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STABILITY AND MORREY SPACES RELATED TO MULTIPLIERS
Yueping Zhu, Qixiang Yang* and Pengtao Li*

Abstract. We apply wavelets to study the generalized local Morrey-Campanato
spaces M, ,(R™) and their preduals. As applications, we characterize the mul-
tipliers on Ay ,(R™) and the stability of these spaces under the perturbation of
Calderon-Zygmund operators. Our results indicate that there exist some Ay ,(R™)
without unconditional basis. This fact shows that M, ,(R™) have some different
characteristics unlike the classical Morrey spaces.

1. INTRODUCTION

Morrey spaces M, ,(R™) were introduced by Morrey [19] in 1938 when solving
PDE problems. In the last decades, Morrey spaces and their generalization have been
studied extensively and play an important role in the study of harmonic analysis and
PDE. We refer the reader to Lin-Yang [11], Essen-Janson-Peng-Xiao [3], Yang-Yuan
[30, 31, 32], Yuan-Sickel-Yang [35, 36], Xiao [29] and Yang-Zhu [34] for further
information.

A cube () centered at x and with radius r is defined as

Denote by fo the mean value of f on Q:

fo=1QI" /Q f(z)dz.

The generalized local Morrey-Campanato spaces M, ,(R™) are defined as follows.
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Definition 1.1. For 1 < p < oo, we say f € My ,(R") if

3=

1
(1.1) sup <W /Q(W)‘f@)—fQ(y,r)‘de?) + sup ‘fQ(y,T)‘<OO'

yeRm r<i yeR™, 3 <r<1

Remark 1.2. The spaces M, ,(R") are generalizations of many classical function
spaces.
(i) When ¢(r) = r7%,0 < a < 3, Myp(R") = Ma,(R"), the local Morrey-
Campanato spaces.

(if) For 1 < p < oo, My,(R™) = bmo(R"), the space of functions with local
bounded mean oscillations.

Our aim is to characterize M, ,(R™) and its predual via the orthogonal regular
wavelet basis. Wavelet characterizations of classical Morrey spaces are studied by
many authors. See Rosenthal [21], Sawano [22] and Yuan-Sickel-Yang [36] for details.
Liang et al. [10] considered the generalized Morrey spaces associated with increasing
functions ¢ satisfying

1 dt 1
- P 2
P 0(t) t T o(r)

In this paper, we assume that the function ¢ satisfies the following conditions. Let

¢ be a function defined on the interval (0, 1] and satisfy the following conditions.

r > 0.

(1) Suppose that
(1.2) 0 < ¢(z) < o0,z € (0,1].

(2) There exists a positive constant Cy such that

1
(1.3) sup ¢(sr) < Coop(r), 0 <r < —.
1<s<2 2
(3) For s € N,
(1.4) > Ye(277) < C2g(277).
1<j<s
Let f = ( %: N Fik®5k and ¢ satisfy (1.2), (1.3) and (1.4). In Theorem 3.1, we
£,7,8)ENn

prove that f € My, (R™) if and only if for any dyadic cube @ with volume |Q| < 1,

1
(X @0’ <o <o
’ p
(87j7k):Qj,kCQ

L5 Qe QL)
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Remark 1.3. Let & + @ denote the cube
{(xla7xn>k1§xz<1+kukzezuz:177n}

If r"¢P(r) > C > 0,7 € (0,1], then My, = {f : sup, [|fllzrhsq) < oo} If
lirr(l)r_1¢(7’> = 0, then M, ,(R™) consists of all constants. Hence, in this paper, we
r—>

always assume that there exist two positive constants C; and Cs such that Cir <

n

o(r) < Cor ».

In Section 3.2, we study the predual of M, ,(R™). Fefferman [4] proved that the
predual of BMO(R") is the Hardy space H'(R™). Kalita [8] used a group of Borel
measures to characterize the predual of M, >(R™). We introduce two classes of Hardy

spaces H*P(R™) and HSP(R™). For 1 < p < oo, we prove that H??(R™) and
H{P(R™) are equivalent. In Theorem 3.8, we obtain the following duality relations.
(H*(R™))" = My (R");
(H?P(R™)) = My (R"),1 < p < occ.

In Section 4, we devote to the applications of the results obtained above. The first
one is the multipliers on M, ,(R™). The multiplier spaces are defined as follows.
Definition 1.4. For two spaces X and Y, f € M(X,Y) means sup [fg|y <
lgllx <1
oo. Specially, we write M (X, X) as M(X).

Multiplier spaces were introduced in 1950s and studied extensively since then. See
Maz’ya-Shaposhnikova [12, 13] for details. Janson [6] and Stegenga [23] studied the
multipliers on My 1(R™) and the predual H?°°(R"). They obtained

Proposition 1.5. ([6, Theorem 2]). Let ¢(r)r—! be ‘almost decreasing’ in the
sense that

(1.6) d(p)p~ " < Co(r)r™, p=>r.
Then M (My,1(R™)) = My (R™) (N L®(R™), where ¢(r) = ¢(r)/ ([} o(t)t~"dt).

For any f € M, 1(R™), Janson [6] constructed a special function & to characterize
M (Mg1(R™)). In this paper, we apply a different method to study the multipliers on
My ,(R™),p > 1. Define

1+[|logzj£ﬁ> N
{2 e}

b(r) =

j=1
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Let f € My (R™) and a be a wavelet atom of H¢P(R™). We use multi-resolution
analysis to decompose the product of f - a as

f@)a(z) =1(z) + I1(x)+ I111(x)+ IV (x)+ V(z) + VI(z)+ VII(x).
Thus, the estimates of fa can be converted to the computations of the wavelet coeffi-
cients { /5, } and {a5 , }. By Theorem 3.5, we obtain a characterization of M(H®PR")),
1 < p < oo. See Section 4.1. The characterization of M (Mg ,(R™)),1 < p < oo, can

be deduced from Theorem 4.4 and the duality between H??(R") and M, s (R™). See
Theorem 4.8.

Remark 1.6.
(i) For My 1(R™), we only assume that ¢ satisfies (1.2) and (1.3). Hence the function
¢ used here is more general than that in (1.6). Our result is slightly stronger than

that of [6].

(ii) One usual tool to characterize M (X,Y") is the capacity on arbitrary compact
set. Sometimes, it is difficult to compute the capacity on arbitrary compact set.
Recently, wavelets have been used to characterize the multipliers on Sobolev
spaces. We refer the reader to Yang-Zhu [34] for details.

