define o .
M@= )P, )@=
k=1 s=1

for d =0,1,2,.... Since mg = lyg = 1, we note that
N = [M]© = [£]©).
Since
. 1 .
my > 2 if 0<71<§ and, [; > 2 if 0<7’2<§,

1 1
my =1, mg > 2 if §<7'1<1 and, 1 =1, I3 >2 if§<7'2<1,
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we define [M](@) N [L](%2) as follows:
) 1 o1 .
(1.3) di:11f0<n<§ and, d; =2 if §<n~<1, 1=1,2.

For our purpose, to estimate recurrent dimensions, we choose a suitable subse-
quence in [M](%) N [L](42) by the following construction method.

(T) For positive integers m, :

m=pgmg+---+ Pu+1My+1 + PuM,
I =qsls + -+ qr1ler1 + qily,

define (1,(2 : N — N by

Define a sequence of positive integers T; € [M](@) N [L](92) as follows. Let
Ty = min{m : m € [M]@) L))}
and
Ty = min{m € [M]") A [L]) : min{¢y(m), G2(m)} > min{¢1(T1), C2(T1)}}-
Iteratively, let
Tj1 = min{m € [M)9) A[L)%)  min{¢; (m), Ga(m)} > min{G:(Ty), G(T))}.

Let (1(T}) = t;,(2(T;) = uj, then we note that the sequence {min{u;,¢;}} is
strictly increasing.

[T}] denotes the sequence {7} in [M](@) N [L](%), which is constructed by the
method (T) and then we call [T}] the sequence of extended common multiples (abr.
ECM).

Now we can estimate the upper bounds of the recurrent dimensions for 2-
frequencies discrete quasi-periodic orbits. (For details, see [7].) We give its proof,
since we will use the notations and the argument in the following sections.

Theorem 1.2. ([7]). Under Hypothesis (H1), let 71, 70 be (KL) class numbers,
which satisfy (1.1) and (1.2) and for the sequence [T';] of ECM, constructed by the
method (T), such that

Tj= M, =Ls,: My, € [M]Z]?, Ls, € [Lls], j=1,2,..,
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assume that the pair of sequences of real numbers o j,3; : 0 < o, 3; < 1, j=
1,2, ..., satisfies

(1.4) do := lim inf max{e;, 8;} < 1.
J
Then we have
log E»
1.5 D.(X)<d.(X) < .
(15 D,(%) € 4,(8) € gt
Proof. Put

Mk‘]’ = pk‘jmk‘]’ +pk‘j—1mk‘]’—1 + 4+ pu]'muj'v
Nk‘]’ = pk‘]’nk‘]’ +pk‘]’—1nk‘]’—1 + - +pu]-nu]- :

me41

= Phy Py 2 L P < k=g, kg
J

LSJ' = QS]'ZSJ' + QS]'—llS]'—l +-+ qt]'ltjv
st = qu'rsj' + QS]-—lrs]-—l +-+ Qt]-rt]- :

_ l+1
7:/8% QS]'7Qt]'217 Oqu< Sl s Sztj,...,sj.

S

Then, since My, = Ls,, it follows from Hypothesis (H1) that we have

lp(My; + 1) = @(n)]|

Hg(Tl(Mkj + n)v 7_2(sz + n)) - g(Tln + Nkjv Ton + RS]))H

IN

Li|miMy, — Ni,|°* + Li|rsLs, — Ry, |7
< Li{pr; |mime; — npg; | + - -+ pu [ T1my; — n, [}
FL{gs; | Tels; — 7rs; |+ g | ole; — e 30
Using the above estimate and the conditions of (KL), we can estimate

lp(My; +n) = p(n)]|

Mk, +1 1 My +1 1 o1
Ly { J . 44—
M, Mpg;41 Mu; M+l

+L,1{53j+1 1 +.__+ltj+1 1 }01
lSj l8j+1 lt]' lt]'+1

IN
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. 1 ij—u]'—i—l 1\ o 1 Dij—tj-l—l 1 o1
' oy Cr—1 Yoy Dy -1

S CEl_min{uj’tj}OTl .

