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THE HAMILTON-WATERLOO PROBLEM
FOR TWO EVEN CYCLES FACTORS

Hung-Lin Fu and Kuo-Ching Huang

Dedicated to Professor Ko-Wei Lih on the occasion of his 60th birthday.

Abstract. This paper investigates the problem of factoring Ks, — I, into
2-factors of two kinds or three kinds: (1) Ci-factors and Cos-factors, (2)
Cy-factors and Ca-factors, (3) Cy-factors, Cg-factors and Cg-factors.

1. INTRODUCTION

The well-known Oberwolfach problem, formulated by Ringel in 1967, asks for
a 2-factorization of the complete graph K5, 1 into 2-factors each of which isomor-
phic to a given 2-factor D. If D consists of cycles of lengths my, mo, ..., my
with my + mo + ... + my = 2n + 1, then the Oberwolfach problem is de-
noted by OP(2n + 1;my, ma,...,m;). It is known that the cases OP(9;4,5) and
OP(11;3,3,5) do not exist. Therefore, it has been conjectured that a solution to
OP(2n + 1;mq, mo, ..., m;) exists except the above two counterexamples. So far,
the conjecture has been verified for the case when m; = mo = ... = my, i.e.,
all components of the isomorphic 2-factor D are cycles of the same odd length
[3,4]. However, the Oberwolfach problem remains unsolved in general. It is com-
mon to extend the Oberwolfach problem to the case by considering 2-factorization
of the complete graph K5, with a 1-factor I, removed, denoted by K, — I,.

It has also been verified that a solution to OP(2n;my, ma, ..., m;) exists when
mi = mg = ... = my except that OP(6; 3, 3) and OP(12; 3, 3, 3, 3) have no solu-
tion [2, 3, 6].

The Hamilton-Waterloo problem (HWP) is a generalization of the Oberwolfach
problem which asks for a 2-factorization of Kjs,; in which r of the 2-factors
are isomorphic to a given 2-factor D); and the remaining s of the 2-factors are
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isomorphic to another given 2-factor Dy, where r + s = n. Again, one may ask the
similar problem by considering 2-factorizations of K, — I,,.

For convenience, we introduce the following notations. Let I, be a 1-factor of
Ks,. Suppose H is a subgraph of G. Let mH be the edge-disjoint union of m copies
of H. An H-factor of a graph G is a spanning subgraph of G in which each compo-
nent is isomorphic to H. An {H{"', Hy"*, ..., H" }-factorization of a graph G is a
factorization which consists precisely of m; H;-factors. If there is such a factoriza-
tion of G, then we say that (G; H{", Hy"*, ..., H"™") exists. Let HWP(v; m,n) be
the set of pairs (7, s) such that (G; C7,, C%) exists for G = K, if v is odd and G =
K, —Iy if v is even, where C; denotes a cycle of length ¢. The cases (m, n) = (3,v),
(m,n) = (3,4) and (m,n) € {(4,6), (4,8), (4,16), (8,16), (3,5), (3,15), (5,15)}
are considered in [7, 5, 1], respectively. In this paper, we completely determine the
sets HWP(2n; t, 2t) for even integers ¢ > 4 and HWP(2n; 4, 2t) for ¢ > 3. More-
over, we also show that (Ka, — I,,; C, C§, C.) exists for all pairs (r,s,t) with
r+s+t=n—1.

2. Basic CONSTRUCTIONS

In this section we present the idea and some basic constructions in order to
prove our main results. Since the following lemmas are easy to see, we omit the
proofs.

Lemma 1. Suppose G1 and G4 are two vertex-disjoint graphs. If (G1; C),,, C3)
and (Go; Cl., C2) both exist, then (G1 U Gg; CL,, C%) exists.

Lemma 2. Suppose G and Gy are two edge-disjoint graphs with the same
vertex set. If (G1; Cjt, C5') and (Go; Cj2, C52) both exist, then (G1UGa; Cjit2,
CE1152) exists.