The second application is the stability under the action of Calderén- Zygmund
operator. The stability of function spaces under the perturbation of operators plays
an important role in many problems. See Maz’ya-Verbitsky [14] and Alvarez [1]. In
Sections 4.2 and 4.3, under the perturbation of 7", we discuss the stability of M ,(R"™),
M(H?®) and M (M,,,), respectively. Unlike the case of M, ,(R"), Theorems 4.6 and
4.9 imply that M, ; (R™) and M (M,,,) may be unstable.

Remark 1.7. It is well-known that BAM O space can be characterized via Carleson
measure. See Stein [24]. The Carleson measure characterization of M, 2(R™) was
obtained by Essen-Janson-Peng-Xiao [3]. For the spaces M, ,(R™), we could introduce
a class of Carleson measures related to the function ¢. By a similar method, we could
characterize My ,(R™) via Carleson measure related to the function ¢. We will discuss
this problem in another paper.

The rest of this paper is organized as follows. In Section 2, we state some prelim-
inary notations and lemmas which will be used in the sequel. In Section 3, we give a
wavelet characterization of M ,(R™) and obtain the predual of M ,(R™). In Section
3.2, we consider the multipliers and stabilities of M, ,(R™) and H?*?(R"). Section 4
is devoted to the stability of M (H?P), M, ,(R"™) and M (M), respectively.

2. WaAVELETS, FuncTIoNs AND OPERATORS

We state some notations related to wavelets. The wavelets used in this paper are
tensorial wavelets and real valued. Let £, = {0,1}" and E, = {0,1}"\{0}. For
e = 0 (respectively, € € E,,), let
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(2.1) ¢ e O ([—2M, 2M]™)

be Daubechies’ scale function (respectively, wavelet), cf [15]. We suppose that
Daubechies wavelets are sufficient smooth and have sufficient vanishing moments to
adapt our needs.

Forj€Z, k= (ki,ka--,ky,) € Z" and € € E,,, We write

n

Q=Qjx=[[1277ks, 27 (ks + 1)],

s=1

€ € in —eiof
o (7) = @5 k() = 272 (2 — k).

For any function f and (e, j, k) € E,, x Z x Z", we define f5, = (f, ®$ ). For j >0,
let

Pif(x) = Z Fir®d (),

keZn

Qjf(z) = Z fik®5 ().

eEE.'n,kEZ"

In the sequel, we always write

Q={Qjr jeNEkeZ"},
A, ={(e,j,k),e€ E,,j >0,k Z", and if j # 0, then e # 0}.

Let M be the constant in (2.1). Let x and x be the characteristic functions of the cubes
[0,1]™ and [—2M+2 2M+2]n respectively.
Now we present some wavelet characterization of function spaces. Let g(z) =

( %:A 95 . ®5 1.(z). Denote
€,0,k)€An

Segi(@) = > 20T %2 — k), jeNand r € R;
€,k: (e,5,k)EAn

Sgi(z) = Sogj(x), j €N,

For 1 < p < oo, we denote by p’ the conjugate number of p, i.e., 1—1) + Z% = 1. Let

1 <p,qg<ooandreR. Itiswell-known that (F,"(R")) = Fp_/”’/ (R™). Triebel-
Lizorkin spaces can be characterized via Daubechies wavelets and M, see [26, Section
1.2.3] for details.

Proposition 2.1. Let g(z) = > g5, %5, (2).
(E,j,k‘)E/\n ' '
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(i) Let 1 < p,g < ocandr € R and M be the Hardy-Littlewood maximal operator.

< o0
r

ge FE) & | (T 0r8.650))°

JEZ

Q=

= H( Z qu(r+%)‘g;7k‘qx<2j . —k)) < 00.

(E,j,k‘)E/\n

Lp

(ii) g € F%™®(R™) = BY™°(R™) if and only if

‘gjeJq‘ < 02_%j7v<67.j7 k) € An

Calderon-Zygmund operators play an important role in harmonic analysis. For
N > 0, we say T belongs to non-homogeneous Calderon-Zygmund operator class
CZO(N) if
(i) T is continuous from C*(R") to (C'(R™))’ such that
Tf(@) = [ Ko f)dy:
(if) For any a € N™ with |a| < N — 1, T and its dual operator 7* satisfy

(2.2) Tz =T 2z = 0;

(iii) The kernel K satisfies

T

23 ww [ K+ K ) ]dy < oo
T—y|>

For 2 # y and |a| 4 |3] < N, we have
(2:4) 0200 K (2, y)| < Cla — y|~(Hlal+1oD,

For simplicity, we suppose that N is big enough such that N > n + 1 + | log, Cp| to
satisfy the needs of Lemma 2.3 and Theorem 3.9. For any (e, j, k), (¢/,5',k') € A,
and a distribution K (-, -) in S/(R™ x R™), let

’ ’
a;:Z7j/7k/ == <K<, '), (I)§7k¢)§/7k/>.

If T'e CZO(N), then its distribution-kernel K (-, -) and the corresponding coefficients
af i Nave the following relations.
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Proposition 2.2. ([16, Section 8.3, Proposition 1]). Let '€ CZO(N). Then

0.0 0.0
(2.9) sup 3 (‘a’o,k,O,k/‘ + ‘%,kgo,k‘) <C,
kez" k' e7n

/ s sl 2_] +2_j/ n+N
e | <27l |<—+N)( : : : : )
(2.6) 05| = ’ 277 + 277" + |k277 — k27| ’
Vel + |€'| # 0.

At the end of this section, we give some LP-estimates of Calderén-Zygmund opera-
tors which are useful in the sequel. For s, jo € Z, ko € Z™ and 0 < s < jo, there exists
a ly € Z" such that the dyadic cube @, x, is contained in the dyadic cube Q;,—s.,-
Let

a(z) = Z a5, ®5 () € LP.
eionj,kCQjo,ko

For any [ € Z™, we define

/
@.7) Wjoko(T) = ) Y a5 P ().