IN

:€j7 v.] Z.]l

for a sufficiently large j; such that kg < w;,, so < t;,. For the ¢;-recurrent time
we can estimate
Mk‘]’ = pk‘]’mk‘]’ + pk‘]’—lmk‘]’—l + - +pu]-muj

Mk;+1 Muy;+1

< R ,
= j iy 4o My, )7
kj—uj+1
ui+1 CQJ ! -1 kj
S 02] . T S C/CZJ.
It follows from Hypothesis that we have
uf log M. _ log M, < log My,
0<e<e; —loge —loge; = —loge;
log ¢ + k;log Eo

log c=! + min{k;, s;}(1 — max{c;, 8;})1log E1
Similarly, we have

inf log M, < log " + s log Ey
0<e<e; —loge ~ loge™! 4+ min{k;, s;}(1 — max{a;, §;})o1log E1

It follows that

inf log M. log max{c’, ¢’} + min{k;, s;} log E
0<e<e; —loge ~ loge~! + min{k;, s;} (1 — max{a;, 3;})o11og Eq

Taking the limit infimum as j — oo of the both sides above, we obtain the conclu-
sion.

Remark 1.3. If a pair of irrational numbers {71, 72} satisfies the condition (1.4),
we say that the pair {71, o} satisfies §o-ECM condition. In [7] we have shown
some equivalence relations between dp-ECM condition and dy-(D) condition, which
was also defined as the parametrized Diophantine condition for a pair of irrational
numbers and we also have shown that §o = 1/2 for almost all irrational pairs.
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2. NONLINEAR EvOLUTION EQUATION

Let Q C R” be a bounded domain and we consider the class of flexible systems
that can be described by the following second-order damped evolution equation in
Y = L?(2) with a nonlinear forcing term under a quasi-periodic perturbation:

2.1) d2“§t> 904%™ L aut) = Pu()) + w(t), >0,
dt dt
(2.2) u(0) = up, ur(0) = uy

where w(t) is a quasi-periodic function from R to Y and we assume that A is a
self-adjoint positive definite operator with dense domain D(A) in Y, and A~! exists
and compact. It is well known that there exist eigenvalues A; and corresponding
eigenfunctions ¢; () of the operator A satisfying the following conditions:

D<A <A <o <A<, lim Ay = o0,

1— 00

Atpz"j = )‘i(Pi,jv ] = 1, ceey My, = 1, 2, ceey
{¢i;(-)} forms a complete orthnormal system in Y.

For each constant 0 < o < 1, the domain D(A?) of the fractional power A?,
denoted by Y, is topologized by the norm

co My

22 = A72[§ =D D AT, i), T EY,
i=1 j=1

where | - g denotes the norm of Y. We also assume that the perturbation function w
is continuous and uniformly bounded and we denote its usual supremum norm by

|w]eo = supf{|w(t)|op: t € R}.

We consider the following condition on the nonlinear function F' for a given
fixed constant 3 : 0 < 8 < 1. F is locally Lipschitz continuous from Y3 to Y
there exits a constant k(c) such that

(2.3) [F(z) = F(y)lo < k(e)lx —ylp  for [z[s, [y]s < ¢
and has the linear growth rate: there exists a positive constant Ky such that
(2.4) |F(x)]o < Ko(1+ |z|g), x€ Y.

