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THE PROX-TIKHONOV-LIKE FORWARD-BACKWARD METHOD
AND APPLICATIONS

D. R. Sahu, Q. H. Ansari and J. C. Yao*

Abstract. It is known, by Rockafellar [SIAM J. Control Optim., 14 (1976), 877-
898], that the proximal point algorithm (PPA) converges weakly to a zero of a
maximal monotone operator in a Hilbert space, but it fails to converge strongly.
Lehdili and Moudafi [Optimization, 37(1996), 239-252] introduced the new prox-
Tikhonov regularization method for PPA to generate a strongly convergent se-
quence and established a convergence property for it by using the technique of
variational distance in the same space setting. In this paper, the prox-Tikhonov
regularization method for the proximal point algorithm of finding a zero for an ac-
cretive operator in the framework of Banach space is proposed. Conditions which
guarantee the strong convergence of this algorithm to a particular element of the
solution set is provided. An inexact variant of this method with non-summable
error sequence is also discussed.

1. INTRODUCTION

Let H be a real Hilbert space whose inner product and norm are denoted by (-, -)
and || - ||, respectively. Let C' be a nonempty closed convex subset of H. The class of
all proper, lower semicontinuous, convex functions from C to (—oo, 0o is denoted by
I'o(C). The normal cone for C' at a point u € C'is

Ne(u)={z€ H:{u—v,z)>0foralveC}

Let A: C — 2% and B : C — H be monotone operators. The inclusion problem
is to find z € C' such that

(1.1) 0€(A+ B).
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Many nonlinear problems arising in applied areas such as image recovery, signal
processing, and machine learning can be mathematically modeled in form of inclusion
problem (1.1). For instance, a stationary solution to the initial value problem of the
evolution equation

ou
0e e + Fu,uy = u(0)
can be recast as (1.1) when the governing maximal monotone F' is of the form F' =
A + B, see, for example, [10].

Consider ¢ € To(H), and set A = 9v. Then, the inclusion problem (1.1) is
equivalent to the mixed variational inequality problem (in short, MV1) of finding z* € C
such that

(1.2) (Bx*,v—2") +¢¥(v) —¢(z*) >0, forallveC.

The central problem is to iteratively find the solution of the inclusion problem (1.1)
when A and B are two monotone operators in a Hilbert space H. One method for
finding solutions of problem (1.1) is splitting method. A splitting method for (1.1)
means an iterative method for which each iteration involves only with the individual
operators A and B, but not the sum A+ B. Splitting methods for linear equations were
introduced by Peaceman and Rachford [11] and Douglas and Rachford [12]. Extensions
to nonlinear equations in Hilbert spaces were carried out by Kellogg [8] and Lions and
Mercier [10] (see also [15]).

In this paper, we are interested in the following variational inclusion problem:

(.7) Find z € C such that 0 € Az + Bz,

in the framework of a Banach space X, where C' is a nonempty closed convex subset
of X, B: C' — X is a monotone operator and A C X x X an accretive operator such
that D(A) C C' C ;oo R(I +tA). In the sequel, we assume that Zer(A + B), the set
of solutions of problem (.~*) is nonempty. The inclusion problem (.~ is more general

in nature. For instance, if B is the operator constantly zero, the problem (.~’) reduces
(1.3) to find z € C such that 0 € Az.

One popular method for solving inclusion problem (1.3) is the proximal point
algorithm of Rockafellar [17]. The proximal point like methods for finding solutions
of problem (1.3) have been studied by Lehdili and Moudafi [9] and Tossings [20] in
Hilbert spaces and by Sahu and Yao [16] in Banach spaces.