Qj,kCQjo,H—lo Qj/,k/CQjoJﬂo
Forany 0 < j < jo and (e, j, I + l,—;) € Ay, we define

€g,l z : €€’ ¢
(28) a,jmko = a’j,l-l—ljo_j,j/,k‘/a']/,k/'
Qj/,k/ CQjg.ko

Lemma 2.3. Let 1 < p < oo. If {aj /

7w} satisfy (2.6), then we have

() llatjosll o < L+ )l 2o
(i) |agd,| < O(1+ i)~ N2lE Mg (=g

Proof. We first prove (i). Notice that for 1 < p < oo, LP(R") = E*(R™). By
Theorem 2.1, we have

2 =
. / ’ . P}
lasorslle = (22 S ead ] x@a - k)|
Qj,kC Qg 1+kg Qjr 1 CQjg kg
.. . 6,6/ ’ . )
We divide the estimate of | > az'y. i @ | INtO two cases:

Q7 1 CQjg ko
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Case 1. z € Q;; and jo < j' < j. We have

| E aS ., a |
j7k7j/7k/ ]/7k/

Q1 i CQjg ko

< 27 IGHN=55 S a0 () S (1 + 2990 max(|I] - 27,0) + 27z — K|) "N
k./
< 2—|j—j/|(%+N)—%J/(1 + 9i'=do max(|I] —2",0)) Y Saj ().

Case 2. =z € Qj and jo < j < j'. We denote k' = 27" ~im + 7, where
re{0,---,2/'79 — 11", We have

E aS ., a5
j7k7j/7k/ ]/7k/

Q1 1 CQjg ko

< 9 l=dI(GHN)+55 —nj Z May (27m)
(1+ 2730 max(]l] — 2", 0) + |20z — m|)"+N
MMSa,j/(a:)

<ol G | .
- (1 + 29=Jo max(|l| — 27,0) + |27z — m|)"+N

Hence

9Jn €€ ¢ |2
ajvkvj/vk/ aj/7k/

Qj,kCQjg 141 Q1 1 CQjg kg

< 2 [ 2 2]

Jzjo  Jo<j’'<j

D> 2‘N|J—J|MMSaj/(a:)r}

Jzjo  Jo<j<j’

1 ) ,
= W{ Y [Sap(@)P + Y [MMSaj(x)] }

3’230 3 =30

X2 — k)

Applying Theorem 2.1, we get |la; j, &, llze < C(1 + 1) "N |lal| e
Then we prove (ii). Fix 7' > jo > j. We have

€, 6
’ Z A5t 5.', ey /k/
@t k' CQjo ko

<[ ¥ o \ e 287165 1 (2 2 — W)
Qj/,k/CQjO7kO
gy
as w|x(2 x —kK')dx
1 1+ 1. - —2i—3 k/\ntN 75"k
Qj/7k/CQj0,k0 ( +‘ + Jo—J ‘)

< (14 1) " No3+V) / 2N S () da.

IN
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We can obtain

> a
a17l+l]0 33’5 k/a’ /k/

Q7 1 CQjg ko

C(1+ 1)) Nol& /Z 27N Sa () da

J'>J0

C(l‘i‘m) n— N2("+N ]2—N]0/( Z ‘Sa] )

J'>J0

(X 1s0stoit)*

J'>3o

C<1+m>—n—N2(%+N)]2 N+n—— )Jjo

e

3. GENERALIZED MORREY SPACES My ,(R™)

3.1. Wavelet characterization

In this section, we use wavelets to characterize M, ,(R™). Let xs be the charac-
teristic function of a set S. We can obtain the following wavelet characterization of
M¢7P<Rn>'

Theorem 3.1. Let 1 < p < oo and ¢ satisfy (1.2), (1.3) and (1.4). Then the
following two statements are equivalent:

(3.1) f= Z Fir®S e € My p(R™).
(€7j,k‘)€/\n

There exists a constant C'y such that for all dyadic cube @ with volume |Q| <1,

1 . . 1
- - Jn| £€ |24,(9F 2
‘Q‘l/p¢<‘@‘%> ’((gjk)E'Q:'kCQQ | fi el "X (272 k)) ’Lp
k) g,

SCf<OO.

Proof. At first we prove that if f € M, f satisfies (3.2) for any dyadic cube
Q. We divide the proof into two cases.

Case 1. 2(M+3)n|Q| < 1. Because the support of Daubechies wavelets is bounded,
there exists a cube @, such that

1Qu| < 2MH2m Q)
supp 5, € Qur, (e, 7, k) € Ay, Qjk C Q.

For any (e, j, k) € Ay, and Q) C Q, we have

.;k - <( Z f;/7k/(I)§/7k/ B fQN1>XQ1VI7 (I)§7k>.

(5/7j/7k/)€An
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We can deduce from Proposition 2.1 that

> 2f"\f;,k\2x<2fx—k>)%]

(£,3,k):Q;,,CQ
(X ) o) xau )

(€7j,k‘)€/\n L
L 1
< 1 llazy, Qe (1@ ™).
By (1.3), there exists a constant C' depending only on M and Cj, such that

Lp

Lp

1
I( 2 2m1Paie - 1)
Q;,kCQ

S CU g, 6(r).

Case 2. |Q|<1and 2M+37|Q| > 1. Let jo, jo €Nsuchthat 1 < 2(M+3-jo)n || <
1,2n00=ie) = |Q| and let E,, j, = {m :m = 0,---, 2" —1}. There exist 27 dyadic
cubes Qjo.m, m € By jy, such that |Qj,m| =272 and @ = |J Qj,.m- Thus we

TTLEE"J'O
have

<0 s @ - )|

Q;xCQ,I<iq

Y (S ke -n)

meZ"ijo,mCQ Qj,kCQjO,m

Lp

1
(s o Px@e - w)?|
Q;,kCQ

e’

It is easy to see that

(2 2P -R)
Qjo,m cQ Qj,k CQ]DJ” 7

S Cl s, 93)
and
(G an‘f;,k‘QX(ij_k>>% S Clf I, 1+ DD s,

Q;,kCR,I<IQ 1<7<7q

By (1.3) again, there exists C, depending on M and Cj, such that

1
|( 2 2 P@e - k)
Qj,xCQ

< Clf g, 0(1Q1).

