TAIWANESE JOURNAL OF MATHEMATICS
Vol. 12, No. 6, pp. 1477-1492, September 2008
This paper is available online at http://www.tjm.nsysu.edu.tw/

IN ASPLUND SPACES, APPROXIMATELY CONVEX FUNCTIONS
AND REGULAR FUNCTIONS ARE GENERICALLY DIFFERENTIABLE

Huynh Van Ngai and Jean-Paul Penot
Dedicated to Professor Wataru Takahashi on the occasion of his 65th birthday

Abstract. We prove that an approximately convex function on an open subset
of an Asplund space is generically Fréchet differentiable, as are genuine convex
functions. Thus, we give a positive answer to a question raised by S. Rolewicz.
We also prove a more general result of that type for regular functions on an
open subset of an Asplund space.

1. INTRODUCTION

It is a deep and famous result of Preiss [21] that any locally Lipschitzian real-
valued function on an Asplund space is Fréchet differentiable at the points of a dense
subset. However, it is known that such a set does not always contain a G5 subset,
i.e. a countable intersection of open subsets (we are indebted to Prof. D. Preiss for
the information that a full description of such sets is given in [33] and that such a
fact was known much before that paper). Thus it is not possible to conclude for
instance that given two Lipschitzian functions they have a common point of Fréchet
differentiability. It is the purpose of the present article to give a positive answer to
such a genericity problem by restricting our attention to well established classes of
functions.

The main class of functions we have in view is the class of regular functions
in the sense of Clarke ([4, Def. 2.3.4]). For such a class, the main concepts of
nonsmooth analysis coincide and better calculus rules are available than for general
locally Lipschitzian functions. For that reason, such a class is popular.

The proof of our main result being somewhat involved, we first present a simple
proof for the more restricted class of approximately convex functions which has been
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recently introduced in [12, Prop. 3.1]. Such a class has obtained a great interest
in view of its simplicity and of its generality ([1, 7, 13, 15, 27). It contains the
class of paraconvex functions which has been thoroughly studied by S. Rolewicz
([24, 25, 30, 31]) who gave a positive answer to the genericity problem for such a
class. It also contains the class of continuously differentiable functions. As recalled
in Proposition 2 below, this class satisfies desirable stability properties which make
the class large enough. This class retains part of the properties of convex functions,
but also of continuously differentiable functions, so that our separate treatment is
justified. Moreover, in doing so, we give a positive answer to a question raised by
S. Rolewicz in [27] Question 8.

2. PRELIMINARIES
Approximate convexity is defined as follows.

Definition 1. Given ¢ > 0 and a convex subset C' of a Banach space X, a
function f : C'— R is said to be e-convex if for every z,y € C and any ¢ € [0, 1]
one has

(1 flz+ (1 =t)y) <tf(z) + (1 -1)f(y) +et(l =) [z —yll.

A function f : U — R defined on an open subset U of X is said to be approximately
convex at xy € U if for any € > 0 there exists 6 > 0 such that f is e-convex on
the ball B(xg,d). It is approximately convex around zy € U if it is approximately
convex at any point of some neighborhood of ay.

The terminology we use here is slightly different from the one used in [12, Prop.
3.1] and [13] (but coincides with the one of [5]) since we stress the difference
between the pointwise property (at xg) and the local property (around xzp). As
mentioned above, the class of approximately convex functions on U (i.e. at each
point of ) contains the class of paraconvex functions on U which plays an important
role in various fields (Hamilton-Jacobi equations and optimal control [3], duality
[19], regularization [10]...). The class of approximately convex functions has been
characterized in finite dimensions by a lower C'! property in the sense of [23], [32],
i.e. as suprema of families of C' functions. This characterization is extended in
[13] (see also [7], [17] for variants). Another characterization uses a subdifferential
of the function and an approximate monotonicity property; the locally Lipschitz case
is given in [1] and the case of a lower semicontinuous function is presented in [13].

The class of approximately convex functions has interesting stability properties;
see for instance [12, Prop. 3.1], [6, Section 6], [1].
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Proposition 2. The set of functions f : U — R which are approximately
convex at xo € X is a convex cone containing the functions which are strictly
differentiable at x. It is stable under finite suprema. Moreover, if f = ho g, where
g : U =Y is strictly differentiable at x o and h : Y — R is approximately convex
at g(xg), then f is approximately convex at x.