The purpose of this paper is to introduce a novel prox-Tikhonov-like forward-
backward method to solve the accretive inclusion problem (.*) in general Banach
spaces like the spaces L, (1 < p < oo) without using the technique of variational
distance [9]. We also discuss inexact version of our prox-Tikhonov-like forward-
backward method. We prove strong convergence of iterative sequences generated by
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our algorithms. To the best of our knowledge, it is among the first algorithm to tackle the
case where A is not necessarily m-accretive operator. In section 2 we give geometry of
Banach spaces, nonexpansive type mappings and their properties and accretive operators
and their properties. We introduce the property (. 7 ) for nonexpansivity of operators
in Banach spaces. The property (. / ) of certain classes of nonlinear operators shall
be central tool for our splitting methods for solving inclusion problem (.~). Section 3
introduces a new prox-Tikhonov-like forward-backward method and its inexact version
and states main theoretical results of the paper. We derive several known and unknown
results in the context of the property (. / ). Section 4 deals algorithms in general Banach
spaces. In Section 5, we discuss applications of our algorithms to mixed variational
inequalities and nonsmooth convex minimization problems. Our iterative methods unify,
improve and generalize the corresponding results of fixed point problems, solutions of
problems (1.2)-(1.3) and inclusion problem (.»).

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, all vector spaces are real and we denote by N the set of
natural numbers. Let X be a Banach space and M C X. We denote Fix(T") the
set of fixed points of a mapping 7" : M — M. In the sequel, we always use IT 4
to denote the collection of all contractions on M and Sx to denote the unit sphere
Sy ={zxe X :|z] =1}

2.1. Geometry of Banach spaces

A Banach space X is said to be strictly convex if
z,y € Sx withz £y =||(1—Nz+ My|| <1 forall A e (0,1).
The modulus of convexity of X is defined by
ox(€) =inf {1 —lz+yl|/2: [zl [yl <1, [lo —yll = €},

for all e € [0,2]. X is said to be uniformly convex if 6x(0) = 0, and dx(e) > 0
for all 0 < € < 2. The space X is said to be p-uniformly convex if there a constant
¢p > 0 such that 6x (e) > cpeP. Every Hilbert space is 2-uniformly convex, while L?
is max{p, 2}-uniformly convex for every p > 1.

A Banach space X is said to be smooth provided the limit

lim | exists

|z + tyl| — |||
t—0 t

for each z and y in Sx. In this case, the norm of X is said to be Gateaux differentiable.
It is said to be uniformly Gateaux differentiable if for each y € S, this limit is attained



484 D. R. Sahu, Q. H. Ansari and J. C. Yao

uniformly for z € Sx. Let px : [0,00) — [0, c0) be the modulus of smoothness of X
defined by

1
px(t) = Sup{§(\$+yH +llz—yl)—1:zeSx, |yl < t}~
px (1)

A Banach space X is said to be uniformly smooth if ==~ — 0 as ¢t — 0. A Banach

space X is said to be g-uniformly smooth if there exists a fixed constant ¢ > 0 such
that px (t) < ct?. It is well-known that X is uniformly smooth if and only if the norm
of X is uniformly Fréchet differentiable. If X is ¢g-uniformly smooth, then ¢ < 2 and
X is uniformly smooth, and hence the norm of X is uniformly Fréchet differentiable,
in particular, the norm of X is Fréchet differentiable. Typical example of uniformly
smooth Banach spaces is L?, where p > 1. More precisely, L? is min{p, 2}-uniformly
smooth for every p > 1. It is well known that every uniformly smooth space (e.g., L,
space, 1 < p < oo) has uniformly Gateaux differentiable norm (see, e.g., [1]).

Lemma 2.1. [24]. Let p > 1 be a given real number and X be a Banach space.
Then, X is p-uniformly convex if and only if there exists a constant ¢, > 0 such that

[tx + (1 =t)yl” < tllzl|” + Q@ =D)lyl]” — e, Wy (t)]|x —yl*,
forall z,y € X and ¢t € [0, 1], where W),(t) = (1 — t)t? +t(1 —t)P.
2.2. Accretive operators

Let X be a real Banach space with dual space X*. We denote by J the normalized
duality mapping from X into 2X" defined by

J(x):={f*e X*: () = ||z||? = Hf*H2}, for all x € X,

where (-, -) denotes the generalized duality pairing. For an operator A : X — 2%, we
define its domain, range and graph as follows:

D(A) ={z € X : Az # 0},

R(A) =| J{Az: z € D(A)},
and
GA) ={(z,y) e X x X :2 € D(A),y € Az},

respectively. Thus, we write A : X — 2% as follows: A C X x X. The inverse A1
of A is defined by
x € A Yy ifand only if y € Ax.

