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MAXIMUM PACKINGS AND MINIMUM COVERINGS
OF MULTIGRAPHS WITH PATHS AND STARS

Hung-Chih Lee* and Zhen-Chun Chen

Abstract. Let F, G, and H be multigraphs. An (F, G)-decomposition of H
is an edge decomposition of H into copies of F' and G using at least one of
each. For subgraphs L and R of H, an (F, G)-packing of H with leave L is an
(F, G)-decomposition of H — E(L), and an (F, G)-covering of H with padding
R is an (F, G)-decomposition of H + E(R). A maximum (F, G)-packing of H
is an (F, G)-packing of H with a minimum leave. A minimum (F, G)-covering
of H is an (F, G)-covering of H with a minimum padding. Let & be a positive
integer. A k-path, denoted by Py, is a path on & vertices. A k-star, denoted by Sk,
is a star with k& edges. In this paper, we obtain a maximum (P41, S )-packing
of AK,,, which has a leave of size < k, and a minimum (Pj1, Sj)-covering
of AK,,, which has a padding of size < k. A similar result for A\K,, ,, is also
obtained. As corollaries, necessary and sufficient conditions for the existence of
(Py+1, Sk)-decompositions of both AK,, and AK,, ,, are given.

1. INTRODUCTION

For positive integers m and n, K,, denotes the complete graph with n vertices, and
K, denotes the complete bipartite graph with parts of sizes m and n. If m = n,
the complete bipartite graph is referred to as balanced. Let k be a positive integer. A
k-star, denoted by Sy, is the complete bipartite graph K ;. A k-path, denoted by P,
is a path on k vertices. A k-cycle, denoted by Cy, is a cycle of length k. For a graph
H and a positive integer A, we use AH to denote the multigraph obtained from H by
replacing each edge e by X\ edges each having the same endpoints as e.

Let F, G, and H be multigraphs. A decomposition of H is a set of edge-disjoint
subgraphs of H whose union is H. A G-decomposition of H is a decomposition of
H in which each subgraph is isomorphic to G. If H has a G-decomposition, we say
that H is G-decomposable. An (F, G)-decomposition of H is a decomposition of H
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with members isomorphic to F' or G such that at least one of each occurs. If H has
an (F, G)-decomposition, we say that H is (F, G)-decomposable.

Recently, decomposition of a graph into a pair of graphs has attracted a fair share of
interest. Abueida and Daven [3] investigated the problem of (K}, Sj)-decomposition
of the complete graph K,,. Abueida and Daven [4] investigated the problem of the
(Cy4, E5)-decomposition of several graph products where E, denotes two vertex dis-
joint edges. Abueida and O’Neil [7] studied the existence problem for (C%, Si—1)-
decomposition of the complete multigraph \K,, for & € {3,4,5}. Priyadharsini and
Muthusamy [16, 17] investigated the existence of (G, H )-decompositions of AK,, and
MK, , Where G, H € {C,, P,, S,—1}. A graph-pair (G, H) of order m is a pair of
non-isomorphic graphs G and H with V(G) = V(H) such that both G and H contain
no isolated vertices and G U H is isomorphic to K,,. Abueida and Daven [2] and
Abueida, Daven and Roblee [5] completely determined the values of n for which MK,
admits a (G, H )-decomposition where (G, H) is a graph-pair of order 4 or 5. Abueida,
Clark and Leach [1] and Abueida and Hampson [6] considered the existence of de-
compositions of K,, — F" into the graph-pairs of order 4 and 5, respectively, where F' is
a Hamiltonian cycle, a 1-factor, or an almost 1-factor. Lee [12], Lee and Lin [13], and
Lin [14] established necessary and sufficient conditions for the existence of (C, Si)-
decompositions of the complete bipartite graph, the complete bipartite graph with a
1-factor removed, and the multicrown, respectively. Shyu studied the problem of de-
composing a graph into copies of a graph G and copies of a graph H where the number
of copies of G' and the number of copies of H are essential. He gave necessary and
sufficient conditions for the decomposition of K, into paths and stars (both with 3
edges) [18], paths and cycles (both with & edges where &k = 3,4) [19, 20], and cy-
cles and stars (both with 4 edges) [21]. He [22] also gave necessary and sufficient
conditions for the decomposition of K, ,, into paths and stars both with 3 edges.

Let F', G, and H be multigraphs. For subgraphs L and R of H, an (F, G)-packing
of H with leave L is an (F, G)-decomposition of H — E(L), and an (F, G)-covering
of H with padding R is an (F, G)-decomposition of H 4+ E(R). A maximum (F, G)-
packing of H is an (F, G)-packing of H with a minimum leave (i.e. a leave with the
minimum number of edges). A minimum (F, G)-covering of H is an (F, G)-covering
of H with a minimum padding. Clearly, an (F, G)-decomposition of H is an (F,G)-
packing of H with an empty graph as its leave, and is an (F, G)-covering of H with
an empty graph as its padding.

Abueida and Daven [3] obtained the maximum (K}, Si)-packing and the minimum
(K, Sk)-covering of the complete graph K,,. Abueida and Daven [2] and Abueida,
Daven and Roblee [5] gave the maximum (F, G)-packing and the minimum (F, G)-
covering of K, and AK,, respectively, where (F, G) is a graph-pair of order 4 or 5. In
this paper, we obtain a maximum (P 1, Sk)-packing of AK,,, which has a leave of size
< k, and a minimum (P41, Sk)-covering of AK,,, which has a padding of size < k.
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A similar result for AK,, ,, is also obtained. As corollaries, necessary and sufficient
conditions for the existence of (P11, Si)-decompositions of both AK,, and AK,, ,, are
given. Since Py is isomorphic to S for £ = 1,2, we restrict the discussions to
k> 3.