As mentioned above, approximately convex functions retain some of the nice
properties of convex functions. In particular they are continuous on segments con-
tained in their domains ([12, Cor. 3.3]) and locally Lipschitzian on the interiors of
their domains. Moreover, they have radial derivatives ([12, Cor. 3.5]). Furthermore,
the subdifferentials of approximately convex functions all coincide provided they are
between the Fréchet subdifferential OF and the Clarke-Rockafellar subdifferential
d¢. Recall that

el f(2) eVe>030 > 0:Vu € B(x,0) f(u)—f(z)—(z*, u—z) >— |u—=z|
and that, for a continuous function f,
z* e 3°f(z) & Vue X (z*,u) < fO(x,u),

where f€(x,-) is the Clarke-Rockafellar derivative given by

1
Oz, u) :=sup limsup  inf = (f(w+tv)— f(w)).
>0 (tw)— (0 ,2) vEB(ue)

Here a subdifferential is a map O : R x X — P(X*), where R” is the set of
extended-real valued functions on X, X* is the dual space of X and P(X™) the
space of subsets of X*, such that 0f(x) := 9(f, x) is empty if f is not finite at x.

Recall that an Asplund space is a Banach space X such that the dual of every
separable closed subspace of X is separable. Such spaces have been introduced
for their characteristic property: a convex continuous function on a nonempty open
convex subset U of an Asplund space X is generically Fréchet differentiable, i.e.
Fréchet differentiable on a dense Gs-subset of U. Here a subset D is said to be a
Gs-subset of U if it is the intersection of a countable family of open subsets. It
has also been shown by D. Preiss ([21]) that any locally Lipschitz function f on
an open subset U of an Asplund space is Fréchet differentiable on a dense subset.
Here we make the supplementary assumption that f is approximately convex and
we get generic differentiability, i.e. differentiability on a dense Gs-subset of U.

Recall that by a weak* slice of a nonempty set A C X* one means a subset of
A of the form

Sz, A,a)={z" € A: (z",x) > oa(x) — a},
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where x € X\{0},a > 0 and
oa(x) =sup{(z*, x) : a* € A}.

The following important characterization of Asplund spaces is well known. It will
be used in the proof of the main result below.

Lemma 3. ([20]). 4 Banach space X is an Asplund space if and only if its dual
space X* has the Radon-Nikodym property, i.e. every nonempty bounded subset A
of X* admits weak* slices of arbitrary small diameter.

Let us note the following results.

Lemma 4. Let U be an open subset of an Asplund space X and let f : U — R
be a lower semicontinuous function. Let Of : U = X * be a subdifferential such
that OF f(u) C Of(u) C O°f(u) for all w € U. Let x € U be such that Of(x) is
nonempty and such that for any € > 0 there exists some § > 0 for which Bs :=
B(z,0) C U and diam(0f(Bs)) < e. Then f is (strictly) Fréchet differentiable
at x : for every € > 0 there exists 6 > 0 such that B(x,0) C U and for every
u,v € B(x, ) one has

[f(v) = f(u) = (& v —w)| <ello—ul.

Proof. Clearly, 0f(x) is a singleton {*}. Now, given € > 0, let & > 0 be such
that Bs := B(z,0) C U and diam(9f(Bs)) < e. Given u,v € B(x,¢), the Mean
Value Theorem ([11], [18]) ensures that there exist w,z € [u,v] and sequences
(wp) — w, (z,) — z, (w}), (2%) such that w} € 9f(wy), 2z € Of(z,) for all
n € N and

f) = f(u) = (z*,v —u) <liminf, (W} —z*,v —u) <ellv—u,
flu) = f(v) = (2", u—v) <liminf, (2} — 2", u —v) <e|v—ul,
so that f is strictly Fréchet differentiable at x. ]

Proposition 5. Let U be an open subset of a normed vector space X. The set
of points at which a function f : U — R is approximately convex is a G s-set.