The formulation (2.1) includes vibrations in mechanichally flexible systems such
as flexible arms or antennas of industrial machinery structures; robots, space air-
crafts,... (cf. [9] for linear systems: f = 0). Here we treat the case with nonlinear
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forcing, which is determined not only by the displacement u(z, t), but also by the
bending force wu,,(x,t). In our previous paper [3], giving some inequality rela-
tions between system parameters, such as the eigenvalues of the linear term and the
growth rate or the (locally) Lipschitz constant of the nonlinear term, we have studied
the periodic stability of this system. If the values i, Apr1 — (1/a2), (1/a2) — A\,
are sufficiently large where

1
O< A < <A< =5 <App <,
[0

we have shown periodicity and asymptotic periodicity of solutions under periodic
perturbations.

Here under the quasi-periodic perturbations and the same (inequality) Hypothe-
ses as those of the periodic case we show quasi-periodic properties of solutions and
estimate recurrent dimensions of the discrete orbits given by these solutions.

Following the formulation in [3], we assume that

2NN #£0, i=1,2,..
and that o > 0 is so small that

1
(2.5) ar] < —.
2c

Define a complex-valued function b by
b(A) = Va2 —

Then, since A is self-adjoint, we can define an operator b(A) by

b(A)u=")" ZZ: b(N) (uis #i,j) i
i=1 j=1
Db(A) ={ueY : Zi [b(\:) (i, i )| < o0}
i=1 j=1

Note that D(b(A)) = D(A) and define the following two operators by
AT = aAd—b(A), A™:=aA+b(A).

Then for each v € D(A),

co My

AFu =" (ad; F b(A)) (ui, i) @i

i=1 j=1
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and the eigenvalues and the eigenfunctions of A* are given by
v; = ali —b(Ni), i = aXi+b(N\),
Aty = Vigij, A u= i, Jj=1,...,m; =12, ..
It follows from (2.5) that there is an integer A > 1 such that
A=A <0, a®A7 . — A > 0.

Since the operators —A™, —A~ generate analytic semigroups 5 (t), Sa(t), re-
spectively, and since A" is a bounded operator, we can consider the following
systems of the semilinear equations:

2.6 évaren) = (AFCTD +u),
@) i A () = b (AT u()

where b~1(A) is the inverse operator of b(A), that is,

b (A u = Y (b(A) T (ui, i) 0i -

i=1 j=1

Also, their mild forms are described as follows:

2
+
=

2.8) &) = Si(t)éo + /Ot Si(t— )b~ (A)[F( (s)) + w(s)lds,

78%
4w
=

(s)) + w(s)]ds.

@9 nt)=Sattm — [ Satt— s (e

Under the conditions (2.3), (2.4) for a fixed constant 0 < 5 < 1, we can admit the
(classical) solution

[£(t), ()] € C([0,+00) : D(A?) x D(A7))

(2.10)
NCY([0, +o0) : L3(Q) x L2(Q))

for each initial data [¢g, 70] € D(AP) x D(AP).
Furthermore, we can estimate the regularity of the solutions as follows: if
[€0,m0) € D(A) x D(A**) for some constant s : 0 < 3 < s < 1, then by

multiplying /\Z2 and )\?(HS) to the spectral expansions of (2.8), (2.9), respectively,
and applying the direct estimation, we have

(2.11) €€ C([0,+00) : D(A)), ne C([0,+0c): D(A™)).
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Then, it follows from (2.6), (2.7) that
(2.12) £ € O([0,400) : D(A)), 7€ C([0,+00) : D(A%)).
Now, define the functions u, v by

(2.13) u:g";”, v:’E;”.

Then from (2.11), (2.12) it follows that

u,v € C([0, +00) : D(A)) N CL([0, +00) : D(A?)).
Hereafter, we consider the case s = . Thus we have
[u, 4] € C([0,+00) : D(A)) x C(]0, +00) : D(A%)).

We need some notations:

(2.14) A(B) := min{y/Ap, Al 77}
(2.15) M, { A1y

. = max ,

" V1 —a? a?Aptr1 — 1
Ah+1
2.1 = .
( 6) h maX{\/ 062)\h \/OC2)\h+1 _ 1}
Furthermore, for a given constant § : 0 < § < aA;, define
1
(2.17) Mg == My(\) + )(%)ﬂe_ﬂ.
| —

By applying the proof of Theorem 2.1 in [3] we obtain the unique existence and
boundednes of solutions.