2. PAckING AND COVERING OF MK,

In this section the problems of the maximum (Py1, Si)-packing and the minimum
(Pg+1, Sk)-covering of MK, are investigated. We first collect some needed terminology
and notation.

Let G be a multigraph. The degree of a vertex = of GG, denoted by degg z, is
the number of edges incident with x. For k > 2, the vertex of degree &k in Sy is the
center of Sy and any vertex of degree 1 is an endvertex of Si. In addition, vyvs. .. vg
denotes the k-path through vertices vy, vs, ..., v in order, and the vertices v; and
vg are referred to as its origin and terminus. If P = z129...2¢, Q = y192...Ys
and x; = y1, then P + @ denotes the walk zixo ... 22 ...ys. Moreover, we use
Py.(v1,vy) to denote a k-path with origin v; and terminus vg. For U, W C V(G) with
UNW = ¢, we use G[U| and G[U, W] to denote the subgraph of G induced by U,
and the maximal bipartite subgraph of G with bipartition (U, W), respectively When
G1,Go, ..., Gy are edge disjoint subgraphs of a graph, We use GiUGU---UG to

denote the graph with vertex set U V(G;) and edge set U E(G)).

Before going into more detalls we present some results which are useful for our
discussions.

Proposition 2.1. (Bryant [9]). For positive integers A, n, and ¢, and any sequence
ma, Mo, - . ., My Of positive integers, the complete multigraph AK,, can be decomposed
into paths of lengths my, mo, ..., m; if and only if each m; <n —1 and m; + mso +

+my = [E(AK)].

Proposition 2.2. (Bosak [8], Hell and Rosa [10]). For an even integer n and
V(K,) = {zo, z1,...,2,—1}, the complete graph K,, can be decomposed into the fol-
lowing n/2 copies of n-paths : P, (zo, Tp/2), Pu(21, T140/2)5 - -+, Pu(@njo—1, Tn-1).

The following lemma is trivial.

Lemma 2.3. For an odd integer n with n > 3, the complete graph K,, can be
decomposed into n copies of (n + 1)/2-paths whose origins are all distinct.

Proof. Let V(K,) = {zo,1,...,2n—1}. We define (n+ 1)/2-paths as follows.
Foro<:<n-1,

Tili—1Ti41L§—2 . -T;_n=1 $i+7l—1 ifn=1 (mod 4),
Pi _ 4 4
LiLi—1T541L5—2 - - .xi+ n=3T; ntl ifn=3 (mod 4),
4 4



1344 Hung-Chih Lee and Zhen-Chun Chen

where the subscripts of x’s are taken modulo n. It is easy to check that {P°, P!, ...,
P 1lisa P 41)/2-decomposition of K, as required. ]

Lemma 2.4. Let k, m, p, and s be positive integers and let ¢ be a nonnegative
integer with max{m,t} < k—1. If pk+t =m(m—1)/2+ (sk+1)sk/2+m(sk+1),
thenp — (s +1)m > 0.

Proof. Note that

pk— (s+1)mk = m(m —1)/2+ (sk + 1)sk/2+m —t — mk
>m(m—1)/24+ (k+1)k/2+m —t—mk
=(k—-1-m)(k—m)/2+k—1t
> 0.
Thus p — (s +1)m > 0. [

Theorem 2.5. Let n and k be positive integers with k > 3 and n > k+ 2. If
|E(K,)| =t (mod k) where 0 <t <k — 1, then K, has a (Px+1, Sk)-packing with
leave Pq.

Proof. Letn = gk+rwhereqe N,0 <r <k—1andlet|E(K,)| = pk+t where
p € N. We can see that p > ¢ + 1. Suppose that » = 1. Then K, can be decomposed
into Ky, and K 4. Note that |[E(K ;)| = (p—q)k+t. Thus by Proposition 2.1, K
can be decomposed into p — ¢ copies of (k+ 1)-paths and one (¢ + 1)-path. Obviously,
Ky g is Si-decomposable. Hence K, has a (P41, Sk)-packing with leave P, for
r=1.

Now we consider the case » # 1. If » = 0, then n = ¢k where ¢ > 2 for
n>k+2 writn= (k-1 +(¢—1)k+1wherek—-1>1,¢—-12>1. If
r>2thenn=qgk+r=(r—-1)+qgk+1wherel <r—-1<%k—-1,¢> 1.
Thus for » # 1 we can set n = m + sk + 1 where m and s are positive integers with
m<k—1. Let A= {zo,x1,....,2m-1}, B={yo,v1,...,yst} and V(K,) = AUB.
Note that K, = ma-sk+l = Km—l—sk—f—l[A] U Km—l—sk—f—l[B] U Km—l—sk—f—l[Aa B], and
Km—l—sk—l—l[A] = K, Km—i—sk—i—l[B] = Ksk—l—la and Km—i—sk—i—l[Aa B] = Km,sk—l—l- Thus
pk+t=m(m—1)/2+ (sk+ 1)sk/2+ m(sk + 1). Hence by Lemma 2.4,

oy p—(s4+1)m>0.
Also
2) |E(Kgky1)| = (sk +1)sk/2 =pk+t —m(m—1)/2 —m(sk +1).