Proof. Let A C U be the set of points at which the function f is approximately
convex. For n € N\{0}, let A4, be the set of points = for which there exists
some 6 > 0 such that f is 1/n-convex on B(zx,d). Obviously, A, is open and
Noo 1A, = A [

The conclusion of the preceding proposition entail that if f is densely approx-
imately convex on U (i.e. approximately convex at all points of a dense subset of
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U), then the set of points of U at which f is approximately convex is a generic
subset of U, i.e. it is a dense G5 subset of U. Let us note the following criterion
ensuring that the set of points at which f is approximately convex is a generic
subset of U. Here we say that a locally Lipschitzian function is Clarke regular if it
is directionally differentiable at each point, its directional derivative being equal to
its Clarke-Rockafellar derivative.

Lemma 6. ([5, Prop. 5]). Every Clarke regular function on an Asplund space
is generically approximately convex.

We will use the following subdifferential characterization of approximate con-
vexity.

Proposition 7. ([13, Theorem 10]). Let X be an Asplund space, let f : X — R
be lower semicontinuous, let x( € dom f, and let O be a subdifferential such that
OF f c 0f c dCf. Then the following assertions are equivalent:

(a) f is approximately convex at x;

(b) Of : X = X* is approximately monotone at x in the following sense:
for every € > 0 there exists some p > 0 such that for all u,v € B(zq,p),
u* € 0f(u), v* € df(v) one has

(U —v*  u—v) > —¢ellu—1|.

An elementary differentiability result of independent interest will be used in the
last part of the paper.

Proposition 8. Let W and X be normed vector spaces and let f : W x X —
R U{+o0} be a convex function which is Fréchet (resp. Gateaux) differentiable at
some point (W, T) € W x X. Let p: W — R be the performance function defined
by p(w) = infrex f(w,z). If p(w) = f(W,T), then p is Fréchet (resp. Gateaux)
differentiable at w.

In particular, if X is a vector subspace of W, if the norm on W is Fr échet
(resp. Gateaux) differentiable off 0 and if w € W\X has a best approximation in
X, then the distance function d x to X is Fréchet (resp. Gdteaux) differentiable at
w.

Proof. Letr: R; — R, be a remainder, i.e. a function such that r(0) = 0
and r(t)/t — 0 as t — 0 such that

[f(@+w,T+2) - f(@,7) — (W, T"), (w, )| < r(|[(w, 2)]])
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for ||(w, x)|| small enough, where (w*,z*) is the derivative of f at (w,T). Since
f is continuous at (w, T), p is bounded above on a neighborhood of w, hence is
subdifferentiable at w. Let Z* € Op(w). Then, for ||w| small enough one has

0

IN

p(W+ w) — p(w) — (Z*, w)
f@+w,z) - f(w,z) — (w*,T"), (w,0)) + (W* — Z*, w)

< r(llwl) + @ — =, w).

IN

This shows that w™* = z* and that p is differentiable at w.
The last assertion is obtained by taking f(w,z) := |jw — z| for (w,z) €
W x X. |

3. GENERIC DIFFERENTIABILITY OF APPROXIMATELY CONVEX FUNCTIONS

The main result of the present section will be deduced from the following state-
ment which is not as striking. The interest of the refinement will appear in the last
section.

Proposition 9. Let X be an Asplund space, let U be an open subset of X and
let A be a dense subset of U. Suppose that f : U — R is lower semicontinuous on
U and approximately convex around each point of A. Then f is (strictly) Fréchet
differentiable on a dense G s-subset of U.

Proof. The proof is inspired by the one of [9] (see also [20, Thm 2.30]). We
set T = OF f. For each n € N, n > 1, we introduce the set

1
Gn:={xe€U:35>0, B(z,d) C U, diamT'(B(z,9)) < E}

Obviously, G, is open since for all x € G,, we have B(z, ) C G,, whenever § > 0
is such that B(z,d) C U, diamT(B(x,0)) < 1/n. Thus G := N5, Gy, is a Gs-set
and, by Lemma 4, f is Fréchet differentiable at every x € G. Thus, it suffices to
prove that, for each n € N, G, is dense in U.