Conversely, we assume that f satisfies (3.2). It is easy to see that

sup lfoe.m| < oo
yeRn, L<r<i
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For any cube Q(y, r) with r < 1, take JQ(y,r) € N such that 27w < |Q(y,r)| <
2n(1=Jew.n) We decompose f into the following two parts:

fit) = 3T Fa®l),
(e,j,k‘) EAnijjQ(yﬂ")
Pl@)= 3 @)

(67j7k) €A7L7j<jQ(y,1")

Denote by £,y and fa gy, the means of f; and f2 on the cube Q(y, r), respec-
tively. It is easy to see that

_1
10w <1QW, I 7l fill ey,

Hence there exists a constant C' depending on Cy, M and Cy such that

¢(r>_1(r_n /Q( : |fi(z) — f1,Q(y7T)\pda:> P <.
y

)

For any j with 0 < j < jq(y,n, there exists 5, € Q(y,r) such that

/ O(2x — k)dr = / (2, — k)dx.
Qy,r) Qyr)

Let
Qe = {(€.3:K) + (€5 k) € A, Qy,7) () supp @5, # 0},
We have

| 180 hqunPds
Q(y,r)

€ € € € p
</ E fik [(I)j,k(x> - ‘I’j,k(ﬂfj,k)” dx

vr (5 J,k)EQe,y, r7]<]Q(y r)

<o | 528 1Qy. ) de
Q(y,r)

7]7 EQE Y, T7]<]Q(y )

By (3.2), we have

/Q(y f2() = fageyn|Pde < C’/ ( > qﬁ(?‘j)?j\Q(y,r)\%)pdx

) vr) " 0<i<iqu.m

<c/ (r)Pdz < Co(r)Pr
y7
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where in the last inequality we have used (1.3) and (1.4). This completes the proof of
Theorem 3.1. |

3.2. Duality between M, ,(R") and H?? (R")

Fefferman-Stein [5] proved that BMO(R™) is the dual of Hardy space H!(R").
Kalita [8] characterized the predual of M, »(R™) by the method of functional analysis.
The predual of @ spaces is obtained by Dafni-Xiao [2] via Hausdorff capacities. In this
section, we adopt Fefferman-Stein’s ideas and use wavelet atoms to study the predual
of M¢7p (Rn>

At first, we introduce two classes of Hardy spaces associated with ¢.

Definition 3.2. Let 1 < p < oo.
(i) A distribution g = >~ g5, @5, is called a (¢, p)—wavelet atom on dyadic cube

€5k
). I the support of e%:k 297 g¢ ,[*x (272 — k) is contained in Q(y, ) and
] j l n
(S 2o 1) <t o),
' p
67j7k

(i) We call a distribution f € H{P(R") if there exist a sequence {)\,} € I* and
a sequence of (¢, p)—wavelet atoms {g,} such that f(z) = > Aygu(x). The

norm of H{P(R") is defined as
1£ 1l e = inf > A,

where the infimum is take over all the possible decompositions.
Another class of atoms are introduced without using wavelets.

Definition 3.3. Fix 1 < p < oo.

(i) Adistribution g is said to be a (¢, p) —atom on cube Q(y, r), if supp g C Q(y, ),
lgllzr < r» "¢~ (r) and for » < 1, [g(x)dz = 0 is true in the sense of
distributions.

(ii) We call a distribution f € H?P(R") if there exist a sequence {\,} € /! and a
sequence of (¢, p)—atoms {g,(z)} such that f(x) = > Aygu(z). The norm of

H®P(R™) is defined as
1fllpros = inf > A,
u
where the infimum is take over all the possible decompositions.

For #(r) = 1, we denote H??(R") = H*(R"™). Then we have
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Lemma 3.4. (i) If there exists ¢ > 0 such that ¢(r) > ¢, then
H?>®(R™) ¢ H'(R") c L'(R™).

(ii) If lim ¢(r) = 0, then HY(R™) C H*>(R").

r—0

Now we prove that H{”(R") and H*P(R™) are equivalent.

Theorem 3.5. Let 1 < p < oo and ¢ satisfy (1.2), (1.3) and (1.4). Then
H*P(R") = H{P(R™),

Proof.  Let a be a wavelet atom on dyadic cube Q(y,r). The support of a is
contained in Q(y, 2M+2r), |lall» < r» "¢ 1(r) and [a(x)dz = 0 for r < 1. We
can get |jal| gor < C. This gives HOP(R™) C H*P(R™).

Conversely, for a (¢, p)—atom a, we can write

alz) = Y a§,®5(x) + 3 a0 () = T+ 11.
€£0,5>jq k€L™ (€,5.k)EAR,0<i<ig

There exists a constant C' such that HIHHg,p < C. For II, we have
a5 4] < €25 277Iag 1 (2770).
By (1.4), we can obtain
HIller < C ) 277R¢(277)¢7!(2770) < C.
0<5<q
This implies that H*?(R™) C HLP(R™). ]

Forany k € Z", we call w € k + Q if k; < u; <1+ k;. We have the following
relations among H#P(R™).

Theorem 3.6. Suppose that ¢ satisfies (1.2) and (1.3).
(i) If ¢ is unbounded, then H*4(R") ¢ H?P(R"), 1 < p < q < 0.
(i) If 3 ¢1(279) < oo, then HO(R™) = [L(L®(k + Q)).
j>1
(iii) rrp(r) > C > 0, then H*P(R") = I} (LP(k + Q)).
Proof. (i) and (iii) are obvious. We only prove (i). By Holder’s inequality, we
know that H#4(R") C H?P(R"). Now we prove that H?4(R") # H%P(R"). For
any integer j > 1, let @; = [0,279)" and

a; (a:) — 2"j¢_1<2_j>2%j¢)(1707"',0)<22jx>.
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Then ||a;|| zs» = 1. But we know that

lajllzroa = 2% =25 — oo,

This implies that H*4(R") ¢ H?P(R"), 1 < p < ¢ < oo. ]
When ¢ is bounded, we have

Theorem 3.7. If ¢ is bounded and satisfies (1.2) and (1.3), then for 1 < p # ¢ <
oo, we have H?P(R") = H?4(R"™).

Proof. We know that a (¢, co)—atom is a (¢, p)—atom for 1 < p < co. Further,
if (r) = 1, we decompose each (1, p)—atom into a group of (1, co)—atoms, see Stein
[24, Section 3.2]. Hence by the definition of (¢, p)—atom, if ¢ is bounded, we can
decompose each (¢, p)—atom into a group of (¢, co)—atoms. [ ]

Next we prove that the dual of H?P(R") is M, ,(R™).

Theorem 3.8. (i) If ¢ satisfies (1.2) and (1.3), then the dual H?°(R") is
My 1(R™).
(i) If 1 < p < co and ¢ satisfies (1.2), (1.3) and (1.4), then the dual of H%P(R")
is M¢7p/ (Rn)

Proof. It is easy to see that M, ,(R™) C (H?P(R™))". Hence it is enough to
prove the reverse inclusion (H?P(R™))" C M, (R™).

