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COVER-INCOMPARABILITY GRAPHS AND 2-COLORED DIAGRAMS OF
POSETS*

Bo&jan Bredar!, Manoj Changat?, Tanja Gologranc, Matjaz Kovse?
and Baiju Sukumaran*

Abstract. As a continuation of the study of cover-incomparability graphs of
posets (C-1 graphs), the notion of 2-colored diagrams is introduced and used in
characterizations of posets whose C-I graphs belong to certain natural classes of
graphs. As a particular instance, posets whose C-1 graphs are chordal are charac-
terized using a single 2-colored diagram. Some other instances are characterized
in a similar way.

1. INTRODUCTION

Cover-incomparability graphs of posets, or shortly C-1 graphs, were introduced
in [4] in relation with transit functions, where these graphs appear precisely as the
underlying graphs of the standard transit function on posets. On the other hand, C-I
graphs can be defined as the edge union of the covering and incomparability graph
of a poset. In the paper that followed [8], the authors proved that the complexity of
recognizing whether a given graph is the C-I graph of some poset is in general NP-
complete. Then the graphs that are C-l1 graphs among the class of block graphs and
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split graphs [5], as well as distance-hereditary graphs [9] and cographs [6], respectively,
were characterized, yielding linear time recognition algorithms of these classes. (See
also a recent paper on k-trees that are C-I graphs [7].)

As shown in [4], for the C-I graphs that belong to a class of graphs enjoying a
forbidden induced subgraph characterization, there exists a characterization in terms
of a list of forbidden isometric subposets. As special instances of this meta theorem,
the posets whose C-I graphs are chordal, distance-hereditary, and Ptolemaic, respec-
tively, were characterized using forbidden isometric subposets [4]. Note that the list
of forbidden isometric subposets of a poset P may be very large compared to the list
of forbidden induced subgraphs of the corresponding C-1 graph of P. In this paper,
we continue the study of cover-incomparability graphs, by introducing the notion of a
2-colored diagram, which enables a more compact presentation of the list of forbidden
subposets for posets whose C-I graphs belong to some class of graphs.

The 2-colored diagram is a variant of the Hasse diagram, in which two types of
edges appear — the so-called normal and bold edges. The normal edge in a 2-colored
diagram presents the covering relation between its elements, while the bold edge can
either present the covering relation or the incomparability relation between its elements.
Hence, a 2-colored diagram with bold edges presents a family of posets. In this paper,
we use 2-colored diagrams mainly for the presentation of forbidden subposets for a
family of C-l graphs that belong to some special classes. In particular, the poset
whose C-I graphs are chordal are characterized in terms of just one forbidden 2-colored
diagram (see Section 3). (These posets were characterized in [4] in terms of three
forbidden isometric subposets.) In Section 4 we demonstrate the use of this new concept
by characterizing three more families of posets, each of which has the property that its
C-1 graphs belong to a class, defined by forbidding one graph as an induced subgraph.
Each of the three graphs belongs to the list of nine forbidden induced subgraphs in
the characterization of line graphs [2], thus the resulting 2-colored diagrams present a
non-complete list of forbidden substructures for the characterization of posets with C-I
line graphs. Two of the other six graphs from the list of forbidden induced subgraphs
for line graphs cannot appear as subgraphs of C-1 graphs. Nevertheless, for the rest
of the graphs from the list, the analysis of forbidden 2-colored diagrams becomes very
tedious, so the complete characterization of the posets with C-1 line graphs is left for
an eventual future study. In the following section we present all the basic concepts,
used in the paper, and give the formal definition of 2-colored diagrams and subposets.

2. Basic AND MAIN CONCEPTS

Let P = (V, <) be a poset. If u < v but u # v, then we write v < v. If u and
v are in V, then v covers « in P if u < v and there is no w in V with v < w < v.
If w < v we will sometimes say that v is below v, and that v is above u. Also, we
will write v < v if v covers u; and u < <w if w is below v but not covered by v. By
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u || v we denote that « and v are incomparable. Let V' be a nonempty subset of V.
Then there is a natural poset @ = (V',<’), where v <’ v if and only if u < v for
any u,v € V’'. The poset Q is called a subposet of P and its notation is simplified to
Q = (V/,<). If, in addition, together with any two comparable elements u and v of
@, a chain of shortest length between « and v of P is also in @, we say that Q) is an
isometric subposet. The C-I graph of P is denoted by Gp and defined as the graph
with vertex set V' and uv is an edge of Gp if u<v or v<w or u || v. Finally recall
that a poset P is dual to a poset @ if for any x,y € P the following holds: x <y in
Pifandonly if y <z in Q.