Let uw € U be given. Given p > 0 such that B(w, p) C U, let us show that
G,NB(u, p) is nonempty. Since A is dense in U, we can find some a € ANB(w, p).
Let § € (0, p — d(w,a)) be such that f is approximately convex on B(a,d). Since
an approximately convex function is locally Lipschitzian, shrinking § if necessary,
we may assume that f is Lipschitzian on B(a, ). Thus T'(B(a, d)) is bounded and
since % f(u) = Y f(u) for all u € B(a,§) by [12, Thm 3.6], T has nonempty
values on B(a, d). We shall show that G,, N B(a, ) is nonempty, what will imply
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that G,, N B(u, p) is nonempty too. According to Lemma 3, we can find o > 0,
z € Sx, the unit sphere of X, such that the diameter of the weak* slice

S:=8(2,T(B(a,9)),a) = {u" € T[B(a,d)] : (u*, 2) > op(B(as))(?) — a}

1
is less than —. Let us take u € B(a, d), u* € T'(u) such that
n

(u*,2) > op(B(as)(2) — /2.

By the approximate monotonicity of 7" at u exhibited in Proposition 7, there exists
e € (0,6) such that

<v*—u*,v—u>2—%”v—u”, Vv € B(u,¢), Yo* € T(v).
Taking ¢ > 0 such that v := u + tz € B(a,d) N B(u, ¢), one has
(v* —u*, (u+tz) —u) = —(a/2)t, Yo' e T'(v).
Thus,
(v, 2) 2 (U, 2) — /2 > op(Bas))(2) — @ Yo* € T(v).

Since T is norm to weak™® upper semicontinuous at v (because f is locally Lipschitz
around v and T coincides with the Clarke subdifferential [4, Prop. 2.1.5]), there
exists v > 0 such that B(v,v) C B(a,d) and

<’U)*, Z> = UT(B(Q,(S))(Z) - Vw e B(”vV)v w* € T(’U))

1

That is T[B(v,~)] C S. Hence diamT'[B(v,~v)] < —. That is v € G,, N B(a,J).
n

The proof is complete. u

The preceding result is close to Corollary 2.2 (ii) of [8]. There f is just lower
semicontinuous and it is shown that the set of points where f is Fréchet subdifferen-
tiable but not Fréchet directionally differentiable is of first category in U. However,
the linearity of the derivative is not obtained on the complement of this set.

Taking for A the set U itself, we get the following consequence.

Theorem 10. Let f : U — R be a lower semicontinuous, approximately
convex function on an open subset U of an Asplund space. Then f is Fréchet
differentiable on a dense G s-subset of U.

This theorem can be deduced from a delicate result of Zajicek [34] asserting
that a lower semicontinuous function f on an open subset U of an Asplund space X
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has the property that the set of points where f is Fréchet subdifferentiable but not
Fréchet differentiable is first category in U. Here we avoid the use of such a result
but we rely on characterizations of Asplund spaces which are not simple either but
which can be considered as classical. In order to get the result via [34], as above,
one uses the facts that an approximately convex function on an open subset U of X
is locally Lipschitzian and that its Fréchet subdifferential coincides with the Clarke
subdifferential, hence is nonempty valued.

4. AN EXTENSION TO REGULAR FUNCTIONS

By using the well known notion of Banach-Mazur game ([16], [20, Thm 4.23],
[22]), we can prove a general version of Proposition 9 and of its consequences.
Let us recall that a Banach-Mazur game on a nonempty open set U of X with
objective a subset G of U is a decreasing sequence of nonempty open subsets of
U:U,20Vi2U,2V2 20,2V, 2D, where (Uy,) and (V,,) have
been chosen by player A and by player B alternatively. Player B is said to be the
winner if N2, V;, € G. We say that player B has a winning strategy if using it, B
wins for any choice of A.

Lemma 11. ([16], [20, Thm 4.23]). The player B has a winning strategy if
and only if the objective set G contains a dense G s—set.

The following technical lemma will be needed in the proof of the main result
of this section.

Lemma 12. Let (py)nen be a sequence of equivalent norms on X such that
there exist m, m' > 0 such that

ml|z|| < pu(z) < m'||z||, foralln €N, x € X.

Let (en)nen be a sequence of elements in X satisfying p,(en) = pn(en—1) = 1 for
every n € N and such that there are x* € X™* and X > 0 satisfying (x*, e,) > A for
alln € N.If > >° o d(ent1, Rey) is finite then the sequence (ey,)nen is convergent.

