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POSITIVE SOLUTIONS FOR ELLIPTIC EQUATIONS IN TWO
DIMENSIONS ARISING IN A THEORY OF THERMAL EXPLOSION

Eunkyung Ko and S. Prashanth

Abstract. In this paper we study a mathematical model of thermal explosion
which is described by the boundary value problem

—Au = A", x € Q,

n-Vu+guwu=0, ze€dq,
where the constant « € (0,2], g : [0,00) — (0,00) is an nondecreasing C'*
function,  is a bounded domain in R? with smooth boundary 9Q and A > 0
is a bifurcation parameter. Using variational methods we show that there exists

0 < A < oo such that the problem has at least two positive solutionsif 0 < A < A,
no solution if A > A and at least one positive solution when \ = A.

1. INTRODUCTION AND MAIN RESULTS

A classical problem in combustion theory is a model of thermal explosion which
occurs due to a spontaneous ignition in a rapid combustion process. In this paper, we
consider a model involving a nonlinear boundary heat loss which is not a very typical
one in classical combustion theory, but is relevant to some more recent applications
(see [14] for details). The model reads as:

b — A0 = f(0), (t,z)€(0,T)xQ,
(T) n-Vl+g(0)8 =0, (t,x) € (0,T) x 09,

0(0,x) = 60y, x€.
Here 6 is the appropriately scaled temperature in a bounded smooth domain €2 in R?

and f(6) is the normalized reaction rate which take the form f(0) = ¢’ and is called
the Frank-Kamenetskii rate [24]. More generally, throughout this paper, we consider
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the reaction term to be of the form f(6) = €’ for a € (0, 2]. The initial condition 6,
is assumed to be bounded and nonnegative so that a classical solution of (T) exists on
a maximal interval (0, T},,) (see [7] and Remark 2.1 in [14]). On the C? boundary 9,
with the outward unit normal denoted by n, the heat-loss parameter ¢(6) is assumed
to satisfy the following hypothesis:

(H1) g:[0,00) — (0, 00) is a nondecreasing bounded C"! function.

Physically this assumption means that a heat loss through the boundary always exists
and increases linearly with the temperature even in the small temperature regime. We
further assume

(H2) there exists a constantm > 0 such that0 < sg’(s) + g(s) < m for all s > 0.

A bifurcation (or scaling) parameter A > 0 can be associated with the size of
domain Q in (T) which grows linearly as the measure of € increases. It is well known
that, after normalizing for the size of €2, the long term behavior of solution of (T) is
close to the solution of the time-independent problem:

—Au = ', z€Q,
(Px)

n-Vu+g(u)u = 0, x € 0.

As a first step in the analysis of thermal explosion described by the dynamic problem
(T), we analyze the corresponding stationary problem (P).

In case of Dirichlet boundary condition, existence results for the stationary problem
have been established in [1, 11], and for discussion regarding multiplicity of solutions
to this problem we refer to [5, 18, 19].

Related existence and multiplicity results for the stationary problem with Neumann
boundary condition have been established in [4] and [20]. In these works, the au-
thors have studied the case when f(u) = v —u in RN N > 31 < p < % and
f(u) = e —u inR?,0 < o < 2 respectively, under the Neumann boundary condition
corresponding to the choice g(u)u = —u? where 0 < g < 1.

The main difficulty to analyse (P,) is that the coercive term like w is not added
to the PDE. But coercivity is induced by the boundary condition from the assumption
g(u)u is strictly positive. This motivates us to define an equivalent norm in H'(Q)
(defined in (2.5)) with respect to which the energy functional corresponding to (P)
become easier to analyse.

Finally, we state the theorem we will prove:

Theorem 1.1. There exists a A > 0 such that (P,) has at least two positive
solutions for all A € (0, A), at least one positive solution for A = A and no positive
solution for any A > A.
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Remark 1.1. Thermal explosion is understood mathematically as the absence of a
global (in time) solution for the problem (T) with an arbitrary initial data ¢, > 0.

(i) We note that if wy is a classical solution of (P ) then the existence of a global
solution of (T) follows immediately from the maximum principle [21]. Hence,
when A < A, for any 6y € L>°(2) with 0 < 6y < u, the solution 6 of (T) with
6(0) = 6y is global i.e., the phenomenon of thermal explosion is ruled out by the
model.