If p =1 and f ¢ M, 1(R™), then for any positive integer w, there exists a cube
Q. such that

| 10@) — fau s > Wl Quie(Qul%).

Denote

fulz) = (f(z) = fo.)xq.(®),
Bur={2€Qu: [~ fo.>0},
Euv_:{eru:f—fQu <0}.

Now we construct a (¢, co)—atom g,, on cube @,,. Since fQu(f — fg.)dz =0, we
have |E, | > |E, | or |E, —| > |E, +|. Without loss of generality, we assume that
|Ey+| > |Ey,—|. We decompose E, 1 into two sets by choosing a measurable subset
F, C E, 4 such that |F,,| = |E, —|. Then we define a (¢, co)—atom by

u = 1Qul 1671 (1Qul™) (xF, — XEu_)-

We have [ fugudz > %. Let u — oco. We know that f ¢ (H?(R")), that is,
(H*><(R™))' C My (R).
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Now we consider the case 1 < p < oo. If f ¢ My, (R™), by Theorem 3.1, for
any u > 0, there exists a cube @,, such that |Q,| < 1 and

’
b

. . / / 1
LS 2saba@a 0] dez Qo (@),
Qu Qj,kCQu
Let fu.(z) = o oo k(be (z). We can choose a (¢, p)— wavelet atom g, on @,
i, k‘C u

such that [ f,(z)gu(z)dz > fu. Because {@%,} are a regular Daubechies’ wavelet

basis,
[ r@teae= [ stz > o

This implies that f ¢ (H®P(R™))". ]
3.3. Calderon-Zygmund operators on H®P(R™)

Alvarez [1] proved the Calderon-Zygmund operators are bounded on the predual
of M, ,(R™). In this section, we consider the boundedness of Calderon-Zygmund
operators on H?P(R").

Theorem 3.9. Suppose that ¢ satisfies (1.2), (1.3) and (1.4). If 1 < p < o0 Or ¢
is bounded and p = oo, Calderon-Zygmund operators are bounded on H?%P(R™).

Proof. By Theorem 3.7, we only consider the case 1 < p < co. We know that if
f € H?P(R™), then

Z Am @, fom (T Z pk<I>O (x —

keZn
where {\,.}, {px} € I! and a,,(z) = > a$ @5, (x) are (¢, p)—wavelet

i 67&07Q]'J€CQ]'m7km
atoms on dyadic cube @Q;,, x,.. It follows that

T9(x — k) = %k/()k —K) +Z Z a/k/Ok(I)e/k/( 7).
k' ezn leZ™ € #0,Q ; /JC/CQO,H—IC

Similar to the proof of Lemma 2.2, we have

€0
H Z a . k‘/Ok‘(I)]/ k!

€#0,Q 1 11 CQo,1+k

C+lip=™

Hence ||[T®%(z — k) || oo < C.
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We write

Ta,m<flf> - Z ]m7k‘m + Z Z ];i:kfm 7' k/< )

lezn leZn 0<5<jm

where {a; j,, r,(z)} and {a;;i’lkm} are defined in (2.7) and (2.7), respectively. By
Lemma 2.3,

ITamllen < C Y A+ )7
ZEZ"

+CY D @) NN (27 (270,

leZm™ 0<j<jm

Applying (1.3), we get

ITanllgor <CY A+ INN+C Y D A+ i) N2Vimop <,

lezn leZ™ 0<5<jm

which gives T f € H?P(R™). This completes the proof of Theorem 3.9. |

4, STABILITY OF MORREY SPACES

In this section, we discuss stabilities of M, ,(R"™), H*P(R™) and M (M, ,(R™))
under the perturbation of Calderon-Zygmund operators.

4.1. Multiplier on H¢?(R"™)

In this section, we consider multipliers on H%P(R™). Let f and g be two func-
tions. Before considering the multiplier spaces M (H¢?(R™)), we first give three useful
lemmas.

Lemma 4.1. (i) If 1 < p < oo, then there exists a positive constant C' depend-
ing on ¢ and M such that

& Jo
O3 0() < 2000 2Pa) ger < O 0(27).

j=1 j=1

(ii) There exists a positive constant C' depending on ¢ such that

Jo Jo
C> o(277) < 290X (2°) || froee < CTHY - B(27Y).

J=1 J=1
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Proof. We only prove (i). The proof of (ii) is similar. Since
anoqy()(gjox) — {anoq)()@jox) _ Qn(j0—1)<p0<2(j0—1)x>}

NS {2(1)0(23:) — @O(x)} + ‘I’O@)a

A A Jo A
we have [|290@0(2703)|| o < C . (277).
j=1
To get the another inequality, we construct a special non-negative function f. Taking

the smallest positive number 7o ~ 2770 such that supp®°(270x) C B(0,rg), we know
that 7q ~ 277, Let g be a linear non-increasing Lipschitz function on [0, co) such that

(1) if x € [0, 7], then g(z) = ‘Jf:1 P(277);

(2) if z €[4, 00), then g(z) = 0;
(3) if z € [ro, 3], then g(z) ~ > #(277).

Let f(z) = g(|z|). Then

Jo s
sup  |fouml SC D27 ¢(27).
s=1 j=1

yeRn, £<r<1

Since g(|x|) is a linear non-increasing Lipschitz function, by a similar procedure, we
have

AT /Q( )= fatymlV dz)7 < C.
y,r

1
yeRn r<1

This gives f € M, »(R™). Further,
/f(a:)Q"”(I)O(Q]Ox)da: >0 ¢(27). n
j=1
Lemma 4.2. For any j > 0, P;f € L>°(R") if and only if f € L>(R").

Proof. ~ For any j > 0, it is obvious that f € L>(R") implies P; f € L*>(R").
Further, if P; f € L°(R"), j > 0, then f € BR™®(R"). Let f9, = (f,2% x(2/z — k)
and P;f = 3 f9,2% x(2/z — k). Since f € B3> (R"), we know that

k 7

(f, 8%, — 2% x(2z — k)| < C27%
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Hence for any j > 0, P;f € L>(R") implies P;f € L>°(R™). Now we prove that if
j >0, PjfeL*R"),j>0,then f € L*(R").
For ||g(z)||zx < 1 and s,s" € N, there exists g, o () = > goxq(x), where
Q

{Q} are dyadic cubes whose interiors are mutually disjoint, |Q| > 275" and ||g(x) —
gs,s ()] 11 < 27°. Hence

| [ F@gestw)ia] =| [ Posa)g..ooria| < c

We can see that | /f(a:)g(a:)da:\ <Cand f e L™ ]
Assume that ¢ satisfies (1.2) and (1.3). We define
¢(r)
1+(| logy 7] . .
{ > e}

(4.1) h(r) =

j=1
The following result can be obtained immediately.
Lemma 4.3. Let ¢ be the function defined in (4.1). My 1(R™) C bmo(R").
Proof. If f € My 1(R"), then
1
sup |fo. | +sww(r) (v [ 1f(@)  fo )" < o
1<t r<i Qr
According to the definition of v, we know that ¢ is bounded. Hence
1
sup |fo | +su {7 [ 15(a) ~ fo PPde ) < .
i<l r<i Qr
It follows that f € bmo(R™). ]
Now we give the characterization of the multiplier spaces M (H??).

