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NONLOCAL CAUCHY PROBLEM FOR SECOND ORDER
INTEGRODIFFERENTIAL EVOLUTION EQUATIONS
IN BANACH SPACES

K. Balachandran and J.-H. Kim

Abstract. In this paper we derive a set of sufficient conditions for the exis-
tence of mild solutions of second order nonlinear integrodifferential evolution
equations with nonlocal conditions in Banach spaces. The results are obtained
by applying the Schaefer fixed point theorem. An application is provided to
illustrate the technique.

1. INTRODUCTION

Byszewski [9] has studied the existence and uniqueness of mild, strong and
classical solutions of the following nonlocal Cauchy problem:

du(t)

(1) o

+Au(t) = f(tul),  te(0,d]

(2) ’U,(to) —|—g(t1,t2,...,tp, u()) = Up

where 0 < tg < t; < ... < t, < a,a > 0,—A is the infinitesimal generator
of a Cy-semigroup in a Banach space X,uy € X and f : [0,a] x X — X,
g : [0,a]’ x X — X are given functions. Subsequently he has investigated the
same type of problem for different kinds of evolution equations in Banach spaces
[10-14]. Balachandran and Illamaran [1, 5, 6], Balachandran and Chandrasekaran
[2-4], Dauer and Balachandran [15] and Balachandran et al [7] have studied the
nonlocal Cauchy problem for various classes of delay differential and integrodif-
ferential equations. The nonlocal Cauchy problem for integrodifferential equation
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with resolvent operators has been discussed by Lin and Liu [20]. Ntouyas and
Tsamatos [23]and Ntouyas [21] have established the global existence of solutions
of semilinear evolution equations and functional integrodifferential equations with
nonlocal conditions respectively. Physical motivation for this kind of problem is
given in [16, 18].

In many cases it is advantageous to treat the second order abstract differential
equations directly rather than to convert them to first order systems. For example
Fitzgibbon [17] used the second order abstract differential equations for establishing
the boundedness of solutions of the equation governing the transverse motion of an
extensible beam. The occurrence of second order equations has been found in [8,
27]. Ntouyas [22] and Ntouyas and Tsamatos [24] have established the existence
of solutions of second order delay integrodifferential equations with nonlocal condi-
tions. In this paper we shall study the problem of existence of solutions for second
order integrodifferential evolution equations with nonlocal conditions in Banach
spaces by using the Schaefer fixed point theorem.

2. PRELIMINARIES

Let X be a real reflexive Banach space and, for each ¢ € [0, T, let A(t) : X —
X be a closed densely defined operator. The fundamental solution for the second
order evolution equation

3) "(t) = A(t)x(t)

developed by Kozak [19] is as follows. Let us assume that the domain of A(t) does
not depend on ¢ € [0, 7] and denote it by D(A) (for each t € [0,T], D(A(t)) =
D(A)).

Definition 2.1. [19]. A family S of bounded linear operators S(¢, s) : X — X,
t,s € [0,T], is called a fundamental solution of a second order equation if:

[Z1] For each z € X the mapping [0,7] x [0,T] > (¢t,s) — S(t,s)x € X is of
class C'! and
(i) for each ¢t € [0, T, S(t,t) =0,
(i) for all ¢, s € [0, 7T, and for each x € X,

0 0
ES(L s) . T =u, £S(t, s) tzsx = —1.

[Z5] For all t,s € [0,T], if z € D(A), then S(t,s)z € D(A), the mapping
[0,T] x [0,T] > (t,8) — S(t,s)x € X is of class C? and
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2

0) o

82
(i) @S(t, s)x = S(t,s)A(s)x,

S(t,s)x = A(t)S(t, s)z,

.o 0 0
— =S =0.

(i) 5 gpS(t5)| @
[Z5] For all t,s € [0,T], if z € D(A), then %S(t, s)x € D(A), there exist

0% 0 0% 0

o 95”0 535
290
ot? ds

(i) - 2; (t, 8)a %S(t $)A(s)z,

S(t,s)x and

(i S(t, )z =A(t)%$(t, o),

and the mapping [0, 7] x [0, T] > (t,s) — A(t)%

The main aim of this paper is to establish the existence of mild solutions of the
following nonlinear second order integrodifferential evolution equation with nonlocal
condition

S(t, s)z is continuous.

