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WEIGHTED HARDY SPACES ASSOCIATED WITH OPERATORS
SATISFYING REINFORCED OFF-DIAGONAL ESTIMATES

The Anh Bui, Jun Cao, Luong Dang Ky, Dachun Yang* and Sibei Yang

Abstract. Let L be a nonnegative self-adjoint operator on L*(R") satisfying
the reinforced (py, p} ) off-diagonal estimates, where pr, € [1,2) and p/, denotes
its conjugate exponent. Assume that p € (0, 1] and the weight w satisfies the
reverse Holder inequality of order (p, /p)’. In particular, if the heat kernels of the
semigroups {e~*L};~ satisfy the Gaussian upper bounds, then p;, = 1 and hence
w € Ax(R™). In this paper, the authors introduce the weighted Hardy spaces
Hy ,(R™) associated with the operator L, via the Lusin area function associ-
ated with the heat semigroup generated by L. Characterizations of H} , (R™), in
terms of the atom and the molecule, are obtained. As applications, the bounded-
ness of singular integrals such as spectral multipliers, square functions and Riesz
transforms on weighted Hardy spaces Hﬂw(R") are investigated. Even for the
Schrodinger operator —A + V with 0 < V € L{ (R™), the obtained results in
this paper essentially improve the known results by extending the narrow range
of the weights into the whole A, (R™) weights.

1. INTRODUCTION

Since the famous works on Hardy spaces by Stein and Weiss [43] and Fefferman
and Stein [26] were published, the theory of Hardy spaces has played an important
role in modern harmonic analysis and has extensive applications in partial differential
equations. When studying the boundedness of singular integral operators with smooth
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kernel, the Hardy spaces HP(R™) with p € (0, 1] are good substitutes of LP(R"),
for example, the classical Riesz transform V(—A)~1/2 is bounded on HP(R") with

€ (0, 1] but not on LP(R™). Moreover, a key characterization of the Hardy spaces
HP(R™) is their atomic decomposition, which was obtained by Coifman [11] when
n = 1 and by Later [37] when n > 1. Later, Coifman and Weiss [14, 15] used the
“atomic method” to extend and develop the theory of Hardy spaces to the far more
general setting, the so-called spaces of homogeneous type. However, it is nowadays
understood that there are important situations in which the classical Coifman-Weiss
theory and the classical Calderon-Zygmund theory are not applicable. For example,
the Riesz transform VL~/2 needs not be bounded from H'(R") to L'(R") when
L := —div(AV) is a second order divergence elliptic operator with complex L>-
coefficients; see, for example, [31, 32]. Hence, to characterize the boundedness of
these Riesz transforms, we need some new Hardy spaces.

In the last ten years or so, there are a lot of studies which pay attention to the theory
of Hardy spaces associated with operators. Let us give a brief overview of this research
direction. In [4, 23], Auscher el al. introduced the theory on Hardy spaces associated
with operators L under the assumption of Gaussian upper bounds of the heat kernels
associated with the semigroup {e_tL}t>0. Recently, Auscher, McIntosh and Russ
[5] investigated the Hardy spaces associated with Hodge Laplacian on a Riemannian
manifold with doubling measure. Moreover, Hofmann and Mayboroda [32] studied
the theory of Hardy spaces associated with divergence form elliptic operators L. It is
important to notice that in [32], the pointwise estimates on the kernels associated with
the semigroup {e~*'};~¢ are not required. Furthermore, the theory of Hardy spaces
associated with nonnegative self-adjoint operators satisfying Davies-Gaffney estimates
was investigated in [30]. For further information on this research direction, we refer
the reader to [4, 9, 22, 23, 5, 32, 30, 35] and the references therein.

The weighted Hardy space associated with operators therefore is the natural ex-
tension of the Hardy space associated with operators. Song and Yan [42] treated the
weighted Hardy space H }J »(R™) associated with Schrodinger operators L := —A+V,
where the weight w € A;(R") N RH(R") and 0 <V € L{ (R™). Here and in what
follows, A,(R™) with p € [1,00] and RH,(R") with ¢ € (1, 0c], respectively, denote
the class of Muckenhoupt weights and the reverse Holder class (see also Subsec-
tion 2.1). Then, the results in [42] were extended by the first author of this paper
and Duong [8] in which weighted Hardy spaces H?  (X) associated with nonnega-
tive self-adjoint operators satisfying Davies-Gaffney estimates were investigated, where
p € (0,1],w € Ay (X)NRH;y/_,)(X) and X is a space of homogeneous type. More-
over, D. Yang and S. Yang [45] studied Musielak-Orlicz-Hardy spaces associated with
nonnegative self-adjoint operators. In some circumstances, the Musielak-Orlicz-Hardy
spaces in [45] turn out to be the weighted Hardy spaces H}  (X) with p € (0, 1] and
w € Aoo(X)NRHy/2_p)(X). In other words, the best range for the weight w studied
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in [42, 8, 45] is w € RHy/(2_p)(X). Also, it should be pointed out that in the proof
of the atomic decomposition theorem of [42], the condition w € A;(R"™) is necessary.
Hence, it is natural to ask the following question:

Question. When can we extend the range of weights w to Axo(R™)?

On the other hand, an important property of the classical Hardy spaces HP(R™)
with p € (0, 1] is that LY(R™) N HP(R™) is dense in HP(R") for all ¢ € (1,00). In
the setting of (both unweighted and weighted) Hardy spaces associated with operators
Hiw(R”), it was proved, in [4, 9, 22, 23, 5, 32, 30, 35, 42, 8, 45], only that L2(R")N
Hﬁvw(R”) is dense in Hiw(R”). Recall that in [32, 30, 35, 42, 8, 45] the Hardy
space [, (R") was defined as the completion of { f € L*(R") : SL(f) € Liw(R")}
in the norm HfHHf,w(R") = [|SL(f)ll Lr, (mny> Where, for all z € R™,

- ) 1/2
SL(7)() = { L ) ilfﬁt}

A natural question is that what happen if we replace L*(R™) by LI(R") with q # 2.

The main aim of the present paper is to give answers to the above two questions.
In this paper, we always assume that the operator L is nonnegative self-adjoint and
satisfies the reinforced (pr,, p};) off-diagonal estimates, where py, € [1,2) and p, de-
notes its conjugate exponent; see Section 3 below for the definition of the reinforced
(pr,p}) off-diagonal estimates. Let w € Ao (R™) and p € (0,1]. We introduce the
weighted Hardy space H Zw(R”) associated with L via the Lusin area function as-
sociated with L. Then, we establish the atomic and the molecular characterizations
of H] ,(R") when w € Ax(R™) N RHy, /,)(R™), where (pf,/p)’ denotes the con-
jugate exponent of pj /p. Obviously, the inclusion RH (/) (R") C RHy /) (R™)
holds whenever p;, € [1,2). In the particular case when p;, = 1 or, equivalently, the
Gaussian upper bounds are imposed on the heat kernels of the semigroup e~*~, we can
extend all the known results on weighted Hardy spaces H} , (R") to all w € A (R").
As applications of the atomic and the molecular characterizations of H7  (R™), the
boundedness of singular integrals such as spectral multipliers, square functions and
Riesz transforms on weighted Hardy spaces H Zw(R”) are investigated. The obtained
results in this paper essentially improve the known results in [42, 8, 45] by quite enlarg-
ing the range of the weights w. Moreover, we show that H Zw(R”) does not change
if we replace L*(R") by LY(R"™) with ¢ € (pz,p}) in the definition of H , (R™).
As a consequence, we see that LZ(R™) N H}  (R") is dense in HY , (R™) whenever
q € (pr,p}). These give answers to the above two questions. 7

The main new ingredient appeared in this paper is the introduction of the notion
of the reinforced (pr,, p; ) off-diagonal estimates, which leads us to essentially extend
the range of the considered weights. Another innovation of this paper appears in
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the definition of the atom under the L(R™) norms with ¢ € (2,p’). Moreover, in
the construction of the atomic Hardy spaces H 5 w, at (R™), the convergent sense of
the series in the atomic representation is more flexible than those in previous papers
[32, 30, 45]; see Theorem 3.8 below. Precisely, the series in the atomic representation
in our construction is required to converge in L"(R™)-norm for some r € (pr, p ), not
in L2(R™)-norm, disregarding the L?(R™)-norm of each atom. This flexibility brings
some advantages to obtain the atomic decomposition and the boundedness of singular
integrals on Hardy spaces; see Theorem 3.8 and Section 4 below.

The organization of this paper is as follows. In Section 2, we first recall the
definition of the weight class A, (R™) and some of their properties; and then we address
some properties of the weighted tent spaces. In Section 3, we introduce the weighted
Hardy space H Zw(R”) via the Lusin area function associated with the operator L and
establish its atomic and molecular characterizations. Section 4 is dedicated to studying
the boundedness of some singular integrals such as the square functions, the spectral
multipliers and the Riesz transforms on the weighted Hardy space H fvw(R”). More
precisely, in Subsection 4.1, we prove that the spectral multiplier F'(L) is bounded on
the space Hj ,(R") withp € (0,1] and w € RH, /) (R™) (see Theorem 4.2 below).
It is worth pointing out that in [8, Theorem 4.9], the H}  (R™)-boundedness of F'(L)
was established when p € (0,1] and w € A;(R™) N RH;/(Q_p)(]R”). Obviously,

