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A CHARACTERIZATION OF TWO-SIDED CENTRALIZERS
ON PRIME RINGS

Joso Vukman and Maja Fosner

Abstract. In this paper we prove the following result: Let R be a prime ring
of characteristic different from two and let 7" : R — R be an additive mapping
satisfying the relation T'(z3) = 2T (z)x for all z € R. In this case 7T is a
two-sided centralizer.

1. INTRODUCTION

Throughout the paper R will represent an associative ring. A ring R is 2-torsion
free if 2x = 0,z € R, implies x = 0. Recall that R is a semiprime ring if aRa = 0
(where a € R) implies a = 0, and it is called a prime ring if aRb = 0 (where
a,b € R) implies a = 0 or b = 0. An additive mapping D : R — R is called
a derivation if D(zy) = D(x)y + =D(y) for all z,y € R, and is called a Jordan
derivation if D(2%) = D(z)z + xD(x) for all x € R. Obviously, any derivation
is a Jordan derivation. The converse is in general not true. A classical result of
Herstein [10] asserts that any Jordan derivation on a prime ring with characteristic
different from two is a derivation. Cusack [9] generalized Herstein’s result to 2-
torsion free semiprime rings (see also [8] for an alternative proof). An additive
mapping 7' : R — R is called a left centralizer if T'(xy) = T'(x)y for all z,y € R.
The concept appears naturally in C*-algebras. In ring theory it is more common to
work with module homomorphisms. Ring theorists would write that T': R — Rp
is a homomorphism of the right R-module R into itself. For a semiprime ring R
all such homomorphisms are of the form T'(x) = gz for all x € R, where ¢ is an
element of Martindale right ring of quotients @Q,.. For the explanation of Q,, Qs
(the symmetric Martindale ring of quotients), and @Q,,,,- (the maximal right ring of

Accepted January 23, 2006.

Communicated by Wen-Fong Ke.

2000 Mathematics Subject Classification: 16N60, 39B05.

Key words and phrases: Prime ring, Semiprime ring, Functional identity, Left (right) centralizer,
Two-sided centralizer.

1431



1432 Joso Vukman and Maja Fosner

quotients) see [5, Chapter 2]. In case R has the identity elementT : R — R isa left
centralizer if and only if T is of the form T'(x) = ax for all z € R and some fixed
element « € R. A left Jordan centralizer T : R — R is an additive mapping such
that T'(x2) = T'(x)z for all z € R. The definition of a right centralizer and a right
Jordan centralizer should be self-explanatory. An additive mapping 7' : R — R is
called a two-sided centralizer if 7" is a left and a right centralizer. Incase 7 : R — R
is a two-sided centralizer, where R is a semiprime ring with extended centroid C,
then there exists A € C such that T'(z) = Az for all x € R (see [1, Theorem 2.3.2]).
Following ideas from [8] Zalar [17] proved that any left (right) Jordan centralizer
on a 2-torsion free semiprime ring is a left (right) centralizer. Vukman [14] proved
that an additive mapping 7' : R — R, where R is a 2-torsion free semiprime ring,
satisfying 27 (2?) = T(z)x + 2T(x) for all x € R, is a two-sided centralizer.
Molnér [11] proved that an additive mapping 7' : A — A, where A is a semisimple
H*-algebra, satisfying the relation T'(x3) = T'(x)2? (resp. T(z3) = 22T (z)) for
all x € A, is a left (resp. right) centralizer. Our aim in this paper is to consider an
additive mapping T' from a prime ring R of characteristic different from two into
itself such that the identity 7'(x3) = 2T ()2 holds true for all z € R. Our result
is obtained as an application of the theory of functional identities.

The theory of functional identities considers set-theoretic mappings on rings sat-
isfying some identical relations. When treating such relations one usually concludes
that the form of the mappings involved can be described, unless the ring is very
special. We refer the reader to [7] for introductory account on functional identi-
ties, where Bresar presents this new theory, the theory of (generalized) functional
identities, and its applications, to a wider audience.