The trivial necessary condition for K5, having a Co-factor is 2n = 2tk or n =
tk. On the other hand, if n = tk, then Koy, —I,, = k(Ko —I;) | J(2k —2) (kK1) =
(kKo — I,) U(2k — 2) (kK¢ +), we shall prove that (Ko — I;; Cjt, C5}) exists for

t

ri+s =t—1and m =4 ort, and (K4 CEL) exists for m = ¢ or 2¢. Then,

by Lemma 1, (k(Ky — I;); Cj}, C5;) and (kK 4; CT%) both exist. Let (r,s) be a
pair of nonnegative integers with »r + s = n — 1 = tk — 1. It is not difficult to
see that there are pairs of nonnegative integers (71, s1) with vy +s3 = ¢ — 1 and
(rg, s2) with ro + s9 = 2k — 2 such that (r, s) = (r1,s1) + %(Tg, s2). Now, factor
k(Ko —1It) = kKot — I, into 71 Cy-factors and s; Cy-factors and factor ro kK 4’s
into %7“2 C-factors and the remaining s kK, ,’s into %SQ Cys-factors. By Lemma 2,
(Kaop —Ip,; Cf, C5,) exists, i.e., (r,s) € HWP(2n;t,2t) C {(r,s) : r+s=n—1}.
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Therefore, we have HWP(2n; ¢, 2t) = {(r, s) : r+s = n—1} for even integers ¢. By
the same argument, we also obtain that HWP(2n; 4, 2¢) = {(r,s): r+s=n —1}
for integers t > 3.

The following lemma is a well-known result.

Lemma 3. The complete graph Ko, is I-factorable and it can be decomposed
into t — 1 Hamilton cycles and one I-factor. Moreover, by ordering the vertices
of Ko, one of the t — 1 Hamilton cycles is of the form vgvy - - -v9i_1vg and the
I-factor is {vovg, vivgr—;: 1 <i <t—1}

Before proving the next lemma, we define a new graph. Suppose G is a graph.
The duplicate graph of G, denoted by DG, obtained from G by replacing each
vertex v; of G by two new vertices z; and y; and replacing each edge v;v; of G
by four edges z;x;, z;y;, y;x; and y;y;, i.e., each edge v;v; of G corresponds to a
K99 = C4 in DG. In what follows, let the vertex sets and edge sets of duplicate
graphs are the same as above if no confusion occurs.

Lemma 4. Let C' = vgvivy - - - vi_1vg be an even cycle. Then (DC; C2)) exists
Sfor m =4, t and 2t. Moreover, let I} = {x;y; : 0<i<t—1} and G = DC|JI,.
Then there is a I-factor M of G such that (G—M;CL,, C3,) exists for m=4 and t.

Proof.  Since t is even, F; = {vjv;11 : i is odd} and Fy = {v;v;41 @ @
is even} are two 1-factors of C. Hence, DF; and DF, are two Cy-factors of
DC. Next, by directed construction, {zoz1x2 - Ti—1Z0, YoY1Y2 - - Yt—1Yo} and
{xoylxgyg cer Tp_2Yi—120, YoT1Y223 - - - yt_gxt_lyo} are two C-factors of DC' and
{$0$1---$t—1y0y1 "'yt—lwo} and {$0y13€2y3"'wt—2yt—1y0$1y2$3---yt—29€t—1
xo} are two Cy-factors of DC'. Let

X

|2

Qu=Azom1-- Tt 1y1 1YL o Y1Y0TO, TLTL - e 1Y 1Yp2 YL TL

Q2 = {$0y13€2y3 o Tt2Yt—1YoT1Y273 - - -yt_zxt_lxo} and

My =G - (Q1UQ2).

It is routine to verify that () is a Cy-factor, ()2 is a Cys-factor and M is a
1-factor of G, respectively.

Let F3 = {xizi+1Yi+1yizi : t is even}, Q2 be the same as above and M, =
G — (F5JQ2). It is easy to see that F3 is a Cy-factor, ()3 is a Co-factor and Mo
is a 1-factor of G, respectively. ]

Lemma 5. Suppose G is a graph consisting of an even cycle C = vgvivg - - -
ve_1vg and a I-factor M, = {vov%,vivt_i 1< < % —1}. Let H = DG I,
where I, = {z;y; : 0 < i <t —1}. Then there is a I-factor M of H such that
(H — M;CY,C5,) exists for all pairs (r, s) with r + s = 3.
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Proof. Let Fy = {xox141-121-222 - - T £ L0, YoY1Yt—1Yt—2Y2 Y1 Yo},
Fy = {xoyr—121y2%1-2 - - Y£L0, YoTt1Y122Y—2 - T 1Yo}

Q1 = {xox12t1T12%2 - TLYoy1Yr-1Yr—2Y2 - - Yr Lo} and

Q2 = {Toyr—121Y2T1—2 - - YLYOTE-1Y1T2Yp-2 -x%xo}.