Al(Rn> N RHQ/(Q_p)(Rn> C RH(p/L/p)/(Rn>

Thus, Theorem 4.2 essentially improves [8, Theorem 4.9] (see Remark 4.3 below).
In Subsection 4.2, we show that the square function G  (see (4.9) below for its
definition) with k£ € N is bounded from HY  (R™) to L},(R™) whenp € (0,1] and w €
RH (. 1py (R™) which improves [45, Theorem 6.3] in this setting by extending the range
of the weight w (see Remark 4.8 below). Finally, in Subsection 4.3, for the Schrodinger
operator L := —A + V with 0 < V € L. (R"), we first prove that the Riesz

loc

transform VL~'/2 is bounded from HY ,(R") to Li,(R"™) when p € (0,1] and w €
RH ,, /) (R™), where pg € (2, 00) satisfies that, for all r € (1, pg), VL™!/? is bounded
on L"(R™) (see Theorem 4.9 below). We remark that Theorem 4.9 essentially improves
[8, Theorem 4.1] and [45, Theorem 7.11] by extending the assumptions w € A; (R™)N
RHjy/o_p)(R") in [8, Theorem 4.1] and w € RHy/(5_p)(R") in [45, Theorem 7.11]
to the assumption w € RH,, /p)/(R") (see Remark 4.10 below). Moreover, we also
prove in Subsection 4.3 that VL™'/2 is bounded from Hj , (R™) to the weighted
Hardy space Hi,(R™) when p € (;%7,1] and w € Ay (R™) N RH 4,y (R™) with
some ¢y € [1, @) (see Theorem 4.13 below), which essentially improves [42,
Theorem 1.1(ii)], [44, Theorem 1.1] and [45, Theorem 7.15] by extending the range of
the weight w (see Remark 4.14 below for the details). We would like to emphasize that
the results obtained in this paper can be considered as extensions to those in previous

works [42, 8, 45].
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Finally we make some conventions on notation. Throughout the whole paper, C'
denotes a positive geometric constant which is independent of the main parameters, but
may change from line to line. We also use C(v, 3,...) to denote a positive constant
depending on the indicated parameters vy, [3, .... The symbol A < B means that
A< CB. If A< Band B < A, then we write A ~ B. The symbol |s| for s € R
denotes the maximal integer not more than s. We often just use B for B(xp,rp) :=
{zr € R" : |z —xzp| < rp}. Also given A > 0, we write AB for the \-dilated
ball, which is the ball with the same center as B and with radius ryap = Arp. For
each ball B C R", we set So(B) := B and S;(B) := 2B\ 271B for j € N.
For any measurable subset E of R", we denote by EC the set R" \ E and by g its
characteristic function. We also set N := {1, 2, ...} and Z, := {0} UN. For any
0 := (01,...,0,) € Z, let |0] := 0y + ...+ 0,. For any subsets £, FF C R™ and
z € R", let d(E, F) := infycp yer |z — y| and dist (2, E) := infyecp |2 — z|. For
1 < g < o0, we denote by ¢’ its conjugate exponent, namely, 1/q+ 1/¢' = 1. Finally,
we use the notation f7, h(x)dx := |—]13| [ h(z)da.

2. PRELIMINARIES

In this section, we first recall the definition of the weight class A (R"™) and some
of their properties; and then we address some properties of the weighted tent spaces.

2.1. Muckenhoupt weights

Let ¢ € [1,00). A nonnegative locally integrable function w on R™ is said to
belong to the Muckenhoupt class Ay(R™), namely, w € A,(R"), if there exists a
positive constant C' such that, for all balls B C R", when ¢ € (1, o),

@.1) ]{Bw(;p)dx {]{B[w(@]—l/(q—l)dx}q_l <C

and, when ¢ = 1,

][ w(x)dx < Cessinfw(z).
B reB
Moreover, let A (R") 1= Uge1,00)Ag(R™). Remark that this kind of weights was first
introduced by Muckenhoupt [40]. For the sake of convenience, in what follows, we
denote by w(FE) the integral [, w(x)dx for any measurable set £ C R".

The reverse Holder classes are defined in the following way. Let r € (1,00). A
nonnegative locally integrable function w is said to belong to the reverse Holder class
RH,(R™), namely, w € RH,(R™), if there exists a positive constant C' such that, for

all balls B C R", 1r
{]{B[w(;p)rczx} < C]{B w(z)da.
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Moreover, when r = co, a nonnegative locally integrable function w is said to belong
to the reverse Holder class RH,(R™), if there exists a positive constant C' such that,
for all balls B C R™ and almost every x € B,

w(z) < C]{3 w(y)dy.

Let w € Ax(R™) and p € (0,00). The weighted Lebesgue space LE,(R™) is
defined to be the space of all measurable functions f such that

1/p
11l 2, ey == {/R" \f(a:)\pw(a:)da:} < 0.

We recall some properties of the Muckenhoupt classes and the reverse Holder
classes in the following two lemmas (see, for example, [20] for the proofs).

Lemma 2.1. (i) A;(R") C A,(R™) C A4(R") for 1 <p < q < 0.
(i) RHoo(R™) € RH,(R™) C RH,(R™) for 1 < p < q < .
(iii) If w € Ap(R™) with p € (1,00), then there exists q € (1,p) such that w €
Aq(R™).
(iii) If w € RHG(R™) with ¢ € (1,00), then there exists p € (q,00) such that
w € RH,(R™).
() Aso(R") = Upe1,00)Ap(R") = Upe (1,00 RHp(R™).

Lemma 2.2. Let g € [1,00) and r € (1, 00]. Suppose thatw € Ay(R")NRH,(R").

Then there exists a constant C' € (1,00) such that, for all balls B C R™ and any

measurable subset E of B, C_l(%)q < % < C’(%)r;—l

In what follows, for any given w € Ao (R™), let
22) qu :=1inf{g € [1,00) : w e Ay(R™)} and
2.2
rw :=sup{r € (1,00]: we€ RH.(R")}.

We remark that if ¢, € (1,00), then by Lemma 2.1(iii), we conclude that w ¢
Ag, (R™). Moreover, there exists w ¢ A;(R™) such that ¢,, = 1 (see, for example,
[36]). Similarly, if r,, € (1, 00), then w ¢ RH,, (R™) and there exists w ¢ RHo(R")
such that r,, = oo (see, for example, [16]).

2.2. Weighted tent spaces

For simplicity, in what follows we write R’/*! instead of R x (0, 00). For any
given x € R", we let

I(z):={(y,t) e RT: |z —y| <t}
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For any closed set F' C R", we set R(F) := Uzerl'(x). If O is an open subset of
R™, the tent over O is defined by O := {(z,t) € R dist(z, 0% > t}. 1t is casy
to verify that O = [R(O®)]C.

Let F' C R" be a closed set and O := R"™\ F. For any fixed v € (0, 1), the set of
points with global «y-density with respect to F' is defined by

|B(x,r) O F]

(2.3) F* .= {a: e R": Bl )]

>~ forallre (0,00)}.

The following result is taken from [13, Lemma 2] which is used in the sequel.

Lemma 2.3. There exist positive constants v € (0,1) and C(v) so that, for any
closed set F C R™ with \FC\ < o0 and any nonnegative measurable function H on

R,
/ H(y, t)t"dydt < C’(’y)/ {/ H(y,t)dydt} dx.
R(F*) F | Jr@)

For all measurable functions f on ]R:?Ll and z € R", let

1/2
Af) () = { / ( )\f(y,t>\2if+d1t} .

For p € (0,00) and w € A (R"), the tent space ThH(R';t) is defined to be the
space of all measurable functions f such that || f||7pgny := [[A(f)]l 5, @ny < 00

Notice that the weighted tent space Tﬁ(R:ﬁ“) can be considered as an extension
of those in [13] when w = 1. In this case, we write 7?(R":™") instead of Th(R'/*1).
For the tent space Tﬁ(RT’l), we have the following simple observation, which is used
in what follows.

Remark 2.4. (i) If supp f C B for some ball B C R”", then supp A(f) C B.
(i1) If f is a measurable function on R:ﬁ“ supported in a compact set K, then there
exists a positive constant C(K, p, w), depending on K, p and w, such that

/K |f (2, 0)Pdz dt < C(K, p, w)[|A) 122, gny-

For the tent space T9(R'/*!) with ¢ € (1, 00), we have the following conclusion,
which is just [13, Theorem 2].

Theorem 2.5. Let g € (1,00). Then, the dual of T9(R") is T (R, More

precisely, the pairing (f, g) := [pn+1 f(z,t)g(x, ) dﬁdt, realizes T (R:‘[H) as equiv-
+

alent with the dual of T9(R'™).
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Let p € (0,1] and w € A (R™). A measurable function a on R is called a
(w, p, 0o)-atom if there exists a ball B C R", such that

(i) suppa C E;
(ii) for any ¢ € (1, 00),

1 1
(2.4) HaHTq(Ri“) <|Ble[w(B)] »

It is worth noticing that any (w, p, oo)-atom belongs to Tﬁ(R:ﬁ“). Indeed, since
w € Ax(R™), there exists ¢ € (1, 00) such that w € RHy(R") and pg > 1. Then, by
Remark 2.4 and Holder’s inequality, we know that

p/2 1/p

dy dt |
— 2
A@lizy = [ | [ o 0P| v

- Pq —

L[ o] ae” {fpoore}

< al | B|o7 77 [w(B)]/?
~lla TPa(RYT) w

1 1

< Bl [w(B)] P\ Bl #[w(B)]VP S 1.

An important result concerning weighted tent spaces is that each function in 1%, (Rﬁ“)
has an atomic decomposition. More precisely, we have the following result.

Theorem 2.6. Let p € (0,1], w € Ao(R") and F € TH(R'IHY). Then, there exist
a sequence of (w, p, 0o)-atoms, {a;};, and a sequence of numbers, {\;}; C C, such
that

(2.5) F=> Xa;

J
almost everywhere. Moreover, there exists a positive constant C such that, for all
F e THRTH,

1/p

(2.6) DN < ClIFllppgnsy
J

Furthermore, if F € Th(R"T1) N T2(R'), then the series in (2.5) converges in
both TH(R'TT) and T*(R'}H).
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Proof.  We exploit some ideas from [13] to our situation (see also [29, &, 35]).

Let v be as in Lemma 2.3. For each k € Z, let B := {x € R" : A(F)(x) > 2F}
and Q= {z € R" : M(xg,)(z) > 1—~}, where M denotes the standard Hardy-
Littlewood maximal function on R™, namely, for all z € R",

where the supremum is taken over all balls B > x. Then, Ej; C € and, it follows,
from the fact that M is of weak type (1, 1), that || < |E%| for all k& € Z, which,
together with w € A (R™) and Lemmas 2.1(v) and 2.2, implies that

2.7) w(Q) S w(Ey).