Let R be aring and let X be a subset of R. As usual the commutator zy — yz,
x,y € R, will be denoted by [z, y]. By C(X) we denote the set {r € R | [r, X] =
0}). Letm eNandlet E: X™ ! — R, p: X™ 2 — R be arbitrary mappings. In
the case when m = 1 this should be understood as that £ is an element in R and
p=0. Let1l <i<j<manddefine E% p¥, pi*: X™ — R by

Ez(fm) = E(ml,...,xi_l,le,...,xm),
pij(fm) iji(fm) = (ml,...,xi_l,wiﬂ,...,xj_l,xj+1,...,xm),
where z,,, = (z1,...,Tm) € X™.

Let I,J C {1,...,m}, and foreach i € I, j € J let E;, F; : X™ ! — R be
arbitrary mappings. Consider functional identities

(1) Y E{@m)zi+ Y wiF(Tm) =0 (Tm€X™),
iel jeJ
) S B @w)ri+ Y 25F (@) € C(X) (T € X™).

iel jeJ
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A natural possibility when (1) and (3) are fulfilled is when there exist mappings
pij: X™ 2 - Riel,jeJ, i#j,and N\ : X™ ! — C(X), ke TUJ, such
that

El(@m) = Y. ap(@m) + X(Tm),
JE€Jj#i
(3) Fl@n) == Y p2@m)zi — N(@m),
iel,j#i
ANe=0 if k¢InJg

forall z,, € X™, i € I, j € J. We shall say that every solution of the form (3) is
a standard solution of (1) and (2).

The case when one of the sets I or J is empty is not excluded. The sum over
the empty set of indexes should be simply read as zero. So, when J = 0 (resp.
I =0) (1) and (2) reduce to

() > Ei@m)ri=0  (resp. > x;F!(Tp) =0) (Tm € X™),

iel jeJ
G) D E(@n)wi€C(X) (resp. Y x;F () € C(X)) (Tm €X™).
iel jeJ

In that case the (only) standard solution is
(6) E;=0, i€l (resp. F;=0, jelJ).

A d-freeness of X will play an important role in this paper. For a definition
of d-freeness we refer the reader to [6]. Under some natural assumptions one can
establish that various subsets (such as ideals, Lie ideals, the sets of symmetric or
skew symmetric elements in a ring with involution) of certain types of rings are
d-free. We refer the reader to [1] and [2] for results of this kind. Let us mention
that a prime ring R is a d-free subset of its maximal right ring of quotients, unless
R satisfies the standard polynomial identity of degree less than 2d (see [2, Theorem
2.4]).

2. REsuLTs

Motivated by results on centralizers and derivations, Vukman proved the fol-
lowing result.

Theorem 2.1. Let R be a 2-torsion free semiprime ringand let 7 : R — R
be an additive mapping satisfying the relation

(7) T(zyz) = 2T (y)x
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for all z,y € R. Then T is a two-sided centralizer.
Puting = y in (7) we obtain
8) T(2%) = 2T (2)x

for all z € R. Our aim in this paper is to prove the following result which is related
to (8).

Theorem 2.2. Let R be a prime ring of characteristic different from two and
let T: R — R be an additive mapping satisfying the relation

T(23) = 2T (x)x

for all z € R. Then T is a two-sided centralizer.

Let us point out that in this paper we use methods which differs from those
used in [15]. The proof of Theorem 2.1 is elementary in the sense that one needs
no specific knowledge concerning semiprime rings in order to follow the proof. In
this paper we use methods and results from the theory of functional identities.