Let us list a few preliminary observations about C-I graphs of posets (most of the
proofs are trivial, for others cf. [4]).

Lemma 2.1. If P is a poset, then

(i) the C-1 graph of P is connected,;

(ii) points of P, which are independent (pairwise non-adjacent) in the C-1 graph of
P lie on a common chain;

(iif) an antichain of P corresponds to a complete subgraph in the C-1 graph of P;
(iv) the C-I graph of P contains no induced cycles of length greater than 4;
(v) if @ is the dual poset of P, then G p isomorphic to Gg.

By abuse of language, and because of the bijective correspondence between the
points of P and vertices of G'p, we will sometimes call the elements of P also vertices.

Note that if two points u, v in a poset P are not comparable, then in G p they are
adjacent. In addition, » and v are adjacent also in the case when v <t v or v < w.
Can we somehow join these two cases? Let P be a poset, and let » be a minimal
element and v be a maximal element of P, and let « and v be incomparable. Then in
the relation < of poset P we add the pair v < v, and denote the resulting poset by
P’. Indeed, P’ is well defined (i.e. we get a reflexive, anti-symmetric and transitive
relation), and clearly w <t v in P’. Hence the covering graph of P’ is isomorphic to
the graph obtained from the covering graph of P by adding edge uv. However the
resulting cover-incomparability graphs are isomorphic, i.e. Gp = Gp.

We can generalize the above idea as follows. Let P be a poset and k, m integers.
For any i € {1,...,k}, let u; be a minimal element of P, and let v; for any j €
{1,...,m} be a maximal element of P. Set I, = {1,...,n}. Let I be the set of
all ordered pairs (i,j) € I x I, such that u; and v; are incomparable. Let A be
an arbitrary subset (possibly empty) of 1. Then, for all (i,j) € A we add u; < v;
to the relation of P, and obtain relation that is clearly again a partial order which
we denote by P(A). The covering graphs of P and P(A) differ only by edges w;v;,
where (i,7) € A. Yet, for any A C I the corresponding poset P(A) has the same
cover-incomparability graph as P, i.e. Gp = Gp(4). Now, by 2-colored diagram P
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we denote the family of 27| posets obtained by the above construction. We describe
the family P by the Hasse diagram of initial poset P using normal edges, added by
bold edges between u; and v; for all (4, j) € I. Any subset of the set of bold edges
can thus be chosen and removed arbitrarily to obtain one of the Hasse diagrams of a
poset from the family 7. Hence one drawing, using normal and bold edges, suffices to
describe all posets of P. Note that the notion of dual 2-colored diagram makes sense
(as the family of duals of the posets from the corresponding family), and can also be
described by such a drawing.

In a similar way, but with an additional condition, we define 2-colored diagrams
as subposets, the concept which become interesting when we wish to forbid a family
of subposets. Namely, we say that a poset ) does not contain a 2-colored diagram
P (with respect to the set of bold edges I) if there exists no subposet P(A) in @,
for A C I, such that for any bold edge zy in P(A), we have x <ig y (where z is
minimal and y maximal element). The latter condition is quite strong, stronger than
the usual subposet concept. Notably, a bold edge means that either the two elements
are incomparable (when the corresponding pair of indices is not in A), or they are in a
covering relation already in @ (not just in P(A)). In other words, if ¢ does not contain
a 2-colored diagram P (with respect to the set of bold edges I), and if @ contains a
subposet P(A) for some A C I, then it must be the case that there is a bold edge zy
in P(A) such that = <¢ y but « is not covered by y in @ (i.e., there exists an element
z such that = < z < y).

3. C-I GraPHS OF PoseTs AND CHORDAL GRAPHS

Recall that a graph is chordal, if it contains no induced cycles of length greater
than 3. Since C-I graphs do not contain induced cycles of length greater than 4 (by
Lemma 2.1 (iv)), the following result describes all forbidden isometric subposets for a
poset P whose C-1 graph is chordal.

Lemma 3.1. ([4]). If P is a poset, then G p contains an induced Cy if and only
if P contains one of the posets R, Ry and R3 from Fig. 1 as an isometric subposet.

The notion of isometric subposet that appears in the above lemma was invented
because the notion of the usual subposet was not restrictive enough to prove the men-
tioned characterizations. Now, we present a characterization of posets with chordal C-I
graphs by forbidding only one 2-colored diagram P, see Fig. 2.

Theorem 3.2. If P is a poset, then Gp is chordal if and only if P does not contain
a 2-colored diagram P..