Moreover, it can be showed that supp F' C Ukezﬁk.

For each k, due to the Whitney covering lemma (see, for example, [14]), we pick
a family {By}; of balls and positive constants 1 < ¢* < ¢** satisfying the following
three conditions:

(i) the family {Ei }; is pairwise disjoint;
(it) Q1 = U;je*Bl;
(iii) ¢ Bl N ()8 # 0.
Taking ¢y := 4c** and setting Bi = cléi, then we have ﬁk \ §k+1 C Uin with
Al := Bl N ("Bl x (0,00)) N (s \ Qpes1)-
Define aj := 2D [w(B])]"V/PFy a7 and X, = 20D [w(B])]/P. Then F =
>k, j 1.0y, almost everywhere.
For any given ¢ € (1,00), let h € T9 (R"™) satisfying HhHTq/(RT‘l) = 1. Notice
that A} C (Qp41)® = R(F},,), where Fyi1 := (Eg:1)® and Fy,, is as in (2.3).

Then, thanks to Lemma 2.3, Holder’s inequality and supp .A(aj,) C Bj,, we conclude
that

ag )l < | A(afxa ) (v, Gy, D)
/R++ < k‘)

<
Fk+1 F(l’)

< 2w (B { /

which implies that, for any given ¢ € (1, c0), HG,Z:HT(](R:L_-QJ) < ‘Bi‘l/Q[w(Bi)]—l/p_

dydt
t

; dy dt ;
A, Oy, )| Girdr S | Ala]) @) Ah) ()
k+1

j
+1NBy,

1/q
\A(F)(x)\qu} S B hw(B) T,

As a consequence, we see that ai is a multiple of a (w, p, co)-atom.
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Furthermore, from the definition of /\i and Lemma 2.2, we deduce that
SN =Y ot y(B]) <3 ork (B,
k,j k.j k.j
By this, the above properties (i) and (ii), and (2.7), we know that

Z ‘/\i‘p < ng(kﬂ)w(gk) < ng(k+1)w(Ek>
k,j k k
S ZQp(k‘H)w ({x eR": A(F)(z) > 2'“})
k

S HA(F>H][)12)(R7L ~ HFHTP(R:L_-QJ)

Moreover, similar to the proof of [35, Proposition 3.1], we further know that, if
F e THRT) N T?(R™M), then (2.5) holds true in both TH (R ™) and T2(R'/H).
This finishes the proof of Theorem 2.6. |

Let T&c(RﬁJ’l) and T¢ (RTLI) denote, respectively, the sets of all functions in
TH(R™) and TI(R™) with compact support, where p, q € (0, 00). The following
result plays an important role in the sequel.

Lemma 2.7. Let w € Aoo(R™) and p € (0,1]. Then, Th (R'M1) c T2(RTH) as
sets.

Proof.  We first observe that [13, (1.3)] says that
(2.8) TIRYT) € THRY)

holds for all ¢ € (0,00). Since w € Ax(R™), we can pick » € (0,p) such that
w e Ap/r( )
Let f € T, C(R:ﬁ“) with supp f C K for some compact set K. Assume that B is

the ball satisfying K C B. Then it follows, from Lemma 2.4(i), that supp A(f) C B.
Thus, by this, Holder’s inequality, w € A, /.(R™) and (2.1), we see that

1 0oy = IACS HU(R” - [ 1)@ i
- [ 1@ w(x)]f/p[w@)] s

{/ JA(f) () [P )dx}r/p{/B[w(@](_r/p)(p/rydx}ﬁ

< o0,

S Az 2 [ (B)] /P

which, together with (2.8), implies that 7% .(R"™) ¢ T7(R) < T2(R’*). This
finishes the proof of Lemma 2.7. ]
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3. WEIGHTED HARDY SPACES ASSOCIATED WITH OPERATORS

In this section, we introduce the weighted Hardy space H Zw(R”) via the Lusin
area function associated with the operator L and then establish its atomic and molecular
characterizations.

Throughout the whole paper, we always suppose that the considered operator L
satisfies the following assumptions:

Assumption (H1). L is a non-negative self-adjoint operator on L*(R™).

Assumption (H2). There exists a constant pr, € [1,2) so that the semigroup
{e7tL} =0 satisfies the reinforced (pr,p;) off-diagonal estimates, namely, for all
r, q € (prL,p}) with r < q, there exist two positive constants C' and ¢ such that

_n [d(E,F)]?

1_1y
3.1) e fllpagry < Ot 20" De™ || £l ey

holds true for every closed sets E, FF C R", t € (0,00), f € L"(E) and supp f C E,
. 1/r
where d(E, F) :=inf{|z—y|: x € E,y € F} and || f||~g) := {[p|f(x)|" dzx} m

Remark 3.1. The notion of the off-diagonal estimates (or the so called Davies-
Gaffney estimates) of the semigroup {e~*},~¢ are first introduced by Gaffney [27]
and Davies [19], which serves as good substitutes of the Gaussian upper bound of the
associated heat kernel; see also [6, 3] and their references. The reinforced off-diagonal
estimate requires that the off-diagonal estimates hold for all the associated exponents
p and ¢ in some interval of [1, oo], which are stronger than the off-diagonal estimates.
We also point out that an assumption similar to the reinforced off-diagonal estimate
which required the off-diagonal estimates satisfied for all p, ¢ € (p—(L), p+ (L)) with
p < g has also been given out in [10]. More precisely, let (p— (L), p+(L)) be the range
of exponents p € [1, co] such that the semigroup {e~**};~¢ is bounded on LP(R™).
Then [10, Assumption (£)4] required that for all p_ (L) < p < q < p4 (L), {e " }1=0

) ) _Q(l_l) _[d(E,F)]2 _&(l_l) _d(E7F)2k/(2k—1)
satisfies (3.1) with¢ 2'» d’e ct  replaced byt 2¢'‘p d’e etl/h=1) “where

k € N.

According to [5], we define

H*R") := H?(R") := R(L) := {Lu € L2(R") : uc D(L)},

where D(L) is the domain of L.

It is well known that L?(R") = H%(R") ® N (L), where N'(L) denotes the kernel
of L, and the summation is orthogonal. Moreover, it was proved in [30] that in our
situation H2(R") = L2(R").



1138 The Anh Bui, Jun Cao, Luong Dang Ky, Dachun Yang and Sibei Yang

For all f € L2(R"™) and = € R", the Lusin area function Sp(f) of f is defined by

) 1/2
SL7)() = { L el dyd’f}

tn—f—l
For the Lusin area function Sz, we have the following useful result.

Proposition 3.2. The operator Sy, initially defined on L?(R™), can be extended
to a bounded operator on LY(R™) for all q € (pr,p’), where pr, is as in (3.1).

Proof.  The proof is similar to that for vertical square function in [1]. Hence, we
omit the details here. ]

Now we introduce the weighted Hardy space H?’ %}(R") associated with L, via the
Lusin area function Sy.

Definition 3.3. Let w € A (R"), p € (0,1] and ¢ € (pr,p}), where py, is
as in (3.1). The weighted Hardy space H}'? (R") is defined as the completion of

{f € LYR") : Sp(f) € Liy(R™)} in the norm HfHHf:fU(R") 1= [|SL() Lz, @ny < 00
For the weighted Hardy space H}'? (R™), we have the following result.

Theorem 3.4. Letp € (0, 1] and w € RH(p/L/p)/(]R”), where py, is as in (3.1). Then

Hfi}(R”) and HY? (R™) coincide with equivalent norms, whenever s € (pr, p’;).

The proof of Theorem 3.4 is given in Subsection 3.2 below.

It is worth pointing out that Theorem 3.4 enables us to define the space H 5 »R™),
for p € (0,1] and w € RHy, s, (R™), to be any one of the spaces H'7 (R") for
q € (pL,pL)-

3.1. Atomic and molecular characterizations of H7 (R"™)

In this subsection, we establish the atomic and molecular characterizations of
Hiw(R”). We begin with the notions of (p, ¢, M, w)-atoms and (p, ¢, M, w, €)-
molecules associated with the operator L.

Definition 3.5. Let w € A (R™), p € (0,1}, ¢ € (0,00) and M € N. A function
a € LY(R") is called a (p, ¢, M, w)-atom associated with the operator L if there exists
a function b € D(LM), the domain of L™, and a ball B C R™ such that

(i) a = LMp,
(i) suppL*b C B, k€ {0, ..., M};
(i) (38 oy < P2 BIVIL(B) 12, K € {0, ..., M},
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We remark that the above definition of L-adapted atom is rather standard, which first
appeared in [30] in the unweighted case and [42] in the weighted case. Now, let f be

a function on R”, f is said to belong to the set H%ﬂfft (R™) if it can be written as

(32) f=2_Naj,
j=1

where {/\j}]‘?‘;l € (P, each a; is a (p, ¢, M, w)-atom, and the summation converges
in L"(R™) for some r € (pr,p}). The space Hf’fuj\;[t (R™) is then defined as the

completion of H%%f\;[t (R™) in the norm

1/p

x x
HfHH];j,q,Mt (®Rn) = inf Z ‘/\j‘p = Z Ajaj o,
s j=1 j=1

where the infimum is taken over all decompositions of f as in (3.2).

Definition 3.6. Let w € A(R™), p € (0,1], M € N, € € (0,00) and ¢ € (0, 00).
A function m € L(R") is called a (p, q, M, w, €)-molecule associated with the
operator L, if there exists a function b € D(LM) and a ball B C R” such that
(i) m = LMbp;
(i) 1(rZL)kb]| Lags; By < 2779r2M (20 B|Y9[w(2/B)] 717,k € {0, ..., M} and
j € Z+.
Moreover, the space H?*% ¢ (R™) is defined as Hf’%;M (R™) with (p, q, M, w)-

L, w, mol at
atoms replaced by (p, ¢, M, w, €)-molecules.