(ii) When XA > A, correspondingly, the solution 6 of (T) blows up in finite time for
any initial data 6y > 0 resulting in the phenomenon of combustion.

(iif) The result in theorem 1.1 can be seen to be physically consistent in the following
sense. When the domain is relatively small (A < A), the heat loss through
the boundary dominates the chemical reaction inside the domain and hence a
stationary equilibrium temperature distribution is possible. However, when the
size of domain is large (A > A), the rapid reaction inside the domain dominates
and results in the phenomenon of combustion.

(iv) In a general way, the problem (P,) may be thought of as an instance of convex-
concave type problems whose study was initiated in the influential work of
Ambrosetti-Brezis-Cerami [3].

The paper is organized as follows. In Section 2, we include some preliminaries. In
Section 3, we show the existence of local minimum of I, for small X, and in Section 4
we prove the existence of a minimizer uy, of I in C! topology for maximal range of A
and then that I, (u,) is in fact a local minimum in H'(€). In this context, we refer to
the work of Brezis-Nirenberg [6]. Section 5 is devoted the existence of second solution
and the last section contains the proof of Theorem 1.1.

2. SOME PRELIMINARIES

We first extend the functions f, g from R to R. in a continuous manner by defining
f(s) = f£(0) and g(s) = g(0) for all s < 0. Let H*(Q) = {u : v € L*(Q),Vu €
(L?(€2))?} be the standard Sobolev space with the norm ||u||%,, Q) = Jo(IVu2+|ul?).
We then have the following imbedding theorem of the Moser-Trudinger type:

Lemma 2.1. [2] Let Q c R? be a bounded domain with a regular boundary.
Then, for any v € H'(Q) and k > 0

(2.1) / e’ dz < oo
Q
Moreover,
(2.2) sup / HPdy < 0o ifandonly if & < 2.
Q

H“HHl(Q)Sl
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Let do denote the surface measure on 0X2. We define the energy functional I :
H'(Q) — R associated to the problem (P,) as:

_1 u2— u u g, u 1
2.3) I,\(u)—Q/Q\V\ /\/QF()erG()d, e HY(Q)

where F(t) := [] f(s) ds, f(s) =e*" and G(t) := [ g(s)s ds.

Definition 2.1. By a weak solution of (P)) we mean u € H'() satisfying:

(2.4 /QVu Vo = /\/Qf(u)v — /(mg(u)uv do, for all ve HY(Q).

It will be more convenient for our purpose to work with the norm

25) lul3 = / Vul> 4+ m / f? do,
Q o0

where m is defined in (H2)

Remark 2.2. Thanks to the trace imbedding and the imbedding of Cherrier (see
[8, 9, 15]), it follows that || - || ;7 is indeed an equivalent norm in H1(Q). That is, there
exists ¢y, ¢y > 0 such that

(2.6) crllull oy < luller < crrllull iy, Yu e HH(Q).

We take note also of the following regularity result:

Lemma 2.2. If uy is a weak solution of (P)), then uy € C?7(Q) for some
v€(0,1).

Proof. From (2.1), for any uy € H'(2) we obtain that f(uy) € LP(Q2),Vp > 1.
It follows by standard elliptic regularity that uy, € W2P(Q), ¥p > 1, which implies
that uy € C%7(Q) for some v € (0,1). Thus, by the Sobolev imbedding theorem
u € C17(Q). Consequently, uy € C*7(Q)NCY7(Q) is a classical solution of (Py). m

Finally a strong comparison result:
Lemma 2.3. Let wi,wy € C*7(Q) N CH(Q) satisfy —Aw; < —Awy in Q,
n - Vw; + g(w)w; < n-Vwy + g(wz)ws. Then, wy < we in .

Proof. Let w = ws —wy. Being a super harmonic function, w cannot have a local
minimum in Q. That is, it attains its global minimum in Q at a point 2y € 9€2. Note that
on the boundary, n-Vw-+a(xz)w > 0 where a(x) := (g(ws2)wa—g(wi)wr)/(wa—wy) >
0. Therefore we obtain a contradiction by Hopf Lemma if w(zo) < 0. |

As a corollary, we have
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Lemma 2.4. Any solution of (P,) is strictly positive in Q.

3. SmALL NorM SoLuTION AS LocaL MINIMUM

In this section we show the existence of a local minimum for 7 in a small neigh-
borhood of the origin in H*(Q).