Proof. For eachn € N, let ¢, € R be such that ||, 11 —tpen| = d(ent1, Rey).
Set U, = ep41 — tpen. Then Y0 o ||luy|| is finite. Hence ||uy|| — 0 as n — oo.
Thus, from the relation

<x*7 en+1> == tn<fI,'*, en> + <x*7 un>7

and since (z*, e,) > A for all n € N; then ¢,, > 0 when n is sufficiently large. We
can assume that ¢,, > 0 for all n. Since > ||u,|| is finite, then "7 § pri1(up)
is finite. Hence, ) >° ;|1 — t,| < +oo by the following relation

—ln| = |Pn+1€n+1) — nPn+1€n)| = Pn+1(€n+1 — n€n) = Pnt+1(Un)-
1 —tn| = |pns1(ens1) — ¢ (en)| < ( tnen) (un)
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Thus

o0 o0 o0 o o0

D llensi—enll < D llealllt=tal+> flunl < m™" D" [1=tal+> flun]l < +oc.
n=0 n=0 n=0 n=0 n=0

This implies that (e, )nen is convergent. [ ]

Let us say that a set-valued mapping 7' : U == X™ is Fréchet continuous at
x € U if T(x) is a singleton and 7" is norm to norm upper semicontinuous at z,
i.e., for every € > 0 there exists a neighborhood V' of = such that

T(V) CT(z)+eB".

Theorem 13. Suppose that X admits a Fréchet smooth equivalent norm and
let U be an open subset of X. Suppose that f : U — R is lower semicontinuous
on U and approximately convex at each point on a dense subset of U. Then f is
(strictly) Frechet differentiable on a dense G s-subset of U.

Proof. Assume that the norm || -|| is Fréchet smooth. Set 7 := 9 f. By Lemma
4, it suffices to show that the set G of x € U such that T is Fréchet continuous at x
is a generic subset in U. To prove this, we use the Banach-Mazur game on U with
the objective set GG. Let A and B be two players in this Banach-Mazur game. By
Lemma 11, it suffices to prove that B has a winning strategy. This means that for
any choice (U,,) of A we will construct a choice (V;,) of B such that N2 ,V,, C G.

Let us choose a decreasing sequence of positive numbers (&,,) such that eg = 1,
> o2 1 V/En < 1. For each n, let us define D,, as the set of € U for which there
exists some 6 > 0 such that B(x,d) C U, T is bounded on B(z,d) and

62

(" —a"y—x) > —3” ly — || Yy € B(x,0), 2" € T(z), y* € T(y).

By Proposition 3.2 in [12] and Theorem 10 in [13], D, is a dense open subset
in U. First, suppose that U has been chosen by A. Player B can choose an open
set Vo C Up N Dy such that T'(Vp) is bounded (for example, V) := B(x, ) with
x € UpN Dy and ¢ > 0 such that 7" is bounded on B(zx, d) and B(x,¢) is included
in Up N Vp). Seteg :=0, pg := 0, p1 := god(-,Rep) = || - || and denote by pj the
dual norm of p; on X*. For U; C Vj chosen by A, set

sp:=sup{pi(z™): z* € T(U1NDy)} < +o0.
Let 1 € Uy N Dy, x5 € T(21) and e; € X be such that

piler) =1 and (a},e)) > 51 —e7/2.
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Then player B can choose
Vi={zxeUND;: (z%e)>s —e? Va* € T(x)}.

Indeed, since f is locally Lipschitzian at each point in D, then T = 9% f is norm
to weak™ upper semicontinuous at each point of ;. Hence V; is an open set. Let
us prove that V; is nonempty. Since x; € Uy N D1, there is some § > 0 such that
B(xl,é) Q U1 and

2
* * € * *
(y* —al,y —21) > —51!!961 —yl, forally € B(z1,6),y" € T(y), 1 € T(z1).
Taking y := x1 + de1 /2 in this relation, one obtains
2

* * € * *
(y*,e1) > (a1, e1) — 51!!61!! > 51 —¢ef forall y* € T(y), 7 € T(x1).

Thus, since D; is dense in U and T' = 0 f is norm to weak* upper semicontinuous
on Dy, we can find z € U; N Dy such that

(2 e1) > 51 — &7 forall 2* € T(2).

That is, V7 is nonempty.