Theorem 2.1. Under Hypotheses (2.3), (2.4), let [€0,n0] € D(A) x D(A'*5)
and assume that system parameters 0, «, 3, A1, A, An+1, Ko, satisfy the following
inequality conditions: 0 < 0 < aii, 0 < <1/2, and

MsKoT'(j3)

)1/B
A(B)

(2.18) 5> 1= (

)

where 3 =1 — [3. Then the estimate

2.19)  [A&(D)]o + [ATn(t)[5 < K1 (t)(|Aolo + [A7n0lp) + Ka|w|oo + K
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holds for some constants K o, K3, and

e_((s_ﬁ)t —
(2.20) Ki(t) = —5 + e~ oMIT(F).
Consequently, the solution [u(t),u(t)], given by uw = (£ + n)/2, has a global
attractor in Y1 x Yg : {{z,y] € Y1 x Y3 : |z|1 + |y|p < Kp(Ka(Jw|so + K3)} for
some K, > 0.

Remark 2.2. In case 1/2 < 3 < 1 the assertion of Theorem 2.1 holds if one
substitutes the constant I'(3) by I'(3) /(sin 5)®.

For convenience we give the following estimation of the constants:

1 11
Kp = 5(1 +max{—a)\f, —Oé)&_ﬂ})7

_ 1 L(8) ~(1-B) (1 _ gy-Br(a) 4 L2
Ko = My [T oz ) 4 60790 = )P + 2

K3 = Ky K

x xD
I :/ s_ﬂe_‘ssds, Ty :/ s PeY5qs.
0 0

3. QUASI-PERIODIC SOLUTIONS

where

Next, let w(t) be a quasi-periodic function, defined by
(3.1) w(t) = Z(t, T1t, Tgt)

where z : R x R Xx R — Y is 1-periodic for each variable and a locally Holder
continuous function: there exist positive constants x, o, which satisfy

52) |2(t1, b2, t3) — 2(th, th, t5)|o < w{[ty — 1117 + |ta — to]” + [tz — 137},
' Vi b |t — b <ep, i=1,2,3

for sufficiently small g > 0. As in Thorem 2.1 we also use the pair of functions
[€(2),n(t)] € Y1 X Y145. Define the norm [|[z, y]|1,5 by

Iz 9,5 = |Azlo + [A7y[s

which is equivalent to the Y7 x Y743 norm. Then we can show the quasi-periodicity
of [u(t),4(t)] in Y1 X Y by estimating [|[£(t), n(t)][1,-
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Here we use the ECM sequence [T}] of {7, m»}. We say that a function y :
R — Y has a quasi-periodic property (abr. q.p.p.) with its irrational frequencies
(abr. i.f.) {7, 72} if there exists a sequence {e;} : lim; .o £; = 0, which satisfies

‘y(+TJ)_y()‘oo <€j7 Vj

for the ECM sequence [T;] of {71, m2}.
We can show that the attractor of system (2.1) has q.p.p. with i.f. {7, 72}.

Theorem 3.1. Let w : R — Y be a quasi-periodic function, which satisfies
(3.1) and (3.2) and assume that the same Hypotheses as Theorem 2.1. For a given
constant d > 0:

(33) d > Kalw|s + K,

assume that

Mgk(d)T'(B) 1/
2A(P)
where k() is the locally Lipschitz coefficient in (2.3).

Then there exists a unique solution [ (), Nso(-)] € BC(R,Y1 xY1,3), which
satisfies

(3.4) §>9 =

63 alt) = S106(0) + | S1(t=57 (AT +u(s)ds.