Before proving Theorem 2.2 we need one more result. Let R be a ring and let

P21, 02, 03) = Y (1) Tr(2) Tn(3)
TESs

be a fixed multilinear polynomial in noncommuting indeterminates x1, zo and xs.
Further, let L be a subset of R closed under p, i.e. p(Z3) € L for all x1, 29,23 € L,
where T3 = (1, z2, x3). We shall consider a mapping 7" : L — R satisfying

9) T(p(T3)) = Z Tr(1) T (Tr(2))Tr(3)

TESs

for all x1, 29, z3 € L. Of course, every two-sided centralizer satisfies (9). Our goal
is to show that under certain assumptions these are in fact the only mappings with
this property. In the first step of the proof we derive a functional identity from (9).
Let us mention that the idea of considering the expression [p(Z3), p(7s)] in its proof
is taken from [4].

Theorem 2.3. Let L be a 6-free Lie subring of R closed under p. If T :
L — R is an additive mapping satisfying (9), then there exists A € C(L) such that
T(x) = Az for all x € L.

Proof. Note that for any a € R and Z3 € L? we have

[p(ffﬂ)v a] - p([fL‘l, a]v L2, (L‘g) —|—p(fL‘1, [x27 a]v fL‘g) +p(x17 T2, [1‘3, a])
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Thus
T[p(fg), a] = T(p([xlv a]v L2, 1‘3)) + T(p(xlv [va a]v 1‘3)) + T(p(xlv Z2, [1‘3, a]))

Using (9) it follows that

T[p(fg), a] = Z [xw(l)v a]T(xw(2))x7r(3)

TES3
(10) ©
+ Z xw(l) 7r(2 L (3) + Z 1‘71—(1 7r(2 7r(3)7 a]'
TES3 TES3
In particular
Tp(73),p(Ts)] = Z [Tr(1), P(U) T (Tr(2)) Tr(3)
TES3
(11) + Z o) T [Tr(2), P(U3)] T (3)
TESs
+ Z o) T (Tr2) [Tr(3), P(F3)]
TES3

for all 73,75 € L3. We also have (by (10)
3
T[wr(2),p(U3)] = =T[p(¥s3), Tr(2)]

= Z [xw(2)7 ya(l)]T(y0(2))y0(3) + Z ya(l)T[xw(2)7 y0(2)]x0(3)

o€ES3 o€S3

) o) T (Yo2) [Br(2) Yo(3))-

og€Ss3

for all 33 € L. Therefore (11) can be written as

Tlp(3), p@)] = D> Y [Tr(1) Yo(1)Yo@) Vo) T (r(2)) Tr(3)

TES3 0ES3

+ )0 ( Tr(2)s Yo ()T Yo (2))Yo(3) T Yo(1) T [Tr(2)s Yo (2)| Yo (3)

TES3 0E€Sy

+y0(1) T(y0(2) ) [xw(2) ) y0(3)] ) Tr(3)

+ Z Z x7r(1 7r(2 7r(3)7y0(1)y0(2)y0(3)]

TES3 0E€Sy

for all 3,75 € L3. On the other hand, using

[p(x3), p(Y3)] = —[p(Ys3), p(T3)],
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we get from the above identity (where for convenience we replace the roles of
denotations 7 and o)

Tlp(T3), p(Ys3)]

= Y ()@ Tr(3) Yo )T Wo(2))Yo(s)

TES3 0ES3

+)°> v ( Tr(1)s Yo2) T (Tr(2))Tr(3) + o) T [Tr(2) Yo (2) [ Tr(3)

TES3 0ES3

+22) T (Tr(2)) [Tr(3) y0(2)]>y0(3)

+ Z Z ya(l y0(2 71—(1)1'71—(2)1'71—(3)7210(3)]

TES3 0ES3

for all 3,75 € L3. Comparing so obtained identities we arrive at

Z Z ( Tr(1)s Yo (1) y0(2)y0(3)] ( 7r(2))

TES3 0E€Sy

+x7r(1) ([xﬂ(2)7 ya(l)]T(y0(2))y0(3) + ya(l)T[xw(2)7 y0(2)]y0(3)

Yo )T Yo(2) [Zr(2), Yo(3)]) = (1) T (T2(2)) Yo (1) Yo (2)Yor(3)

