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STABILITY ANALYSIS FOR GENERALIZED f-PROJECTION OPERATORS
WITH AN APPLICATION

Zhong-bao Wang and Nan-jing Huang*

Abstract. In this paper, stability results for generalized f-projection operators
with parametric perturbations are given in reflexive, smooth, and strictly convex
Banach spaces. By using the stability of generalized f-projection operators and
the degree theory for the generalized set-valued variational inequality introduced
by Wang and Huang [30], the lower continuity of the solution mapping for the
parametric generalized set-valued variational inequality is established under some
suitable conditions.

1. INTRODUCTION

Throughout this paper, unless otherwise stated, assume that B is a real Banach
space with the dual space B*, the norm and the dual pair between B and B* are
denoted by || - || and (-, -), respectively. Let K be a nonempty closed convex subset of
B.

It is well known that the projection operators in finite dimensional spaces and
infinite dimensional spaces are widely used in different areas of mathematics such as
functional and numerical analysis, theory of optimization and approximation, and also
for the problems of optimal control and operations research, nonlinear and stochastic
programming and game theory, variational inequalities, complementarity problems, etc.
(for example, see [2, 3, 4, 21] and the references therein). Alber [3] introduced the
generalized projections nx : B* — K and Il : B — K in uniformly convex and
uniformly smooth Banach spaces and studied their properties in detail. Alber [4] studied
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the stability of Il and 7 with respect to a perturbation of the set and presented some
new properties of the generalized projections nx : B* — K and [l : B — K.
Li [21] extended the generalized projections from uniformly convex and uniformly
smooth Banach spaces to reflexive Banach spaces. Recently, Wu and Huang [32]
introduced and studied generalized f-projection operators W{( : B* — 2K in Banach
spaces, which extended the definition of the generalized projections 7 introduced and
studied by Alber [2, 4] and Li [21]. Some properties of the generalized f-projection
operators W}; are given in [13, 32] and further study for variational inequalities with
the generalized f-projection operators W{( can be found in [23, 24, 33, 34]. Let B
be a reflexive, smooth, and strictly convex Banach space, C' be a nonempty closed
convex subset of B, and {K,,} C C be a sequence of nonempty closed convex subsets.
Ibaraki et al. [14] showed that for any = € C, IIx, x converges strongly to Ilxz,
as K, Mosco-converging to K. However, it remains unknown whether there is the
similar results for generalized f-projection operators W{(.

On the other hand, it is well known that the variational inequalities theory has wide
applications in finance, economics, transportation, optimization, operations research,
and engineering sciences. Among many desirable properties of the solution sets for
variational inequalities, stability analysis of solution set is of considerable interest (see,
for example, [19, 12, 15, 16, 17, 18, 20, 27, 28] and the references therein). Pang
[27] used degree theory to obtain interesting results on sensitivity of a parametric
nonsmooth equation with multivalued perturbed solution sets. This paper has been
very influential for the optimization community. By using the metric projection method
of Dafermos [8], Yen [35] obtained a theorem on Hoder continuity of the solution to
a parametric variational inequalities in Hilbert spaces for strongly monotone operators.
Based on the normal map and the degree-theoretic method, Robinson [28] established
a result on the solution stability of the variational conditions in finite dimensional
spaces. By using homeomorhisms between the solution set of variational inequalities
and the solution set of generalized normal maps, Kien and Yao [18] proved that the
solution map of parametric variational inequalities is lower semicontinuous. By using
the degree theory and the natural map, Kien and Wong [16] showed that under certain
conditions, the solution mapping of parametric single-valued variational inequalities is
lower semicontinuous with respect to parameters in finite dimensional spaces.

Note that although there have been many papers which study solution stability of
parametric variational inequalities, very few paper which focus on a such study for
parametric generalized variational inequalities and parametric generalized set-valued
variational inequalities by using degree theory. Recently, Kien et al. [17] built a
degree theory for the generalized variational inequality in finite dimensional spaces and
employed the degree to prove some results on existence and stability of the solutions for
the generalized variational inequality. Very recently, Wang and Huang [30] introduced
and studied the degree theory for a generalized set-valued variational inequality in
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Banach spaces and gave an existence result of solutions for the generalized set-valued
variational inequality under some suitable conditions.

We remark that the result about stability of the solutions for the generalized vari-
ational inequality in Kien et al. [17] deal with the case of finite dimensional spaces,
where the compactness of sets are easy to obtain and the duality mapping and met-
ric projection have many nice properties. Such problem will be more difficult if the
space is infinite-dimensional because some properties of duality mappings and metric
projections are no longer valid.

Motivated and inspired by the work mentioned above, in this paper, we study
the stability of generalized f-projection operators W}; with parametric perturbations
in a reflexive, smooth, and strictly convex Banach space. By using the stability of
generalized f-projection operators W{( and the degree theory for a generalized set-
valued variational inequality introduced by [30], we show that the solution mapping
of the parametric generalized set-valued variational inequality is lower semicontinuous
with respect to the parameters. The results presented in this paper extend and improve
some corresponding results in [14, 16, 17, 18]. The rest of the paper is organized as
follows. In Section 2, we recall some concepts and preliminary results. In Section 3, we
establish the stability of generalized f-projection operators. In Section 4, by using the
stability of generalized f-projection operators and the degree theory for a generalized
set-valued variational inequality introduced by [30],we give sufficient conditions for the
lower semicontinuity of the solution mapping for the parametric generalized set-valued
variational inequality.

2. PRELIMINARIES

We firstly recall some definitions and results of the degree theory (see, for example,
[25]). Let R = (—o0, +00) and €2 be an open bounded set in R". We denote by 02
the boundary of €; and Q; the closure of Q5. Let C1(Q;) = C*(1) N C(Q1), where
C'() is the set of all continuously differentiable functions h : 1 — R"™ and C(Q;)
is the set of all continuous functions on Q7. We will denote by p(x, A7) the distance
from a point x € R" to a set Ay C R", i.e.,

px, A1) == inf{|lz —y[:y € Ar}.
If h € C'(Q4), let Jy(x) = det(grad h(z)) and
Znp={z € Qy: Jn(x) =0}
Here grad h(z) denotes the gradient of function h with respect to vector z. It is well

known that if h € C'(Qy) and p € h(Z,), then the set h~!(p) is finite (see, for
example, Theorem 1.1.2 in [25]).
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Definition 2.1. (a;) Let h € C'(Q4) and p € h(Z},) U h(9Q4). The degree of h
at p with respect to {2 is defined by

d(h,Q,p) = > sgn(Ju()).

z€h~1(p)

(a2) Let h € C'(Q4) and p & h(0S21) such that p € h(Z;,). We define the degree of
h at p with respect to €21 to be the number d(h, €21, ¢) such that [p—q| < p(p, h(91))
for all ¢ & h(Zp) U h(0).