Lemma 3.1. We may find Ry € (0,v/7), Ao > 0 and § > 0 such that I)(u) > o
for all [Jul| g1 (o) = Ro and all A € (0, o).

Proof. From the simple pointwise estimate Fi(u) = [;'e*” ds < elule®”, we

obtain that
2
/F<U> S/\u\e“
) ? 2 2 1/2
S HuHL2(Q) </ @2HUHH1(Q)<U/HUHH1(Q)> ) )
Q

Now choose Ry > 0 such that RZ < «r. Then, by Moser-Trudinger inequality (2.2) and
Sobolev imbedding, from the last inequality we get,

(3.1) / F(u) < Cyllullmqy, ¥ |lullmiay < Ro, for some Cy > 0.
Q

Also,

9(0) 2
G(u) do > T/ u” do.

o0 o0

Thus, from (3.1) and Remark 2.2 we have for R3 € (0, w) small enough

In(u) = éllullf — ACtllull 1

(3.2) i
> CC?HUH%{l(Q) = ACh|lull gy, Vulla @) = Ro,

where ¢ = min{1, 92(—33} and c; is defined in (2.6). We may choose and fix 3 € (0, )
and o > 0 small enough so that § := ¢c2R3 — AC1 Ry > 0 for all A € (0, \o). With
this choice of §, \q and R, we get the conclusion of the lemma from (3.2). |

Lemma 3.2. Let Ay be as in the previous lemma. Then, I, has a local minimum
close to the origin for all A € (0, \p).

Proof. Let Ry be as in the previous lemma. For any u € H*(Q),u > 0 in Q and
a real number ¢ > 0,
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tu tu
/\Vu\2 /da:/ e’ ds—l—/ da/ s)s ds
o0

< —/ |Vu|? — /\t/udx—i——t u’do.

2 Joo
It follows that inf 7, (u) < 0 in a sufficiently small neighborhood of the origin in
H'(Q). Hence, if we show the existence of a local minimizer uy of I, on the set
{u e HY(Q) : |lullg1q) < Ro} =: Br,(0), then in view of the last lemma, neces-
sarily [[ux| g1 ) < RO and hence it is indeed a local minimizer of Iy in H* (Q) Let
{un} C Bg,(0 ) be a minimizing sequence for I,. Since {u,} is bounded in H(9),
there exists a subsequence {u,, } and a uy such that u,, — wuy in H(Q). Clearly,
Jo IVur? < liminfy o [ [Vtn,|?. By Moser- Trudinger s inequality and Vitali’s
convergence theorem we have [, F'(uy,) — [o, F(uy) since R3 € (0, ). By the com-
pactness of the trace imbedding, it also follows that [,, G unk)da — [0 G(ur)do.
Hence, we have Iy (uy) < liminfy_o Ix(un,) = infBRO(O) I,. Since uy € Bg,(0), it
must be true that I)(uy) = infBR (0) Ix- Therefore, u, is a local minimizer for I, in
the set {u € H'(Q) : [lul g1 () < RO} Notice that uy # 0 since I,(0) =0 > Ix(uy).
[

4, LocaL MiINIMUM FOR MAXIMAL RANGE OF A\

Lemma 4.1. (P) has no solution when X is large.

Proof. Let uy be a (positive) solution of (P,). Thanks to Lemmas 2.2 and 2.4,
1/uy is a H'(2) function which we can use as a test function in (P,). We obtain

thus,
/\/Qf(u,\)/u,\:/mg(u,\) da—/Q\Vu,\\Q/ui.

Since f(uy) > cuy in  for some fixed constant ¢ > 0 and g is a bounded function
by (H2) we obtain from the last equation that A is bounded. ]

Let A := sup{\ > 0 : (P,) has a solution}. Then by Lemmas 3.2 and 4.1, it
follows that 0 < A < oo .

Lemma 4.2. I, admits a local minimum for all A € (0, A) in the C'(Q)- topology.

Proof. For a fixed A < A, there exists A such that A < A < A and u5 a solution
of (P5). By Lemma 2.4, u5 > 0 in . Let vy be the unique (thanks to Lemma 2.3)

solution of
—Au = Af(0), z€Q
(Sx)
n-Vu+g(u)u = 0, x € 0.
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Since \f(0) < :\f(u;\), we obtain from Lemma 2.3 that u; > vy on Q.
Define the following cut-off nonlinearities:

floa(z)) ift <ox(z),
(x,t) € Q@ xR; Az, t) =S F@) if ux(z) <t <wug(x),

flug(z)) ift > uz(x).