Case 1. m is odd.

By (2), |[E(Kskt+1)| = (k= (m+1)/2)m+ k(p— (s +1)m) +¢. By (1) and
Proposition 2.1, K41 has a path decomposition </ , which consists of m copies of
(k — (m —1)/2)-paths, p — (s + 1)m copies of (k + 1)-paths and one (¢ + 1)-path.
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If m =1, then n = sk + 2, A = {z0}, and as mentioned above, K41 has a
decomposition consisting of one Py, p — s — 1 copies of P, and one P,;;. Assume
that in the above decomposition, Py = Py (Yuwy, Yw,) (1-8. Yuw,, Yw, are the endvertices
of this P). Let P = Py(Yuwy» Yuy) + ToYuw,- Then P is a (k + 1)-path. Moreover,
Kopy2[A, Bl — {zoYw, } = K1 sk, Which is Si-decomposable. Hence Ko has a
(Pg+1, Sk)-packing with leave P, 1.

If m > 3, then Lemma 2.3 implies that there exists a P, 1) 2-decomposition “ /
of Km where o ' = {P(m+1)/2<$i,$ji> ‘ 0 < 7 <m— 1} and T1,T2,...,Tm—1 al€
distinct. Suppose that the m copies of (k — (m — 1)/2)-paths in © are P,_(,,—1)/2
(yw07 yw6>7 Pk—(m—l)/2<yw1 ) ywﬂ)u SRR Pk—(m—l)/2<ywm—1 ) yw;n_1>' Forie {07 1,...,
m — 1}, let

P = P% (@i, xji) + ZTiYw; + Pk—%(iyww ng>'

Then P’ is a (k + 1)-path for each i. Moreover, let G = K, sk11[A, B] — {2y, |
0 <i<m—1}. Then G is a bipartite graph with deg z; = sk for 0 < i < m — 1.
Thus G is Si-decomposable, and in turn, K, s+1 has a (Pg+1, Sk)-packing with
leave P,y ;.

Case 2. m is even.

By Proposition 2.2, there exists a Pp,-decomposition { Py, (z, i1 /2) | 0 < i <
m/2—1} of Kp,. By 2), |E(Ksk11)| = (k—m—1)m/24+k(p—sm—m/2)+t. By
(1), p— sm —m/2 > 0. Hence by Proposition 2.1, K, has a path decomposition
<", which consists of m/2 copies of (k — m)-paths, p — sm — m/2 copies of
(k 4+ 1)-paths and one (¢ + 1)-path. Suppose that the m /2 copies of (k — m)-paths
in <" are P (Yuwo» Yuwp)s Poem(Yuors Yui)s -3 Pooin Yoy Yy, ) FOT Q€
{0,1,...,m/2 —1}, let

Qi - Pm<xzu xz—l—%) + xiywi + Pk—m(ywiu yw;) + xi-}—%yvi

where yy, & V(Pi—m (Yuw;» Yuy)). Then Q' is a (k + 1)-path for each i. Moreover, let
H = Kpysir1[A, Bl = {ZiYw; Titm/2¥v; | 0 <0 <m/2—1}. Then H is a bipartite
graph with degy x; = sk for 0 < ¢ < m — 1. Thus H is Sk-decomposable, and in
turn K, 4sk+1 has a (P41, Sk)-packing with leave P, ;. |

It is trivial that the leave P, in Theorem 2.5 can be chosen arbitrarily.

Theorem 2.6. Let A\, n and k be positive integers with k >3 and n > k + 2. If
|[E(AK,)| =t (mod k) where 0 <t < k—1, then (1) AK,, has a (Px+1, Sk)-packing
with leave P, 1, (2) AK,, has a (P41, Sk)-covering with padding P_¢1.

Proof. (1) Let V(K,,) = {x0,21,...,2p—1} and |E(K,)| = r (mod k) with
0 <r < k—1. From the assumption |E(AK,)| = t (mod k), we have \r = ¢
(mod k). Clearly, AK,, can be decomposed into A copies of K,,, say Go, G1, ..., Gr_1.
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Theorem 2.5 implies that each G; has a (Py+1, Sk)-packing with leave (r + 1)-path,
say P'. By the note following Theorem 2.5, we can assume that for 0 < i < X\ — 1,
P! = 242411 ... 2irr Where the subscripts of z’s are taken modulo n. By cutting
method, we can see that P° + P! + ...+ P*~1 which is a walk with Ar edges can be
decomposed into several copies of (k + 1)-paths and one (¢ + 1)-path. This completes
the proof of (1).

(2) follows from (1) directly. ]
In the proof of the following corollary, we use S(u; vy, ve, ..., vx) to denote a star
with center u and endvertices vy, vs, . . ., V.

Corollary 2.7. For positive integers A, k, and n with k& > 3, the complete multi-
graph AK,, is (Pg+1, Sk)-decomposable if and only if n > £+ 1, An(n —1)/2 =0
(mod k) and (A, n) # (1,k+1).

Proof.  (Necessity) Since |V (K,,)|and |V (Pg+1)| are n and k + 1, respectively,
n > k+ 1 is necessary. Since AK,, has An(n — 1)/2 edges and each subgraph in a
decomposition has k edges, & must divide An(n—1)/2. Since Ky, — E(Sk) contains
no (k + 1)-path, K1 is not (Pg41, Sk)-decomposable. Hence (A, n) # (1, k+ 1).