For (p, ¢, M, w)-atoms and (p, q, M, w, €)-molecules, we have the following ob-
servation.

Remark 3.7. (i) If ¢1, g2 € (r),, 00) with g1 > g2, then any (p, ¢1, M, w)-atom
is also a (p, g2, M, w)-atom.

(ii) Let p, ¢, M, w and € be as in Definition 3.6. If a is a (p, ¢, M, w)-atom
related to the ball B, then it is also a (p, ¢, M, w, €)-molecule related to the same ball
B.

We are ready to state the main results of this section.

Theorem 3.8. Let p € (0,1] and w € RHy /,)(R"), where py, is as in (3.1).
Then, the spaces Hj , (R") = Hf?v]\ft (R™) with equivalent norms whenever q €
2,00) N (priy, py) and M € N with M > (L — 1), where q,, and r,, are as in

(2.2). Furthermore, in this case, the series in (3.2) converges in Hiw(]R”).
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Theorem 3.9. Let p, w, ¢ and M be as in Theorem 3.8 and € € (n,00). Then,

the spaces H , (R") = Hﬁ?u]fl(i (R™) with equivalent norms.

The proofs of Theorems 3.8 and 3.9 are given in Subsection 3.2 below.

Remark 3.10. Observe that when the operator L has the kernel p; satisfying the
Gaussian upper bound estimate or, equivalently, p}, = oo, the condition of the weights
w in Theorem 3.8 is just w € A (R™). This answers the question mentioned in the
introduction.

3.2. Proofs of Theorems 3.4, 3.8 and 3.9

In this subsection, we give the proofs of Theorems 3.4, 3.8 and 3.9. Before going
into details, we need to recall some notation and results from [30]. Let KCOS( V) be
the integral kernel of the operator cos(t\/f). By [30, Proposition 3.4] (see also [18]
and related references), we know that there exists a positive constant ¢y such that

(3.3) supp Ko7y C Dr = {(z,y) e R" x R": |z —y| < ¢ot}.
We now recall a useful result which is just [30, Lemma 3.5].

Lemma 3.11. Let ¢ € C2°(R) be even and supp ¢ C (—cy*,cyt), where cq is as
in (3.3). Let ® denote the Fourier transform of w. Then, for all k € N and t € (0, c0),

supp K 2 ykgry) © {(2,9) €R® XR™ 2 [z —y[ <t}

Moreover, the following lemma gives self-improving properties of the reinforced
(pr,p}) off-diagonal estimates.

Lemma 3.12. Let L satisfy Assumptions (H1) and (H2), and pr, be as in (3.1).
Then, for every k € N, the family {(tL)*e =L}~ also satisfies the reinforced (pr,, ;)
off-diagonal estimates.

Proof.  The proof of this lemma is very standard. However, for the completeness,
we sketch its proof here.

Fix § € (0, 7/2). By the Cauchy integral formula, it suffices to show that there exist
positive constants C' and ¢ such that, for all closed sets F and F' of R", pp, < r < ¢ <
pr, f€L'(E)with supp f C E, t € (0,00) and z € Sg:={z € C: |argz| < 0},

[d(E, F)]”

cl2]

_nel_ 1
(3.4) le™E fllagry < Cl2| 2674 exp {— } £l ()-

Notice that if (3.4) holds for such r and ¢, (3.4) also holds for 7 < ¢ with p;, <
r <7 <q<q<p}. Hence, we need only to prove (3.4) for r <2 < .
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We now assume that z = 2s + it with s € (0,00) and ¢t € R. Then by z € Sp,

we conclude that s =~ |z|. Moreover, it is easy to see that e *L' = e=sLe~ile=sE,

Therefore, the reinforced (pr,p’) off-diagonal property of {e~*L};~( gives that, for
all v, ¢ € (pr,p}) with r < g,

le™ Fllary = e e e fll agr)

< e 2mpalle™™ Nl 22 le™ Fll 2y

_n(l 1y _n d(E, F)]?
< 8@ 3G exp{_M} £ i)
cs
_n(l_1 d(E, F)]?
S A5 e { - 11,
clz|
which proves (3.4), and hence completes the proof of Lemma 3.12. ]

In what follows, denote by f € L%(R":™") the set of all functions in L*(R": )
with compact support. Let ® be as in Lemma 3.11. Then, for all f € Lz(Rﬁ‘H) and
x € R", define

dt
t?

e, 1,m(f)(@) == C<I>7M/Ooo(tZL)M“‘I’(t\/f)(f(nt))(flf)
where cg a7 1s a constant such that

> 2(M+1) o 2 dl
1 =C<1>7M t ‘I’(t)t e ?
0

For any N € N, let
Oy := {(z,t) eRY: [z < Nand N"' <t < N}.

Then, by the L2(R™)-functional calculus associated with L (see, for example, [39]),
we see that, for all f € L?(R") and = € R",

f(z) = mo.1. 01 (t2Le—t"’L f) ()

(3.5) = co.m /O T (RL)M (VT ((Pref) (1) (a:)%
= Jlim co (LMD () (G I (a:)%,
0

where the integral converges in L2(R").
To prove Theorems 3.4, 3.8 and 3.9, we need the following key lemmas.

Lemma 3.13. Let p, w, q, M be as in Theorem 3.8 and € as in Theorem 3.9. Then,
there exists a positive constant C' such that
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Sc(a)lz,@ny < C;
(M)l gz mny <

(l> fOl" every (p7 q, M7 U))-

(ii) for every (p, q, M, w, €)
C.

Proof. (i) By the hypothesis of p, w and ¢, we know that w € RH(q/p)/(]R”).
Let a be a (p, ¢, M, w)-atom related to the ball B. Then we have

HSL HLP(R" Z/ ‘SL ‘pw = ZI]

J=

When j € {0, 1, 2}, by Holder’s inequality, Proposition 3.2, w € RH 4/, (R")
and Lemma 2.2, we see that

(a/p)’
L < 152al { / RCCIE da:} < 12 B[00 B)|all o
J

S 2B 1w (27 B)|BIP [w(B)] ! S 1.
When j € N with j > 3, from Holder’s inequality and w € RH(4/,,(R"), it

follows that
p (a/p) w
L < [1S0(@)|P s / ()] @ da
25\ Js oy

S HSL(a>Hiq(sj(B))‘QjB‘_p/qw(QjB).

To estimate HSL(a)Hiq(Sj(B)), we write

"SL(C’J)HCII,q(S].(B))
/2

q
0 2
Ll L ot
S;(B) 0 dewep) | JB(a,t) t
d(acacB) Q/2
_ 2 dydt
{20)MH1e—t"Ly, Y)| —— dx
/m{ [, len [

00 q/2
+/ / / O R | PR ) P
S;(B) { 2erp) ) B(a,t) } ! !

where b satisfies a = LMb. Let Fj(B) :== {y € R" : |2 — y\ < d(m’ 5) for some
x € Sj(B)}. Then d(B, Fj(B)) > 2/~?rg. By M > 5 (1 — 1) and the definition of

quw, we know that there exists ¢ € (gu, 00) such that w € Az(R™) and M > (— - 3).

d(z,zp)
1
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Moreover, by Assumption (H2) and Holder’s inequality, together with Lemma 2.2, we
conclude that

2rs (2 >M+1 27 ( )2 dydt uz
11, g/ / / ’ t°L e " by ’ —_— dx
P s (Do I b

Sl [ 4 v oot dyar |
S e ct? —_— T
L2(B) | @ | Jo fntAM1

J

2irg " nHAMA1 - g q/2
2qM 2 - Y
S 1B lw(B)] "“’/S.(B){/O <2j7“B) ganirn (0
J

< MBI w(B)] |2 B|(2Ir) M 27 B 0/
< 9—ja(2M+n/2— n‘I/p)‘QjB‘[w(QjB>]_Q/p.

Similarly, for the term III;, we have

m, < [ { Lk
S](B) 2i=3rp n
o0 dt q/2
b — d
Sl [ AL, )

< 977(2M+n/2=nd/p) |97 B [1y(27 B)]~V/P.

» 2 dydt \9?
2L)M+1e=tLp(y) m} dx

Combining the above estimates of II; and III;, by M > &( % — 1), we know that

2 [e’e) [e’)
ISzallfy gy = DL+ L S 14 272l <
- - 2

(ii) The proof of (ii) is similar to that of (i). The main difference is that the support
of the (p, g, M, w, €)-molecule is not the ball B. However, we can overcome this
difficulty by decomposing R™ into annuli associated with the ball B. We omit the
details here. [

Lemma 3.14. Let p, w, g and M be as in Theorem 3.8. Then,

(i) the operator we, 1, m, initially defined on T2(R'y*1), extends to a bounded linear
operator from T?(R") to L*(R™);

(ii) the operator T, 1, M, initially defned on T, C(R:LL'H), extends to a bounded
linear operator from Th(R'T™) to Hp’ W (R™).
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Proof. (i) For the proof of (i), we refer to the proof of [34, Proposition 4.1(i)].
(ii) Let f € T o(R"*!). Then by Lemma 2.7, we know that f € T2(R":""). This,
together Theorem 2.6 and (i), implies that

7oL (f) =Y Aima, 1, (a;)

in L?(R™), where {)\;}; and {a;}; satisfy (2.5) and (2.6), which, together with the
L?(R™)-boundedness of Sy, implies that

o
Sp(ma, . f)(@) <D INISL(Ta, L, m(ay)) (@)
j=1
for almost every x € R™. From this and Lemma 3.13, it follows that, to show (ii), we
only need to prove that 7, 1, a7(a;) is a constant multiple of a (p, g, M, w)-atom for
each j.
Indeed, we have 7¢ 1, a(a;) = LMbj, where
dt
— o [ ENELEEVE) a0 F-
Notice that, for each j, there exists some ball B; such that suppa; C Z?; Therefore,
by Lemma 3.11, we see that supp (L*b;) C B; for all k € {0, ..., M}. Moreover, for
any h € L*(R™) N LY (R™) supported in Bj;, from Holder’s inequality and Theorem
2.5, we deduce that

/.