Define the primitive Fy(z,u) = [;' fi(z,t) dt (z € Q). Then the functional
I : H'(Q) — R given by

fA(u):%/g\Vu\Q—/\/QFA(x,u)—i- [ Guio

is coercive and bounded from below. Let uy be a global minimizer of Iy on H'(Q).
Then u) satisfies

—Auy = /\f,\(ac,u,\), in Q
n-Vuy+g(z,uy) = 0 on 99.

By Lemma 2.2 we have uy € C*%(Q) for some 6 € (0, 1). Since Af(0) < Afa(z,uy) <
Af(uz), from Lemma 2.3 we obtain that vy < ux < us in Q. In particular, u, is a
solution of (P). Let ¢ := min{min,cq |us(z) — u(z)[, min,cq |ur(z) — vr(z)|}.
Then I, = I, on the set {u € C'(Q) : u — urll g < 3} Hence uy is a local
minimizer for I, in the C'(2) topology. [

Lemma 4.3. Let A € (0,A). Then u, obtained in Lemma 4.2 is a local minimizer
for I, in HY(Q).

Proof. Suppose not. Then, for all e > 0 there exists v € Be(0) := {[|ul| g1(q) <
e} such that I(ux + ve) < Ix(uy). Since Iy is weakly lower semicontinuous on
H(Q), I(uy + -) achieves its minimum at some point in B.(0) which we denote
again by v.. In other words, for every ¢ > 0, we obtain v, such that 0 < ||v|g1(q) < €
and
(4.1) In(ux 4+ ve) < In(uy), Dn(un+ve) = min Iy(uy + v).

vEB(0)

The corresponding Euler-Lagrange equation for v, involves a Lagrange multiplier p. <
0, namely, v, satisfies

/QV(UAJrve)'Vh—/\/Qf(uA+ve)h+/mg(ux+ve)(ux+€)h

= ue/(veh—i— Vo - Vh), Yh € HY(Q).
Q
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This means, in the weak sense,

_<1 - Me)Ave — HeVe = /\<f<u>\ + ve) - f(uA» in Q7

(1 — pte) n- Voe + g(uy + ve) (ux + ve) — g(up)uy = 0 on 9Q.

(4.2)

Since p. < 0, by Moser iteration technique (see Theorem 15.7 in [13]) we conclude
that {v.} is uniformly bounded, as ¢ — 0, in a Holder space. From standard elliptic
regularity ([10] and [22]) it follows that Ee_,ouveucl,o@ < oo for some 6 € (0,1).
By Arzela-Ascoli and the fact that ||vel|g1(q) — 0 as e — 0, it follows that v. — 0
in C1(Q). This gives a contradiction to the fact that u, is a local minimizer for I, in
C*(92) topology. n

5. THE SECOND SOLUTION IS A SADDLE-POINT

We fix A € (0, A) and recall that u, was obtained as the local minimizer for I
in Lemma 4.3. We now show that I possesses a second solution of mountain-pass or
saddle-point type. For the easy computations, it will be better to translate the functional
I, by uy and consider the resulting functional which will have the origin as the local
minimum.

Define f) : 2 x R — R by

B f(s+ux) — f(uy) if s>0,
f>\<$,8>: .
0 if s <0,

and g : 92 x R — R by

g(s+ux)(s+ux)— glup)uy if s >0,
gr(z, s) = _
0 if s <O0.

Now we define the translated functional I : H'(2) — R by

(5.1) f,\(w):%/QWw\Q—/\/QFA(x,w)—i- [ Gia)

where F)(z,t) = [i fa(z,s) ds and Ga(z,t) = [3 ga(, s) ds. )
If we show the existence of a non-trivial critical point wy of I, then wy will be a
positive solution of the problem

—Awy = Ai(z,wy), z€

(Qx) _
n-Vwy+ gx(z,wy) = 0, z € 0N



Positive Solutions for Elliptic Equations Arising in a Theory of Thermal Explosion 1767

and wy + uy will be a second solution for (Py).
First note that 7,(0) = 0 and w = 0 is a local minimizer for I,. Choose R; > 0
so that
0 = Ix(0) < Ix(u) for all [Ju]| g1 () < Ri.