(Sufficiency) Whenn > k+2 and k divides An(n—1)/2, the existence of (P11, Sk)-
decomposition of A K, follows from Theorem 2.6. So it remains to consider n = k+1.
Then A > 2 by the assumption. We distinguish two cases according to the parity of A.

Case 1. )\ iseven.
Let V(2Kk+1) = {x0, 21, ..., Tk—1,Too}. FOri =0,1,.... k—1, let

P' = 2% 1Ti41%i-2 -« - T |j41/2) Too

where the subscripts of x’s are taken modulo . It is easy to see that { S (z~; 0, Z1, - - -,
zp_1),P°, P, ... P* 1} is a (Pyy1, Sk)-decomposition of 2K}, 1. Since X is even,
AKj41 can be decomposed into A/2 copies of 2Kj.1. Hence AKjy1 iS (Pgt1, Sk)-
decomposable.

Case 2. X > 3isodd.

The condition An(n —1)/2 =0 (mod k) with n =k + 1 and odd A implies that
k + 1 is even. Note that AK1; = (A — 1)Kjy1 U Kp11. By Case 1, (A — 1)Kj+q
iS (Pg+1, Sk)-decomposable. By Proposition 2.2, Ky is Py1-decomposable. Thus
AKj41 1S (Pi41, Sk)-decomposable. ]

3. PACKING AND COVERING OF AK, ,,

In this section the ( Py 1, Si)-packing, (Px+1, Sk)-covering and (P 1, Sy )-decom-
position of AK,, ,, are investigated. Before moving on, we need more terminology and
notation, and some useful results.
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Let G be a multigraph. We use (v, ve, ..., vi) to denote the k-cycle of G, which
is through vertices vy, va, . .., vg in order, and p(uwv) to denote the number of edges of
G joining the vertices v and v. Given an Si-decomposition of G, a central function ¢
from V' (G) to the set of nonnegative integers is defined as follows: for each v € V(G),
c¢(v) is the number of k-stars in the decomposition whose center is v.

Proposition 3.1. (Hoffman [11]). Let H be a multigraph and ¢ be a function
from V(H) to the set of nonnegative integers. Then c is a central function for some
Sk-decomposition of H if and only if

() kaeV(H) c(v) = |E(H)|,
(ii) for all z,y € V(H) with x # y, u(zy) < c(x) + c(y),
(iii) forall SCV(H), k> c(v)<e(S)+ > min{e(z), ulay)}

veS zeS,yeV(H)-S
where £(.S) denotes the number of edges of A with both ends in S.

Proposition 3.2. (Parker [15]). There exists a P;-decomposition of K, , if
and only if mn =0 (mod k) and one of the following cases occurs.

[Case | k | m | n | Conditions |
1 even | even | even | k < 2m, k < 2n, not both equalities
2 even | even | odd kE<2m—2,k<2n
3 even | odd | even kE<2m,k<2n-—2
4 odd | even | even E<2m-—-1,k<2n-—1
5 odd | even | odd E<2m-—-1,k<n
6 odd | odd | even E<m,k<2n-1
7 odd | odd | odd E<m,k<n

Lemma 3.3. If X and k are positive integers with & > 2, then AK, 1, i (Pp+1, Sk)-
decomposable.

Proof. Note that Ky, = Kpr—1 U K for & > 2. It is easy to see that
Kp 1 is Py41-decomposable by cases 2 and 6 of Proposition 3.2. Clearly K, ; is
Si-decomposable. Thus Ky, is (Py41, Sk)-decomposable, and so is MK j. [

In the sequel of the paper, we use (A, B) to denote the bipartition of AK,, ,, where
A= {ag, ai, ..., an_l} and B = {bg, bi,..., bn—l}-

Lemma 3.4. Let A\, k, and n be positive integers with 3 < k < n < 2k. If
A(n — k)% < k, then AK,, , has a (Py41, Sk)-packing .~ with |.~| = [An?/k] and
a (Pyy1, Sk)-covering ~ with | « | = [An?/k].
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Proof. Letn =k + r. The assumption k < n < 2k implies 0 < r < k.
We first give a required packing. Note that

/\Knm = /\Kk,k U /\Kkﬂn U /\Kr,k U /\KTJ“'

By Lemma 3.3, AK}, s, has a (P41, Sk)-decomposition © ¢ with |~ 1| = Ak. Triv-
ially, AK}, » and MK, ;, have Si-decompositions ~ o and © 3 with |~ 5| = |7 3| =
Ar, respectively. Let .~ = Ule “ ;. Then .~ is a (Py1, Sk)-packing of MK, ,,
with |. /| = A(k+2r). Since \r? = A\(n—k)% < k, we have |. | = [A(k+7)?/k| =
|An?/k|. Thus .~ is a required packing.

Now we give a required covering. Let s = A\r2. Note s < k < n. Let Ay =
{ag, ai, ..., aL(S_l)/QJ}, Ay =A— Ay, By = {bg, by, .. ~;bk—1} and By = B — Bg.
Define a (k + 1)-path P as follows:
boagbiay . . b%ak% if k is odd,

P pu—
b0a0b1a1 .. .bﬁ_laﬁ_lbﬁ if k is even.

Let P’ be the (k — s + 1)-subpath of P with end vertices ax_1, as_1, when £ is odd,
s is odd, end vertices k1, bg, when k is odd, s is even, end vertlces bk et when
k is even, s is odd, and end vertlces bk bg, when £ is even, s is even. Note that since

s > 0, P’ is a proper subgraph of P.
Let
H = \K,,— E(P)+ E(P).