(a3) Let h € C(Qy) and p & h(991). We define d(h, 1, p), the degree of h at p
with respect to 4, to be d(hq, 2, p) such that |h(z) — hi(x)| < p(p, h(0€2)) for all
hy € C1(Qy) and = € Q.

Let D be an open, bounded set in a Banach space X with the boundary 0D and
the closure D. We say that a single-valued mapping Fi:D— X is compact if FY is
continuous and for every bounded subset A of D, F(A) = UgeaFy (2) is a relatively

compact set, i.e., F1(A) is a compact set. We denote by K (D) the set of all mappings
¢:D— X such that ¢ = I — T, where T : D — X is compact.

Definition 2.2. Suppose that ¢ = I — T, where T : D — X is a compact
mapping, I is the identity mapping on D and p € X \ ¢(dD). Let ¢ = I — T,
where 7 is a continuous mapping defined in D with finite dimensional range such that
|T(x) =T (x)|| < p(p, p(dD)) for all - € D. Choose a finite dimensional linear space
V to contain 7(D) and let Dyy = D N'V. Then define d(¢, D, p) = d(¢, Dy, p).

The following Theorem lists some basic properties of the degree.

Theorem 2.1. The Leray-Schauder degree has the following properties:

(a1) (Existence). If ¢ € K(D) and d(¢,D,p) # O then there is x € D such that
¢(x) = p;

(az) (Homotopy invariance). H : [0,1] x D — X is a compact mapping. Put
o(x) = o — H(t,x). If p & ¢(OD) for all t € [0,1], then d(¢¢, D, p) is
independent of t € |0, 1];

(a3) (Excision). If ¢ € K(D) p & ¢(dD), Dy C D is closed and p & $(Dy), then

(¢, D, p) = d(¢, D\ Dy, p)-

Recall that a point Z is said to be an isolated solution of the equation ¢(z) = p if
there exists a bounded open set U C X such that Z; is the unique solution in U C D.
We denote by U the collection of such bounded open sets. By the excision property, it
follows that d(¢, Uy, p) = d(¢, Us, p) for all Uy, Uy € U. The index of z(, denoted
by index(¢, Zg, p), is the common value d(¢, U, p) for all U € U.

Throughout this paper, unless otherwise stated, we use — for convergence in strong
sense and — for convergence in weak sense. Let 7' : K — 28" be a set-valued
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mapping, f : K — RU{+oo} be a proper, convex and lower semi-continuous function
and © C B be an open bounded set with the boundary 92 and the closure  such that
KnQ#0.

Next we recall the concept of the normalized duality mapping. The normalized
duality mapping J : B — 28" is defined by

J(z) = {j(x) € B*: (j(x),2) = |i(@)ll=ll = [«]* = i ()II’} , Vze€B

Without confusion, one understands that ||j(x)|| is the B*-norm and ||z|| is the B-norm.
In this paper, we consider the following generalized set-valued variational inequality
(in short, GSVI): find x € K and z* € F(z) such that

(2.1) (z*yy—2z)+ f(y) — f(x) >0, forallye K.

where F(z) = J(z) — T'(z) for every x € K. It is well known that GSVI (2.1) is
encountered in many applications, in particular, in mechanical problems and equilibrium
problems (see, for example, [7, 12, 19]).

For any = € B, the generalized f-normal cone of K at z, denoted by N If((a:), is
defined as follows (see [30], Definition 1.2):

N;;@):{ [pe B i (py—a)+f(x)— f(y) SOVy e K}, ifz ek,
0, otherwise.

Remark 2.1. (a1) If f = 0, then the generalized f-normal cone of K at x reduces
to the generalized normal cone of K at x considered in [22], that is,

Ny (z) = {peB*: {p,y—x)<0,Vye K}, ifzeK,
K700, otherwise.

(ao) If B is a Hilbert space and f = 0, then the generalized f-normal cone reduces
to the normal cone defined as follows:

Ni(z) = {p€eH:{(py—z)<0,Vye K}, ifzeK,
B 700, otherwise.

Definition 2.3. Let F : K — 25" be a set-valued mapping. (i) F is said to be
upper semicontinuous at x € K if, for any open set V' C B* with F(x) C V, there
exists an open neighborhood U of x such that F(y) C V forally e UN K. If F is
upper semicontinuous at every x € K, we say that F' is upper semicontinuous on K.

(if) F' is said to be compact if F is upper semicontinuous and F'(A) is relatively
compact for any bounded subset A of K, that is, F'(A) is a compact set.

For any fixed p > 0, let G : B* x K — (—00,+00| be a function defined as
follows:

22)  Glp,a)=|z]* = 2(p,2) + [lo|* + 20f (x), ¥V p € B*, Yz € K,
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where ¢ € B*, z € K and f : K C B — R|J{+o0} is proper, convex and lower
semi-continuous. It is easy to see that G(p, x) > (||x||—|l¢||)?+2pf () for all p € B*
and z € K.

Definition 2.4. We say that B has the property (h) if z,, — = weakly and ||z,| —
||| implies x,, — .

Remark 2.2. It is well known that any locally uniformly convex Banach space has
the property (h) and B* has a Fréchet differentiable norm if and only if B is reflexive,
strictly convex, and has the property (h) (see, for example, [29]).

Definition 2.5. [32]. We say that W}; : B* — 2K is a generalized f-projection
operator if

W{(cp ={ue K :G(p,u) =infexG(p,y)}, V¢ e B

Remark 2.3. (i) If f(x) = 0 for all z € K, then the generalized f-projection
operator W}; reduces to the generalized projection operator 7, defined by Alber [3] and

Li [21], that is,
’]TKQDZ{UGK:Gl(gp,’U/):infyeKGl(QD,y)}, VQDGB*,

where G (¢, 7) = ||z||* — 2(p, 2) + ||¢]||? for all p € B* and = € K.
(i) If f(z) = 0 for all z € K and B = H is a Hilbert space, then the generalized

f-projection operator W}; is equivalent to the following metric projection operator
Pr(p) ={ue K:|lu— ol =infyerly —#ll}, VeeH.

Theorem 2.2. [13, 32]. If B is a reflexive Banach space with dual space B* and

K is a nonempty closed convex subset of B, then the following conclusions hold:
(i) For any given ¢ € B*, W{(cp is a nonempty, closed and convex subset of K,

ii) If B is smooth, then for any given p € B*, x € wf @ if and only §
K
(p=J(@),z—y)+pfly) —pflz) 20, Vyek;
iii) If B is strictly convex, then the operator rl . B* — K is single-valued.
K

Theorem 2.3. [13]. Let B be a reflexive and strictly convex Banach space
with dual space B* and K be a nonempty closed convex subset of B. Suppose
that f : K C B — (—00, 40| is proper, convex and lower semi-continuous. Then

(i) W}; : B* — K is norm-weak continuous;

ii) If B has the property (h), then 7l B* = K is continuous.
(i) property K
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Lemma 2.1. [26]. Let B be a reflexive Banach space, C C B be a closed convex
set. Let b: C — (—o0,400| be a lower semicontinuous and convex function with
bounded from below such that lim|, _.ob(x) = +00. Then there exists xo € C such
that inf,ccb(x) = b(xp).