Since lim; o, I\ (tw) = —oco for any w € H*(Q) \ {0}, we can fix e € H'(Q2) \ {0}
such that 7y (e) < 0. Necessarily, el (o) > R Set

I'={y:[0,1] — H*(Q) : v is continuous , v(0) = 0,v(1) = e}

and define the mountain-pass level

(5.2) p=inf sup I\(y(t)).
Y€l te0,1]

Clearly, p > 0 since I,(0) = 0. We distinguish the following two cases:
(P1) (Zero altitude case)
inf{I)(w) : w € H'(Q) and ||w| 1) = 1} = 0 for all I < Ry;

(P2) (Mountain-Pass case) there exists 0 < I; < R; such that
inf{f,\(w) W e H1<Q> and H’LUHHl(Q) = ll} > 0.

Note that (P2) implies p > 0. That is, p = 0 implies that (P1) holds. We recall the
definition of the Palais-Smale sequence around the closed set F":

Definition 5.1. By a Palais-Smale squence for I, at the level 3 € R around F
((PS) g for short) we mean a sequence {w, } C H'(£) such that
lim dist(wy, F) =0, lim I (w,) =3 and lim Hfi\(wn)H(H%Q))* = 0.
n— 00 n—00

n—oo

Definition 5.2. We define the closed set F = {w € H*(Q) : [|w| g1 () = iy if
p=0,and F = HY(Q) if p > 0.

In the case when F' = {w € H'(Q) : |lw|lm) = B}, Ghoussoub and Preiss
(Theorem (1) [12]) proved the existence of such a Palais-Smale sequence around F'.
They further showed in Theorem (1.bis) in the same work that there exists a critical
point of I, on F with critical value 3 provided this (PS) r 5 sequence has a convergent
subsequence. We also remark that when F' = H'((2) the above definition is same as
the usual definition of Palais-Smale squence at the level ;.

In the next lemma, we show convergence properties of a (PS)r, sequence for I,
with the above choice of F' and p defined as in (5.2).

Lemma 5.1. Let F be as in the Definition 5.2 and {w,} C H'() be a (PS)r,,
sequence for Iy. Then, w, — wy in H*(Q). Moreover, as n — oo,
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(5.3) /Q (. wn) — /Q T w), /8 aew) — [ ),

(5.4) /F’,\(a:,wn) —>/F’,\(a:,w,\), G(z,w,) — G(z,w)).
Q Q a0 Ele)

Proof. Since {wy,} is a (PS)r, sequence for I, we get

65 5 [ Vel [ B+ [ G = ot o)
and
’/QVU)WVqﬁ—/\/Qf,\(x,wn)qﬁ—l—/mg,\(a:,wn)qﬁ’

= on (D¢l ), Vo € HI(Q).

Note that (5.5) implies

(5.6)

(57) ellwnllZ < p+ on(1) + A/QFA(;B, wy) for some &> 0.

Observing that given € > 0 there exists ¢, > 0 such that F\(x,t) < etf(z,t) for all
t > t., we have

ellwnllf < p+on(1) + /\/ F(x,wp) + 6/\/ (@, wp)w,
QN{x:|wn|<te} Qn{z:|wn|>te}

< p+on(1)+Cc+ e/\/ f,\(a:, W) W,
Q

where C. — 0 as e — 0. Now, substituting w,, for ¢ in (5.6), since gx(z,s) <
ms, Vs > 0, we get

/\/.ﬁx(ﬂf,wn>wn§/ ‘vwn‘2+/ gk(xﬂwn>wn+0n(1>HwnHH1(Q)

Q Q o0

(5.8) <C </ |Vaw,|? +m/ wi) + on (1) [wnll 51(0)
Q 0N

< Cllwallf + on(V)llwall 2 ay-

Hence we obtain

IN

clwnllfy < p+0n(1) + Ce + eCllwnlfy + eon(1) wnll (o

A

p+ 0n(1) + Ce + eCllwnll + crreon(1)|[wnll mre)-
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If we choose € small so that ¢ — eC > 0, then from the last inequality we obtain that
sup,, [lw,|lx < ¢ < oo for some ¢ > 0, which implies that sup,, ||wy|| g1(q) < crrc by
(2.6). Therefore, there exists wy € H'(£2) such that w,, — wy in H(Q).