_,,,B

v, L)bj(x)h(z) da
/ n /O“’a] g, LML (e D)h(y) dy

— / . /0 ML (VL) h(y >dyﬂ

<o [ [ty w eV D) an g

< [ { / laiw ) oy teavDng)| 25 } o

< | Aa)@)SE(h) (@) da

Rn
oM A Gk
S TB. HA(G’]>HLQ(R" ’SL h ’Lq (R™)

1811w (Bp)] VPR ey

where in the last 1nequa11ty, we used the fact that the operator

(3.6) 5 (g) () = { / .

—

tn—f—l

) 1/2
(L) BT (0) ()| 2 dt}
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is bounded on L"(R™) for all r € (pr,, p}) (see Lemma 5.3 below), which implies that

|3, 2y

< iy | BV w(By)] P,

Lq(Rn)
and hence 7o 1, m(a;) is a constant multiple of a (p, ¢, M, w)-atom. This finishes

the proof of Lemma 3.14. ]

Lemma 3.15. Let p and w be as in Theorem 3.8. Then H} (R™) C Hfi}(R”)
whenever s € (pr,p}), where pr, is as in (3.1).
Proof. Lets € (pr,p}) and f € HY? (R™) N L*(R"). Then by the definition of

HP* (R™), we see that 2 Le "L f € ThH(RTH). For each N € Z; and all = € R”,
we define

fN(33> = To, L, M (t2L€_t2LfX57V>
dt

[e.9]
= cor [ (EDMHREVE) ((PLe ) (v, ) (0T
0
By Remark 2.4(ii), we know that t2Le "L fxg, € TP(RY)NTHRY™), which,
together with Lemma 3.14, implies that fy € H fi}(R”) Moreover, it follows, from
£?Le "L f € TH(R™M), that

— 0,
THRYH)

42
152w = Dl S 2L el

as N — oo. This allows us to conclude that H?% (R™) ¢ H?2 (R™). n

Now we prove Theorems 3.4, 3.8 and 3.9 by using Lemmas 3.13, 3.14 and 3.15.

Proofs of Theorems 3.4, 3.8 and 3.9. Thanks to Lemma 3.15, the following three
steps suffice to prove these theorems.

Step 1. Hﬁi(R”) = Hﬁ‘fv]\ft (R™) with equivalent norms.

Step 2. Hﬁi}(R”) C Hﬁ:fﬂ(R")for all s € (pr, 7).

Step 3. Hﬁi(R”) = HP UM (R with equivalent norms.

L, w, mol

Proof of Step 1. We first prove that H fi’uj\;[t (R") C H fi}(R”) and the inclusion
is continuous. Indeed, by their definitions, it is sufficient to show that, for all f =
Y721 Ajaj as in (3.2), where the summation converges in L"(R") for some r €
(pL, 7))
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By the L"(R™)-boundedness of Sz, we see that, for each k£ € N, SL(Z§:1 Ajaj —
F) (@) < 37720511 [Ai]Se(ay)(z) for almost every » € R™, which, together with Lemma

3.13 and f € Hf’%; ot (R™), implies that Z] L Aja; — f € Hfi}(R”) for all k£ € N.
Moreover,

132 gy S 18 g0

and the series Z ", Aja; converges to f in Hp’ »(R™) as k — oo.
Conversely, to prove that H ﬁ’ (R") Cc H f’%; M (R™), by their definitions, it is

sufficient to show that, for any f € L?(R") N Hp’ - (R™),
HfHHi:%th (Rn) S HfHHi:i}(Rn)

Indeed, from the L?(R")-boundedness of Sy, and the definition of H%> o, (R™), it follows
that t2Le "L € T2(R™H) N TH(R™H). Then, by Theorem 2.6, the proof of Lemma

3.14 and (3.5), we see that f = g 1 a(2Le "L f) € Hf”fj; ¢ (R™). Moreover,

1l oy S [[£2L2|

TP Rn+1) ~ Hf”Hi:i}(Rn);

which ends the proof of Step 1.

Proof of Step 2. For any f € L?(R™) N Hf’i(R”), by Step 1, we know that

f= Z Ajag,
j=1

where {A;}jen € /P, a; for each j e Nis a (p, ¢, M, w)-atom for some q € (s,p}),
and the summation converges in H; p,2 2, (R™). From the definition of (p, ¢, M, w)-atoms
and g > s, it follows that, for each Jj €N, ajisalsoa (p, s, M, w)-atom, and hence
Z] 1 Aja; € L3(R") for all N € N, which implies that f € H}'} (R") and hence

Hf:w(R”) C Hy (R™). This finishes the proof of Step 2.

Proof of Step 3. The proof of Step 3 is similar to that of Step 1. We omit the
details here and hence complete the proofs of Theorems 3.4, 3.8 and 3.9. ]

Furthermore, the proofs of Theorems 3.4, 3.8 and 3.9 give the following interesting
conclusion whose proof is similar to that of Step 2. We omit the details here again.

Corollary 3.16. Let L satisfy (H1) and (H2), p € (0,1] and w € RHy, ;,(R™),
where py, is as in (3.1). Then, for all q € (pr,,p},), the space LY(R") N HY  (R™) is
dense in H}  (R™).
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Remark 3.17. Moreover, it is worth pointing out that when L has the kernel
satisfying the Gaussian estimate, Corollary 3.16 implies that L9(R") N H}  (R") is
dense in H}  (R™) whenever w € Ay (R™) and g € (1, 00).

4. SOME APPLICATIONS

In this section, we study the boundedness of some singular integrals on the weighted
Hardy spaces H7  (R™). Before going into details, we need the following result.

Lemma 4.1. Let p € (0,1], ¢ € (pr,pL), w € RH gy (R") and M > 5 (% — ),
where pr, and q,, are, respectively, as in (3.1) and (2.2).

(1) Suppose that T is a linear operator (or nonnegative sublinear operator), which
is bounded on L" (R"™) for some r € (pr,, p’;). If there exists a positive constant C such
that, for all (p, q, M, w)-atoms a, ’TaHLﬁ,(R") < C, then T extends to a bounded
operator from HY  (R™) to L},(R™).

(i) Suppose that T is a linear operator which is bounded on L"(R™) for some
r € (pr, D). If there exists a positive constant C' such that, for all (p, q, M, w)-atoms
a,

ITallpy | vy < C,
then T extends to a bounded operator on H}  (R™).

Since the proof of Lemma 4.1 is quite standard, we omit the details here; see, for
example, [35, Lemma 5.1].

4.1. Spectral multiplier theorem on H}  (R")
Let L satisfy Assumptions (H1) and (H2), and E()) be the spectral resolution of

L. For any bounded Borel function F': [0, 00) — C, by using the spectral theorem, it
is well known that the operator

F(L) = /OOO FO)dE(O)

is well defined and bounded on L?(R™). Let ¢ be a nonnegative C2° function on R
such that
4.1) supp ¢ C (1/4,1) and Zqﬁ(Q_l/\) =1 for all A € (0, c0).
leZ
Then the main result of this subsection is the following conclusion.

Theorem 4.2. Let L be an operator satisfying Assumptions (H1) and (H2), p €
(10, 1] and .w € RH(,{D/L/p)/(R”), where pr, is as in (3.1). Suppose that s € (n(.q?w _
7o), 00) with qy as in (2.2) and ro := max{pry,, 2}. Then for any Borel function F
on R such that sup, ||¢0: F||yyee(m) < 00, where, ¢ is as in (4.1), 6:F(X) := F(t\)
forall t € (0,00) and A € R, and ||F||yamw) = (I — d2/da:2)5/2FHLq(R) with
q € (1,00], the operator F(L) is bounded on Hj ,(R").
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Remark 4.3. Let p, L and F' be as in Theorem 4.2. It was proved in [8, The-
orem 4.9] that the operator F(L ) is bounded on Hj ,(R") for w € Ai(R") N
RHy/9_p)(R"). Moreover, by p} € (2,00), we know that (P, /p) < (2/p) =
2/(2 — p), which, together with (ii) and (v) of Lemma 2.1, implies that A;(R"™) N
RHy)2-p)(R") C RH(y, /p)/(R™). Thus, Theorem 4.2 essentially improves [8, Theo-
rem 4.9].

To prove Theorem 4.2, we need the following technical lemmas.

Lemma 4.4. Let R € (0,00) and F be a bounded Borel function with supp F' C
[R/4, R]. Assume that py, is as in (3.1). Then for any p € (2,p}), there exists a
positive constant C such that, for all balls B C R", f € L?(B) and j € 7.,

1 1
< 27q o0 LAY
[FODI, gy < OB U Nz F i ey

Proof.  For all A € R, let G(\) := ¢**/F*F()). Then by the functional calculus
1
of L, we know that F(v/L) = G(v/L)e” #*. Thus, for all f € L2(B),

2(S;(
_1 _1
= G(\/D ' L‘J(S]'(B))SHG(\/Z>e R2L’L2 La HfHL2(B)
slewn|, [e=" oo
S B2 Gl >HfHLz( ~ RS ey | Fl2)
which completes the proof of Lemma 4.4. ]

Lemma 4.5. Let py, be as in (3.1) and q € [2,p;). Then there exist two positive
constants C' and c such that, for all closed sets E, F C R", f € L*(R") with
suppf C E, and z € C; :={z € C: Rez > 0},

[d(E, F)J?

H _ZLfHLq < O(J2] 0059)__@_%) exp {— o

e} T

where 0 := arg z.

The proof of Lemma 4.5 depends on a Phragmén-Lindelof type theorem (see, for
example, [41, Lemma 6.18]), which extends the estimates for the semigroup on real
times to complex times. For more details, we refer to the proof of (3.8) in [30] and
[19, 7].