Proof. Let P be a poset such that G p is not a chordal graph. By Lemma 2.1(iv)
we infer that Gp contains an induced C4. Denote its vertices by u, z, v, y, as shown
on the right-hand side of Figure 2. Set S = {u, z,v, y}.
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R1 R3

Fig. 1. Forbidden isometric subposets for Cj.

A

Pc C4

Fig. 2. Forbidden 2-colored diagram for Cj.

Since u and v are not adjacent in G p, they must lie on the same chain in P and
there exists an element w that lies between « and v. Without loss of generality we
may assume that © < w < v, and let us denote by S; a chain u ... qQw... <.
In the same way we infer that = and y lie on the same chain, and there is an element
z between them. Again we may assume that x < z < y, and denote by S, a chain
r<...<z...<y. Clearly u, x, v,y do not lie on the same chain in P (because the
lowest point on a chain is in G p adjacent to only one point on that chain).

Now we claim that S; and S5 have no common elements. Suppose first that one
of the four points, say u, is below the other three points. Then, as w is adjacent to x
and y in Gp, we infer that « would be covered in P by both z and y. Hence z and
y would be incomparable in P, and so adjacent in G p, which is a contradiction. By
duality we derive that no point is above all other points from S, and so none of the
elements from S can be in both chains S; and .S,. If there is an element ¢ & S that lies
on S; and S, then we get u <0 <1y (and = <1 <qv) which is again not possible, because
u and y are adjacent (and also x and v are adjacent) in Gp. Thus the chains .S; and
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So have no common elements.

Consider the subposet of P induced by the elements from S’ = SU{w, z}. By the
same argument as in the previous paragraph, w is incomparable with 2 and y, and z is
incomparable with » and . It is possible, but not necessary, that x < v, resp. u < y,
but only when = < v and u < y. Altogether this implies that (S’, <) is a subposet in
P that belongs to the 2-colored diagram P..

For the converse note that the existence of a 2-colored diagram P, in a poset P
yields an induced Cy in Gp, induced by the endpoints of the bold edges. Hence Gp
is not chordal and this direction is also proved. ]

4, 2-CoLorReD DIAGRAMS OF SOME SUBPOSETS

In this section we consider three graph classes denoted F(G), where G is a fixed
forbidden induced subgraph for the class F(G). The forbidden induced subgraphs that
we consider are the following: the so-called true-twin graph that we denote by G4, the
graph K5 — e, and the claw K 3, depicted in Figures 3, 5 and 7, respectively. Thus
the three graph classes are the G-free graphs, (K5 — e)-free graphs and claw-free
graphs, respectively. Each of these graph classes is characterized by using forbidden
2-colored diagrams. We conclude the paper by characterizing the posets whose C-
| graphs are Ptolemaic, which is obtained by deriving forbidden 2-colored diagrams
from the forbidden isometric subposets characterization of Ptolemaic graphs from [4].

Theorem 4.1. If P is a poset, then Gp belongs to F(G,) if and only if P does
not contain 2-colored diagrams P;, P, and P; from Figure 4 and their duals.

Proof. Suppose P contains one of the 2-colored diagrams P;,¢ = 1,2,3. Then
clearly G p contains the graph from Figure 3 as an induced subgraph.

u

G

Fig. 3. The forbidden induced subgraph for family F(G1).
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Fig. 4. Forbidden 2-colored diagrams for posets whose C-I graphs do not contain G,
depicted in Figure 3, as an induced subgraph.

Conversely, suppose Gp ¢ F(G1). Then Gp contains an induced subgraph G,
shown in Figure 3, with vertices labeled by u, v, w,z and y. Let X = {u,v,w, z,y}.
Graph Gp has (at least) two induced 4-cycles. First consider the induced 4-cycle
with vertices u,y,w and v. From Lemma 3.1 and from the analogous arguments,
as used in the proof of Theorem 3.2, it follows that there exist two disjoint chains
Sy =ud...da<...qwand Sy =y<...<4b<...<v in P, where a and b are two
arbitrary elements from those chains. (The case when w < <u or v <<y, can be dealt in
a similar way, and as a result yield duals of 2-colored diagrams from Figure 4.)

The same arguments used on the induced 4-cycle with vertices u, iy, w and z lead
to two disjoint chains S; and S3 =y <...<c<...<x, where ¢ is an arbitrary element
between y and x in P. Note that in S3, x < <y is not possible, since in this case
x <4<y < <w, which implies that = and v are not adjacent in Gp, a contradiction.

Since x and v are adjacent in G p we have three possibilities.

Case (i). x <wv in P. In this case consider the subposet P’ of P induced by the
elements of S = X U {a, c}. In this subposet u<a<w and y <c<x <v. Since G,
is an induced subgraph of G'p beside the mentioned covering relations in P’ the only
other possible covering relations are u <v and y <w. Thus P’ is a subposet of P that
belongs to the 2-colored diagram P;.