+y0’(1)T(y0'(2))y0(3)x7r(1)x7r(2)>x71'(3)

+Y > ( T T (Tr(2)) Tr(3) Yo (1) Yo (2)

TES3 0E€Sy
—[Ta ()T r(2)Tr(3)s Yo ()] T (Yo (2))

~Yo(1) ([%(1)7 Yo2)) T (Tr(2))Tx3) + Tr(1)T[T2(2), Yo(2)| Tr(3)
)T (Tr(2)) [Tr(3)s Yo(2)]) — ya(1)T(ya(2))%(1)%(2)%(3))%(3)

for all =1, x9, x3,91,y2,y3 € L. Let s: Z — 7Z be a mapping defined by s(i) =
i — 3. For each o € S3 the mapping s~'os : {4,5,6} — {4,5,6} will be denoted
by &. Writing x3; instead of y;, i = 1, 2, 3, in the above identity we can express

this relation as
6

> Ei(w1, w2, 73, 74, 75, 76)7; = 0.
i—1

Since L is 6-free it follows that E; = 0 for all 4. In particular, we have
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6
0 = Eg(x1,x2, 3, T4, T5, Te)

= > <7r<1 (Zr(2)) Tr(3)T5(4) 05 (5)

TES3 0ES3
3(6):6

—[Zr (1) Tr(2)Tr(3)s 27w | T (T5(5) — T3 (a) ([Zr(1)> T5(5)) T (Tr(2)) Zr(3)

+221) T [2r(2), T5(5) ) Tn(3) + Tr ()T (Zr(2)) [Zr(3)s 27(5)])

—$3(4)T($3(5))%(1)%(2)%(3)) .

Note that this is also a functional identity which can be rewritten as

0= > . <T(x7r(2))x7r(3)x3(4)x3(5) _x7r(2)x7r(3)x3(4)T(xE(5))>

n€S3 0€S3
7(6)=6

= > wp < [T21)s 25(5)] T (Tr(2)) Tr(3) + Ta() T [Tr(2)> T5(5)]Tr(3)
n€S3 0€S3
5(6)=6
+Zr(1) T (@ (2)) [Tr(3), T (5)] + T5(4)T (T5(5)) (1) Tr(2) Tr(3)
_xw(l)xw(2)x7r(3)T(xE(5)))7
or

ij (w1, 22, v3, 24, 5) = 0.

Hence F; = 0 for all j. In particular, we obtain

1
0 = Fj(x1, 2,23, T4, T5)

12 = > Z( Tr(2)) w(3)x3(4)x3(5)_x7r(2)x7r(3)x3(4)T(xE(5))>'

weS3 0ESy

m(1)=17(6)=6
By [3, Corollary 2.7] one gets T'(z) = Az + p(z) for all x € L, where A € C(L)
and p : L — C(L). Then substituting this expression to (12) and using [3, Theorem
1.1] it follows that 1« = 0. Thereby the proof is completed. ]

We are now in the position to prove Theorem 2.2.

Proof. The complete linearization of (8) gives us (9). Hence, we can apply
Theorem 2.3 and conclude that 7" is indeed a two-sided centralizer unless R is a Pl
ring (satisfying the standard polynomial identity of degree less than 12).
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Assume now that R is a Pl ring. It is well-known that in this case R has a
nonzero center (see [13]). Let ¢ be a nonzero central element. Pick any x € R and
set x1 = 9 = cx, and z3 = z in (9). Then we arrive at

T(6c%2?) = 2c%2T (x)x + dcaT (cx)x

for all x € R. On the other hand, setting 1 = x5 = c and 3 = 23 in (9) we
obtain

T(6¢%x3) = 22T (23) + 2T (¢)a® + 2cx3T (c)

for all z € R. Comparing so obtained relations we get 2¢(22T (cz)z — T'(c)x® —
23T (c)) = 0. Since R is prime it follows that