Lemma 2.2. [30]. Let T : K — 28" be an upper semicontinuous mapping with
closed convex values. For any € > 0, there is a continuous single-valued mapping
T. : B — B* such that for every x € K, there exist y € K and z € T(y) such that

(2.3) ly—z|| <e and |z—T(z)] <e.

Moreover, R(T.|k) C ¢o(R(T)), where T¢|k denotes the restriction of T, on K, R(T)
is the range of T and R(T¢| ) is the range of T¢|k. In particular, T.|k is compact if
T is compact.

We consider F(z) = J(x) — T(x) for all x € K, where J : B — 28" is the
normalized duality mapping and T : K — B* is a compact mapping with closed
convex values. For any € > 0, we define a mapping ®. : B — B as follows:

O (2) = — 7l (J(z) — F.(2)) = & — 7} (Te(x)), VzeK,

where F, = J —T, and T, is an approximate continuous selection of I' which satisfies
the conclusions of Lemma 2.2.

Through the rest of this paper, unless otherwise stated, we take p = 1 in (2.2). By
Theorem 2.2, it is easy to know the following theorem holds.

Theorem 2.4. [30]. Assume that B is a reflexive and smooth Banach space with
dual space B* and K is a nonempty closed convex subset of B. Then the following
statements are mutually equivalent:

(a1) = € K and x* € F(x) is a solution of GSVI (1),
(a2) = € K satisfies x € W};(J((B) — F(x)),;
(a3) = € K satisfies 0 € F(z) + le((a:)

Lemma 2.3. [30]. Assume that B is a reflexive, smooth and strictly convex
Banach space with the dual space B*, B has the property (h) and K is a nonempty
closed convex subset of B. Let f : K — (—o0,+0o0] be proper, convex and lower
semi-continuous and F(z) = J(x) — T(x) for all x € K, where J : B — 28" is the
normalized duality mapping and T : K — 28" is a compact mapping with compact
convex values. Moreover, 0 & (F + N};)(@Q) Then the following assertions hold:

(i) There exists €1 > 0 such that 0 ¢ ®.(0Q) for all € € (0, €1];
(ii) There exists ea > 0 such that

d(®e,Q,0) = d(Per,Q,0), Ve, € €(0,e).
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It follows from Lemma 2.3 that there exists € > 0 such that 0 ¢ ®.(92) and
d(®.,Q,0) = d(®,9Q,0) for all e, € € (0, €. Based on Lemma 2.3, we can
introduce the following definition.

Definition 2.6. [30]. Assume that B is a reflexive, smooth and strictly convex
Banach space with the dual space B*, B has the property (h) and K is a nonempty
closed convex subset of B. Let f : K — (—o0,400] is proper, convex and lower
semi-continuous. Let F(x) = J(x) — T(x) for all x € K, where J : B — 28" is the
normalized duality mapping and 7 : K — 25" is a compact mapping with compact
convex values. Moreover, 0 ¢ (F' + N IJ;)((?Q) The degree of the generalized set-
valued variational inequality defined by F' and K respect to 2 at 0 is the common
value d(®,, 2, 0) for e > 0 sufficiently small and denoted by d(F + N{(, 2,0).

Remark 24. If B = R" and f = 0 is a finite dimensional space, then Definition
2.6 is equivalent to the degree of the generalized variational inequality defined by
Definition 2.1 in [17]. For details, see [30].

The following theorem contains some properties of the degree of the generalized
set-valued variational inequality in Banach spaces.

Theorem 2.5. [30]. Assume that B is a reflexive, smooth and strictly convex
Banach space with the dual space B*, B has the property (h) and K is a nonempty
closed convex subset of B. Suppose that [ : K — (—o00, +00] is proper, convex and
lower semi-continuous. Let F(x) = J(x) — T(z) for all x € K, where J : B — 28"
is the normalized duality mapping and T : K — 28" is a compact mapping with
compact convex values. Then the following assertions hold:

(a1) (Normalization). Suppose that there exists & € QN K such that f(z) =
infpexf(2). 10 & (F+NL)(0Q) with F=J—J(2), then d(F+N{,Q,0)=1.

(az) (Existence). If 0 & (F + N};)(@Q) and d(F + leo 2,0) # 0, then there exists
x € KN such that
0 € F(z) + NL(x).
(a3) (Homotopy invariance). For i € {1,2}, Fi(z) = J(z) — T;(a:)for all x € K,

where J : B — 28" is the normalized duality mapping and T* : K — 287 is
a compact mapping with compact convex values. Moreover, 0 ¢ (tFy + (1 —
t)Fy + NL)(09) for all t € [0,1]. Then

d(Fy + N, Q,0) = d(Fy + NL,©,0).
(a4) (Excision). If 0 & (F + N};)(@Q) and D C Q is a closed set such that
0 & (F + N{)(D) then
d(F + NL,©,0)=d(F + N/, Q\ D,0).
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(as) If 0 & (F + N};)(@Q) and Ty : B — B* is a single-valued continuous mapping
such that T\ (z) € T(z) for all x € K, then d(F + N{(,Q,O) = d(9,Q,0),
where ®(x) = x — W};(Tl(a:)).

Remark 2.5. If f is bounded from below and lim|j;| .o f(2) = +00, then Lemma
2.1 shows that f(z) = inf,cx f(z) is true. Thus, the assumption of (a1) holds under
some suitable conditions.

Definition 2.7 A vector g € K is called an isolated solution of GSVI (2.1) if
there exists a neighborhood V; C K of x( such that xq is the unique solution of GSVI
(2.1)in V7.

Theorem 2.6. Assume that B is a reflexive, smooth and strictly convex Banach
space with the dual space B*, B has the property (h) and K is a nonempty closed
convex subset of B. Suppose that f : K C B — RU {400} is proper, convex and
lower semi-continuous. Let F(x) = J(x) — T(z) for all x € K, where J : B — 28"
is the normalized duality mapping and T : K — 28" is a compact mapping with
compact convex values. Suppose that xq is an isolated solution of GSVI (2.1) and 3\
is the collection of all open bounded neighborhoods Vi of xq such that Vi does not
contain another solution of GSVI (2.1). Then

d(F + NL,V,0) = d(F + NL, V3,0)

Sor all Vo, V3 € 8. The common value d(F + foo V1,0) for Vi € U is called the
index of F + le( and denoted by i(F + leo x0, 0).