4) 2"(t) = A(t)x(t)—i—f(t,x(t),x'(t))—i—/o q(t, s, z(s),2'(s))ds, t € J =1[0,T],

() 2(0) +g(z) =z,  2'(0) = 1o,

where zp,y0 € X, A(t) : X — X is a closed densely defined operator, f :
IxXxX—->X q:JxJxXxX—Xandg:C(J;X)— X are given
functions. Similar to Pazy [25] we define the following solution.

Definition 2.2.  Any continuous function z : [0,7] — X is called a mild
solution of the problem (4)-(5) if z(t) € D(A(t)), for each ¢ € [0, T] and satisfies
the following integral equation

z(t)= —ES(t s)

lzo—g(@)]+5(t. 0w+ S(t,s)f(s,x(s),2'(s))ds
(6) ‘

/ S(t, s / (5,7, 2(7), 2 (7))drds.

For simplicity let us introduce the notation C(t,0) = —%S(t, s)|8:0. Then the
equation (6) becomes as
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2(t) = C(t,0)[xo — g(a)] + S 0o+ | S(t,5) (s, a(s), a'(s))ds
0

4 /0 S(t, ) /0 o(s,7,2(7), 2/(7))drds, te

To establish our main theorem we need the following assumptions.
(Hy) z(t) € D(A(t)), for each ¢ € [0, T].
(H2) There exists a fundamental solution S(t, s) of (3).

(Hs) S(t,s) is compact for each t,s € [0,7] and there exist positive constants
M, M* and N, N* such that

M = Sup{”‘s(tv 3)” ‘tse J}7 M = Sup{HC(tv 0)” 't e J}7
and N =sup{[| §S(t,s)| : t,s € T}, N* = sup{[| C(t,0)|| : t € J}
respectively. Further, for z € X and t;,t9,s € J,

0 0 0 0
[a—th(tl, 0)_8_7520(7527 0)]1‘ — 0, [a—tlS(tl, S)—a—hS(tg, s)]x — 0,ast1 — to.

(Hy) g:C(J; X) — X and there exists a constant G' > 0 such that
lg(z)| < G, for z e C(J;X)

and the set {z(0) : z € C(J; X), ||z|| < k, z(0) = zo — g(x)} is precompact
in X

(Hs) f(t,.,.) : X x X — X is continuous for each ¢ € J and the function
f(,z,y): J — X is strongly measurable for each (z,y) € X x X.

(Hg) For every positive constant & there exists o, € L'(.J) such that

sup ||f(t,z,y)|| < ax(t) foraa teJ
Izl llyll <k

(H7) There exists an integrable function m : J — [0, co) such that
1tz )| <m@OQlell + lyl), ¢, 2,yeX,
where Q : [0, 00) — (0, 00) is a continuous nondecreasing function.

(Hg) q(t,s,-,+): X x X — X is continuous for each ¢, s € J and the function
q(-, -, z,y): J x J — X is strongly measurable for each (z,y) € X x X.
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(Hy) For every positive constant & there exists 3, € L'(J) such that

t
sup | / alt, s,z y)ds| < Bu(t), te J ae.
lzll,llylI<k JoO

(H10) There exists an integrable function n : J — [0, co) such that

t
H/O q(t, s, @, y)ds|| < n(®)Qo(l2] + lyl), ¢, 2,yeX,

where Qg : [0, 00) — (0, 00) is a continuous nondecreasing function and

T~ fo'e) ds
(M+N)/0 m(s)ds</c 7&2(3)—1—90(3)’

where 7 (t) = max{m(t), n(t)}, ¢ = (M*+ N*)(||zo|| +G) + (M +N)||yo-

Lemma. (Schaefer’s Theorem [26].) Let F be a normed linear space. Let
F : E — FE be a completely continuous operator,that is, it is continuous and the
image of any bounded set is contained in a compact set, and let

((F)={x € E:x=AFzx forsome(0 < X\ < 1}.

Then either ((F') is unbounded or F' has a fixed point.

3. MaIN ResuLT

Theorem 3.1. If the assumptions (H1)— (H1o) hold, then the problem (4) —(5)
has a mild solution on J.