Suppose defined for £ = 1, ..., n nonempty open subsets Uy, Vi, real numbers
sg, norms py, on X, xp € UpyN Dy, . € T(xy) , e, € X such that, for k =1,...,n,
one has

2) (@) == pi_y (x) + ep1d?(z, Reg—1),

3) sk :=sup{pp(z”) : 2" € T(Ux N Dy)},

4) prler) =1, (af,en) > s, — ;)2

5) Vii={x €Uy N Dy: (x* ex) > sp —ep Va* € T(z)}.

Given Uy, C V,, set

Pri1 (2) 1= p(@) + end® (2, Rey),
snt1 i =sup{pp1(27) : 2" € T(Unt1 N Dpya)}-

Take 2,11 € U1 N Dyy1, x4 € T(2p41) and e,41 € X such that

Pnyi(ent1) =1 and (2,1, ent1) > Spg1 — 672.L+1/2.
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Then B can choose

Vi1 = {2 € Upp1 N D1t (2%, €nt1) > snp1 — 2y V2™ € T(a)},

As above, one can show that V,, 1 is a nonempty and open set. Thus, for any choice
(Up) of A, player B has a strategy to obtain a sequence (},) by constructing the
sequences (S;,), (e,) and the sequence of norms (p,,) as above. To complete the
proof, we need to prove that 02, V,, C G.

Set

= HwH2+Z€n z, Rep).

Then p is an equivalent norm on X since ||z| < p(z) < v/2||z| for all 2 € X.
Obviously, the sequence (p?) uniformly converges to 77 on every bounded set of
X.

By Proposition 8, p? is Fréchet differentiable, too. By using the Weierstrass
M —test, we can show that p/, is uniformly convergent on every bounded set of
X. Hence, p? is Fréchet differentiable on X. Consequently, the norm p is Fréchet
smooth.

Since (py,) is an increasing sequence, the sequence (p}) is decreasing. Therefore,
the sequence (s;,) is a decreasing sequence of nonnegative numbers. Thus it is
convergent, say, to s > 0. Let us consider the following two cases.

Case 1. s = 0. Obviously, for any x € mgozlvn (if it is nonempty), by (3) and
the equivalence of p,, 11 with p; we have T'(z) = {0} and T is norm to norm upper
semicontinuous at x. That is, N2, V;, C G.

Case 2. s> 0. Letx € N2, V,,, * € T(x). By our construction, for each
n, one has p,41(ept1) = pn+1(en) =1 and (z*, e,) > s, — €2 > s/2 when n is
sufficiently large. Moreover, since p,11(e,) = 1

Sn+1 2 Ppya(@7) > (2%, en) > 50 — €.

Since s, := sup p;,(T(Up,NDy)) and z, € T(U,ND,,), we have s, > pj,(x}, 1)
and, by (4) with &k :=n + 1,

prn(ent1) > pn(en_,_l)p;;(x;;_,_l)/sn > <x7*1+1v ent1)/5n
> Spi1/Sn — 241 /280 > 1 — €2 /s — €2, 1 /28, > 1 — 32 /2s.

Consequently,

d(ent1,Ren) = 5" (1= pplent)) S &' (1= (1= 367/25)%) < 3en/s.
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Therefore, d(ep+1, Rey) < \/3/sy/En, which implies >~ | d(en11, Re,) < 400.
According to Lemma 12, the sequence (e,) converges to some e € X. Hence

p(e) = limy, 00 prlen) = 1.
From the relations
Sp, > p;;(x*)) > <(L'*, en> > Sp — 52

ns

by letting n — oo, one obtains (z*,e) = s = p*(z*) or (z*/s,e) =1 = p*(x*/s),
p(e) = 1. Thus x* /s = p/(e) and since p is Fréchet smooth, then T'(x) is a singleton.

It remains to show that T is Fréchet continuous at x. Let ¢ > 0 be given. Take
§ € (0,1) such that §%p/(e) + 20 B* C eB* and that

I#/(e) =P < 51

1) for all u € B(e, 9).

For every n > 2 by (5), one has

(y* en_1) > sp_1 —e2_, forally €V, y* € T(y).
Hence there exists an index k£ such that for all n > k, one has
(6) (y*,e) >s—06%/2forall  yeV,, y"eT(y).