Note that H is a proper subgraph of AK, ,,.

We will show that H has an Si-decomposition.

Note that V(H) = V(AK,,), |[E(H)| = An? —k+ (k—s) = An? — \r? =
Mk(k+2r), and p(uv) < X for all u,v € V(H). Define a function ¢: V(H) — N as
follows:

0 ifve By,
c(v) =
A otherwise.

We will show that the function ¢ satisfies (i), (ii), and (iii) in Proposition 3.1. First,
k> vevim c(v) = kA(k + 2r) = |[E(H)|. This proves (i). Next, if u,v € Bo, then
c(u) + c(v) = 0 = p(uv); otherwise, c(u) + c(v) > X > p(uwv). This proves (ii). To
prove (iii), let S C V(H). Fori € {0,1}, let X; = SNA; and Y; = SN B;. Moreover,
let X = XgU X7 and Y = Yy UY;. Define a set T of ordered pairs of vertices as
follows:

T={(u,v) | (ueX,ve By —Yy)or (ue Xy,veBy—Yy)or (ueY,veA—X)}
Note that
@) kY c(w) = RA(IX|+ V1)),

weSs
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@) e(S) = A(IXIl + X1 l[Yo) + > p(uo),
ueXp,veEY)

and foru e Sandv e V(H) - S

A if (u,v) €T,
(3) min{c(u), p(uv)} = ¢ pluw)  ifu e Xo,v € By — Yo,
0 otherwise.

For SCV(H), let

g($)=e(S)+ Y minfe(w), p(uv)} —k Y c(w).

ueS,weV(H)-S weS

To show (iii), we need show ¢(S) > 0.
Note that, if v € Ag — {"’L%J}’ there are Ak — 2 edges in H joining v and all vertices
in By; if v = a1y there are Ak — p edges in H joining v and all vertices in By
where p = 1 if s is odd, and p = 2 if s is even.

Hence
> (uw)
uEXo,’UEBO
B { | Xol(Ak —2) if a(s-1)/2) & Xo,
‘XO‘(/\]{—2> +2—-p if a|(s—1)/2] € Xo.

By (1)-(3) and | Xo| + | X1| = | X/, we have

g(S) = A(|XIV| + X1 Yo+ > plwo)
uEXo,’UEYO

FA(X(r = M]) + [Xa|(k = [Yol) + V| (k + 7 — [X]))

+ > pluw) = EA(IX] + Vi)
uEXo,’UEBo—YO

= M| X[+ AYilr = AV [[X] = M Xol + Y p(uw)

uEXo,’UEBO
B {/\(T’\X\HYH(T— |X1)) — 2| Xo if as—1)/2) & Xo,
A X4 Y1|(r = [X]) = 2[Xol +2—p  ifa|s_1)/2 € Xo.

If aj(s—1y/2) ¢ Xo, then [Xo| < [(s —1)/2], which implies —2[X,| > —s. If
a|(s—1)/2] € Xo, then [Xo| < [(s —1)/2] + 1, which implies —2[Xo| +2 —p >
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—2|(s—=1)/2| —p=—-2(s—p)/2 — p= —s. Suppose | X| > r. We have

9(8) = A(r|X| = M[(|X] =) —s
= A(r[X] = [YA|(IX] = 7)) = Ar?
= A(X|=7)(r=Nl)
> 0.

Suppose | X| < r.
If \r =1, then | Xy| = | X| = 0, which implies —2|X,| = —Ar|Xo|. If \r > 2,
then —2|Xo| > —Ar|Xj|. Note that 2 — p > 0. Hence we have
9(8) = A(r[X |+ Vil(r — [X])) = 2[Xo|

A
A X |+ Yl (r = X)) = Arl X
A
0

v

(r[Xa] + Va|(r = [X]))

v

This settles (iii). By Proposition 3.1, H has an Si-decomposition, say “~ . Since
H = \K,,— E(P)+ E(P), o U{P} is an (P41, Sk)-covering of AK,, ,,. Also
since ©/ is a packing but not a decomposition of AK,, , and ©/ U {P} is a covering
of AK,,,, We have |~ U {P}| = [An?/k]. ]

The following result is needed in the proof of Lemma 3.6.

Lemma 3.5. Let )\, k, and r be positive integers with & > 3, r < k and \r?2 > k.
If kis odd or (\,7) # (1,k— 1), then [|[M2/k|/2] < Ar/2 —1.

Proof.  We first consider the case A = 1. If r = k — 1, then | \r2/k| = |72/(r +
1)] =7 —1, and k is odd by assumption. Thus r is even. Hence |[\r2/k]|/2]| =
|[(r—1)/2] = r/2—1. If r < k—2, then r? > r+2 from the assumption Ar? > k. Thus
r > 2. Note that | A\r2/k] < |r?/(r+2)]. Inthe case r = 2, ||r?/(r+2)]/2] =0 =
r/2—1, which implies | | \?/k] /2] <r/2—1. Inthecaser > 3, |r?/(r+2)] = r—2,
which implies || Ar?/k|/2] < [(r—2)/2] <7/2 —1.