Proof. Taking any V €l we have 0 ¢ (F—i—NI’;)(@f/). Therefore d(F—i—NIf(, V,0)
1s well defined. We now assume that V5, V3 € 4. Put V; = Vo U V3 € 4 and
Dy = VN V§, where V€ = B\ V3. We have that D; is a bound and closed set in V
and 0 & (F + N};)(Dl). By (a4) in Theorem 2.5, we get

d(F + NL,V1,0) = d(F + N, Vi \ D1,0) = d(F + NJ., V3,0).
Using a similar argument for D1 = V3N VY, we get
d(F + NL,Vi,0) = d(F + NL, Vi \ Dy,0) = d(F + N{., V5,0)

and so
d(F + Nf., V3,0) = d(F + NL,V3,0), V¥ Vb, Vj € 4.
This completes the proof. u

Remark 2.6. Theorem 2.6 and Definition 2.7 generalize, extend and improve
Theorem 2.3 and Definition 2.2 in [17] from finite dimensional spaces to Banach
spaces, respectively.
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Remark 2.7 It is well known that Hilbert spaces and R™ are reflexive, uniformly
convex and uniformly smooth. Therefore, Lemmas 2.2 and 2.3, Definitions 2.6 and
2.7, Theorems 2.4, 2.5 and 2.6 still hold in Hilbert spaces and R".

3. STABILITY ANALYSIS FOR GENERALIZED f-PROJECTION OPERATORS

Lemma 3.1. [9]. Let f : B — (—o00, +00] be a convex and lower semicontinuous
function. Then there exist x* € B* and § € R such that

f(z) > (a*,z)+ 6, Vo eB.

Definition 3.1. [23]. Let B be a reflexive, smooth and strictly convex Banach
space with the dual space B*, and K be a nonempty closed convex subset of B. We
say that H{( : B — 2K is a generalized f-projection operator if

H};x ={u e K :G3(Jz,u) = infyexGs(Jz,y)}, V€ B,

where

G3(Jz,€) = ||lz|* — 2(Jz, &) + ||€]1* + 2pf (), Yz € B, V€ € K.

Remark 3.1.

(i) If f(x) = 0 for all z € K, then the generalized f-projection operator H{( reduces
to the generalized projection operator II; defined by Alber [3] and Li [21], that
is,

gz ={ue K :Gy(Jz,u) = infyexGo(Jz,y)}, V€ B,

where Ga(Jz, &) = ||z]|? — 2(Jx, &) + ||£]|? for all z € B and € € K.
(ii) If f(z) =0 for all x € K and B = 'H is a Hilbert space, then the generalized f-
projection operator H{( is equivalent to the following metric projection operator

Pr(p) ={ue K:|lu—p|=infexly—¢l}, VeeH

(iii) Let B be a reflexive, smooth and strictly convex Banach space with the dual
space B*, and K be a nonempty closed convex subset of B. According to
Definitions 2.5 and 3.1, it is easy to see that IT}. = W};J and W}; = H};J*,
where J* : B* — B is a normalized duality mapping in B*.

Definition 3.2. Let O be a nonempty subset of B and K’ : O — 27 be a set-valued
mapping. For any {w,} C O with w,, — wy € O, we say that the sequence of sets
K (wy,) Mosco-converges to K (w) if the following two assumptions are satisfied:

(i) for every sequence u,, € K'(w,) such that u, weakly converges to ug, then
Uug € K /(’u}o);
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(ii) for every uyp € K'(wy), there exists u, € K'(wy) (for n large enough) such that
u,, strongly converges to .

Let A and B be nonempty subsets in B. The Hausdorff metric between A and B
is defined as follows:

H(A, B) = max{sup d(a, B);sup d(A,b)},
acA beB

where d(a, B) = bin]g |a—"b| and d(A,b) = ing |a—0b|.
€ ac

Proposition 3.1. Assume that (A,d) is a metric space and K : A — 2B is a
set-valued mapping with nonempty closed convex values. For any sequence {\,} with
An — Ao € Aasn — +oo, H(K(\,), K(\g)) — 0. Then K(\,) Mosco-converges
to K(/\())

Proof. Since H(K(\,), K(Ao)) — 0 as A\, — Ao, for any € > 0, there exist
N > 0, for any n > N, such that

3.1) K(Mo) € K(\y) +éB(0,1) and K (\,) C K(Xo) + €B(0, 1),

where B(0, 1) is the open unit ball of B. For any ug € K (o), (3.1) implies that there
exists u, € K(\,) (for n large enough) such that w,, — ug. On the other hand, for
every sequence u,, € K (w,,) such that u,, converges weakly to g, by (3.1), we know
there exists y, € K(\g) such that ||u, — y,| < é& Thus y, — tp. Since K(Ao) is
a nonempty, closed and convex set and y,, € K (), we get ip € K(Ag). Therefore
K ()\;,) Mosco-converges to K (Ag). This completes the proof. |

Proposition 3.1 shows that, for any sequence {\,,} with A\,, — Ao € A as n — +oo0,
K (\y,) converges to K (\g) in Hausdorff metric implies that K ()\,,) Mosco-converges
to K(\o). However, the following example shows that the inverse is not true, in
general.

Example 3.1. Let K : R — R? be defined by K()\) = {(z,y)|ly = \v,z €
R}. We claim that for any A\, — Ao, K(\,) Mosco-converges to K (\g). In fact,
for any (z,y) € K()\o), taking x, = T and y, = \,T, we get that (z,,y,) €
K(\,) and (x,,y,) — (Z,7). On the other hand, for any (Z,,y,) € K(\,) with
(Zn, Un) — (Zo,To), it is easy to see that (Zo,7o) € K(N\g) and so the claim is
true. In addition, we know that K is not Hausdorff lower semicontinuous at 0 and
so K is not Hausdorff continuous at 0. Indeed, fix ¢¢ > 0. For all 67 > 0, we

can choose A € B(0,4;) and (z,0) = (ZoV1HA Vl;\1|+;\2,0) € K(0). It is easy to get that
d((z,0), K(\) = % = 2¢y > €g. Thus, for any sequence {\,} with \,, — 0 as

n — +oo, H(K(\,), K(0)) 4 0.
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Remark 3.2. If O = X and w,, — wy, then Definition 3.1 becomes Definition 2
in [1].

Theorem 3.1. Assume that (A, d) is a metric space, B is a reflexive and strictly
convex Banach space with the dual space B* and K : A — 2B is a set-valued mapping
with nonempty closed convex values. Suppose that f : B — (—00,400) is convex
and continuous, and for any sequence {\,} with A, — Ao € A as n — 400, K(\,)
Mosco-converges to K(\o). Then for each sequence {(u}, \n)} C B* x A such that

uy — ugy and Ay, — Ao € A as n — +oo, T uy converges weakly to W};(/\O)ua.