Theorem 4.4. Suppose that ¢ satisfies (1.2) and (1.3). If ¢ also satisfies (1.4) for
1 < p < oo, we have

(i) 1f 3= 9(279) < Cy, then M(HOP(R")) = My (R™);

(i) If ¢ > Cy > 0, then M(H?P(R™)) = L>®(R");

r—0

(iii) If im o(r) = 0 and 3 ¥(27) = oo, then
=1

M(H®P(R™)) = My (R") [ L (R").
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Proof. We divide the proof of this theorem into eight steps. In the first six steps,
the constant C' depends on || f[|as,, ,, [|f[lze, Cy, the constants in (1.2), (1.3), (1.4)
and M. In the proof of Steps 7 and 8, the constant C' depends on M, || f| p;(frs.#), the
constant in (1.4) (if 1 < p < ), the constants in (1.2) and (1.3).

Step 1. We first prove that if Y ¢(277) < Cy, 1 <p < oo and f € My 1(R"),
j=1
then f € M(H?P(R™)). By Theorem 3.8 and Lemma 4.1, || Pj ||z < C > (279).
s=1
Hence, if f € My 1(R™) and Y ¢(277) < Cy, then Pjf € L>=(R™),j > 0. We have

j=1
f € L*(R"™). For each (¢, p)-wavelet atom a on dyadic cube Q;, ,, We have

| fallLr < 02(”_%)j0¢—1(2—j0>.

Let

Az) = Z 5052 X (2 — k),
67Qj,kCQj0,k0

Ba)={ 3 [ 2" a0 ko)

67Qj,kCQj0,k0

We know that

> fﬁkaﬁyk’S > /\ s k27" (22 — k) dal

67Qj7kCQj0,k0 erj,kCQjo,ko
1 ) ) 1
<[{ = Pumbe@ia-n}{ X 2l - k) i
€Q;,kCQjg ko €Q;,kCQjg.ko
1 1
. . ) ; ; 2
<{ X ume@a-o}| J{ X 2e@a-n}|
€Q;,kCQjg.ko €Q;.kCQjg kg

and

Y @ - )|

67Qj,kCQj0,k0

X rima@a-n{ T ahee-n)

67Qj,kCQj0,k0 67Qj7kCQjO7kO

I~

Hence, if f € My 1(R™), by Lemma 4.3, f € BMO(R™). So

Al e + || Bl e < €20 #1701 (2750),
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Now we prove that fa € H?P(R"). By multi-resolution analysis, for j, € N, the
product f - g can be decomposed into the following parts.

f(x)g(z) = )Pg(x)+ Y Pif(z)Qjg(x
(4.2) i2jo
+ ) Qi )+ > Qif(2)Qg(x
J=>Jjo J=>Jjo

According to (4.2), we can write
f(x)a(z) = Pj,f(z)Pa(x) + Y PifQja+ Y Q;fPia
j2j9 ) J=jo
+ > 565,25 1 (2) @5 ()
ijo,(E,k‘)#(E/,l) . .
(4.3) + Z fﬁka;,k[(‘p;,k(x))Z = 2"\ (2z — k)]
67Qj,kCQj0,k0
+(A(z) — B(x)) + B(x)

7
= ZMi(a:)

It is easy to see that the supports of M;(x),i = 1,2,...,7, are contained in
the multiple cube 6/2]\0;0 of dyadic cube Qj, k- If jo > 0, then Pjja(x) = 0 and
Ml(a:) =0. If jo = 0, then HP()f(aZ)POa(IB)HLp < C and Ml(a:) € H(]ﬁ,p(Rn)_ By
Lemma 4.1, we have

Jo
1270700 (252 — ko) ren < C D $(27).
j=1

Hence, M7 (z) € H*P(R™).
For any e, ¢’ # 0, k, k' € Z™, by wavelet property,

[ 8060095 @z =0
/ jvk( ) ]k/( >dx_5ee/5kk/

/Mg(a:)da: _ /Mg(a:)da: _ /M4(a:)da: _
Further

/( Cx(@) da:—/Qj"X(Qja:—k)da::/Qj"<bo(2jx—k)dx: 1,

which implies [ Ms(z)dx = [ Mg(z)dz = 0.

So we have
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(1) According to the property of Daubechies wavelets, we have
g
el <¢ [ (S Ins@aeP) i
J

For any j >0, P;f € L°(R"), hence || My(z)| 1» < €27 )70 p=1(2-30),
(2) Similarly, we have
| My(z)||1r < 02(”_%)10¢—1(2—jo>’
{ | Ms(x)||rr < 02("_%)j0¢—1(2—j0).

(3) 1Mo(x) v < () |o + | B(a)||» < C2"7 9 V0g71(270),
(4) M3(z) = f(z)a(z) — Mi(x) — Ma(z) — Me(x) — Ms(z) — A(z). By the above
estimates, we get || Ms(z)||» < C2"" 9701 (2790),
That is to say, all terms M;(z),i = 2,3, ..., 6, are bounded in H?P(R").

Step 2. We prove that if » > C,, > 0 and f € L°(R"™), then f € M(H*P(R"))
for 1 < p < co. For each (¢, p)—atom a on cube @ = Q(y, ), the support of f(z)a(x)
belongs to Q(y,r). If f € L™, then || f(z)a(x)|» < Cr» "¢~1(r) and

(Fa)al = 1Q(w. )| /Q | Sty

< QI [ ala)lds

Qy:r)
< |Q(y, )| 7 lla(x)||r < Cr e (r).

