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ITERATION SCHEME FOR A PAIR OF SIMULTANEOUSLY
ASYMPTOTICALLY QUASI-NONEXPANSIVE

TYPE MAPPINGS IN BANACH SPACES

Jun Li, Jong Kyu Kim and Nan Jing Huang

Abstract. We introduce the notion of a pair of simultaneously asymptoti-
cally quasi-nonexpansive type mappings and prove a general strong conver-
gence theorem of the iteration scheme with errors for a pair of simultaneously
asymptotically quasi-nonexpansive type mappings in Banach spaces. The re-
sult of this paper is an extension and an improvement of the corresponding
well known results.

1. INTRODUCTION

The concepts of quasi-nonexpansive mapping was initiated by Tricomi in 1941
for real functions. The concepts of asymptotically nonexpansive mapping and the
asymptotically nonexpansive type mapping were introduced by Goebel-Kirk [4] and
Kirk [8], respectively, which are closely related to the theory of fixed points in
Banach spaces. Recently, the iterative approximating problem of fixed points for
asymptotically nonexpansive mappings or asymptotically quasi-nonexpansive map-
pings has been studied by many authors (see, for example, [1, 2, 3, 5-7, 9-16] and
the references therein).

In this paper, we introduce the notion of a pair of simultaneously asymptotically
quasi-nonexpansive type mappings and prove a general strong convergence theorem
of the iteration scheme with errors for a pair of simultaneously asymptotically quasi-
nonexpansive type mappings in Banach spaces. Our result is an extension and an
improvement of the corresponding well known results [1, 2, 3, 5, 6, 7, 9-16].
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2. PRELIMINARIES

Throughout this paper, let X be a real Banach space, D be a nonempty subset
of X S, T : D → X a couple of mappings, F (T ) and F (S) the set of fixed points
of T and S respectively, that is, F (T ) = {x ∈ D : Fx = x} and F (S) = {y ∈ D :
Sy = y}. Let m and n denote the nonnegative integers.

Definition 2.1. [2, 3, 4, 8, 10] Let T : D → X be a mapping,

(1) T is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x − y‖

for all x, y ∈ D;

(2) T is said to be quasi-nonexpansive if F (T ) �= ∅ and

‖Tx − x∗‖ ≤ ‖x − x∗‖

for all x ∈ D and x∗ ∈ F (T );

(3) T is said to be asymptotically nonexpansive if there exists a sequence {k n} ⊂
[1,∞) with limn→∞ kn = 1 such that

‖T nx − T ny‖ ≤ kn‖x − y‖

for all x, y ∈ D and n ≥ 0;

(4) T is said to be asymptotically quasi-nonexpansive if F (T ) �= ∅ and there
exists a sequence {kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

‖T nx − x∗‖ ≤ kn‖x − x∗‖

for all x ∈ D, x∗ ∈ F (T ) and n ≥ 0;

(5) T is said to be asymptotically nonexpansive type if

lim sup
n→∞

sup
x∈D

{‖T nx − T ny‖2 − ‖x − y‖2} ≤ 0

for all y ∈ D and n ≥ 0;
(6) T is said to be asymptotically quasi-nonexpansive type if F (T ) �= ∅ and

lim sup
n→∞

sup
x∈D

{‖T nx − x∗‖2 − ‖x − x∗‖2} ≤ 0

for all x∗ ∈ F (T ) and n ≥ 0.
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Remark 2.1. It is easy to see that the following implications hold:

(1) F (T ) �=∅
==⇒ (2)

⇓ ⇓
(3) F (T ) �=∅

==⇒ (4)

⇓ ⇓
(5) F (T ) �=∅

==⇒ (6).

Definition 2.2. Let S, T : D → X be two mappings. (S, T ) is said to be a pair
of simultaneously asymptotically quasi-nonexpansive type mappings if F (T ) �= ∅,
F (S) �= ∅,

lim sup
n→∞

sup
x∈D

{‖T nx − y∗‖2 − ‖x − y∗‖2} ≤ 0

for all y∗ ∈ F (S) and n ≥ 0, and

lim sup
n→∞

sup
y∈D

{‖Sny − x∗‖2 − ‖y − x∗‖2} ≤ 0

for all x∗ ∈ F (T ) and n ≥ 0.
For our main result, we need the following lemma.