Proof. Consider the space Z = C(J, X) with norm ||z|* = max{||z|o, ||z|/1}
where ||z]|o = sup{|z(t)|: 0 <t < T}, || =sup{|z/(t)]:0<t<T}.

In order to establish the existence of a mild solution to the problem (4)-(5),
we have to apply the Lemma. First we obtain a priori bounds for the following
nonlinear operator equation

(7 x(t) = A\Fz(t), A€ (0,1)
where F': Z — Z is defined by
Fz(t) = C(t,0)[xo — g(x)] + S(t,0)yo + /0 S(t,s)f(s,z(s),2'(s))ds

(8) . .
+AS@@Aq@ﬁﬂﬂw&ﬁM®J€J
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We have from (7)
lz@)[] < M*[lzoll + G] + Mlyoll

/ Mm(s)(]|z(s)]| + [|2/(s)I]) ds
+ / Mn(s)Q(|z(s)]| + |l (s)]))ds

Denoting by v(¢) the right-hand side of the above inequality we have

[z < (), tel,
v(0) = M*[[lzo] + G] + Mlyoll,
V() = Mm@O)Qlz@)]| + 12" O)1) + +Mn®)Qo(lz@)] + '@, t € J.
From (7) and (8), we have

0

/
— A—
x'(t) 5

C(t,0)[zo — g(x)]

9) —1—)\885(75 0) yo—i—)\/ —S(t,8)f(s,z(s), 2'(s))ds

A / 9 3¢, s) / o(s, 7 (v, 2/(r))drds, t € J
o Ot 0

and
2" (1) < N*[Hon+G]+NHyoH+N/ m(s)Q([|lz(s)]| + [|="(s)])ds

+N/ %(l2(s)] + [l ()]])ds
Denoting by r(t) the right-hand side of the above inequality we get

2" @] < r(t), te,
r(0) = N*{[[zoll + G] + Nllyoll,
r'(t) = Nm@®)Q(ll=(0)] + [l2' (1) + Nn@)Qo (@) + l2" (1)), t € J.

Let w(t) = v(t) +r(t), ted
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Then w(0) =v(0)+7r(0)=¢, and
w'(t) = '(t) +r'(t)
< (M + N)m(t)[Qo(v(t) + 7(t) + Qv(t) + (1))
< (M + N)m(t)[Qo(w(t)) + Q(w(?)).

This gives

w(®) ds t
/w<o> (s 1 90s) (M+N)/O (s)ds

T
< (M+N) /0 (s)ds

< /OO ds
e Qo(s) +Q(s)
This inequality implies that there is a constant K such that
w(t) =v(t) +r(t) < K, teld

Thus

and hence
|z||" < K,

where K depends only on T" and on the functions m, ¢ and Q.

Now we shall prove that the operator F' : Z — Z is a completely continuous
operator. Let By = {z € Z : ||z||* < k} for some k& > 1. We first show that
F maps By, into an equicontinuous family. Let x € By and t1,t2 € J. Then if
0<ti <ty <T,

[(Fz)(t1) = (Fa)(t2)]]
< [[C(#1,0) = C(t2, 0)][zo — ()] + [[S(t1, 0) = S(t2, 0)]yoll

+ [ (01,9 = S(ta, 9l fen(s) + Gu(9)ds
0

+/ 1St 8) [k (s) + Bu(s)]ds

ty
—0 as t1 —ta

and similarly
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I(Fz)'(t2) = (Fz)' (t2)
)
<

< [5-Cl11,0) = 5-Clta,0)fvo — gl + lz-S01,0) = 55 (t2,0)ol

Ot Ot

T /0 5061, = -5t )] an(s) + G5

to

+ [l s)llants) + 6u(s)lds — o,
t1 2

as t; — to. Thus F' maps By into an equicontinuous family of functions. It is easy

to see that the family F' By, is uniformly bounded.

Next we show that F'By, is compact. Since we have shown F By, is an equicon-
tinuous collection, it suffices by the Arzela-Ascoli theorem to show that F' maps
By, into a precompact set in X.