Then F; and F5 are two Cy-factors of H, ()1 and Qo are two Cy-factors
of H and F1UF2 = Q1UQ2. Let Ry = DG — (F1UF2) Then Ry =
{Zoy1y22324 - + - TL_1T0, YoT1T2Y3Y4 - - - Y¢—1Yo y Which is a Cy-factor of H if t =0
(mod 4) and R1 = {1‘0:1/1:1/21‘31‘4 ot Yr—1YoT1X2Y3Y4 - - -xt_lxo} which is a Cgt-
factor of H if t = 2 (mod 4).

For t = 0 (mod 4), let Ry = (R1—{zoy1, yox1}) U{xovo, z1y1} whichis a Co-
factor of H and My = (I — {zoyo, z1y1}) U{x0oy1, yor1} which is a 1-factor of H.
Then {F1, Fy, Ry, It}, {F1, Fo, Re, Mo}, {R1,Q1,Q2, I} and {Ra, Q1, Q2, Ma}
are the desired four factorizations.

Fort = 2 (mod 4), let Ry = (R1—{zox¢—1, Yoyt—1, T oYt x%y%_l}) Uz
i =0,£—1,5¢t— 1} which is a Cy-factor of H and My = (I; — {ziy; : i =
0,£ 1,5 ¢—1}) U{zozi-1, yoyi-1, Ti_1ys,T1ys_,} which is a 1-factor of H.
Then {F}, Iy, R3, M3}, {F1, F, R1, 11}, {R3,Q1,Q2, M3} and {R1, Q1, Q2, I+}
are the desired four factorizations. [ |

Lemma 6. Suppose t > 4 is an even integer. Then HWP(2t;t,2t) = {(r, s) :
r+s=t—1}

Proof. By definition, HWP(2¢; ¢, 2t) C {(r,s) : r+s =t —1}. Conversely, let
(r, s) be a pair with r+s = t—1. By Lemma 3, we have (0,t—1) € HWP(2¢; ¢, 2t).
Now, suppose r > 0. It is easy to see that Koy — [, = DK,;. Since t is even, by

.t .
Lemma 3, K; can be decomposed into 3~ 1 Hamilton cycles, denoted by HC' for

short, and one 1-factor F'. Hence, DK; = (% — 2)DHCU DHC* U DF* with
the particular DHC* and DF* stated in Lemma 3. Let G = DHC*|JDF* | I,.
If r is even, by Lemma 5, then (G — My; C?, C3,) exists, where M is some 1-factor
of G which is also a 1-factor of K»;. By Lemmas 4 and 2, ((g ~1)DHC; CF?)

t t
and ((5 —1- g)DHC; C%-27") both exist. Hence, ((5 —2)DHC;C; 2,042

exists and then (Ko, —My; CF, Ch 17" exists. Thus, (r,t—1—r) € HWP(2t; ¢, 2t).
If 7 is odd, by Lemma 5, then (G — Ma; C}, C3,) exists, where My is some 1-factor

-1 t
both of G’ and K»y;. By Lemmas 4 and 2, (TTDHC; Cr1) and ((5 -2 -

r—1
2

t
)DHC; C427") both exist. Hence, ((5 — 2)DHC;C; 1, CL37T) exists
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and then (Ko — My; CJ, C57177) exists. Thus, (r,t — 1 — 1) € HWP(2t;¢, 2t).
Therefore, HWP(2¢t;t,2t) = {(r,s) : r+s =1t — 1}. |

The following result can be found in [8].

Lemma 7. ([8]). There is a 2-factorization of K ,,,, in which each 2-factor is
the vertex disjoint union of m cycles of lengths t1,ts,...,ty if and only if n is
even, t; > 4diseven for 1 <i<mandty+ts+...+1t, = 2n, except there is no

t

Ce-factorization of Kgg. In particular, (K4; C3) exists for even integers t and
m = 4,t or 2t, except m =t = 6.

Since (Kg.6; C3) does not exist, we can not obtain HWP(2n; 6, 12) directly by
applying Lemma 7. However, by a minor modification, we also can completely
determine the set HWP(2n; 6, 12).

Lemma 8. Supposen =0 (mod 12). Then HWP(2n;6,12) = {(r,s) : r+s =
n—1}.