Lemma 2.1. [15] Let {an} and {bn} be two nonnegative sequences satisfying

an+1 ≤ an + bn

for all n ≥ n0, where
∑∞

n=0 bn < ∞ and n0 is some positive integer. Then the
limn→∞ an exists.

3. MAIN RESULTS

The distance from x to the set A denotes by D(x, A), that is, D(x, A) =
inf
a∈A

‖x− a‖ for each x ∈ A.

Theorem 3.1. Let X be a real Banach space, D be a nonempty subset
of X , (S, T ) be a pair of simultaneously asymptotically quasi-nonexpansive type
mappings on D. Assume that there exist constants L 1, L2, α

′ and α′′ > 0 such that

(3.1) ‖Tx− y∗‖ ≤ L1‖x − y∗‖α′
, ∀x ∈ D, ∀y∗ ∈ F (S),

and

(3.2) ‖Sx− x∗‖ ≤ L2‖x− x∗‖α′′
, ∀x ∈ D, ∀x∗ ∈ F (T ).
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For any given x0 ∈ D, the iteration scheme {xn} with errors is defined by

(3.3)

{
zn = (1 − βn)xn + βnSnxn + βnvn, n ≥ 0,

xn+1 = (1 − αn)xn + αnT nzn + αnun, n ≥ 0,

where{un} and{vn} are bounded sequences in D, {αn} and{βn} are sequences in
[0, 1] satisfying

∑∞
n=0 αn < ∞. Suppose that {yn} is a sequence in D and define

{εn} by

(3.4)

{
wn = (1− βn)yn + βnSnyn + βnvn, n ≥ 0,

εn = ‖yn+1 − (1− αn)yn − αnT nwn − αnun‖, n ≥ 0.

If F (S) ∩ F (T ) �= ∅, then we have the following:

(i) {xn} converges strongly to some common fixed point y ∗ of S and T if and
only if

lim inf
n→∞ D(xn, F (S)∩ F (T )) = 0.

(ii)
∑∞

n=0 εn < ∞ and lim infn→∞ D(yn, F (S) ∩ F (T )) = 0 imply that {yn}
converges strongly to some common fixed point y ∗ of S and T .

(iii) If {yn} converges strongly to some common fixed point y ∗ of S and T , then
limn→∞ εn = 0.

To prove Theorem 3.1, we first give the following lemma.

Lemma 3.1. Assume all the assumptions in Theorem 3.1 hold and
∑∞

n=0 εn<

∞. Then for any given ε > 0, there exist a positive integer n 0 and a constant
M > 0 such that

(i) ‖yn+1 − y∗‖ ≤ ‖yn − y∗‖+ αnM + εn, ∀y∗ ∈ F (S)∩F (T ), n ≥ n0, where
M = 2ε + supn≥0{‖un‖ + ‖vn‖} < ∞,

(ii) ‖ym − y∗‖ ≤ ‖yn − y∗‖ + M
∑m−1

k=n αk +
∑m−1

k=n εk, ∀y∗ ∈ F (S) ∩ F (T ),
n ≥ n0, m > n, where M = 2ε + supn≥0{‖un‖ + ‖vn‖} < ∞,

(iii) limn→∞ D(yn, F (S) ∩ F (T )) exists.

Proof. Take any y∗ ∈ F (S) ∩ F (T ), it follows from (3.4) that

(3.5)
‖yn+1 − y∗‖ ≤ εn + ‖(1− αn)(yn − y∗) + αn(T nwn − y∗) + αnun‖

≤ (1− αn)‖yn − y∗‖+ αn(‖T nwn − y∗‖ − ‖wn − y∗‖)
+ αn‖wn − y∗‖+ αn‖un‖ + εn
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and

(3.6)
‖wn − y∗‖ = ‖(1 − βn)(yn − y∗) + βn(Snyn − y∗) + βnvn‖

≤ (1 − βn)‖yn − y∗‖ + βn(‖Snyn − y∗‖ − ‖yn − y∗‖)
+ βn‖yn − y∗‖ + βn‖vn‖.