Next, we show that [, fx(z, wn) — [, fa(z,wy) as n — oco. Notice that

C = sup/ Az, wp)w, < 0o
n JO

from (5.8) and the fact that sup,, |wn|ln < oo. Given e > 0 we define J. :=

max _ fi(z, s). Then, for any subset E C Q with |E| < £, we have
zeQ,|s|<& ‘

/\fm,wm =/ , +/ s wn)|
E Eﬁ{|wn|2%} Em{|w7l|§%}

< i_/ |, wn)wn| + 8 E] < 2.
CJe

.]FA ((E, wn>wn
Wn,

This shows that {fx_(x, wy)} is equi-absolutely continuous. By Vitali’s convergence
theorem, we get [, fa(z, wn) — [o fa(z, wy) 8 n — oco.
Notice that for all (z,s) € Q x R*, we can find C > 0 such that

Fy\(z,8) < Cfr(z,s).

Hence, by the generalized Lebesgue dominated convergence theorem we conclude that

/Q Fa(w, wy) — /Q Fa(w, wy).

By the compactness of the trace imbedding H'(Q2) < L*(992), we obtain [, Gx(x, wn)
- faQ G>\<$; w>\> as well as faQ g)x(*ma wn) - faQ g)\(‘ma w)x)' u
Next we show that Iy has a critical point wy > 0 of mountain-pass type. However,

due to the lack of compactness when o = 2, we need the following strict upper bound
of p.

Lemma 5.2. Let o = 2. Then p < 7.

Proof. Without loss of generality we may assume that 0 € 952. Let m,, be the
Moser function given by

(5.9) mp(z) = ——=( log g
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We take n large so that nL > 1. It is easy to see that ||[Vm,|[r2@2) = 1 and
[mnllL2@ey = O(lognL) Let 7, be the restriction of m,, to © and deflne Yy =
HmEW Then 1, is constant in B1(0) N Q and supp ¥, C Br(0) N Q. Observing

carefully the proof of Lemma 3.3 in [2], we also get [, [Vm,|? + m [, M2 = 3 +

O(1sgzz)> and hence 47 (x) = Q;ngf’ﬁ = LlognL + O(1) as n — oo on
_ ogn
Bl(()) N Q.

We now suppose pp > m and derive a contradiction. It follows from Lemma 3.1
in [17] that we can find some ¢,, > 0 such that I\ (¢,¢) = sup;~q Ir(ten) > 7, Vn.
That is, we have

(5 10) IA nwn = / ‘v nwn ‘2 /F/\(ﬂf,tndfn)Jr/m @/\(ﬂfatn%) > T, vn.

Since gy (z, s) < ms,Vs > 0, we have

_ t7l¢7l _ m 2 2
G,\(%tn%) = g,\(a:, 8) < gtn wn
[9}9) o2 J0 o0

Hence, from (5.10), we obtain
(5.11) tr = tallvnlFr = 2I\(tatn) > 27, Vn.

Since the maximum of the map ¢ — I(t,) on (0,00) is attained at ¢ = t,, its
derivative must be 0 at this point. That is,

(5-12) / ‘v nwn /fA X tnd’n) nwn /8(2 gk(x;tnwnﬂnwn =0.

Note that inf g fr(z,s) > e*® for s large and t,1, — oo on By (0) as n — oo.
Since [, 91 (@, tnthn)tntbn < mit2 [5 12, we obtain from (5.12)

(5.13) ﬁ:ﬁwm%ZA/

{le|<£}

f)\(x’ tnwnﬂnwn > /\/ etilﬁltnww
{lzl<3}

Using the explicit value of v, at 0, we get

2 _92 1\ lognL+2log L ?LO
(5.14) £ 3 aymel o)l RO0, o

1)
_ /\\/_€< (14 1()0g71LL)t2L—2> lognl+2log L, t(lognL + O(1 >>%
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which implies that {¢,} is bounded sequence since 2 > 2x. Now using (5.11), we
obtain from (5.14)

2 > AmetnOW+2legly (100, 4 O(l))%.
Since {t,,} is bounded, we note that e/»(1) > C > 0, ¥n. Hence we have
tn > A/mCeo8 L (lognL + O(l))%,

which implies that ¢,, — oo as n — oo. This contradiction shows that p < 7 when
a=2. [ |

Lemma 5.3. I, possesses a critical point wy > 0 of mountain-pass type.

Proof. Let {w,} C H*(Q) be (PS)r, sequence for I). From Lemma 5.1, {w,}
is a bounded sequence in H(Q). Let wy € H'(£) such that

(5.15) w, — wy in H(Q).