(13) 22T (cx)x — T(c)a® — 23T (c) = 0

for all x € R. In particular, when = = ¢ we have 2¢*T(c?) — 2¢3T(c) = 0.
Therefore

(14) T(c*) = eT'(c).
The complete linearization of (13) gives us

0= Z QxW(l)T(CxW(Q))xW(g) - Z T(C)xw(l)xw(2)x7r(3)

TES3 TES3

=Y ) Ta@) T3 T(0)

TES3

(15)

for all z1, 29,23 € R. Let z € R. Setting 1 = z and x5 = x3 = ¢ in (15) and
using (14) we get

0 = 42T (c?)c + 4cT(c*)x 4 4cT (cx)c — 6T (c)cPx — 6¢°2T(c)
= 2¢%(—aT(c) — T(c)x + 2T (cx)).
This yields
(16) 2T (cx) = T(c)x + 2T (c)
for all z € R. Now setting 1 = o2 = x and x3 = ¢ in (9) we obtain
T(6x%c) = 22T (x)c + 2¢T(2)x + 22T (c)x.
Using (16) we get

3T (c)z? + 32T (¢c) = 22T (z)c + 2¢T () + 22T (c)x
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for all z € R. A linearization of this relation yields (z1 = x, 22 = ¢)
T(c)x + 2T (c) = 2T (x)
for all z € R. By (16) we get
a7 cT(z) = T(cx)
for all z € R. Using (16) and (17) we arrive at
(18) 2T (xy)c= (T(c)x)y+ zyT(c) = —xT(c)y + 2T (z)cy + zyT'(c)
for all z,y € R. Multiplying (18) on the left by z € R we get
(19) 22T (zy)c = —zxT(c)y + 22T (x)cy + zaxyT(c).
But on the other hand, putting zz instead of x in (18), we obtain
(20) 2T (zzxy)e = —zaT(c)y + 2T (zx)cy + zayT(c).
Comparing (19) and (20) we get
2T (zaxy)e — 22T (xy)c = 2T (zx)cy — 22T (x)cy

for all z,y, z € R. Since R is prime it follows that
(21) T(zxy) = T(zx)y — 2T (x)y + 2T (zy)
for all z,y, z € R. In particular

T(zcy) = T(zc)y — 2T (c)y + 2T (cy),
which in turn implies
(22) T(zy)e = T(2)yc — 2T(c)y + 2T (y)e,
by (17). In this identity write zz, = € R, instead of z. Thus we get

T(zxy)c = T(zx)yc — zaT(c)y + zzT (y)c.
Further, using (22) we can write so obtained identity as
T(zzy)e = (T(z)xc — 2T (c)x + 2T (x)c)y — zzT(c)y + zaT (y)c.

Thus, using (16) and (17), we arrive at

(T(zay) = T(z)wy — 2T (x)y — 22T (y))c

= —z(T(c)x + 2T (c))y = —22T (z)yc.
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Since R is prime it follows that
T(zxy) = T(2)xy — 2T (x)y + 22T (y)

for all z,y, z € R. Finally, [16, Theorem 2.1] implies the existence of ¢ € Q) such
that
2T (z) = qz + xq

for all z € R. Consequently, by (8) we get
qwg + xgq = xqw2 + x2q3c

for all x € R. Thus
[lq,2],2% = 0.

A complete linearization of this identity gives us

Z [[Q7 xﬂ'(l)]? 1'71—(2)1'71—(3)] = 0.

TES3

Putting 21 = ¢ and x5 = x3 = x in the above relation it turns out that

0 = 2[[q, ¢, 2% + 4[[q, ], zc] = 4¢[[q, 2], z].

Thus
[[Q7 x]v 1‘] =0
for all x € R. Using Posner’s theorem [12] it follows that [¢, 2] = 0 for all z € R.
Thus T is a two-sided centralizer. Thereby the proof is completed. ]
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