K(w)

Proof. For any fixing sequence {(u},, \,)} C B* x A with u}, — uf and \,, — Ao
as n — 400, put T, = W{((/\n)u;. Since K (A,,) Mosco-converges to K ()\g), for any
fixing y € K(\o), there exists y, € K(\,,) such that y,, — § as n — +o0. Since

f: B — (—o0,+00) is convex and continuous, applying Lemma 3.1, we know there
exist h € B* and « € R such that

f(y) > (h,y) +a, Yy <€ B.
It follows that

G(uy, @n) = llunll? = 2(up, ) + llzal® + 20 (20)
> |lupl® = 2(wr,, @n) + llznll* + 2p(h, 2n) + 2p0
(3.2) = llupll? = 2(uj, — ph, 2n) + ||za? + 2p0
> [lupl® = 2llus, = phllllzall + zal* + 200
= (lzall = llw, = ph1)? + lupl® = 1w, — phl|* + 2per.

Since f is continuous, it is easy to see that G(-, ) is continuous and so G(u}, yn) —
G(ujy, y) as n — +oo. Hence the sequence {G(u};, y,)} is bounded. Now z,, =
w{q sy and (3.2) imply that

G(up, yn) 2 Glup, @n) 2 (nll = lluy, = phl])? + llun|* = llus, — phl|* + 2pa

and so the sequence {z,,} is bounded. Since B is reflexive, there exists a subsequence,
again denoted by {z,}, such that it converges weakly to z9p € B. z, € K(\,) and
K ()\,) Mosco-converges to K (\g) imply that g € K (\).

Next we prove that g = W{(( /\O)ug. Since f is convex and continuous, the norm
is weakly lower semicontinuous and u, — ug as n — +00, we get

liminf G(u}, x,) = liminf(||u}]|? — 2(u?, z,) + [|[2a]® + 20f (20))
(33) notee "*+°2° ,
> |lugll” = 2(ug, o) + [lzol|” + 2 (20) = G(ug, xo).
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On the other hand, since z,, = !

K(\)Un and G(+,-) is continuous, we get

(3.4) lim inf G(uy,, ) < lim inf G (up, yn) = G(ug, §)-
By xg € K(Xo), (3-3) and (3.4), we know G(ug, x0) = minge g (5,) G (1, ¥). Defini-

tion 2.5 and Theorem 2.2 imply that zg = W{(( ugy. According to our consideration

o)
above, each sequence {z,} has, in turn, a subsequence which converges weakly to the
unique point W{(( /\O)u(ﬁ. Therefore, the sequence {z,,} converges weakly to W{(( /\O)ug.

This completes the proof. u

Corollary 3.1. Let B be a smooth Banach space such that B* has a Fréchet dif-
ferentiable norm, and C' be a nonempty closed convex subset of B. Let Cy,Cs,Cl3, - - -
be nonempty closed convex subsets of C. If C,, Mosco-converges to Cy, as n — o0
and Cy is nonempty, then Cy is a closed convex subset of C and, for each x € C,
IIc,x converges weakly to 1lc,x.

Proof. 1t is easy to prove that Cy is closed and convex if C), is a closed convex
subset of C. By taking f =0, A =R, K(0)=Cpand K(3)=C, (n=1,2,--+) in
Theorem 3.1, we get 7¢,, J(x) converges strongly to 7¢,.JJ(z). It follows from [4] that
ne, J(x) = e,z and 7e,J(x) = He,z. Thus, IIg, x converges weakly to Il .
The proof is complete. u

Remark 3.3. We would like to mention that Corollary 3.1 is Theorem 3.1 of [14].

Theorem 3.2. Assume that (A, d) is a metric space, B is a reflexive and strictly
convex Banach space with the dual space B*, B has the property (h) and K : A —
28 is a set-valued mapping with nonempty closed convex values. Suppose that f :
B — (—o00,+00) is convex and continuous, and for any sequence {\,} with \, —
Ao € A as n — +oo, K(\,) Mosco-converges to K(\g). Then for each sequence
{(up, A\n)} C B* x A such that u}, — uj and A\, — \g € A as n — +o0, W};(/\n)u;
converges strongly to w};( /\O)u(ﬁ.

Proof. Fix {(u},\n)} C B* x A with u}, — u§ and A\, — Ao as n — +o0,
arbitrarily. We write x,, = W{(( /\n)u; and g = W{(( /\O)ug. By Theorem 3.1, we obtain
{z,,} converges weakly to z(. Since B has the property (h), it is sufficient to prove
that ||z, || — ||zo|| as n — 4o0. Since zg € K(\g) and K (\,) Mosco-converges to
K ()\), there exists a sequence {y,} such that y,, € K()\,,) and y,, — z¢ as n — +oc.
Since z,, = w};(/\n)u; and G(-,-) is continuous, by (3.3) we get

G(up, xo) < liminf G(uy,, )
n—-+00

(3.5) <limsup G(u,,, xn) < limsup G(u,,, yn) = G(ug, xo),

n—-+00 n—-+00
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which implies that lim,, o G(u};, z,,) = G(ug, zo). Since f : B — (—o00, +00) is
convex and continuous and f is subdifferentiable, there exists an element z* € B*
such that

f(x) = f(zo) > (Z*,x —xg), V2 € B.

It follows that
(3-6) f(xn> > f($0> + <a_3*7 Tn — $0>.
Now (3.6) implies that

il = 2(uy, ) + lzal® + 20 (20) + 20(2%, 20 — 20)

(37) * (12 * 2 *
< Nunll™ = 2{up, zn) + lznl|” + 20f (2n) = G(uy, zn).
Since x, — xo and u;, — uf, we get

58) im (=20, @) + [lug|* + 20 (w0) + 2p(7", 20 — 20))
= —2(ug, vo) + [[ug|* + 20 (o).

From (3.7), (3.8) and lim,, o G(u}, x,) = G(ug, x0), we have

lim sup || ||* — 2{ug, o) + |lug||* + 2p.f (o)

n—-+00
= limiup(Han2 = 2{up, ) + [unl* + 2pf (x0) + 2p(", 20 — 0))
n——+00
(3.9) < limjup(Han2 = 2(uy, @) + [[up | + 2p.f (2n))
n——+00

= lim sup G(u,,, T,)
n—-+00

= G(ug, x0) = ||zoll* — 2(ug;, xo) + [|ug || + 2pf (o),
which implies lim sup,, | . [|zn||? < |lzo]/?. Thus,

(3.10) lim sup ||z | < [[zol-

n—-+00

On the other hand, the weakly lower semi-continuity of the norm implies that
(3.11) liminf ||z,| > ||zol|.
n—-+00
Now (3.10) and (3.11) show that lim,,, ;o ||Zn|| = ||zo||. Using the property (h) of
B, we obtain that {x,} converges strongly to xy. This completes the proof. ]

Remark 3.4. By using similar arguments in Corollary 3.1, from Theorem 3.2, it is
easy to get Theorem 4.1 of [14].
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Corollary 3.2. Assume that (A, d) is a metric space, B is a reflexive and locally
uniformly convex Banach space with the dual space B*, B has a Fréchet differentiable
norm and K : A — 28 is a set-valued mapping with nonempty closed convex values.
Suppose that f : B — (—o00,+00) is convex and continuous, and for any sequence
{\n} with X\, — Mo € A as n — +oo, K(\,) Mosco-converges to K(\o). Then
for each sequence {(un, \n)} C B X A such that u, — wuy and N\, — Ao € A as
n — +00, Hé(/\ yun converges strongly to Hf((/\o)ug.

n

Proof. Since u, — wuo and J is continuous, we know that J(u,) — J(ug). It
follows from Theorem 3.2 that W{(( oy (uy,) converges strongly to W{(( oy (up). Since

W{((/\H)J(un) = Hf((/\n)(un) and W{((/\O)J(ug) = H{((/\O)(ug), Hf((/\n)un converges
strongly to H{(( Ao) Uo- The proof is complete. ]

The following example shows that the assumptions of Theorem 3.2 can be satisfied.