Hence, from (5.3) and (5.15) and the fact that {w,} is a Palais-Smale sequence, we
obtain

616) [ Vur-Vo- [ fa o+ /8 @ wn)o =0, Vo € H'(@),

which implies that w) is a weak solution for (Q)).
Now we claim that wy # 0. Note that w,(x) — wx(z) pointwise a.e. in 2. By
the compactness of the trace imbedding H'(Q2) — L?(92), we obtain

(5.17) / g (x, wy)w, — ga(z, wy)wy as n — oo.
o0 o0

First we consider the compact case when ov < 2. Note that there exists C > 0 such
that eP'™ < Ce!” for all p > 1 and s2 < Ce™ )" for all s > 0. Hence, taking
p = sup,, 3|lux + wm?ﬁ(ﬂ)’ by Moser-Trudinger inequality,

@ Qﬁ{wnZO}

+ [e3
- 3Hu,\+w;’[Ha<—uaw—1)
< C e [lw)+wn |l
Q

_ < u2+w;’{ )2
< 02/6 lux+wil) < 0.
Q
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Again applying Vitali’s convergence theorem, we have
(5.18) /f,\(ac,wn)wn — / Az, wy)wy as n — oo.
Q Q

Substituting ¢ by wj, in (5.6) and using (5.17) and (5.18), we obtain [, [Vw,|? —
Jo [Vwx|? @s n — oo, which implies that w,, — wy in H'(Q) as well as I (wy) = p.

In case p > 0, necessarily this means wy Z 0 and we are done. Consider the
case p = 0. Since w, — wy in H(Q), from Theorem (1.bis) in [12] we have
wy € F = {||ull 1) = %} and hence wy # 0.

We now handle the case o = 2 with a contradiction argument. Suppose that wy = 0
on €. Note that p < 7 from Lemma 5.2. Since w,, — 0 as n — oo, from (5.4)-(5.5)
and the compactness of the trace imbedding we have [w,| 1) < 2 — € for some
€ > 0 small and for n large. Let us choose 0 < < 5= and fIX p = W Then

p > 1. Observing that [, fi(z, s)s < C [, e1+9)s * Vs € R for some C > 0, we have

(148)p||wn|? <m)

(5.19) /\fw W wn\p<c/ 1+5Wn<c/

Since (1 + 0)pllwnllgi) < 2m, by the Moser-Trudinger inequality we have
sup,, [q, ‘fA x, wy)wy [P < oco. Hence again by the Vitali’s convergence theorem we
obtain [, fr(z, w,)w, — 0. Clearly, S0 97(x, wn)w, — 0 as n — oo from similar
argument leading to (5.17). Hence, taking ¢ = w,, in (5.6) we get,

(5.20) on() [wnll 21 :/Q\an\Q—i-on(l).

However, since [, F/(z,w,) — [o F(z,wy) =0and [, G(x, wyn) — [0 G(z, wy) =
0, from (5.5) we obtain

(5.21) / |Vw,|? — 2p.
Q

From (5.20)-(5.21) we get p = 0. That is, w,, — 0 in H'(2) which is a contradic-
tion to the fact that {w,} is a (PS), sequence. Therefore, wy # 0. We obtain from
Lemma 2.3 that wy > 0 in Q. ]

6. PrRooOF oF THEOREM 1.1

By the definition of A, there is no solution if A > A. When A € (0, A), from
Lemma 4.3 we obtain the solution u, which is a local minimizer of I(uy). By
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Lemma 5.3 we have a mountain pass type solution of the form wy + uy where w) is
a positive solution of the translated problem (Q,). Therefore, this solution is different
from uy.

Let {\,} be a sequence such that A,, T A. Then from Lemma 4.3 there exists
sequence of solutions {uy, } C H'(Q) to (P,,,) satisfying

limsup Iy, (uy,) < +oo, If\n(ukn) =0.
n—oo
The first bound can be seen from the arguments in the proof of Lemma 4.2 where we
show that I(ux) < Ix(vy) and noting the fact that {vy}o<a<a is uniformly bounded
in C1(Q). This implies (by an argument similar to the one in the proof of Lemma 5.1)
that {u,,} is bounded in H'(£2), and hence there exists u, such that uy, — uy in
H(Q). It is easy to see that u, is a weak solution of (Py).
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