Since (S, T ) is a pair of simultaneously asymptotically quasi-nonexpansive type
mappings, from Definition 2.2, we obtain

lim sup
n→∞

sup
x∈D

{‖T nx − y∗‖2 − ‖x − y∗‖2}

= lim sup
n→∞

sup
x∈D

{(‖T nx − y∗‖ − ‖x − y∗‖)(‖T nx − y∗‖ + ‖x − y∗‖)}

≤ 0.

Then we have
lim sup

n→∞
sup
x∈D

{‖T nx − y∗‖ − ‖x − y∗‖} ≤ 0.

Let ε > 0, be given. Then there exists a positive integer n′
0 such that for any

n ≥ n′
0, we have

(3.7) sup
x∈D

{‖T nx − y∗‖ − ‖x − y∗‖} < ε.

Since {wn} is in D, from (3.7) we obtain

(3.8) ‖T nwn − y∗‖ − ‖wn − y∗‖ < ε

for all n ≥ n′
0. As the inequality (3.8), there exists a positive integer n′′

0 such that
for any n ≥ n′′0 ,

(3.9) ‖Snyn − y∗‖ − ‖yn − y∗‖ < ε

for the mapping S.

Let n0 = max{n′
0, n

′′
0}. Substituting (3.6), (3.8) and (3.9) into (3.5), we have

(3.10)
‖yn+1 − y∗‖ ≤ ‖yn − y∗‖ + αn(2ε + ‖un‖ + ‖vn‖) + εn,

∀y∗ ∈ F (S) ∩ F (T ), n ≥ n0.

Set M = 2ε + supn≥0{‖un‖ + ‖vn‖} < ∞, it follows from (3.10) that

‖yn+1 − y∗‖ ≤ ‖yn − y∗‖ + αnM + εn, ∀y∗ ∈ F (S) ∩ F (T ), n ≥ n0.

The conclusion (1) holds.
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From conclusion (1), we have, for any m > n,

‖ym − y∗‖ ≤ ‖ym−1 − y∗‖ + αm−1M + εm−1

≤ ‖ym−2 − y∗‖ + αm−2M + αm−1M + εm−2 + εm−1

≤ · · ·

≤ ‖yn − y∗‖+ M
m−1∑
k=n

αk +
m−1∑
k=n

εk, ∀y∗ ∈ F (S) ∩ F (T ), n ≥ n0,

which implies that the conclusion (2) holds.
Again, it follows from conclusion (1) that

D(yn+1, F (S)∩ F (T )) ≤ D(yn, F (S) ∩ F (T )) + αnM + εn, n ≥ n0.

Since M < ∞,
∑∞

n=0 αn < ∞ and
∑∞

n=0 εn < ∞, we have

∞∑
n=0

(αnM + εn) < ∞.

Thus, Lemma 2.1 implies that the conclusion (3) holds. This completes the proof
of Lemma 3.1.

Since the Lemma 3.1 holds for an arbitrary sequence {yn} in D, we have the
following corollary as the proof of Lemma 3.1.

Corollary 3.1. Assume all assumptions in Theorem 3.1 hold. Then for any
given ε > 0, there exist a positive integer n0 and a constant M > 0 such that

(i) ‖xn+1 − y∗‖ ≤ ‖xn − y∗‖ + αnM, ∀y∗ ∈ F (S) ∩ F (T ), n ≥ n0, where
M = 2ε + supn≥0{‖un‖ + ‖vn‖} < ∞,

(ii) ‖xm − y∗‖ ≤ ‖xn − y∗‖ + M
∑m−1

k=n αk, ∀y∗ ∈ F (S) ∩ F (T ), n ≥ n0,

m > n, where M = 2ε + supn≥0{‖un‖ + ‖vn‖} < ∞,

(iii) limn→∞ D(xn, F (S)∩ F (T )) exists.