Example 3.2. Let U be a bounded domain of R™ with Lipschitz boundary and
1<p<N.Let B=Wy*U), W, = WyP(U) nW2P(U) and A = Wy x Wj. Set

U={w=(p, ) e Wi x W1 =A:p <1 ae Q}.
For any A = (p,9) € A, we define
K(\) = {veWyP(U), o <v<¢ae Q}.

By Lemma 3.1 in [31] , we know for any sequence {\,} with A, — Ao € A as
n — +oo, K(A,) Mosco-converges to K(\g). Let f(x) = 3z, for all x € B.
Therefore, all the conditions of Theorems 3.2 are satisfied. By Theorem 3.2, for each
sequence {(u, A\p)} C B* x A with v} — u§ and \,, — Ao € A as n — 400, we
know that W{(( /\n)u;; converges strongly to W{(( /\O)ua.

4. AN APPLICATION

As an application of Theorem 3.2, in this section, we will discuss the stability of
solutions for a class of parametric generalized set-valued variational inequalities under
some suitable conditions.

Through the rest of this paper, unless otherwise stated, we assume that B is a
reflexive, strictly convex and smooth Banach space with the dual space B* and B has
the property (h). Let (M, d) and (A, d) be complete metric spaces, K : A — 25 be
a set-valued mapping and for each A € A, f : K(\) C B — R be single-valued
mapping. Let F'(u, z) = J(z) — T(u, ) for all (u,z) € M x B, where J : B — 28"
is the normalized duality mapping and 7 : M x B — 28" is a set-valued mapping.
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In this section, we consider the following parametric generalized set-valued varia-
tional inequality: for each given (A, ) € A x M, find z € K(\) and =* € F(u,x)
such that

4.1) (", y —z)+ f(y) — f(x) >0, forall y e K(N).

By Theorem 2.4, we know x € K(\) and z* € F(u,z) is a solution of the problem
(4.1) if and only if = € K (\) satisfies

(4.2) 0 € Fp,x) + Ni (@),

where N Ifq N (x) is the value at - of the generalized f-normal cone operator associated
with the set K'(\) and (i, \) are parameters.

If f=0,M=RF, A=R™ B=R"and F = F} is a set-valued mapping, then
the problem (4.2) reduces to the following problem: find = € K () satisfies

(4.3) 0€ Fi(p @) + Ng( (@),

The problem (4.3) is called the parametric generalized variational inequalities, intro-
duced and studied by Kien et al. [17].

If f =0and F = F; is a single valued mapping, then the problem (4.2) reduces
to the following problem: find z € K(\) satisfies

(4.4) 0 € Fa(p, x) + Ny (),

The problem (4.4) is introduced and studied by Kien and Yao [18].

We denote by S(u, A), S1(u, A) and Sa(p, A) the solution set of the problems
(4.1), (4.3) and (4.4) corresponding to (u, ), respectively. Our main concern is now to
investigate the behavior of S(u, A) when (u, A) varies around (g9, Ao). This problem
and special cases has been addressed by many authors in the last two decades (see, for
example, [8, 15, 16, 17, 18, 20, 27, 28, 35, 36] and the references therein).

A set-valued mapping K : A — 27 is said to have the Aubin property of order
a > 0 at a point (A, zg) if there exist positive constants k, €y and [y such that

(4.5  K\)NB(wg,e0) C K(\) + kd(N,A\)*B(0,1), VA, X € B(\o, Bo),

where B(0, 1) is the closed unit ball of B,

B(xg, €0) = w9+ €0B(0,1) = {y : |ly — 20l < €0}

and B()\g, ) is an open ball centered at Ao with radius 5 in the metric space A. If
K satisfies property (4.5) for « = 1 then K is said to be pseudo-Lipschitz around
(Ao, x0), for example, see [5]. For each € > 0, we put

(4.6) K. = K(\) N B(zo, ).
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Lemma 4.1. [15]. Suppose that K : A — 25 is set-valued mapping with nonempty
closed and convex values and satisfies (4.5). Then for any € in (0, €o| and any [ with
0 < 8 < min{fy, (Zf—k)é} the multifunction K. defined by (4.6), is Holder continuous
with constant 5k on the ball B(\g, [3), that is,

4.7) Kc(\) C K(N) +5kd(N, \)*B(0,1) VA, N € B(\o, 3).

Lemma 4.2. [10]. Let X be an arbitrary metric space, A be a closed subset of
X, L be a locally convex linear space and G : A — L be a continuous mapping.
Then there exists an extension F : X — L of G, i.e, F(a) = G(a) for all a € A.
Furthermore, F (X ) C con(G(A)), where con(G(A)) is convex hull of G(A).

Proposition 4.1. Let Ag C A be a neighborhood of Ny, Xo C B be a neighborhood
of xo and K : Ay — 28 be a set-valued mapping with nonempty closed convex values
and satisfies (4.5). Then there exist positive constants (31, r1 such that, for any

{/\n} C B(/\(),Bﬂ = {/_\ S H/_\ - /\OH < Bl} C Ag

with A, — Xy € B(Xo, f1) as n — +o0, K(X\,) N B(xg,r1) Mosco-converges to
K (X)) N B(xg, 1), where

B(zo,7m1) ={y € B : |ly — 2ol <1} C Xo.

Proof. Choose r1 = € and (31 = [ for some [ with 0 < 5 < min{[y, (i%)é}
in Lemma 4.1. Putting \' = A{ and A = )\, in (4.7), we know for every uy €
K(Xy) N B(z, 1), there exists u, € K(\,) N B(xg,r1) such that

lwn — uol| < 5kd(Ny, An)”

Since \,, — (), we know that u,, — ug as n — ~+oc.