On the other hand, by our construction, p*(y*) < p}_;(y*) < sp—1 for all y € V,,,
y* € T(y). Therefore, when n is sufficiently large, say, n > k, then

™) P (y") < s+0%2 forall y € Vi, y' € T(y).

Since p(e) = 1 and by the definition of p*, the inequalities (6), (7) imply that for
each y € V,,, y* € T'(y), one has

(8) (y*,u—e) < (s+06%/2)(p(u) — p(e)) + 62, forall u € X.
For each n > k, y € V,,, y* € T(y), let us consider the function g defined by
f(u) := (s +62/2)p(u) — (y*, u), u € X.

Then, by relation (8), f(e) < infue x f(u)+52. By the Ekeland variational principle,
there exists z € B(e, d) such that

f(z) < f(u) + 6lju — z||, for all u € X.
Consequently,

y* € (s+02/2)p(2) + 6B* C (s + 62/2)p/(e) + ¢/2B* + 6B* C z* + eB*.
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Thus T'(V,,) C T(x) + eB*. That is, T is Fréchet continuous at . The proof is
complete. ]

By an analogous argument, we can obtain the following result for the case of
Gateaux differentiability. The detailed proof is omitted.

Theorem 14. Suppose that X admits a G dteaux smooth equivalent norm and
let U be an open subset of X. Suppose that f : U — R is lower semicontinuous
on U and approximately convex at each point of a dense subset of U. Then g is
Gateaux differentiable on a dense G s-subset of U.

In order to extend the preceding results to regular functions, we will use the
following lemmas due to Zajicek ([34], Lemma 1 and Lemma 2). Here X is an
arbitrary normed vector space and S(X) denotes the family of closed separable
subspaces of X.

Lemma 15. Let U be an open subset of X and let G be a generic subset of
U. Then there exists a mapping S : S(X) — S(X) satisfying Z C S(Z) for all
Z € 8(X) and such that the following assertion holds: if Y is a closed subspace
of X for which the set B(Y) := U{Z : S(Z) C Y} is dense in Y, then the set
GNY isdenseinUNY.

Lemma 16. Let U be an open subset of X and let f : U — R be an arbitrary
function. Then there exists a mapping T : S(X) — S(X) satisfying Z C T(Z)
Sor all Z € S(X) and such that the following assertion holds: if Y is a closed
subspace of X for which the set C(Y') := U{Z :T(Z) C Y} is dense in Y, then
g is strictly differentiable at each point of UNY at which f| yny is strictly Fréchet
differentiable.

Corollary 17. Let X be an Asplund space and let U be an open subset of X.
Suppose that f : U — R is a continuous function which is approximately convex
at each point of a dense subset A of U. Then g is (strictly) Fréchet differentiable
at each point of a dense G s-subset of U.

Proof. Note that the set F' of points at which f is strictly Fréchet differentiable
is a Gs-set ([34, Thm A]). Thus, it suffices to show that F' is dense in U. Let u € U
and £ > 0 be given. We use the mappings S, 7 : S(X) — S(X) of Lemmas 15,
16 to construct an increasing sequence (Z,) of S(X) with Zy := Ru by setting
Zp+1 = S(Z,) +T(Zy,). Let Y be the closure of the union of the Z,’s. Then
B(Y) and C(Y') are dense in Y since for all n € N we have S(Z,,) C Z,4+1 CY,
T(Z,) C Zy41 C Y. Since by Proposition 5 and our assumption the set G at which
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g 1s approximately convex is a dense Gs set, Lemma 15 ensures that GNY is dense
in U NY. Now, since X is an Asplund space, the closed separable subspace Y
of X has a separable dual. Hence Y admits a Fréchet smooth renorm ([2, Thm
4.13]). According to Theorem 13, the partial function f|yny is strictly Fréchet
differentiable at each point of a dense Gs-subset of U N'Y. By Lemma 16, f itself
is strictly differentiable at each such point. Hence, there exists a point y € B(u, ¢)
at which f is strictly Fréchet differentiable. ]

Corollary 18. Let U be an open subset of an Asplund space X and let f :
U — R be a locally Lipschitzian regular function. Then f is Fr échet differentiable
at each point of a dense G s-subset of U.

Proof. By [5, Prop. 5] f is approximately convex at each point of a dense
subset of U, so that the preceding corollary applies. ]
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