Lemma 4.6. Let R, s € (0,00) and q € [2,p), where p; is as in (3.1). For any
€ (0, 00), there exists a positive constant C := C/(e, s), depending on € and s, such
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that, for all balls B := B(zp,rg) C R", j € Nwith j >3, f € L?(B) and bounded
Borel functions F on R supported in [R/4, R],

R"(%—%)
< C—||0pF ||
La(S;(B)) (27rgR)*® lor HWHE

42 |FvDy) ® 128

Proof.  Using the Fourier inversion transform formula and the functional calculus
of L, we have

G(L/RY)e wr = ¢ | e ® LG(r)dr,
R

where the function G is defined by G(-) := [0gF](1/*)e’, ¢ is a positive constant and
G denotes the Fourier transform of G. Thus,

f:C/R@(7'> - ”Lde

Applying Lemma 4.5, we see that, for all f € L?(R") with supp f C Band j € N
with j > 3,
7D

< LIy

I R
<R (z / ’G exp{—c%} dr || fllz2m)

8/2

2] T’BR>

Rn(——— et1)2 1/2
S oWl { [ 1G22}

2 1/2 2 Rn(f%)
of [y df} S g6z, ol i)

Moreover, supp F' C [R/4, R| implies that

lTL ’

SR, [ |60

1G w2 S R F w2

2 1 ® S 2 1 p(®) S H5RFHW§;6+1/2(R),
and hence
RM5-9)
@) PO ) S Gy I @ )
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To replace We° (R) by W2 (R) on the right-hand side of (4.3), we use the

s+e+1/2
interpolation arguments as in [38, 21] (see also [7]). Since the proof is very similar to
that in [21, 1]. We omit details here. This finishes the proof of Lemma 4.6. [

Now we prove Theorem 4.2 by using Lemmas 4.4 through 4.6.

Proof of Theorem 4.2. By Lemma 2.1(iv), we know that there exists ¢ &
[ro,p7) such that w € RH,,,(R") and s > n( — %) Since the condition
sups~g [[16:F |lwee(m) < oo is invariant under the change of variable A VA and
independent of the choice of 7, the H fvw(R")-boundednesses of F(L) and F(\/L) are
equivalent. Thus, instead of proving the H} , (R")-boundedness of F/(L), we show
that F(v/L) is bounded on H 7. (R™). Due to Theorem 3.9, it suffices to prove that

there exists € € (0, o0) such that, for any (p, ¢, 2M, w)-atom a = L*™b with M € N
and M > 3(42 — 1), the function

a:=F(/L)a=LM[F(L)LMb]
is a multiple of a (p, ¢, M, w, €)-molecule associated with the ball B. To this end, it
suffices to prove that, for all kK € Z and [ € {0, ..., M},

@4 | eB PVI)LM < 2 hep3M |28 B 9w (28 B)) .

La(Sk(B))

When k € {0, 1, 2}, by the LI(R")-boundedness of F(v/L) with ¢ € (pr,p})
(see [24]), we know that, for all [ € {0, ..., M},

|o3 0 PV/T) LM

La(S,(B))

< 9 kep2M ok B/ a [y 2k B)~1/P,

<HrL LM’
La(Sy(B))

Now we prove (4.4) for all £k € N with £ > 3. To do this, using the argument as
in [8, 25], we fix a function ¢ € C2°(2,1) such that, for all X € (0, c0),

> (277N =1.

JEZ
Let jo be the smallest integer such that 27075 > 1. Then, for all [ € {0, ..., M}, we
have
(4.5) (rBL)F(VL)b =13 ¢(27VL)F(VL) LM
J=jo

+ry Y 62 VL) LM F(VI)L',

Jj<jo
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where b := LMp,
Let by := L'*Mp, by := L'b and

F(\)p(279)), J = Jjos
FN)@NMe(277X),  j < jo-
Then, by Holder’s inequality and the definitions of b; and b2, we see that
o1l z2(my < 2BV [w(B)] 7P and [|ba| 2y < 5BV A [w(B)] 7P

Moreover, we can rewrite (4.5) as follows:

4.6) (rBL)F(VL)b =13 > Fj(VL)by + 352%™ N~ F;(VL)by,

Jj=Jjo Jj<jo

which implies that, for all £ € N with k£ > 3,

2 ) F L~’

H(TB )'F(VD)Y La(Sk(B))

< 2 ’F\/Zb’ 4 p2l92iM ’F\/fb’ .
Bg;; (/D misem) P ]%:0 /N La(Si(B))

Take 5 € (n[%> — %], s) and € € (0,5 —n[i2 — %]) By the definition of ¢,,, we know
that there exists ¢ € (g, 00) such that's > n[%— %], €< Zs*—n[g— %] and w € Az(R™).
We first estimate HFj(\/Z>b1HLq(Sk(B)) for all j > jo. Since supp F; C [R/4, R] with
R := 27, from Lemma 4.6, it follows that, for all £ € N with k > 3,

|7 (v

| La(Si(8)
< MYD by | 12 (2
S gt T T ) T B2 w(B)) VP | 0695 F llyoo )

< B2y B o[ (B)] VP (27 )/,

. T |6 R
(4.7) ) 102 F e ey

which implies that, for all £ € N with £ > 3,

< 2—k‘§,,,2M B 1/q w(B —1/p
~ B

HlLa(su(m))

(4.8) SQ_k(S+___ 2M‘2kB‘1/q[ (2k3>]_1/p

< 27kep2M ok BIL/a [y (2k B)) 1/,
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For j € Z with j < jg, repeating the argument above, we see that, for all k € N
with k& > 3,

M S | F(VEbs|
J<Jo
S Y 2R (@I M OO Bl s (B)] P
J<Jo
S 27k B i (B)) P

ng

< 27 M 2 B 9w (28 B)) P
S 27 hrgM 2k Bl afw(25B)] 1,

La(5k(B))

which, together with (4.6) and (4.8), implies that (4.4) holds true for all £ € N with
k > 3. Thus, a := F(v/L)a is a multiple of a (p, g, w, €)-molecule, which completes
the proof of Theorem 4.2. ]

4.2. Square functions

Let L satisfy Assumptions (H1) and (H2), and & € N. For all functions f €
L%(R™) and = € R", define the square function Gy, 1, by

“9) Gruln@ ={ [ @nre ] %}/

It is well known that for every k € N, G, 1, is bounded on LP(R™) for all p € (pr, p})
(see, for example, [1]).
The main result of this subsection is the following.

Theorem 4.7. Let L satisfy Assumptions (H1) and (H2), and k € N. Then, for
any p € (0,1] and w € RH(p/L/p)/(]R”), where pr, is as in (3.1), Gy, 1, is bounded from
HY (R™) into L7, (R™).

Proof. Let T' := G}, 1. By [32, Theorem 3.3], we know that, for any closed
subsets £, F C R" with d(E,F) > 0, f € L?(F) with suppf C E, M € N and
t € (0,00),

; M
1T = e )M f |l oy S {W} 1f1L2(E)

and . M
|ITELe )M f |l oy S {W} 1/l L2(m)-

From Assumptions (H1) and (H2), we deduce that, for any ¢ € [2, p’), (I —e tL)M
and (tLe**)M are bounded on L4(R™). Thus, T(I — e )M and T(tLe **)M are
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also bounded on L?(R"™) for all ¢ € [2,p)). This, together with the interpolation,
implies that, for all closed sets F, FF C R" with d(E,F) > 0, f € L"(FE) with
supp f C E and r € [2,p}), and t € (0, 00),

M
(4.10) | T(1 — e )My () S {m} £l -2y

and

(4.11) |T(tLe )M f|

t M
Lr(F) S {W} £l ()

It is worth pointing out that the exponents of WE P2 E 2 in (4.10) and (4.11) may not be
equal. However, without loss of generality, for 51mp11c1ty, we may assume that these
two exponents are equal.

By Lemma 2.1(iv), we see that there exists ¢ € [2, p7) such that w € RH g/ (R™).
To end the proof of Theorem 4.7, due to Lemma 4.1, we need to prove that, for all
(p, g, M, w)-atoms a with M € N and M > 5(%2 — 9, 1T (a a)lle @ny S 1-

Let a be a (p, ¢, M, w)-atom associated W1th a ball B := B(zp,rp). We write

M
ITall%y 2, g/]W’T([I_eT"’BL} a) ()

v
where a = LMb.

The remainder of the proof is standard; see, for example, [8, 32]. For the sake of
completeness, we sketch the proof here.

For the term I, by Holder’s inequality and the fact that w € RH (g, (R"), we
conclude that

pw(a:) dx

T ([I . eﬁBL)M} LMb> () ’p w(z) de = T+ 11,

o0 M P
I< Z/ T <[I — eT%L} a) ()| w(x)dzx
(4.12) k=07 5k (B)
. = T
T <[I - eT%L} a) |28 B|~1/Pw(2¥B) = Zlk
L9(Sk(B))

When k € {0, 1, 2}, from the L9(R")-boundedness of T'(I — ¢"5-)™ and Lemma
2.2, it follows that

4.13) L < llallf,(p)|2"BI~9Pw(2"B) < |BIP/*lw(B)) 28 B|~/Pw(2*B) < 1

By M > 3(4 — %) and the definition of ¢, we know that there exists ¢ € (g, 00)
such that w € Az(R") and M > % (———) When k£ € N and k& > 3, by (4.10), we
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see that
M

T ([1 —erbt] ) < 9] oy < 272MH B[ (B)] VP,

La(Sy(B))

which, together with Lemma 2.2, implies that

I, < 272MPk| BIP/9[yy(B)] 1 2F B| 7P/ 9w(28 B) < 27 F(Mpnp/a—ng)

From this, the fact that M > (— - —) (4.12) and (4.13), it follows that T < >~7° ( Tp, <
1.
For the term II, the same argument as above gives

< % [ (1= = e L) |

Lq(Sk

\QkB\_p/qw(QkB) = > 00 o 1.
Moreover, we have

M
2 2
T — (I_erBL>M _ § :Cle l?"BL’
=1

where ¢; = (— 1)l+1m Therefore,

11,
< sup HT@ LMy, ] \sz\—p/qw(QkB)
1<I<M La(S,(B
l M
< <su<p T(Mr%Le_ﬁﬁBL) (rx2L HMLMy |28 B| 7P/ (28 B).
s LI(S(B))

At this point, by the same argument as in the estimate I, we also conclude that IT < 1,
which completes the proof of Theorem 4.7. ]

Remark 4.8. Let p, L and G, 1, be as in Theorem 4.7. It was proved in [45, Theo-
rem 6. 3] that G 1, is bounded from H} ,(R") to Liy(R™) when w € RHy (5, (R™).
From p/; € (2, oo) it follows that (pL/p) (2/p)" =2/(2—p) and hence RHy/(>_p)
(R") C RHy, /py(R"). Thus, Theorem 4.7 improves [45, Theorem 6.3] when p, L
and G'1, 1, are as in Theorem 4.7.