Now we consider the case A > 2. Since A\r? > k > 3, we have 7 > /3/A. Thus

AL W S W S
r+1 1+1/r — 14+ /)3

Note that A\/(1 + y/)\/3) is increasing with respect to A. Thus A\r2/k < A\r — 2/(1 +
2/3). Therefore, |A\r2/k| < Ar —2. In tumn, [|M?/k]/2] < Ar/2 — 1. This
completes the proof. [ |

A2
2 <
P
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Lemma 3.6. Let A\, k, and n be positive integers with 3 < k < n < 2k. If
A(n — k)? > k, then MK, ,, has a (Pg1, Sk)-packing .~ with |. | = |An?/k| and
a (Pyy1, Sy)-covering « with | 7 | = [An?/k].

Proof. Letn =k + r. From the assumption &k < n < 2k, we have 0 < r < k.
Let \r? = tk 4+ s where s and ¢ are integers with 1 < ¢, 0 < s < k. Note that
t = |\?/k]. Hence |A\n?/k| = [\(k +7)?/k] = A(k+ 2r) +t and

LDk Ak+2r)+t+1  ifs>0.

In the sequel of the proof, we will show that A, ,, has a packing .~ consisting of ¢
copies of (k + 1)-paths and A(k + 2r) copies of k-stars with leave P,y ;.

Let A
5 {1 if ¢ is odd,

0 iftiseven.
Let Ay = {ag,al, .. .,ak_l}, AL = A— Ay, By = {bo,bl, .. ~7bk‘—1}! and B; =
B — By. Let G = AK,, ,[Ao U By]. Clearly, G is isomorphic to AK} . For i €
{0, 1,..., {/\k/QJ — 1}, let C(Z) = (bgi, agp, b2i+1, at, ..., b2i+k—1; ak_1> where the
subscripts of b’s are taken modulo k. Trivially, C(i) is a 2k-cycle in G for each i.
Note that

[Ak/2]—1
U C(7) if Ak is even,
G = =0
[Ak/2] -1
( J c)yum if Ak is odd,
=0

\

where M is a perfect matching in G. For s > 0 or odd ¢, define a (0k + s + 1)-path
P, which is a subpath of C(0), as follows:

p_ { boagbiay . . ~b[(ék-}—s)/Z]—la[(6k+s)/2]—lb[(6k+s)/2] if 0k + s is even,
boagbias . . .b|‘(5k+s)/2‘|_1a|’(5k+5)/2‘|_1 if 6k + s is odd.
Since A(n — k)2 > k > r, we have 1 < ¢t < Ar. Thus t +1 < Ar; in turn,

5] < i <Al o AReLl <12k Hence [£] < [2E] — 1, which assures that the

following F' is well-defined. Define a subgraph F' of GG as follows :

P ift =1,
[t/2]
U c@) if s =0and ¢ is even,
F=9q
[t/2]
(J cyupr  otherwise.
=1

\
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Since Cy; can be decomposed into 2 copies of P, and P can be decomposed into
o copies of Py, as well as one copy of P, there exists a decomposition of F into
t copies of Py; and one copy of Ps,1. Thus F' has a Py -packing, say .~ o, with
leave Ps,. Let
H = \K,, — E(F).
Note that V(H) = V(AK,n), |E(H)| = An? — (tk +s) = An? — Ar? = Mk(k + 2r),
and p(uv) < X for all u,v € V(H) with u # v. Define a function ¢ : V(H) — N as
follows:
forv e V(H),

c(v) = .
A otherwise.
Now we show that the function ¢ satisfies (i), (ii) and (iii) in Proposition 3.1.

First, k3 ,cv () c(v) = kA(k+2r) = [E(H)|. This proves (i). Next, if u,v € By,
then c(u) + ¢(v) = 0 = p(uv); otherwise, c(u) + ¢(v) > A > p(uv). This proves (ii).
Finally, we prove (iii). For S C V(H) and i € {0,1}, let X; = SN A;, Y; = SN B,
X = XoUXy,and Y = YyuUY;. Define a set T of ordered pairs of vertices as follows:
T={(u,v)|(ue X,veB-Y1)or (ue Xj,ve By—Yp)or(ueYY,veA-X)}

Note that

{0 if v € By,

4) B e(w) = EA|X]+ Y1),
weS
(5) e(S) = A(IXIl+ X1 Yo+ > p(uo).
uEXo,’UEYO

Forue Sandve V(H)—-S,

A if (u,v) €T,
min{c(u), p(uv)} = < p(uv) ifue Xo,v € By — Y,

0 otherwise.

Thus
Z min{c(u), p(uv)}
ueSweV (H)-S

o = > minfe(w,p)l+ > minfe(u), p(uw)}
6 (uw)eT u€Xo,0€ Bo—Yo
= A(IX|(r — [Y]) + [ X2 |k — [Yol) + V2| + 7 — |X1))

+ Z p(uw).

u€eXp,ve€By—Yp
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For SC V(H), let

gS)=e(S)+ > minfe(u),u(ue)} kD efw).
ueS,weV(H)-S weS

Proving (iii) is equivalent to proving g(S) > 0.