The Proof of the Theorem 3.1

It is easy to see that the necessity of conclusion (i) is obvious and the sufficiency
follows from conclusion (ii). Now, we prove the conclusion (ii). It follows from
Lemma 3.1 (3) that limn→∞ D(yn, F (S)∩ F (T )) exists. Since

lim inf
n→∞ D(yn, F (S) ∩ F (T )) = 0,
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we have

(3.11) lim
n→∞ D(yn, F (S) ∩ F (T )) = 0.

First, we have to prove that {yn} is a Cauchy sequence in X. In fact, it follows
from (3.11), the assumptions

∑∞
n=0 αn < ∞ and

∑∞
n=0 εn < ∞ that for any given

ε > 0 there exists a positive integer n1 ≥ n0 (where n0 and M are the positive
integers appeared in Lemma 3.1) such that

(3.12) D(yn, F (S) ∩ F (T )) < ε, n ≥ n1,

(3.13)
∞∑

n=n1

αn < ε

and

(3.14)
∞∑

n=n1

εn < ε.

By the definition of infimum, it follows from (3.12) that for any given n ≥ n1 there
exists an y∗(n) ∈ F (S) ∩ F (T ) such that

(3.15) ‖yn − y∗(n)‖ < 2ε.

On the other hand, for any m, n ≥ n1, without loss of generality m > n, it follows
from Lemma 3.1 (2) that

(3.16)

‖ym − yn‖ ≤ ‖ym − y∗(n)‖ + ‖yn − y∗(n)‖

≤ 2‖yn − y∗(n)‖ + M

m−1∑
k=n

αk +
m−1∑
k=n

εk.

Therefore by (3.13)-(3.16), for any m > n ≥ n1, we have

‖ym − yn‖ < 4ε + Mε + ε = ε(5 + M),

which implies that {yn} is a Cauchy sequence in X. Since X is complete, there
exists an y∗ ∈ X such that yn → y∗ as n → ∞.

Now, we prove that y∗ is a fixed point of T . Since yn → y∗ and D(yn, F (S)∩
F (T )) → 0 as n → ∞, for any given ε > 0, there exists a positive integer
n2 ≥ n1 ≥ n0 such that

(3.17) ‖yn − y∗‖ < ε, D(yn, F (S)∩ F (T )) < ε
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for all n ≥ n2. The second inequality in (3.17) implies that there exists y ∗
1 ∈

F (S) ∩ F (T ) such that

(3.18) ‖yn2 − y∗1‖ < 2ε.

Moreover, it follows from (3.7) that

(3.19) ‖T ny∗ − y∗1‖ − ‖y∗ − y∗1‖ < ε

for all n ≥ n2. Thus, from (3.17)-(3.19), for any n ≥ n2, we have

‖T ny∗ − y∗‖ ≤ {‖T ny∗ − y∗1‖ − ‖y∗ − y∗1‖} + 2‖y∗ − y∗1‖

< ε + 2{‖y∗ − yn2‖ + ‖y∗1 − yn2‖}

< ε + 2(ε + 2ε) = 7ε,

which implies that T ny∗ → y∗ as n → ∞. Again since

‖T ny∗ − Ty∗‖ ≤ {‖T ny∗ − y∗1‖ − ‖y∗ − y∗1‖} + ‖y∗ − y∗1‖ + ‖Ty∗ − y∗1‖
for all n ≥ n2, by assumption (3.1) and (3.17)-(3.19), we obtain

‖T ny∗ − Ty∗‖ < ε + ‖y∗ − y∗1‖ + L1‖y∗ − y∗1‖α′

≤ ε + ‖y∗− yn2‖ + ‖y∗1− yn2‖ + L1{‖y∗− yn2‖ + ‖y∗1− yn2‖}α′

< ε + 3ε + L1 (3ε)α
′
= 4ε + L1 (3ε)α′

,

which shows that T ny∗ → Ty∗ as n → ∞. By the uniqueness of limit, we have
Ty∗ = y∗, that is, y∗ is a fixed point of T .