Case (ii). v<z in P. In this case consider the subposet P’ of P induced by the
elements of S = X U {a, b}. In this subposet u<a<w and y <b<wv<z. Since G,
is an induced subgraph of G'p the only other possible covering relations in P’ (beside
already mentioned ones) are w <2 and y <w. Thus P’ is a subposet of P that belongs
to the 2-colored diagram P;.

Case (iii). z || v in P. In this case we distinguish two subcases with respect to
the number of elements in Sy N Ss.
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Subcase (a). There exists t € Sy, N Sy different from y. In this case consider
the subposet P’ of P induced by the elements of S = X U {a,t}. In this subposet
u<da<w, y<dt<wv and t <z, Since G; is an induced subgraph of Gp, the only other
possible covering relations in P’ (besides already mentioned ones) are u < v, u <« and
y <w. Thus P’ is a subposet of P that belongs to the 2-colored diagram Ps.

Subcase (b). S2 N Ss = {y}. Consider the subposet P’ of P induced by the
elements of S = X U {a,b,c}. In this subposet u<a<w, y<ab<v and y<c<a.
Since G is an induced subgraph of Gp the only other possible covering relations in
P’ (besides already mentioned ones) are u<v, u<z and y <w. Thus P’ is a subposet
of P that belongs to the 2-colored diagram Ps. ]

Theorem 4.2. If P is a poset, then Gp belongs to F (K5 — e) if and only if P
does not contain 2-colored diagrams P, and P5 from Figure 6 and their duals.

w

X 3 4
Ks-e

Fig. 5. The forbidden induced subgraph for family F (K5 — e).

Proof. Suppose P contains one of the 2-colored diagrams P, and Ps. Then clearly
G p contains the graph from Figure 5 as an induced subgraph.

Suppose that Gp contains an induced subgraph shown in Figure 5, with vertices
labeled as u,v,w,z and y. Note that x,y and v appear symmetrically, and so do
vertices u and w.

Since w and w are not adjacent in G p they lie on a common chain in P but are
not in a covering relation. Without loss of generality we may assume that u <<w in P.
We have two possibilities:

Case (i). There exists vertex from {z,y, v}, say v (we can choose one, since
this three vertices appear symmetrically), such that v <v <w in P. Since x and y are
adjacent to w and w in G p, v is not in a covering relation with neither of {z,y}. Thus
v is incomparable with z and y in P, as it is adjacent to both vertices in Gp. Note that
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2 and y are adjacent in Gp and hence they are either incomparable or in a covering
relation in P. If they are incomparable then P, is an isometric subposet of P. In the
other case, when x and y are in a covering relation in P, P contains P as isometric
subposet, since the only other possible covering relations in P are u <29 and z; <w,
where z1, 2o € {x,y} and z; < 2.

w w
x
Ve
X Yy
Y
U u
P4 P5

Fig. 6. Forbidden 2-colored diagrams for posets whose C-I graphs do not contain K5 —e
as an induced subgraph.

Case (ii). There is no vertex z € {z,y,v} such that v <z <w in P. Since
u <1 <Qw in P there exists a # z,y,v in P such that u < a < win P. Let u =
80,81, - - -, 8n_1, Sn = w be a chain from u to w in P of the shortest length. As z, y, v
are all adjacent to both « and w and since the condition from Case (i) is not satisfied,
it is clear that s; ¢ {z,y,v} for every i = 1,...,n — 1. Since =,y and v induce a
clique in Gp, these three vertices form a bipartite subposet (i.e. each maximal chain
in this subposet is of length 1) in P. Thus at least two of these three vertices, say =
and y, are incomparable in P. Since x and y are adjacent to w and « in Gp, z and
y are incomparable with s;, i = 1,...,n — 1. Thus the subposet of P induced by the
elements {u, s1, s, x, y} belongs to the 2-colored diagram P;. [ |

In the definition of 2-colored diagram, the condition on the existence of a bold
edge xy was that x is a minimal and y is a maximal element of the poset. Note
that without this condition, the ambiguity could arise, because the elements below
(or the elements above y, respectively), might or might not be in relation with y (z,
respectively), depending on whether the bold edge xy is included or not. However,
no ambiguity can arise, if we have a minimal element x, a maximal element y, and
an element z which is in a 2-colored diagram connected only with a bold edge to y
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and to x. This is the case with the 2-colored diagram in Figure 8, which appears in a
characterization of the posets whose C-1 graphs are claw-free. The following result is
a straighforward exercise and is left to the reader.