Let H' = H[AU By]. For s > 0 or odd ¢, let Ay = {ao, a1, ..., a[(skts)/2]-1}
A = Ag— A Let X = SN Ajand X = SN Aj. Obviously, Xo = XyU X{[. We
have

for u € V(H'),

e —t if s=0, tiseven, and v € Ay,

Ak —2[t/2] =2 if s> 0ortisodd, and u € Ay — {af(sits)/2]-11
degr i = Ak —2[t/2] —p ifs>0ortisodd, and u = af(spss)/2]—1,

A —2|t/2] if s> 0ortisodd, and u € Af,

where p = 1 if 6k + s is odd, and p = 2 if §k + s is even.
Hence

S o)+ Y pw)

u€Xo,vEYy u€Xo,vEBy—Yo

- Y uw)

u€Xo,vEBy

= Z degmu

u€Xo
| Xo|(Ak — 1) if s=0 and ¢t is even,
| Xo|(Ak — 2[t/2])—2|X{] if s>0 ortisodd, and af(sk+s)/21-1 ¢ Xo,
| Xo|(Ak —2[t/2])—2|Xg|+2—p ifs>0ortis odd, and af(sks)/21-1€ Xg-

Let
—t| Xo| if s=0and ¢t is even,
m = ¢ =2(|Xo||t/2] + | X{) if s >0 ortisodd, and af(sirs)/21-1 ¢ Xo»
—2(|Xo|[t/2] + | Xgl =1) —p if s >0ortisodd, and af(sirs)/21-1 € Xo-
Then

(7 Z p(uv) + Z p(uv) = | Xo| Ak + m.

u€eXp,veEY) ueXp,v€By—Yo
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By the definition of ¢(S), and (4) — (7), we have

o(S) = MIXIW+ XY + S o)
FAQX |G [Ya]) + | Xl (k = [Yo]) + V3] + 7 — [X]))

+ > pluw) = EA(IX]+ 1))
uEXo,’UEBo—YO

= AMXIM| + [ X [Yo| + [X|(r = [Ya]) + [ Xa|(k — [Yol)
HYi[(k +r = [X]) = k(1 X[+ [Y1]))

T DT RS St

u€Xo,veYy u€Xo,v€EBo—Yp
=AM X|r+ [ Xk + Yalr — N[ X] = k[ X]) + [Xo[Ak +m

=X+ [ Xk + V| = ][ X] = K[ X] + [ Xo[k) +m.
Since | X| = | Xo| + | X1|, we have
®) 9(8) = A X]r + Mi[(r = |X])) +m.

We first show that m > —Ar2. Note that |X,| < k. When s = 0 and ¢ is even,
m > —kt = —\r2. When s > 0 or ¢ is odd,

Ayl —1 ifa s /21-1 & X\,
\X{)\S{‘ ol [(ok+s)/2]-1 ¢ X0

| 4ol if ar(srrs)/21-1 € X
Thus _
- {—2(\X0W/2J + | Apl) +2 if ar(spts)/21-1 & Xo»
=2(|Xol[t/2] +|A]) +2 = p if ap(spts)/21-1 € Xy

> —2(|Xol[t/2] + [Ap]) + 2 — p.

In addition, |¢/2| = (t —)/2, and |Ap| = [(dk + s)/2] = (6k + s +2— p)/2. Thus
m>—=2(k(t—08)/2+ (0k+s+2—p)/2—1)—p=—(kt +s) = —Ar2
Therefore, if | X| > r, we have from (8), that

9(8) = Al X| = VA|(| X[ = 7)) = Ar® = M(|X| = r)(r = [V1]) > 0.

So it remains to consider the case | X| < r.

We first show that m > —\r|X|.

Suppose that k isevenand (\,r) = (1,k—1). Then \r? = (k—1)% = (k—2)k+1 =
(r—1)k+1. Thisimpliess = 1 and ¢ = r—1 where ¢t iseven. Thus [t/2]| = (Ar—1)/2
and Ay = {ao}. Thus if ap(spys)/21-1 ¢ X, We have [Xg| = 0, which implies m =
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—2(1Xo|[§] + [X4]) = =2 Xo| AL > —2[Xo| 5 = —Ar|Xo|; if ap(sprs) 21-1 € X0,
we have | X}| = 1, whichimpliesm = —2(|Xo|| 3|+ X} —1)—p = —2|Xo| 252 -1 =
—/\T‘X()‘ + ‘X()‘ —1> —/\T"X()‘. Hence m > —/\T"X()‘.

Suppose that either & is odd or (\,r) # (1,k — 1)a. Recall that t = |Ar?/k| in
the beginning of the proof. Lemma 3.5 implies |¢/2] < Ar/2 — 1. Hence

t
w2 =2 (15 + 1

> —2(|Xol(Ar/2 - 1) + | Xg|)
= —Ar|Xo| + 2(] Xo| — | Xol)
> —AT"X()‘.

Therefore, for | X| < r, we have from (8), that
9(8) 2 A(r| X[+ 1] (r = |X])) = Ar|Xo| = A(r[Xa] + V1[(r — | X])) = 0.

This settles (iii).

In the above we show that the function ¢ : V(H) — N satisfies (i), (ii), (iii) in
Proposition 3.1. Thus H has an Sj-decomposition, say “ .

Let .» = & U.~q. Clearly, .~ is a (P41, Sk)-packing of AK,, ,, with leave
Poypand || = [An2/k]|. Let

% if s=0,
//' pu—
> U{Q}y ifs>1,
where @ is a (k + 1)-path containing the leave of .. It is easy to see that " is a
(Py+1, Sg)-covering and | 7 | = [An?/k]. ]

Combining Lemma 3.3, Lemma 3.4 and Lemma 3.6, we obtain the following
lemma.

Lemma 3.7. If A, k, and n be positive integers with 3 < k < n < 2k, then AK,, ,,
has a (Pyy1, Sk)-packing .~ with || = [An%/k| and a (Py.1, Sk)-covering «
with | 7 | = [An?/k].