4.3. Riesz transforms associated with Schriodinger operators
Let L := —A 4V, where —A := — Z?Zl 6‘9—; is the Laplace operator on R" and
j
0<VelLl (R").
It is well known that the kernels {p; }¢~0 associated with the semigroup {e =%}~

satisfy the Gaussian upper bounds estimates, namely, for almost every xz, y € R" and
all t € (0, c0),

1 |z y‘2
0< < — - .
_pt(xay> = (47Tt>n/2 exp{ At
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It is easy to see that L satisfies Assumptions (H1) and (H2) with p;, = 1.
We consider the Riesz transform associated with L defined by

1 > dt
e ::—/ Vet f—
=amh Y

for all f € L?(R™). It was proved in [17] that the Riesz transform VL ~1/2 is bounded
on L*(R") and of weak type (1,1). Thus, by interpolation, VL~/? is bounded
on LP(R™) for all p € (1,2]. Moreover, if V € A, (R™), then there exists some
po € (2, 00) such that VL~'/2 is bounded on LP(R™) for all p € (1, po); see [2].

In this subsection, we concern the boundedness of VL ~1/2 on the weighted Hardy
space I fvw(R”). Our first main results are formulated by the following theorem.

Theorem 4.9. Let L := —A+V, where 0 <V € Ll _(R™). Assume that VL~'/2
is bounded on L"(R™) for all v € (1,pg) with some py € (2,00). Then, for any
p € (0,1] and w € RH,, ;) (R™), VL™Y/2 is bounded from HY  (R") into L},(R™).

Remark 4.10. In comparison with the results in [8, 45], the range of weights
w in Theorem 4.9 is larger than those in [8, Theorem 4.1] and [45, Theorem 7.11].
More precisely, let p and L be as in Theorem 4.9. It was proved, respectively, in
[8, Theorem 4.1] and [45, Theorem 7.11] that the operator VL /2 is bounded from
Hiw(Rn) to L%(Rn> for w € Al(Rn> N RHQ/(Q_p)(Rn> and w € RHQ/(Q_p)(Rn>.
From the assumption py € (2, 00), we deduce that (po/p)’ < (2/p)’ = 2/(2 — p) and
hence Al(Rn> N RHQ/(Q_p)(Rn> - RHQ/(Q_p)(Rn> - RH(pO/p)/(Rn>.

Proof of Theorem 4.9. By an argument similar to that of Theorem 4.7, it is
sufficient to show that, for any p € (1,po), M € N, all closed sets E, F' C R" with
d(E,F) >0, f € L>*(R™) with supp f C E, and ¢ € (0,00),

; M
(4.14) HVL_U2 = e_tL)M f’ ) < {W} I fllze ()
and

—1/2 —tL\M t M
(4.15) HVL (tLe™™) f’ () N {W} 1Nl e ()-

It is well known that, for any M € N, all closed sets E, ' C R" and ¢ € (0, c0),

HVL_I/Q(I . e—tL)Mf’

t M
<J_ "
L2(F) ~ {[d(E,F>]2} HfHL2(E)
and

HVL—1/2(tL€—tL>Mf’

¢ M
v S {W} I7lz2c2)
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(see, for example, [32, 8]).

From w € RHy, /,)(R"™) and Lemma 2.1(iv), it follows that there exists ¢ € (1, po)
such that w € RH(,,)(R™). Moreover, by the assumption that VL~'/2 is bounded
on L"(R™) for all » € (1,pg), we know that VL~'/2 is bounded on L?(R"), which,
together with the facts that (I — e~*)™ and (tLe *L)™ are bounded on L"(R") for
all 7 € (1, 00), implies that VL~V2(I — e )M and VL~Y/2(tLe **)M are bounded
on LI(R™). At this stage, using the interpolation, we see that (4.14) and (4.15) hold
true. This finishes the proof of Theorem 4.9. ]

Before going into the next result, we would like to recall the classical weighted
Hardy space HI,(R™). In what follows, we denote by S(R") the space of all Schwartz
functions and by S'(R™) its dual space (namely, the space of all tempered distribu-
tions). Let » € S(R™) be a non-zero function satisfying the following properties:

Jgn ¥(x) dz =0 and N
| Jpesf 5 =1
0

for all £ # 0. For all x € R™ and ¢t € (0,00), let ¢4(z) := t~"¢(z/t). For all
f € S'(R™) and « € R", define the Lusin area function Sy(f) by

1/2
Sy(f)(@) := {/F( )wt*f(y)\ Ctlfff} .

Then for p € (0,1] and w € A (R™), an f € S'(R™) is said to belong to the
weighted Hardy space Hiy,(R"), if Sy (f) € Liy(R"); moreover, define || f| o rn) :=

1Sy ()l £t @)
It is interesting that the weighted Hardy spaces HY,(R™) can be characterized in

terms of weighted atoms. Let us review the definition of (w, p, g, s)-atoms.

Definition 4.11. Let p € (0, 1], ¢ € [1, 00] with ¢ > p and w € A,(R"). Assume
that s € Z satisfies s > [n(q,/p—1)], where gy, is as in (2.2). A function a is called
a (w, p, q, s)-atom associated with the ball B, if the following hold:

(i) suppa C B;
(i) [lall g ey < [uo(BY]Y5V;
(iii) for all v € Z7 with |a| < s, fRn a(z)z® dz = 0.

The atomic weighted Hardy space HI*°(R™) is defined to be the space of all
f € S'(R") satisfying that f = >, Aja; in S'(R"), where {\;}; C C satisfies
>_;[Aj[P < oo and {a;}; is a sequence of (w, p, g, s)-atoms; moreover, the norm of
f is defined by || f|| gz, 5 gy == Inf{(3_; |A;[P)1/P}, where the infimum is taken over
all possible decompositions of f as above.
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Recall that for the classical weighted Hardy space HE,(R™), we have the following
atomic characterization (see, for example, [28]).

Lemma 4.12. Let p, q, s and w be as in Definition 4.11. Then the spaces H,(R™)
and HE; P °(R™) coincide with equivalent norms.

Now we state another main result of this subsection.

Theorem 4.13. Let L := —A + V, where 0 < V € L. (R"). Assume that

loc

VL2 is bounded on L™ (R™) for all v € (1,pg) with some py € (2,00). Then,
forany p € (15,1] and w € Ay (R™) N RH /4,y (R™) with any qo € [1, p—(njl)),

VL~Y2 is bounded from HY  (R") into HE(R™).

Remark 4.14. Let L be as in Theorem 4.13. In [42, Theorem 1.1(ii)], Song and
Yan proved that VL~'/? is bounded from H} ,(R™) into Hg,(R") for w € Ay (R™) N
RH,(R™). Then, Wang [44, Theorem 1.1] proved that VL~'/2 is bounded from
H] ,(R") into Hi(R") for w € A1(R") N RH3(R™) and p € (337, 1]. Moreover, it
was proved in [45, Theorem 7.15] that VL~'/2 is bounded from HY (R") to Hf(R")

when p € (737, 1] and w € Ay (R™) N RH (9,4, (R™) with some ¢o € [1,73("—:1)).

g
From the assumption py € (2,00), it follows that (pg/q0)’ < (2/q0)’ < 2 when
go € [1, 27H1)) which, together with (ii) and (v) of Lemma 2.1, implies that

Al(Rn> N RHQ(R”) - Aqo (Rn> N RH(Q/qO)/(Rn> - Aqo (Rn> N RH(pO/qO)/(Rn>.
Thus, Theorem 4.13 essentially improves these results in [44, 42, 45].
To prove Theorem 4.13, we need a variant notion of (p, g, w, €)-molecules.

Definition 4.15. Let p € (0,1], ¢ € [1,00] with ¢ > p, w € A;(R") and € €
(n,00). A function m € L9(R") is called a (p, ¢, w, €)-molecule associated with the
ball B if the following hold:

(1) for BHYj c Z+, HmHLq(S].(B)) < 2_]6‘2]B‘l/q[w(2]B>]_1/p’
(ii) [gn m(z)dx = 0.

We have the following conclusion.

Proposition 4.16. Let p € (17, 1] and g € [2,00]. Ifw € Ag,(R")NRH /4,y (R")

with any qo € [1, M), then there exists a positive constant C' such that, for all

n
(p, 4, w, €)-molecules m with € € (n,00), ||m|| gp @~y < C.

Proof.  Let € € (n,00) and m be a (p, ¢, w, €)-molecule associated with the
ball B. To prove this result, we follow the structure as in [12] (see also [45]). For
completeness, we sketch the proof here.
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For each j € Z, let aj := fsj(B)m(a:) dz and x; = mxsj(m. Then, for
each j € Z,; and x € R", define
Mj(z) :=m(z)xs;B)(T) — ajx;(z).