Proof. By Lemma 6, (K12 — Ig; C§, Cf,) exists for all pairs (r, s) with r +s =
5. By Lemma 7, (Kj212;CS) exists for m = 6 or 12. Let (a,b) be a pair
with @ + b = 11. Then (a,b) = (a1,b1) + 6(ag,b2), where a; + by = 5 and
as + bg = 1. Since K24 — 112 = 2(K12 — 16) UK12’12, (Klg — IG;Cgl,Cig)
and (K12,12; Cg“Q,CfSQ) both exist, by Lemmas 1 and 2, (Kaq — I12; CZ, C%,)
exists. Now, if (r,s) is a pair with r + s = n — 1 = 12k — 1, then (r,s) =
(r1,81) + 6(re, s2), where r1 + s1 = 11 and ro + so = 2k — 2. Since Ky, — I, =
K24k — Ilgk = k(K24 — 112) U(Qk — 2)(]{]:(12’12), (K24 — 112; Cgl,Cfé) exists
and, (ro(kK12.12); CS™2) and (s2(kK19,12); C%?) both exist by Lemmas 1 and 2,
we have (K, — I; Cf, Cy,) exists. Therefore, (1, s) € HWP(2n;6,12) and then
HWP(2n;6,12) = {(r,s8): r+s=n—1}. n

For the case that n = 6 (mod 12), we need the following. Let K, be the
complete u-partite graph with g vertices in each partite set.

Lemma 9. ([4])/ The graph K
even and ug = 0 (mod 3).

u(g) 18 Csfactorable if and only if (u — 1)g is

Lemma 10. Let n = 6 (mod 12). Then HWP(2n;6,12) = {(r,s) : r + s =
n—1}.
Proof. Let n = 6k, where k is odd. Then Ky, — I, = k(K12 — Is) U Ky 12)-

3(k—1
By Lemma 9, Kj,(19) is K44 4-factorable, ie., Kj12) = u(kKMA), where
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kKya4 1s a K4 44-factor. It is not difficult to see that K444 = DKy 9o which
can be decomposed into two DCg. Since (DCg, C2) exists for m = 6 or 12,
by Lemmas 4 and 2, (Ky44;C4) exists. By Lemma 1, (kKy44; Ch) exists. If
(r,s) is a pair with r + s = n — 1 = 6k — 1, then (r,s) = (r1,s1) + 4(r2, s2),
3(k—1

%. Since (K12 — Ig; Cg', C13) exists by
Lemma 6 and, (r2(kK4.44); Cgm) and (s2(kK44.4); Cg?) both exist by Lemma 2,
we have (Ka, — I,; C§, Cf,) exists. Therefore, (r,s) € HWP(2n; 6, 12) and then
HWP(2n;6,12) = {(r,s) : v+ s =n—1}. n

where 71 + s;1 = 5 and ry + s9 =

Combining Lemmas 8 and 10, we have

Corollary 11. Suppose n = 0 (mod 6). Then HWP(2n;6,12) = {(r,s) :
r+s=n-—1}

3. MAIN RESULTS
Now, we are ready to prove our main results.

Theorem 12. Supposet > 4 is even and n = O(mod t). Then HWP(2n;t,2t) =
{(r,s):r+s=n—1}

Proof. By Corollary 11, the assertion holds for ¢ = 6. Now, suppose ¢ # 6.
Since n = 0 (mod t), we have n = tk and Ko, = kKo |J(2k — 2)(kKyy).
Let (r,s) be a pair of nonnegative integers with » +s = n — 1 = tk — 1. Then
(r,s) = (r1,s1)+ 5(1"2, s9) for some pairs (ry, s1) withry +s; = t—1 and (rg, s2)
with 79 +s9 = 2k —2. By Lemma 6, (Ko — I;; C;*, C5}) exists. Hence, by Lemma

t
1, (k(Kou—1I1); C{*, C5t) = (kKo —Iy; ', C51 ) exists. By Lemma 7, (K45 C3)
1
exists for m = ¢ or 2¢t. Hence, by Lemma 1, (kK;+; C3,) exists. By Lemma 2,
t t
(ro(kKys); C2"°) and (so(kKy;4); C3°) both exist and then (Ko, — I,; CF, C5,)
exists, i.e., (1, s) € HWP(2n; ¢, 2t). Therefore, HWP(2n;t,2t) = {(r,s) : r + s =
n—1}. [

In what follows, we study HWP(2n; 4, 2t) for t > 3. The necessary condition
for the existence of (K, — I,,; C, C5,) with 7 4+s = n —1 is that 2n is divisible by
4 and 2¢. Hence, we may assume that n = tk is even. We also need the following
result.