Now, we are ready for the main result of this section.

Theorem 3.8. If A, k, and n are positive integers with 3 < k < n, then AK, ,, has
a (Pgy1,Sk)-packing .~ with |.| = [An?/k| and a (Py1, Sk)-covering « with
| 7| = [An?/k].
Proof. Due to Lemma 3.7, we only need consider n > 2k.
Let n = gk + r where ¢ and r are integers with ¢ > 2, 0 < r < k. We have
MKy = MK gtr UNK g (g— 1)k UAK (g 1)k,n- NoOte that by Lemma 3.7 AK 4y jotr
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has a (Py1, Sk)-packing .~ with |.»| = [A(k + r)2/k| and a (Py.1, Sk)-covering
owith | 7| = [A(k + r)?/k]. Trivially, AKj 4, (g—1)% and AK(;_1y,, have Si-
decompositions, say <~ and “~ ’, respectively, where |~ | = A(k + r)(¢ — 1) and
|~ =Xg—1)n. Then .» U~ U~ "isa (Pyt1, Sk)-packing of AK, ,,, obviously
with cardinality [An?/k] and © U © U 7~ " is a (Pyy1, Sk)-covering of A\K,, ,,
obviously with cardinality [An?/k]. This completes the proof. |

Clearly, if \K,,,, admits a (P41, Sk)-decomposition, then £ < n and An? is
divisible by k. Thus the following corollary follows from Theorem 3.8.

Corollary 3.9. For positive integers \, k£ and n with k£ > 3, the balanced complete
bipartite multigraph AK, ,, is (Px+1, Sk)-decomposable if and only if k¥ < n and An?
is divisible by %.

REFERENCES
1. A. Abueida, S. Clark, and D. Leach, Multidecomposition of the complete graph into
graph pairs of order 4 with various leaves, Ars Combin., 93 (2009), 403-407.

2. A. Abueida and M. Daven, Multidesigns for graph-pairs of order 4 and 5, Graphs
Combin., 19 (2003), 433-447.

3. A. Abueida and M. Daven, Multidecompositons of the complete graph, Ars Combin., 72
(2004), 17-22 .

4. A. Abueida and M. Daven, Multidecompositions of several graph products, Graphs
Combin., 29 (2013), 315-326.

5. A. Abueida, M. Daven, and K. J. Roblee, Multidesigns of the A-fold complete graph for
graph-pairs of order 4 and 5, Australas J. Combin., 32 (2005), 125-136.

6. A. Abueida and C. Hampson, Multidecomposition of K,, — F' into graph-pairs of order
5 where F' is a Hamilton cycle or an (almost) 1-factor, Ars Combin., 97 (2010), 399-416

7. A. Abueida and T. O’Neil, Multidecomposition of MK, into small cycles and claws,
Bull. Inst. Combin. Appl., 49 (2007), 32-40.

8. J. Bosék, Decompositions of Graphs, Kluwer, Dordrecht, Netherlands, 1990.

9. Darryn Bryant, Packing paths in complete graphs, J. Combin. Theory Ser. B 100 (2010),
206-215.

10. P. Hell and A. Rosa, Graph decompositions, handcuffed prisoners and balanced P-
designs, Discrete Math., 2 (1972), 229-252.

11. D.G. Hoffman, The real truth about star designs, Discrete Math., 284 (2004), 177-180.

12. H.-C. Lee, Multidecompositions of complete bipartite graphs into cycles and stars, Ars
Combin., 108 (2013), 355-364.



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Maximum Packings and Minimum Coverings of Multigraphs with Paths and Stars 1357

H.-C. Lee and J.-J. Lin, Decomposition of the complete bipartite graph with a 1-factor
removed into cycles and stars, Discrete Math., 313 (2013), 2354-2358.

J.-J. Lin, Decompositions of multicrowns into cycles and stars, Taiwanese J. Mathemat-
ics, accepted.

C. A. Parker, Complete bipartite graph path decompositions, Ph.D. Thesis, Auburn
University, Auburn, Alabama, 1998.

H. M. Priyadharsini and A. Muthusamy, (G, H,,)-multifactorization of AK,,, J. Com-
bin. Math. Combin. Comput., 69 (2009), 145-150.

H. M. Priyadharsini and A. Muthusamy, (G, H,,)-multidecomposition of K, ., ()),
Bull. Inst. Combin. Appl., 66 (2012), 42-48.

T.-W. Shyu, Decomposition of complete graphs into paths and stars, Discrete Math., 310
(2010), 2164-2169.

T.-W. Shyu, Decompositions of complete graphs into paths and cycles, Ars Combin., 97
(2010), 257-270.

T.-W. Shyu, Decomposition of complete graphs into paths of length three and triangles,
Ars Combin., 107 (2012), 209-224.

T.-W. Shyu, Decomposition of complete graphs into cycles and stars, Graphs Combin.,
29 (2013), 301-313.

T.-W. Shyu, Decomposition of complete bipartite graphs into paths and stars with same
number of edges, Discrete Math., 313 (2013), 865-871.

Hung-Chih Lee

Department of Information Technology
Ling Tung University

Taichung 40852, Taiwan

E-mail: birdy@teamail.ltu.edu.tw

Zhen-Chun Chen

Department of Mathematics
National Central University
Chung Li 320, Taiwan

E-mail: amco0624@yahoo.com.tw