W

u \ 4
Fig. 7. The forbidden induced subgraph (claw) for family F(K; 3)

1%

Pé6

Fig. 8. Forbidden 2-colored diagram for posets whose C-I graphs are claw-free.

Theorem 4.3. If P is a poset, then G p contains an induced claw if and only if P
contains a 2-colored diagram Py from Figure 8.

We conclude the paper with the forbidden 2-colored diagrams characterization of
posets whose C-1 graphs are Ptolemaic, which uses a result from [4]. Recall that
Ptolemaic graphs are the graphs, which are both chordal and distance-hereditary. A
distance-hereditary graph is a graph in which every non-shortest path has at least
one chord (i.e. an edge connecting two non-consecutive vertices on a path). In [1],
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distance-hereditary graphs G were characterized as the graphs, which have no house,
long cycle (cycle of length at least five), domino and 3-fan as an induced subgraph.
As a straightforward consequence of the following result

Theorem 4.4. ([4, Corollary 4.2]). If P is a poset, then Gp is Ptolemaic if and
only if P is does not contain any Ry, Ry, R3 (from Figure 1) and any @1, Q2, @3,
Q4 and Qs (from Figure 9) as an isometric subposet.

//- [] . . .
/ 4 . L ] L]
« . [] L]
\\ . N [] . e
\\ \\
\\ i ™,
. e L] . . . L]
Q1 02 03 04

Fig. 9. Forbidden isometric subposets for 3-fan.

P7 P8

Fig. 10. Forbidden 2-colored diagram for 3-fan.

we derive the following characterization, using 2-colored diagrams.

Theorem 4.5. If P is a poset, then Gp is Ptolemaic if and only if P has no
2-colored diagram P. (from Figure 2) and no P; and Py (from Figure 10).

ACKNOWLEDGMENTS

The authors are thankful to anonymous referee for the careful reading of our
manuscript and valuable suggestions for improvement.

REFERENCES

1. H.-J. Bandelt and H. M. Mulder, Distance-hereditary graphs, J. Combin. Theory Ser. B,
41 (1986), 182-208.



1254

BoStjan BreSar, Manoj Changat, Tanja Gologranc, Matjaz KovSe and Baiju Sukumaran

. L. W. Beineke, On derived graphs and digraphs, in Beitrage zur Graphentheorie, H.

Sachs, H. J Voss, and H. Walther eds., Teubner, Leipzig, 1968, pp. 17-23.

A. Brandstadt, V. B. Le and J. P. Spinrad, Graph Classes: A Survey, SIAM Monographs
on Discrete Mathematics and Applications 3, 1999.

B. Bre%r, M. Changat, S. Klavzar, M. Kov&, J. Mathew and A. Mathews, Cover-
incomparability graphs of posets, Order, 25 (2008), 335-347.

B. BreZar, M. Changat, T. Gologranc, J. Mathew and A. Mathews, Cover-incomparability
graphs and chordal graphs, Discrete Appl. Math., 158 (2010), 1752-1759.

B. BreZar, M. Changat, T. Gologranc and B. Sukumaran, Cographs Which are Cover-
incomparability Graphs of Posets, manuscript.

J. Maxova, M. Dubcov4, P. Pavlikové and D. Turzik, Which k-trees are cover-incompara-
bility graphs? Discrete Appl. Math., in press.

J. Maxov4, P. Pavlikova and D. Turzik, On the complexity of cover-incomparability
graphs of posets, Order, 26(3) (2009), 229-236.

J. Maxova and D. Turzik, Which distance-hereditary graphs are cover-incomparability
graphs? Discrete Appl. Math., 161 (2013), 2095-2100.

BoStjan BreSar

Faculty of Natural Sciences and Mathematics
University of Maribor

Slovenia

E-mail: bostjan.bresar@uni-mb.si

Manoj Changat

Department of Futures Studies
University of Kerala
Trivandrum 695034

India

E-mail: mchangat@gmail.com

Tanja Gologranc

Institute of Mathematics

Physics and Mechanics

Ljubljana

Slovenia

E-mail: tanja.gologranc@gmail.com

Matjaz Kovse

Faculty of Natural Sciences and Mathematics
University of Maribor

Slovenia

and



Cover-incomparability Graphs and 2-Colored Diagrams of Posets 1255

Bioinformatics Group

Department of Computer Science and Interdisciplinary Center for Bioinformatics
University of Leipzig

Germany

E-mail: matjaz.kovse@gmail.com

Baiju Sukumaran

Department of Futures Studies
University of Kerala

Trivandrum 695034

India

E-mail: baiju.sahyadri@gmail.com