Hence

1 f(z)a(z) = (fa)qllLr@ury) < IIf(@)al(z) — (fa)qllLr @)
+ [ (fa)oxqu.n (@)l Lr@e.r)
< Crv g (),
that is, || f(z)a(z) — (fa)oxo(z)||ger < C. Furthermore, if ¢» > Cy > 0, then
[(fa)oxq ()|l ger < C. Thus, || fallger < C.

Step 3. We prove that if f € M,y 1(R") (N L®(R"), then f € M(H?P(R"M)),
1 < p < co. For each (¢, p)—atom a on cube @ = Q(y, r), the support of fa belongs



840 Yueping Zhu, Qixiang Yang and Pengtao Li

to Q(y, 7). If f € L(R™), then || fa||» < Cr» "¢~1(r) and

(fa)g = QI [ f@)a(e)iz

Q(y,r)

<1 [ ata)lds

Q(y,r)

< 1Qy, ) la@) || < Cr "7 (r).

For each cube @ = Q(y,r), there exists a biggest dyadic cube @, such that
supp®? (272 — k) C Q(y, ). Hence

If(x)a(z) — (fa)@2™ ®° (22 — k)|l Lo (0(yr))
< |[[f(z)a(z) — (fa)qQllLr(@ury) + I(fa)aXo.r) (@) Lr(@y.r)
< Ory T (r).

Furthermore, if f € M1, then ||(fa)g2™ ®°(29z — k)| o < C.

Step 4. We prove that, if > ¢(277) < Cy and f € My (R™), then f €
j=1

M(H?>(R")). By Theorem 3.8 and Lemma 4.1, || P; f| 1~ < C Z ¥ (27%). Hence,

if fe My, and 21/1(2 J) < Cy, then P;f € L*°,Vj > 0. And f € L™ by Lemma
Jj=
4.2, . For each (¢, 00)— atom a(x) on cube Q = Q(y,7), || fallr~ <77 "¢~ (r) and

(el =107 [ (1)~ faa(@as
Q(y,r)
< Orp(ryr e ()
[| logy 7] )
<C( ) ¢2)!
j=1
By Lemma 4.1, we have
(| logy ] ) _1[|log2r|] )
I(faaxe@llme~ < (Y 027) 3 s <cC
j=1 i=1

Step 5. We prove that, if » > Cy, > 0and f € L®(R"), then f € M (H®>®(R")).
For each (¢, 00)— atom a(z) on cube @ = Q(y, r), the support of f(z)a(x) belongs
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to Q(y,r). If f € L>®(R"), then || f(z)a(z)||z~ < Cr~"¢~(r) and
amQ:@mm—éwﬂummms@mmrA%Mmmm

< Jla(z)llz~ < Cr "¢~ (r).

Hence

1f(x)a(x) — (fa)QllL=(Q.r)
< ||f()a(x) = (fa)qll o) + | (F@)axqu.) (@)L=
< C’r‘"qﬁ_l(r).

Step 6. We prove that, if f € My 1 (R™) () L°(R"), then f € M(H®>°(R")).
For each (¢, co)—atom a on cube Q = Q(y, r), the support of fa belongs to Q(y, ).
If f € L>°(R"), then || fal|L~ < Cr~"¢~!(r) and

(fa)g = QDI [ f@at)iz <1Qun)|™ [ a(wlds
Q(y,r) Qyr)
< Jlall = < Or "6 (r).
For each cube @ = Q(y,r), there exists a biggest dyadic cube @, such that
supp ®°(27x — k) € Q(y,r). Hence
If(x)a(z) — (fa)Q2" (2 x — k)| Lo (Qy.r)
< | f(@)a(z) — (fa)qllLeQ.r) + I(fA)axqu.m (@) Lo @.r)
< Cr "¢ Y(r).
Furthermore, if f € M, 1(R™), then [|(fa)g2™ ®°(27x — k)| goe < C.

Step 7. We prove that, if 1 < p < co and f € M(H?P(R")), then f € L>®(R").
In fact, we choose a(z) = @, (x) and b(z) = 7 k() — 7j gpom+a(z), Where k +
M = (ky 4 2MH4 Ky 4+ 2MFY), 7 (2) € GF(B(0,2M7%)) and 7(z) = 1 if
ve U sup®. Then allzes < 9(277) allge < 7(277) and [blyge,e <
ec{0,1}n
¢~1(277). Furthermore, | [ faadz| < C and

/f2j"<I>O(2ja: —k)dz = /faadac — /f(aa — 2m®Y (272 — k))da.

So we have P;f € L*(R"™), j > 0. It follows that f € L>(R").
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Step 8. We prove that if f € M(H?P(R")),1 < p < oo, then f € My 1(R").
For each cube @ = Q(y, r), denote

_ flx) = fq
T @) = fol ¢

Then |lal|ger < 1. Let jg =1+ [—logyr] and let b be a function such that b(z) =

]ZQ: #(277) for x € Q(y,r), b(z) = 0 for = ¢ Q(y, 2er) and
j=1

(2)r "¢~ ().

a(x)

Jjo—s

b(x) = Z $(277) + (s — logy )p(2°772)

for 0 < s < jo—1,2° <t <2t and 2 € dQ(y, tr). Then according to (1.3),

[0l < C and b(z) > > #(277) on cube Q(y,r). So | [ f(x)a(x)b(x)dz| <
' 1<5<jq

C. According to Step 7, fg € [°° and we can get | | foa(z)b(x)dz| < C. Then

| [0~ fo)atopia)da] < | [ f@yate)pia)da] + | [ foatopioyis| <
It follows that

/Q\f@:)—fmda: > e )rmeT () < C.

1<7<7q

Hence

/Q (@) — faldz < O S 6(279) " g(r).

1<7<7q

We get f € My 1(R™). n

4.2. Stability of Morrey spaces

In this section, we establish a stability condition for A, (R™). Given a function
space A and an operator space B. If the facts that f € A and T' € B always imply
Tf € A, one calls the space A is stable under the perturbation of operators in B. We
will see that there exist some M, ,(R™) which are unstable under the perturbation of
Calderon-Zygmund operators. Compared with the classical Morrey spaces, M ,(R™)
have a distinctive characteristic.

For My ,(R™), the assumption whether ¢ is bounded makes a great difference. In
fact, by Theorems 3.6, 3.7 and 3.8, we have

Theorem 4.5. Let 1 < p # ¢ < .
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(i) If ¢ is bounded, then M, ,(R™) = My 4(R™).
(ii) If ¢ is unbounded, then My ,(R™) # My o(R™).