Let 0 < ¢ < T be fixed and ¢ a real number satisfying 0 < e < t. For z € By
we define

t—e

(st)(t) - C(tv 0)[1‘0 - g(x)] + S(tv O)yO + 0 S(tv S)f(sv .’L‘(S), x/(s))ds

t—e S
+ S(t,s)/ q(s, 7, x(7), 2/ (T)drds, te€J.
0 0

Since S(t,s) is a compact operator, the set Y.(t) = {(Fez)(t) : € By} is
precompact in X for every ¢, 0 < ¢ < t. Moreover for every = € B, we have

[(Fz)(t) — (Fex)(8)]] S/t IS¢, 8)f (s, 2(s),2'(s)) | ds

—€

_|_/t Hs(tjs)/o q(s, 7, 2(1),2'(1)dr||ds

—€

IN

/t 15(t, 9)[[ax(s) + Bu(s)]ds —0 as ¢ —0

—€

and
t

|(Fa) () — (R ()] < / I125(t,5) 1 (s, w(s), 2/(5)) s

t s
[ 1t [ats (. alryards
t—e Ot 0

—€

t
S/t_EH%S(t,s)H[ak(s)+ﬁk(3)]d$ 0 s el
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Therefore there are precompact sets arbitrarily close to the set {(Fx)(t) : € By}.
Hence the set {(Fz)(t) : = € By} is precompact in X.

It remains to show that F' : Z — Z is continuous. Let {z,}5° C Z with
xn — x in Z. Then there is an integer v such that ||z, (¢)|| < v, ||2},(¢)|| < v for
allnand ¢t € J, so ||z(t)|| < v, ||2'(t)|| <v and z,2’ € B,. By (Hs) and (Hg)

t f(s,2n(s), 24/ (s)) — f(f,x(s),x'(s)),
/ q(t, s, wp(s), 2, (s))ds — / q(t, s, x(s),2'(s))ds
0 0
for each ¢ € J and since

1 nt), 20/ (8)) — £t (), 2/(8))]] < 200, (8).
H /0 4(t, 5, 2 (5), h(5))ds — /O a(t, 5, 2(5), /(5))ds]| < 26, (1)

we have by dominated convergence theorem

|Fx, — Fx||
:supH/Sts (s, 2n(s), 2, ( ds—/Sts (s,z(s),2'(s))ds

teJ

/St s / 57, on(7), 2 (7 ))dT—/O als,7,2(r), 2'())dr)ds |
/0 1S(t, ) [f (s, xn(s), 23,(5)) — f(s,2(s),2'(s))]||ds

IN

+ /O 15, s) /0 (g5 7, (7). 20(1)) — (s, 7, 2(r), ()| dr | ds

—0 as n — o
and

[(Fzn)" — (F)'|

= supH/ 5 S(t,s)f(s,xn(s), z,( ds—/ —S(t,8)f(s,x(s),2(s))ds

teJ

/ ot S(t,s /0 q(s, 7, 2n(7), 2, (7 ))dT—/O q(s, 7, 2(7), (T))dT]dsH

/O Hgs(tv s)[f (s, an(s), 23 (s)) = f (s, 2(s), 2'(s))] | ds

IN

+ [ 15509 [ lato.m(0).047) = ato (o). /() s

— 0 as n — oo.
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Thus F' is continuous. This completes the proof that F' is completely continuous.

We have already proved that the set ((F) = {x € Z : z = AFz, A € (0,1)}
is bounded. Hence by the Schaefer fixed point theorem the operator F' has a fixed
point in Z. This means that any fixed point of F" is a mild solution of (4)-(5) on J
satisfying (F'z)(t) = =(t). Thus the initial value problem (4)-(5) has at least one
mild solution on J.

4. APPLICATION

As an application of the above theorem we consider the following integrodiffer-
ential equation with nonlocal condition of the form

(10) 2”(t) = A(t)x(t) + f(t,2(t), [y a ,x(s), '(s)ds, 2 (t), teJ

(11) z(0) + g(z) = o,

where A(t), g are as in the previous sectionand f : J x X x X x X — X,a:
JxJ—R,h:JxX xX — X are given functions. If z(¢) is a solution of the
problem (10)-(11) then

x(t) = )zo — g(x)] + S(t,0)yo

(12) / S(t z(s),

/0 a(s, 7)h(r, (1), 2'(7))dr, 2'(s))ds, t € J.