G0 alt) = 52001l0) = [ Salt= (APEEs)) o)l

Furthermore, the solution [£ «(t), No(t)] has the same quasi-periodic property
as the q.p. perturbation w in the following sense:

fglg H[&OO(t"’—Tj)v nOO(t+Tj)] - [goo(t)v noo(t)] Hl,ﬂ < €55 Vj,

for the ECM sequence [T}] of {11, T2} and also, for the solution [£(t),n(t)] with its
initial deta [£9,m0] € Y x Y8 we have

IE(#), n(8)] = [0 (t), oo (t)] |15 — O as t — oo.

Proof. 1t follows from Theorem 2.1 that there exists a solution [¢, n] for an
initial condition [£o, 0] € Y1 x Yiip: [|[€(t),n(t)]|lip < d, t > 0. Then we
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show that [£;(¢), n;(t)] := [£(t + T}), n(t+ T;)] converges to a q.p.p. type solution
[€c0(t), Moo(t)] as j — oco. Considering the estimate

[AE(t+T5) = &t +Tk))lo + [A~(n(t+ Tj) — n(t + T))ls
< [AQE(t+T5) = &t + T + T))lo + [A(E(E + T + Tie) — §(t + Ti)) o
ATt +T5) —n(t+T; + Ti))lg + A~ (n(t + Tj + Th) — n(t+Tk))|s
and using (2.8) and (2.9), we have
|A(E(t+ T;) = &t + T+ Ti))lo + [A~ (n(t + T;) — n(t + T + Th)) |
< [S1(T))A(E(t) — &(t + T))lo

§+n
2

§+n
2

+/0Tj\Asl(Tj—s)b—1(A)[F( (s +1) = FE5= (s +1 + T llods

+ /Tj |AS1(T; — s)b_l(A)[w(s +1t) —w(s+t+ T)]|ods
0

+|S2(T5) A~ (n(t) — n(t + Tk))ls

o VA AP,y — ()
0

+n

_F(52

(s+t+ Tx))]|ods

+ /Tj |A=APSY(T; — s)b™ (A)[w(s + 1) —w(s +t +Tk)]|ods
0

and
|AE(t + Tj + Ti) — §(t+ Ti))lo + [A™(n(t + Tj + Ti) — n(t +Tk))|s
< [S1(Tk)A(E(t) — £+ T5))lo

+n

5 (8 + t + Tj))”ods

+ /Tk A (Ty — )b L(A)[F(E s+ 1)) - s
0

+ OTk |AS1 (T}, — s)b_l(A) [w(s+t) —w(s+t+Tj)]|ods

+[S2(Th) A~ (n(t) = n(t +T5))ls
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= [laratsym - o wrE s+ o)

_F(£+n

5 (8 + 1+ Tj))”ods

Ty,
+/ |A= AP Sy (T, — )b~ L (A)[w(s +t) — w(s + t + T})]|ods.
0
Thus, applying the argument in [3], we have
[AE(t+T;) = E(t+ T+ Ti))lo + [A~(n(t + T) — n(t + T; + Tk))|s

< M (A — €+ Ti)lo + |4~ (n(8) = n(t +T) )

b k(d) —0(Tj—s) (. -8
+/0 Mﬂ?)\(ﬁ)e (Tj—s)

<{JAE(s +1) = &(s+ 1+ Tk))lo+ |[A"(n(s +1) —n(s +1 +Tk))|s}

+ /Tj Mpe BTy — 5)"Pluw(s + 1) — w(s +t + Ti)|ods
0
and we have
JAGE(E+ Ty + Ti) = (¢ + Ti)lo + [ (e + T + Ti)) = n(t + To))lg
< e M (AE() — €+ Ty))lo + [A™ (n(t) — 1t +T)))ls)