Next, we prove that y∗ is also a fixed point of S. Since yn → y∗ and y∗ ∈ F (T ),
D(yn, F (T )) → 0 (also follows from D(yn, F (S)∩F (T )) → 0 and D(yn, F (T )) ≤
D(yn, F (S) ∩ F (T ))). Thus, for any given ε > 0, there exists a positive integer
n3 ≥ n2 ≥ n1 ≥ n0 such that

(3.20) ‖yn − y∗‖ < ε, D(yn, F (T )) < ε

for all n ≥ n3. The second inequality in (3.20) implies that there exists y ∗
2 ∈ F (T )

such that

(3.21) ‖yn3 − y∗2‖ < 2ε.

Since (S, T ) is a pair of simultaneously asymptotically quasi-nonexpansive type
mappings, as the inequality (3.9), we have

(3.22) ‖Sny∗ − y∗2‖ − ‖y∗ − y∗2‖ < ε
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for all n ≥ n3. Thus, from (3.20)-(3.22), for any n ≥ n3, we have

‖Sny∗ − y∗‖ ≤ {‖Sny∗ − y∗2‖ − ‖y∗ − y∗2‖} + 2‖y∗ − y∗2‖

< ε + 2{‖y∗ − yn3‖ + ‖y∗2 − yn3‖}

< ε + 2 (ε + 2ε) = 7ε,

which implies that Sny∗ → y∗ as n → ∞. Again since

‖Sny∗ − Sy∗‖ ≤ {‖Sny∗ − y∗2‖ − ‖y∗ − y∗2‖} + ‖y∗ − y∗2‖+ ‖Sy∗ − y∗2‖

for all n ≥ n3, by assumption (3.2) and (3.20)-(3.22), we obtain

‖Sny∗ − Sy∗‖ ≤ ε + ‖y∗ − y∗2‖ + L2‖y∗ − y∗2‖α′′

≤ ε + ‖y∗− yn3‖+ ‖y∗2− yn3‖+ L2{‖y∗− yn3‖+ ‖y∗2− yn3‖}α′′

< ε + 3ε + L2 (3ε)α′′
= 4ε + L2 (3ε)α

′′
,

which shows that Sny∗ → Sy∗ as n → ∞. By the uniqueness of limit, we have
Sy∗ = y∗, that is, y∗ is also a fixed point of S. Thus, the conclusion (ii) holds.

From (3.4), (3.6), (3.8) and (3.9), we have, for any given ε > 0,

εn ≤ ‖yn+1 − y∗‖ + ‖(1 − αn)(yn − y∗) + αn(T nwn − y∗) + αnun‖

≤ ‖yn+1 − y∗‖ + (1 − αn)‖yn − y∗‖ + αn(‖T nwn − y∗‖ − ‖wn − y∗‖)

+ αn‖wn − y∗‖ + αn‖un‖

≤ ‖yn+1 − y∗‖ + ‖yn − y∗‖ + αn(2ε + ‖un‖ + ‖vn‖)

≤ ‖yn+1 − y∗‖ + ‖yn − y∗‖ + αnM

for all n ≥ n0, where M = 2ε + supn≥0{‖un‖ + ‖vn‖} < ∞. Since yn → y∗,
M < ∞ and

∑∞
n=0 αn < ∞, it follows that limn→∞ εn = 0. Thus the conclusion

(iii) holds. This completes the proof of Theorem 3.1.

Remark 3.1.

(1) If let T = S in Theorem 3.1, then we obtain the main result of Chang-Kim-
Kang [2] for the asymptotically quasi-nonexpansive type mapping.

(2) Theorem 3.1 extends, improves and unifies the corresponding well known
results in [1, 2, 3, 5, 6, 7, 9-16].
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(3) It is not difficult to extend for the case of finite family of asymptotically
quasi-nonexpansive type mappings.
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