On the other hand, fix any sequence {u,} with u, € K(\,) N B(xzg,r1) and
Un — g as n — +oo. Letting X' = \,, and X\ = X in (4.7), it is easy to see that for
each u,, € K(\,) N B(xzg, r1), there exists y, € K(\) N B(xo, 1) such that

Han - ynH < 5kd(/\67 /\n>a~

Since Ay, = Aj, [|tn — ynll < Bkd(A), \n)®” and @, — g, we know y,, — g as n —
+00. Since K () and B(zg,r1) are closed convex set and y,, € K (X)) N B(xo,71),
it follows that ug € K (\y) N B(xo,71) and so K (\,) N B(zp, r1) Mosco-converges to
K (X)) N B(zp,r1). This completes the proof. |

Theorem 4.1. Suppose xo € S(uo, Ao) is an isolated solution. Let Xy, Ay and
My be neighborhoods of xo, Ao and g, respectively. Let K : Ag — 28 be a set-
valued mapping with nonempty closed convex values and f : B — R be convex and
continuous. Assume that the following conditions are satisfied:
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(i) T(-,-) is a lower semicontinuous mapping with nonempty closed convex values
on My x Xy and T (o, -) is a compact mapping with compact convex values on
Xo,

(ii) there exist positive constants 31 and r1 such that, for any
A} C B, B1) ={XN €A |IA= ol < 1} C Ay

with A, — X € B(Xo, 1) as n — +oo, K(\,) N B(xg, r1) Mosco-converges
to K(\y) N B(zg, 1),

(iii) the mapping ) B (T'(-,-)) has finite dimensional range and

. f
i(F(po,-) + NK(AO)ﬂiB(IO,m)’ x0,0) # 0,

where
B(zo,71) ={y € B : [ly — 0l <71} C Xo.

Then there exist a neighborhood M of 1, a neighborhood Ay of \g and an open
bounded neighborhood Q) of xo such that the following assertions are fulfilled:
(a) The solution map S : My x Ay — 25 of the problem (4. 1) defined by S, ) =
S, A) N Qo is nonempty for all (u, \) € My x Ay and S(po, Mo) = {x0};
(b) S is lower semicontinuous at (19, \o).

Proof. By (i) and the continuous selection theorem due to Michael (see [11]),
there exists a continuous mapping 77 : My x Xo — B* such that Ty(u,z) €
T(p,x), ¥ (u,x) € My x Xog. By Lemma 4.2, we can assume that 73 is contin-
uous on B x M. We know T (1o, -) is compact on X when T'(pg, ) is compact on
Xo. Put g(p,x) = J(x) — T1(p, z), then g(p, z) € J(x) — T(u,z) C F(p,z). For
any (p, A, xz) € My x Ag x X, consider the mapping

— e —af _ -
(I)(/’Lﬂ A? x) =T TrK(}\)ﬂB(IQ,Tl)(J(a}) g(/’Lﬂ x)) T TrK()\)mB(l’oﬂ“l)(Tl(M’ x))

We claim that ® is continuous on My x B(\g, 5) x B(xg,r1). Indeed, for any fixed
point (i, Ao, Zo) € My x B(\g, 8) x B(zg,r1) and for any sequence (i, A, Zy,) in
My x B(Xo, 8) x B(xg, 1) with (fin, An, ) — (fio, Ao, Zo) as n — 400, from the
condition (ii), it follows that K (\,)NB (o, r1) Mosco-converges to K (Ag)NB(xg, 1).
The continuity of 7} implies that T’ (fiy,, Zr) — T4 (fio, Zo) as n — +oo. By Theorem
3.2, we get
. By (T, Tn)) — . oy L1, 7o), asn — +oo.
Thus, ® is continuous on My x B(\g, 3) X B(zg,r1).

Moreover, since xo € S(1o, Ag) is an isolated solution, there exists an open bounded
neighborhood Q¢ C X of x such that x is the unique solution in Qg of the gener-
alized equation
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0 € F(up,x)+ NIf((Ao) (x).

Since xg belongs to the interior of X, it is also the unique solution in @0 of the
generalized equation

f
0 € F(uo, ) + NK(,\O)mm(x

By (iii) and Theorem 2.6, we have

vanf . N
AE W0, )+ Ny pynBaary @0 0 = #E o, )+ Ny, pzery 7000 #0:

(as) in Theorem 2.5 implies

) - ) f
d(®(t0, Mo, +), Qo 0) = d(F (po, )+NK(/\O)QB(I07T1),Q0,0) # 0.

Note that any solution of the equation ® (19, Ao, ) = 0 is also a solution of

f
0 € F(po,z) + NK(/\O)mm(a:).
Hence, z¢ is a unique solution of the equation ® (10, Ao, #) = 0 in Qg. Since the
mapping w};(.) (T'(-, -)) has finite dimensional range, we can choose a finite dimensional

subspace Y containing the range of w};(.)(TQ, -)) on My x Ag x Xg. Thus,

d(®(po, Mo, +); Qo, 0) = d(®(p0, Ao, -), Qo N Y,0) # 0.

In the rest of the proof we will use some techniques from Robinson [28].
(a) Taking any w € 9(QpNY), we have (1o, Ao, w) # 0. This implies that there
exists a d,, > 0 such that

0 & B(®(p0, Ao, w),0w) = {7 € B : [|[§ = B(p0, Ao, w)|| < 0w} = Buy.-

By the continuity of ®, there exists a neighborhood U,, C M of ug, a neighborhood
Ay C Ag of Ag and a neighborhood @, of w such that ®(u, A, z) € B, for all
(1, A, 2) € Uy X Ay X Q. Since 9(Qp N'Y) is a compact set, there exist some
w1y, Wa, - ,wy, such that 8(@0 N Y) C U?:lei- Put My = N, U,, and A =
M Aw,. We shall show that M, Ay and Qg satisfy the conclusion of the theorem.
In fact, we fix any (u, \) € My x Aj. For any x € Q, and any t € [0, 1], let
H(t,z)=z—(1- t)”;;(/\o)mm(Tl(NOa ) — t”{qk)mm(Tl(/% z)).

Then we have H(0,z) = ®(po, Ao, x) and H(1,z) = ®(u, A, z). Choose any z €
d(QoNY), then T € @, for some i € {1,---,n} and hence (u, \) € Uy, X Ay,.
By the convexity of B,,, H(t,z) € B,,. Hence H(t,z) # 0. This means that
0¢ H(t,0(QoNY)). By (az) of Theorem 2.1, we have
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d((I)(M()u Aos ')7 QO ny, 0) = d<(I)<M7 A, ')7 QO ny, 0) 7é 0.
By (a1) of Theorem 2.1, there exists & = Z(u, A) € Qo such that ®(u, A, &) = 0.

Hence S(p, A) N Qo # 0 for all (u, ) € My x Ay. Moreover, by the assumptions of
Qo we get S(Mo, /\0) = S(Mo, /\0) NQy = {330} X

(b) Suppose that V' C B is an open set such that S(ug, A\o) NV # . Since
S(po, Xo) = {z0}, ©o € V. By the boundedness of Qo, the set G := V N Qo is
bounded and open. By excising Qg \ G, we we obtain from (ag) of Theorem 2.1 that

(48) d((I)(M()u AU; ')7 QO N K 0) - d<(I)<M07 AU; ')7 Gﬂ Y" 0) 7é 0.