T kd)
T M

<{JAE(s+1) = &(s+ 1+ T))lo + A" (n(s + 1) —n(s +1+T))|s}

—6(Ty—s) (T}, — s) P

Ty,
+/ Mge 0BTy, — ) Plw(s + t) — w(s + t + Tj)|ods.
0

Note that there exist integers N, Ny, R, Rj such that these values
|11 Ty — Njl, |mTk — Nil, [T — Rjl, [Tk — Rl

are sufficiently small as in the proof of Theorem 1.2. Thus by using the Gronwall’s
inequality, which was introduced in Appendix of [3], and (3.2) we have

|A(E(t +Ty) — &(t +Ti))|o + A (n(t +Tyj) —n(t+ Tk))ls
o—(0—0NT;

< [T +T(B)e” MB](JAE() — £t + Ti))lo

+AT(n(t) = n(t +Tk))|p)
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+v(8)Mgk[|T1 Tk — Ni|® + |72T) — Ri|]

e_((s_ﬁ/)Tk
B

+AT () = n(t+1T5))ls)

+y(B)Mpr[|11Tj — N;j|7 + |11 — R;[°]

+ +T(B)e M (AE() — €t +T)lo

where
1 Iy
1) = 0T { - =

B6—1) B
It follows from (2.18) and Theorem 2.1 that the sequence [{;(t), n;(t)] is a Cauchy
sequence in BC([0, +00) : Y1 x Y1), the space of uniformly bounded, continuous,
and Y7 x Yi,g valued functions. Thus there exists [£o(t), 7oo(t)] such that, as
J — 00,

+ P(f )+ (06)PFT(B) +

[fjﬂ?j] - [50077700] in BC([(]? +OO) (Y1 X YH—ﬂ)'
By taking the limit j — oo of the mild fomulas:

§

+

n

(4T = S (DE(Ty) + / Si(t— )b (AFCEEL (s +T3) + w(s + T)]ds,

\}

e +7) = Sa(0n(Ty) = [ 5a(t = 9 AP+ ) + s+ T,

+

we can show that [€., 7)co] satisfies the mild formulas (3.5), (3.6) with the initial
state [€o0(0), 770 (0)]-

Furthermore, since we can extend the interval from [0, +00) to [s, +00) for every
s € R with showing the uniformly boundedness, not depending on s, of solutions,
we can admit the solution [{ (%), 70(t)] in BC(R : Yy % Yi43). Applying the
same argument and estimate as above, we can easily obtain the uniqueness of the
solution.

Finally, we show the q.p.p. of [{x(t), Noo(t)] in Y7 X Y1, g by using the previous
estimate. It follows from (2.8) and (2.9) that we have

‘A(foo(t) - foo(t + Tl))‘O + ‘A_(noo(t) - noo(t + Tl))‘ﬂ
= lim [[A(E(t + T5) — €+ Tu + Tj))lo + A7 (n(t + T5) —n(t + T + 1))l

< lim [|S1(T5) A(&(t) — &£(t +T1))lo

J—00

§+m
2

§+n
2

(s +1)) - F(

w [ s - o e (5-+ 6+ T0)]lods
0
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T;
+/ Ay (T; — )b~ 1 (A)w(s + t) — w(s + ¢+ T})lods
0

+S2(Tj) A~ (n(t) — n(t + 1))l

§+n
2

+/Tj | A= AP Sy (T — s)b~ (A)[F(F2 (s + 1))
0
£+

_F( 5

(s +t+1)))]|ods

T;
+/ |A=APSo(Ty — s)b™ (A)|w(s +t) — w(s + t + Tj)|ods].
0
By applying the pervious argument we can take the integers /V;, R;, which satisify

‘A(foo(t) - foo(t + Tl))‘O + ‘A_(noo(t) - noo(t +Tl))‘ﬂ

e A T
< lim [TJFFW)@_(X LI A()

j—00

=St +T))lo+ A" (@) —nt+T1))|s)

+y(8)Mgk[|1 Ty — Ni|7 + |21 — Ry|°]
< A(B)Mpr[|1T; — N,|° + |72T7 — Ry|°].