We denote by B(0, ) the ball centered at the origin and with radius r. Let B(0, N)
be the smallest ball containing supp ®°. We choose 7 € C§°(B(0,4N)) such that
7(z) = 1 if 2 € B(0,2N). Let ® be a positive function in C;+2(B(0,2"+2)) with
®(z) = 1in B(0,2""1). Take

K(z,y) = ®(|z —yl) (@1 — y)|z —y[7" .

Then Tf(z) = [ K(z,y)f(y)dy is a Calderon-Zygmund operator.
The following theorem tells us that My ; (R™) is unstable under the perturbation of
Calderon-Zygmund operators if ¢(r) is unbounded.

Theorem 4.6. If ¢ is unbounded, then there exist a Calderon-Zygmund operator
T and a function f € Mg 1(R™) such that T'f ¢ My 1(R™).

Proof. Based on the convergence of > ¢~!(277), we divide the proof into two
i>1
cases. =
Case 1. > ¢ 1(277) < oo. Then My 1(R™) = I®°(L'(k + Q)). This space is
j>1
unstable under the perturbation of Calderon-Zygmund operators. In fact, for any j > 2,
let f;(x) = 2"7®%(27x). We can get | £l (11 (k+q)) < C and
Tfj(z) = 7(272)T fi(x) + (1 - 7(2772)) /(K@:, y) — K(x,0)) f(x)
+ (1—7(2772))K(,0).

It is easy to see that the first two terms are bounded in I°°(L'(k + Q)) for all j > 2.
Denote by g the third term. We have ||g||; (11 (x+0)) = CJ-

Case 2. > ¢ 1(277) = oo and ¢(277) is unbounded. For any j > 2, let
j>1
fi(@) = 6(277)80(27). We have | £, < C and

Tfi(z) = 727 2)T fi(x) + (1 - 7(27x)) /(K(fﬂ,y) — K(2,0))f(x)

+ (1 —7(2772)K(z,0)p(277)279",

It is easy to see that the first two terms are bounded on Ay ; (R™) for all j > 2. Denote
the third term by h(x). We have

hpon =1" /B(O T)(1 —7(2772)) K (x,0)p(279)27"dx = 0,¥r > 0
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and
L= [ hehplds= [ (= r@ )| 0o )2
B(0,r) B(0,r)

If r ~ 277, then I_; ~ j(277)277". It follows that ||h||as,, > Cj. ]
At last, we establish the stability condition.

Theorem 4.7. Suppose that ¢ satisfies (1.2), (1.3) and (1.4). Let T be a Calderén-
Zygmund operator.

(i) If ¢ is bounded, then T" is bounded on My o (R™).
(i) If 1 < p < oo, then T is bounded on My ,(R™).

Proof. By the duality between H%# (R") and M, ,(R™), it is enough to prove
the continuity of Calder6n-Zygmund operators on H¢7p/(R"). The desired conclusion
follows from Theorem 3.9. ]

4.3. Multipler spaces on Morrey spaces and stability

Janson [6] and Stegenga [23] studied the multipliers on Ay, (R™). Xiao [29]
considered the multipliers on complex @-spaces. However, the skills of [6] and [23]
can not be extended to p # 1. Also it is very difficult to apply the method of Xiao
[29] to deal with M (M, ,(R™)). In this section, we will use wavelets to characterize
the multipliers on H#P(R™) and M, ,(R™). Further, we consider the stability of these
spaces.

By the theorems in Sections 3.1 and 4.1, we have

Theorem 4.8. Let ¢ be defined by (4.1). Suppose that ¢ satisfies (1.2) and (1.3);
and additionally, if 1 < p < oo, ¢ also satisfies (1.4). For 1 < p < oo, we have

(i) 1f 2 $(277) < C, then M(My,p(R™)) = My, (R").
(i) If ¢ > C > 0, then M (M, (R™)) = L®(R™).

(iii) If lim o(r) = 0 and 3 ¥(27) = oo, then
j=1

r—0

M (Mg p(R™)) = My, (R") () L%(R").
Proof. By duality of H%? (R™) and My ,(R™) and Theorem 4.4, we get the
desired conclusion. n

We consider the stability of M (Mg, (R™)) under the perturbation of Calderon-
Zygmund operators.
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Theorem 4.9. Suppose that ¢(x) satisfies (1.2), (1.3) and (1.4). ¢ is defined by
(4.1). For 1 < p < oo, we have

(i) If ioj Y(277) < C, then M (M, ,(R™)) is stable under the perturbation of
j=1

Calderon-Zygmund operators.

(ii) Otherwise, M (M, ,(R™)) is unstable under the perturbation of Calderon-
Zygmund operators.

Proof. By Theorem 5.1 and Theorem 5.4 (i), if > (277) < C, then
=1

M (Mg p(R™)) = My 4(R"), 1< g < oo.

Using wavelet characterization of My, ,(R™), we know these multiplier spaces are stable
under the perturbation of Calderon-Zygmund operators.

By Theorems 5.4 (ii), if () > C > 0, then the related multiplier space is L>°(R"™),
so it is unstable under the perturbation of Calderén-Zygmund operators.

We will construct some special multiplier to show that the rest multiplier spaces
under these conditions are not stable. Denote (1) = (1,0,---,0). We know that
®(1)(0) is not zero. There exists a ball B(0, () such that |®()(z)| > C > 0,V €
B(0,7p). On the other hand, because the Daubechies wavelets are real valued, we
can suppose that () (z) > C > 0 for all z € B(0,r). By (1.3), if N is large
enough, then {¢(277")} is a decreasing sequence, 1/(2~Vr) < ¢ (r),V0 < r < $ and

o0 L~ ~
S (277N) = oo. Let N be the smallest positive integer which satisfies the above

J=1

requirements and supp®M) (2Vz) c B(0, o).
Let ®(z) € C§°(B(0,2)), ®(x) > 0 and ®(z) =1 if |z| < 1. Let

g(z) =Y V)e2 V).

jeN

Then f(z) € My 1(R™) (N L>®(R"), f(z) € M(My,(R™)) and g(x) ¢ L°(R™). Let
T be the operator defined by Th(z) = [ K (x,y)h(y)dy, where

K(z.y) =Y (~1)729N (2N 2)a ) (@Ny).
jEN
Then T is a Calderon-Zygmund operator and g(z) = T'f(z). If ioj ¥(277) = oo, then
=1
by Theorem 4.8, M (M ,(R™)) C L*°(R™). Hence g(x) ¢ M (M ,(R™)). |
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