For any w € (G NY) we have ® (g, Ao, w) # 0. Hence there exists a f,, > 0 such
that

0 & B(® (o, Ao, w), 0w) :={y € B : |y — ®(po, Ao, w)|| < O} = By,.

By the continuity of ®, there exist a neighborhood U, C My of pg, a neighbor-
hood A!, C Ap of X\p and a neighborhood @), of w such that ®(u, A\, z) € Bj,
for all (u,\,2) € U, x Al, x Q. Since (G NY) is a compact set, there are
some wy, wy,---,wy, such that 3G NY) C U @y, Put My = M Uy, and
Ay = D?ZIAL%. By the similar argument as the proof of the part (a) and using (4.8),
for any fixed (fi, :\) € My x Ay, we can show that

d(®(po, Ao, ), GNY,0) = d(D(fi, A, ), GNY,0) # 0.

According to (a;) of Theorem 2.1, there exists ¥ =2\ e @ such that ®(ji, A z) =
0. This means that S(fi, \) NG = S(f1, \) NV # () for all (1, \) € Ms x Ay. Hence
S is lower semicontinuous at (p, Ao). The proof is complete. ]
Remark 4.1.
(a) If we replace the condition (ii) with the following condition (i)’

(i)’ K : Ag — 2B is a set-valued mapping with nonempty closed convex values and
K : Ag — 28 is pseudo-Lipschitz continuous at a point (\g, o), i.e., there exist
positive constants k, ¢y and Gy such that

K(N)N B(xg,e0) C K(A) + kd(N,\)B(0,1) ¥V X\, X € B(\o, fo),

then by Proposition 4.1, we know the conclusions of Theorem 4.1 still hold. The
condition (77)" has been applied to establish the continuity of the projection operators
(see, for example, [16, 17, 18]). (b) The conditions and proof method of Theorem 4.1
are quite different from ones in Theorem 1.1 of [15].

Corollary 4.1. Suppose xo € S1(po, Ao) is an isolated solution. Let Xy C R",
Ao C RF and My C R™ be neighborhoods of xo, Ao and i, respectively. Let
K : Ao — 28" be a set-valued mapping with nonempty closed convex values. Assume
that the following conditions are satisfied.:
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(i) F1(-,-) is a lower semicontinuous mapping with nonempty closed convex values
on My x Xo and Fi(ug,-) is an upper semicontinuous mapping with compact
convex values on Xy;

(ii) there exist positive constants [31, T1 such that for any
{An} C B(Xo, 1) ={A € RF: |]A = Xol| < A1} C Ao

with A\, — X € B(Xo, 1) as n — +oo, K(\,) N B(xg, r1) Mosco-converges
to K(\y) N B(zg, 1),

(iii) i(F1(MO; ) + NK(AO)OW’ x(),O) 7& 0, where B(x(),Tj) = {y € R": Hy —
HZ()H < 7’1} C Xo.

Then there exist a neighborhood My of 1y, a neighborhood Ay of \g and an open
bounded neighborhood Q) of xo such that the following assertions are fulfilled:

(a) The solution map Sy : My x A1 — 28" of the problem (4.3) defined by
S1(, N) = S1(pe, \)NQo is nonempty for all (i, \) € My x Ay and Sy (o, Mo) =
{zo}s

(b) S is lower semicontinuous at (jig, \o).

Proof. For any bounded set A C X, it is easy to see that Fy (1o, A) C Fy(uo, A).
Since Fy (o, ) : Xo — 2" is an upper semicontinuous mapping with compact convex

values, Fy (o, A) is a compact set and so Fy(po, A) is compact. Hence Fy(ug,-) is
a compact mapping with compact convex values on Xo. Letting f = 0, M = RF,
A=R"™ B=R"and T(u,z) = x— Fi(u, x) for any (u,z) € R™ x R™ in Theorem
4.1, we know that Corollary 4.1 holds. []

Remark 4.2. Proposition 4.1 and Example 4.1 imply that the condition (ii) in
Corollary 4.1 is weaker than the one (ii) in Theorem 3.2 of [17]. Therefore, Corollary
4.1 extends and improves Theorem 2.4 in [16] and Theorem 3.2 in [17].

Corollary 4.2. Suppose that B and B* are locally uniformly convex and xy €
Sa(po, No) is an isolated solution. Let Xy, Ao and My be neighborhoods of xo, Ao
and pig, respectively. Let K : Ao — 28 be a set-valued mapping with nonempty closed
convex values. Assume that the following conditions are satisfied:

(i) Fy: My x Xg — B* is a continuous mapping;

(ii) there exist positive constants [31, 1 such that for any
A} C B, B1) ={XN €A |IA= ol <1} C Ay

with A, — X € B(Xo, 1) as n — +oo, K(\,) N B(xg, r1) Mosco-converges
to K(X\y) N B(zg,71);
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(iii) the mapping 7y (y(J(-) — Fa(-, ")) has finite dimensional range and
ideX(‘I’(MO, AO? ')7 Zo, 0) 7é 07

where
(I)(Mo, /\0, a:) =T — WK(AO)DW(J(‘%> — FQ(MO, a:))

Sor all v € Xy and B(xo,m1) ={y € Xo: ||y — zo| < r1}.

Then there exist a neighborhood M of 1y, a neighborhood Ay of \g and an open
bounded neighborhood Q) of xo such that the following assertions are fulfilled:

(a) The solution map Sy : My x Ay — 2B of the problem (4.4) defined by Sy, A) =
Sa(41, \) N Qo is nonempty for all (1, ) € M x Ay and Sa(yio, Ao) = {0};

(b) Sy is lower semicontinuous at (jig, \o).

Proof. Since J and Fy are continuous, by using the similar arguments to the proof
of Theorem 4.1, we obtain that ® is continuous on My x B(Ao, 5) X B(xg,r1). Since
xo € S2(o, Ao) is an isolated solution and index(®(ug, Ao, +), o, 0) # 0, there exists
an open bounded neighborhood Qg C X of ¢ such that z is the unique solution of the
equation ® (11, Ao, ) = 0 in Qp. Moreover, since the mapping () (J(-) — Fa(:,))
has finite dimensional range, we can choose a finite dimensional subspace Y containing
the range of mx () (J(-) — F(+,-)) on Mo x Ag x Xo. Thus,

d(®(po0, Mo, +); Qo, 0) = d(®(po, Mo, +), QoN Y, 0) # 0.

By using similar arguments to the proof of Theorem 4.1, we know that Corollary 4.2
holds. "

Remark 4.3. Corollary 4.2 is proved directly without the homeomorphic result
between the solution sets, which is a different version of Theorem 3.1 in [18].
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