Thus we obtain the q.p.p. of [{xo(t), Noo(t)].
Next we estimate the recurrent dimensions of the orbit given by

Y = {[uoo(n), s (n)] € Y1 x Yg : n € No}.
By applying Lemma 3.1-3.3 in [3] we can estimate

oo (t) = uoo ()1 < %(‘500(75)_foo(t/)‘l—i_‘noou)_noo(t/)‘l)

< SUAG(0) = Elt)lo + 147 (1(0) = 1(t))]3)

and

IN

S AT (Eolt) — Exalt)ls + |47 (1o (t) — mo(?))]5)
1
QQA?

|thoo () — oo (t)] 5

IN

[A(Ese(t) ~ ExclDlo + 5147 0lt) — molt)) 5.
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Thus we can show the q.p.p. of [uso(t), Teo(t)].
By applying the estimate to show the q.p.p. of [{x (), 700(t)] We have

|A(oo(1) = Eoo(n + T1)) o + [A™ (Moo () — Noo(n + T1)) |
<A(B)Mar[|TT; — Ni|7 + |21 — Ri|°],

which also gives the similar estimate for [t (1), oo (n)]. By applying the argument
in the proof of Theorem 1.2 we obtain the following Theorem.

Theorem 3.2. Under the same Hypotheses as those of Theorem 3.1, let {11, T2}
be (KL) class irrational numbers and satisfies the § o-ECM condition. Then we have

log E
d,(8) <

S D, (%) ~ (1—4p)ologEy’

IN

4. FLEXIBLE BEAMS

Following the P.D.E. example in [3], we consider the equation of motion of slen-
der and flexible structures with internal viscous damping and nonlinear forcing, de-
termined by displacement u(x, t) and bending force wu,,(z, t),under a quasi-periodic
perturbation:

O?u(z,t Ddu(z,t)  Otu(w,t

N 0?u(z,t)
ot? Ox*ot ozt

0z2 )

= f(z,u(z,t), + w(z,t),

where 0 < x < L. The beam is clamped at one end, x = 0, and at the free end,
x = L, the bending moment and the shearing force vanish. The the boundary and
the initial conditions are given by

u(0,t) = u,(0,t) =0,

Uy (L, t) + 200U, (L, t) = 0,

Ugar (Lyt) + 20U4520(L, t) = 0,
u(z,0) =up(z), wu(z,0)=uy(z).

and the quasi-periodic perturbations w(t) satisfies (3.1), (3.2).
We define an operator A in L?(0, L) by

D(A) = {u e H*0,L) : u(0) = uz(0) = 0, tpe(L) = tgae(L) = 0},
o*u
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Let ~; be the solutions of
coshycosy+1=0

such that 0 < 1 < 2 < ---. Then the e.v. of A are given by

A = (%)4, i=1,2,...

We assume that the nonlinear function
f(z,u,v) : R® — R satisfies the growth condition

| f(x,u,v)| < ko(Ju| + |v]) for some ky > 0

and the following Lipschitz and locally Lipschitz continuity:
Jko(c), k > 0 such that

[, u0) = f@, ol o)) < ko(e)u— o | + klo — |
for |u|, |u/| < ¢, v,v" € R.
Define F' : D(A'/?) — L?(0, L) by

F(u)(z) = f(z, u(@), tza(x)),
then the condition (2.3) and (2.4) holds for the constant 3 = 1/2.

Following the argument in [3], we can see that the inequality conditions in
Theorem 2.1 and Theorem 3.1 are satisfied for small o > 0 as follows:
If 1/a% — Ap, A1 — 1/a? =~ 1/a?, then the stability inequality conditions are
given by
Koy, 2 1
Cl—)3 <A —
(a2 )7 <A< 202

for some C > 0.

Remark 4.1. As another example for (2.1) we can consider a strongly damped
wave equation:
up — 2aAuy — Au = f(z,u, Vu) + w(t).
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