The above equation is more general than equation (10) and every solution of this is
called mild solution of (10)-(11).

Assume the following conditions:

(C1) f(ty.,.,.): X x X x X — X is continuous for each ¢ € J and the function
f(,z,y,2): J — X is strongly measurable for each (z,y,2) € X x X x X

(Cs) For every positive constant & there exists v, € L!(.J) such that

sup Hf(tvxvyv Z)” S 'Yk(t) fOr a.ate J.
llzlL Nyl =l <k

(C5) h:JxX x X — X is continuous and there exists an integrable function
m: J — [0, 00) such that

1At 2, )l < m@OQ (2] + yl), ted @yeX,

where Q4 : [0, 00) — (0, 00) is a continuous nondecreasing function.
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(Cy) f:JxXxXxX — X is continuous and there exists an integrable function
p:J — [0, 00) such that

1t 2y, 2 < pOQ(lz] + vl + 120D, teld zy 2€X,
where Q5 : [0, 00) — (0, 00) is a continuous nondecreasing function.
(Cs5) a:Jx J— R ismeasurable and there exists a constant L such that

la(t,s)| < L, for t>s>0.

Theorem 4.1. If the assumptions (H1) — (Hy) and (C1) — (Cs) hold and if

/OTfn(s)ds < /coo W,

where m(t) = max{(M + N)p(t), Lm(t)}, then the problem (10)-(11) has at least
one mild solution on J.

Proof. Consider the space Z = C!(J, X) with norm ||z||*. In order to study
the problem (10)-(11), we have to apply the Lemma to the following equation

(13) z(t) = APz(t), A€ (0,1),
where P : Z — Z is defined by
Pua(t) = )zo — g(x)] + S(, 0)yo

(14) / S(t z(s),

/0 a(s, T)h(r, a(r), 2'(1))dr, 2'(s))ds, t e J,
we have
()]l < M*[[|lzoll + G] + M|lyol|
+ [ Mool + 2 [ mnleo]
H|2' () )dT + (|2 () ) ds
Denoting by v(¢) the right-hand side of the above inequality we have
lz(®)] < v(t), teJand v(0) = M*[[lzol| + G] + Mlyoll,

V(t) = Mp(t)92(!!w(t)H+L/0 m(r)(llz(D) |+l () Ddr+ [l D), ¢ € J.
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From (13) and (14), we have

Y(t) = XS0 0) [ — g(a >1+A§s<t 0o

(15) +)\/ 9 5(t,5)
- /Oa(s P, 2(7), (7)) dr, 2/ (s))ds, t € J,

and

2" < N*[llzoll + G + Nllyoll

+f ' Np() (2]

+L/O m(T)([[z(7)] + [[2"(7)[[)dr + [|2"(s)]])ds.
Denoting by r(t) the right-hand side of the above inequality we get
=" (DI < r(t), te Jand r(0) = N*[[lzoll + G+ Nlyol,

r'(t) = Np(t)Qa([lz(t)|| +L/ m(7)Q([lz(7)||
0
+l2' () Nd7 + |"(B)]), teJ
Hence
V(t) < Mp(t)Qa(v(t) + (t)+L/OS (F)Q(v(7) + r(7))dr)
(1) < Np(t)a(v(t) + (t)+L/OS (1) (u(7) + r(7))dr) te J.
Let .
w(t) = v(t) + r( t)+L/ m(s)Q(v(s) + #(s))ds, €
0

Then w(0) = v(0) + 7(0) = ¢, and
w'(t) = v'(t) +1'(t) + Lm(t)Q(v(t) + r(t))
< (M + N)p(t)Qa(w(t)) + Lm(t)h (w(t))
< m(t)[Q2(w(t)) + Qi (w(t))].

This gives

/((>) T S /otm“)ds = /OT”“S”S <[ mwrew
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This inequality implies that there is a constant K such that
o(t) +r(t) <w(t) <K, ted

Thus

and hence
|z|I" < K,

where K depends only on T' and on the functions m, €25 and £2;.

Moreover using the same method as in Theorem 3.1 we can prove that the corre-
sponding operator is completely continuous. Thus the problem (10)-(11) has at least
one mild solution on J.
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