Moreover, for each j € Z, let N; = ZZ":] ag. Then we have
o0 o0 o0 o0
m=3 Mj+> Ninlgn —x) =D _M;j+) P
3=0 3=0 j=0 j=0

For each j € Z, it is easy to see that [, M;(z)dx =0, supp M; C Ej =28
and
M| zagny < 20lml Lags; )y S 277 BV [w(B)] 7,

which, together with Holder’s inequality, w € RH ,/q,)/(R") and Lemma 2.2, implies
that

1
q0(a/a0)’

(4.16) [ Mjll a0 gy < 1M || La(rn) {/ [w(a)] (/90 da:}

85(B)
< 279¢(w(B)| w01/,

Therefore, M is a multiple of a (w, p, qo, 0)-atom.
Moreover, we also have, for each j € Z, [, Pj(x)dx =0 and supp P; C B =

2J+1 B, Furthermore,
1P| Lagrny < [Njyal(J27B[V971 4 [27F BV O < |NG || B Y9

Moreover, by Holder’s inequality and € € (n, 00), we conclude that

Wil €3 [ im@)lde < 3 2B s, o
1 k

k>j k>j
< 2Rk Bl[w(2kB)| TP < 270y " a9 B w(By)) M
k>j k>j

< 279 B |[w(B;)] VP

Repeating the estimates in (4.16), we also see that, for each j € Z, P; is a multiple of
a (w, p, qo, 0)-atom. Moreover, since the condition ¢y € [1, Z@) implies Ln(%o —
1)] = 0, as a direct consequence of Theorem 4.12, m € HI,(R™). Moreover, from
the above proof, we easily deduce that ||m|| ;pgny < 1, which completes the proof of
Proposition 4.16. u



Weighted Hardy Spaces Associated with Operators 1159

Proof of Theorem 4.13. By [30, Lemma 6.2] and the argument used in Theorem
4.7, we know that, for any p € (1,po), M € N, all closed sets £, FF C R" with
d(E,F) >0, f € L>*(R™) with supp f C E, and ¢ € (0,0),

¢ M
o) N {W} Nl e ()-

Let w € Ay (R™) N RH(p, /g,y (R™). From Lemma 2.1(iv), we deduce that there
exists ¢ € (1,po) such that w € Ay (R™) N RH (g4, (R™). Let a be a (p, q, M, w)-
atom with 2M + n/q — ngo/p > n. By Proposition 4.16, it suffices to show that
VL Y%(a) is a (p, ¢, w, €)-molecule with € € (n, o).

Indeed, using an argument as in [30, Theorem 8.6], we have

4.17) H\/Zve—tL( f)’

(4.18) VL Y2(a)(x) dz = 0.
Rn

Thus, in order to prove that VL™ /2(a) is a (p, ¢, w, €)-molecule, we need to show
that VL~1/%(a) satisfies Definition 4.15(i).
When j € {0, ..., 3}, by the LI(R")-boundedness of VL~'/2, we see that

)

(4.19) La(S;(B))
S llallpany < 1BV [w(B)]'/P < 2772 B|Y[w (27 B)] /7.
When j € N with 5 > 4, we write

s

La(S;(B))

(4.20) 2
/ B\/ZVe_tLa% . T4IL
0

La(S;(B)

S

+
)

/ Vive tE a%
%

La(S;(B
For the term I, from Minkowski’s inequality, (4.17) and Lemma 2.2, it follows that
"B dt B M gt
I S / HﬁVe_tLaH -— S Ha'HLQ(Rn)/ (7
0 0

(4.21) La(S;(B) 1 2rg)2M ¢

< 97 2Mi| B|Ya[y(B)|TV/P < 97 @MAn/a=nao/p) |97 B|Y4[y(20 B)] /P,
For II, by Minkowski’s inequality and the semigroup property of {e~**};~0, we know
that

* _ _ dt
/2 \/ZV@ tL/Z(tL>M€ tL/2(b>m
B

II:|

(4.22) La(S;(B))
dt

< > —tL)2 ;7 \M —tL/2 .
= /T2B H\/Zve (tL)"e (b>’Lq(S]-(B)) M1
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Notice that /tVe tL/2(tL)M et/ is bounded on L(R"). This, together with (4.22)
and Lemma 2.2, implies that

> dt i _
1I S HbHLq(R") / PyyEs] S 2 ]2M‘B‘1/q[w(B>] 1/p
(4.23) %

< 97I@MAn/a=nao/p) |97 B|Y/4[y(27 B)]| /P,

Then by (4.18) through (4.23), we know that VL~'/2(a) is a multiple of a (p, ¢, w, €)-
molecule with € € (n, c0), which completes the proof of Theorem 4.13. |

5. APPENDIX

In this appendix, we prove that the square function §j'-j defined as in (3.6) is bounded
on LP(R™) with p € (pr, p} ), where py, is as in (3.1).

Through this appendix, we always assume that L satisfies Assumptions (H1) and
(H2).

To begin with, we first recall the definition of Hardy spaces associated with the
operator L, introduced in [30]. For p € [1, 00), the Hardy space HY (R") is defined
as the completion of {f € L2(R") : Spf € LP(R™)} in the norm 1N £re ey =
ISLf | L (n)> Where Sy, is the Lusin area function defined as in Section 3.

Remark 5.1. By an argument similar to that used in [33, Section 9], we know that
HY(R™) = LP(R™) for all p € (pr, p}).

Now we recall the notion of (1, 2, M)-atoms associated with the operator L.

Definition 5.2. Let p € (0,1] and M € N. A function a € L*(R") is called
a (1, 2, M)-atom associated with the operator L, if there exists a function b which
belongs to D(L™), the domain of LM, and a ball B C R” such that

(i) a = LMb;
(ii) supp (L¥b) C B, k€ {0, ..., M};
(i) 1P L)¥] o) < r2V|BI7V2, k€ {0, ..., M}.
In this section, we establish the following useful result.

Lemma 5.3. Let L satisfy Assumptions (H1) and (H2) and k € N. Assume that
® is as in Lemma 3.11. For all f € L*(R") and x € R, define the square function

SE(f) by
3 () () =
(F)@) {/W

Then, for all p € (pr, p}), Sk is bounded on LP(R™ , where pyr, is as in (3.1).
L) PL

tn—f—l

) 1/2
(L BV () )| dt}
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Before going into the proof of this lemma, we first recall the following useful
estimate.

Let ¢ : C — C satisfy that there exist positive constants C' and s such that, for all
z€C,

[2[*
2)| < Crresm.
V) < Oy
Then there exists a positive constant C' such that, for all f € L?(R"),
dy dt
(5.1) / / (tL) f () P=— < Cll flIZ2(@ny;

see [30, p. 17].

Proof of Lemma 5.3. We first notice that by (5.1), we are easy to know that Sk T s
bounded on L2(R™). Now we claim that S¥ is bounded from H}(R™) into L' (R").
To this end, by [30, Lemma 4.3 and Theorem 4.14], it suffices to show that, for all
(1, 2, M)-atoms a associated with the ball B := B(xp,rR), ng'-j(a)HLl(Rn) S L

Indeed, we have
(5.2) Hgf(a ’

ey 5 [st60

When j € {0, ..., 4}, it follows, from the L?(R")-boundedness of §j’{ and Holder’s
inequality, that

LY(S;(B))

1BI'? 5 1.

<[5 2,

(53) |t @)

L'(S;(B))
When j € N with j > 5, by Holder’s inequality, we see that

S |8k 2BJ72,

L2(S;(B))

(5.4) |5t

L1(S;(B))

Furthermore, we write

2

|S@)

L2(8;(B))

69 < [ e e 2

2 dydt
/ / / (L) MBI 0 )] gy de = i+,
5;(B)J |z—zp|/4) B(x.t) t

where a = LMb.
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From suppa C B, j > 5 and Lemma 3.11, it follows that, for all ¢ € (0, |z —
xp|/4), supp K(tQL)qu,(t\/z) N supp a = () and hence I; = 0.
Now we deal with I5. By Fubini’s theorem and (5.1), we see that

1 = > dy dt
L < b / / / (LMD 5 ()| LY gy
(27r)*™M Jo,(B) Jjz—ep|/4 B(a:,t)’ ’ gt

1 - 2 r\k+M+1 2 dydt
< —
< G / ) /O /B W)](t LYV D) (b) ()| ETda

o1 /OO / 2 dy dt

- (237’3)4M 0 n t
1 2

S WHM’L?(R")

(L)@ (VL) b(y)

<27 BT

which, together with I; = 0, (5.2), (5.3), (5.4) and (5.5), implies that

2 1805 5 2 51

JEL+ JEL+

as long as M > n/4. Thus, S¥ is bounded from H}(R™) to L'(R™). At this stage,
using the interpolation in [30, Theorem 9.7] and Remark 5.1, we conclude the LP(R")-
boundedness of S¥ for p € (pr,2].

To prove the LP(R"™)-boundedness of §j’{ for p € (2,p}), we borrow some ideas
from [12]. Let h € L(®/2)(R™). Then by Fubini’s theorem, we see that

L |[Bn@] b as
= [T [ Jenraem )| {tin/ Ih(2) da:} v
0 n B(y,t)
For each k € Z, let
Ey = {(y,t) eR" x (0,00) : 2% < ti” ) |h(z)| dx < 2k+1}.
Y,

Obviously, if (y,t) € Ey, then M(h)(y) > 2* and
(LY OVI) fy) = (DM MIOVE) (X qnern: @2 ) O):

where M denotes the Hardy-Littlewood maximal function on R™. From this and (5.1),
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we deduce that

~k 2
L |3 @] b as
2
<22k+1/ L)k—l—M—i—l(I)(t\/Z)f(y)’ @
kEZ
2 dydt
< 3ok / (L) M@ (+v/L) (fX{a:eR": M(h)(af)>2’“}> (y>’ o
kEZ
2 dydt
< 22’”1/ / (EDMMHOVE) (Fxgacnn: mone2) W)
kEZ n
<2 / DX wern: M=o (¥) dy,
kEZ
which, together with Holder’s inequality, implies that
) 2 dy dt
L |[Bro@) ww|ae < 3o [ fentee Do 4
n kEZ
@y

S D2 ({2 € R M(B) (@) > 24}
kEZ

< 1By M) o oy S iy 1A oz s

This further implies that ||[S%(f)]2| reeny S fH%p(Rn) or, equivalently,
ng'-j(f) | o (rey S 1l Lp (7, Which completes the proof of Lemma 5.3. ]
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