Lemma 13. ([6]). 4 Ci-factorization of K o, — I, exists if and only if k divides
2n except that K¢ — I3 and K15 — Ig do not admit a Cs-factorization.
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Theorem 14. For an integert > 3, HWP(2n;4,2t) = {(r,s) : r+s=n—1}.

Proof. The assertion holds for £ = 3 which is proved in [1]. Suppose ¢ > 4
is even. Let (r,s) be a pair with r + s = n — 1. By Lemma 3, (0,n — 1) €
HWP(2n;4,2t). Let r > 0. It is easy to see that Ky, — I, = DK,. Since

n_q
2

n is even, by Lemma 13, K, — I% is C;-factorable. Let K,, — I% = U F;,
=1

i=

where each F; is a Ci-factor. It is clear that DI% corresponds to a Cy-factor in

Ks,. Let C be a t-cycle of F;. Since t is even, by Lemma 4, (DC,C?) and

(DC, C32)) both exist. Hence, (DF;,C%) and (DF;,C3,) exist. If 7 is odd, then
r—1

n_y

=
(D(U F; UI%); CY) and (D( U F;); Cs,) both exist. By Lemma 2, (Ky, —
=1 j=rxl
2

I,; C},C5,) exists. Hence, (r,s) € HWP(2n;4,2t). If r is even, by Lemma
4, (DU I,) — My; C}, C3,) exists for some 1-factor M; of DFy JI,, which
is also a 1-factor of Kbs,. Hence, (((DF1JI,) — M) UDIg;CZ,C%t) exists.

r_1 o
Since (D( U F;); C77%) and (D( U F;); C5,) both exist, by Lemma 2, (Ky, —
=2 =241

M,y;C}, Cs,) exists. Hence, (r,s) € HWP(2n;4,2t). Therefore, the assertion
holds for ¢ is even.

Now, suppose ¢ > 5 is odd. Since n = kt is even, n is divisible by 2¢. Again,
by Lemma 13, K,, — I z is Cy;-factorable. By Lemma 4, Lemma 2 and a similar
argument as above, (Ko, — I,; C), C3,) exists. Therefore, the assertion holds for
t > 5 being odd and then we complete the proof. ]

4. CONCLUDING REMARK

So far, we study the Hamilton-Waterloo problem for (1) C;-factors and Cy;-
factors if ¢ is even and (2) Cy-factors and Cos-factors if ¢ > 3. However, by using
the similar argument in Lemma 6, we are able to deal with the Hamilton-Waterloo
problem for cycle size 4, 6 and 8. Here is the result.

Theorem 15. Suppose n = 0 (mod 8). Then (Ko, — I,,; Cy, C§, Cle) exists
Sfor all pairs (r,s,t) withr +s+t=mn—1.

Proof. Suppose n = 8k. Then Ky, — I, = (kK16 — I,,) U(2k — 2)(kKs ).
By a similar argument as in Lemma 6, (K15 — Is; C3', Cs', C15) exists for all pairs
(7“1, S1, tl) with r1 + s; +t; = 7. Hence, by Lemma 2, (/{Kw —1I; Czl, Cgl , Ci%)
exists for 71 +s1 +t; = 7. By Lemma 7, (K3 s; C4 ) exists for m = 4, 8 or 16. By
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Lemma 1, (kKgg; C2) exists. If (7, s,t) is a pair with r + s +t=n—1=4 - (2k—
2) +7, it is not difficult to see that (r,s,t) = (r1,s1,t1)+4(re, s2,t2), Where
r1+s1+t1 =7 and ro + s9 +t9 = 2k — 2. Now, factor kK16 — I,, into r; Cy-factors,
s1 Cg-factors and ¢; Cjg-factors. By Lemma 2, we can factor r(kKgg) into
4ry Cy-factors, so(kKgg) into 4s9 Cg-factors and to(k Ky g) into 4ty Cg-factors.
Hence, by Lemma 2, (Ko, — I,; O}, C§, Cly) exists for r + s+t =n — 1. ]
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