The operator A is said to be accretive if for each z; € D(A) and y; € Az; (i =1,2),
there exists j € J(x1 — x2) such that (y1 —y2,7) > 0. An accretive operator A is said
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to be maximal accretive if there is no proper accretive extension of A and m-accretive
if R(I + A) = X, where I stands for the identity operator on X (It follows that
R(I +rA) = X for all » > 0). If A is m-accretive, then it is maximal accretive,
but the converse is not true in general. If A is accretive, then we can define, for each
A > 0, a nonexpansive single-valued mapping J{' : R(1+ AA) — D(A) by

J =T+ 247

It is called the resolvent of A. It is well known that if A is an m-accretive operator
on a Banach space X, then for each A > 0, the resolvent J{! = (I + AA)~! is a
single-valued nonexpansive mapping whose domain is entire space X. An accretive
operator A defined on a Banach space X is said to satisfy the range condition if
D(A) € R(1+ MA) for all A > 0, where D(A) denotes the closure of the domain
of A. It is well known that for an accretive operator A which satisfies the range
condition, A~1(0) = Fix(J3') for all A > 0. We also define the Yosida approximation
A by A, = (I — JA)/r. We know that A,z € AJAz for all x € R(I + rA) and
|Arz|| < |Az| = inf{|ly|| : y € Az} for all x € D(A) N R(I 4+ rA). We also know
the following [19]: For each A\, x> 0 and = € R(I + AA) N R(I + pA), it holds that
(2.1) HJ/‘\L‘x—JIme < w\]m—foH

Let C be a nonempty subset of a smooth Banach space X. Anoperator 7 : C — X
is said to be strongly accretive if there exists > 0 such that

(2.2) (Tz =Ty, J(x —y)) > vl|z—y|? forallz,yeC.

For n > 0, an operator 7" : C' — X is said to be v-inverse strongly accretive [2] if
(2.3) (Tz — Ty, J(x —1vy)) > n||Tx —Ty||?, forall z,yc C.

Remark 2.1. An inspection of (2.2) and (2.3) shows that every Lipschitzian strongly
accretive operator is inverse strongly accretive.

The following results will be the key in the proof of our results.

Proposition 2.1. [5]. Let X be a Banach space and A : X — 2% be an m-
accretive operator. Then, A is maximal accretive. If H is a Hilbert space, then
A : H — 28 is maximal accretive if and only if it is m-accretive.

Proposition 2.2. Let C be a nonempty closed convex subset of a Banach space X
and A C X x X an accretive operator such that D(A) C C C (,oo R({ +tA). Let
¢>0,A>0,z€Cand B:C — X an operator such that (I — ¢B)xz € C. Then,

|71 — eB)z — J{(I — AB)z|
<lc—\||Bz|| + @ |71 = AB)x — (I — AB)z||.




486 D. R. Sahu, Q. H. Ansari and J. C. Yao

Proof. From (2.1), we have

’ C(I—CB):E—J;‘(I—AB):EH
< |71 = eB)x — JHI — AB)z| + ||JA(I — AB)z — J{{(I — AB)a|

< ||(I = eB)x — (I — AB)x H+‘ M |41 = AB)z — (I — AB)z||

\c—/\\HBxH—i—‘ ‘HJA I— /\B)x—(I AB)z| . n

2.3. Nonexpansive type mappings

The notion of x-strict pseudocontractive mapping was introduced by Browder and
Petryshyn [4] as follows: Let C' be a nonempty subset of a Hilbert space H. A mapping
T : C — C is called k-strict pseudocontractive if there exists a constant x € [0, 1)
such that

1Tz = Tyl* < llo = yl* + £llo = Tw — (y = Ty)|*, forall z,y € C.

Let C be a nonempty subset of a Banach space X. A mapping T : C — C' is called «-
strict pseudocontractive with respect to p € (1, oo) if there exists a constant x € [0, 1)
such that

[Tz = Tyl|” < [lo —y|” +kllz =Tz - (y = Ty)||P, forallz,yeC.

Thus, T is nonexpansive if and only if 7" is O-strict pseudocontractive. The class
of k-strict pseudocontractive mappings is essentially wider than that of nonexpansive
mappings.

A closed convex subset C' of a Banach space X is said to have the fixed-point
property for nonexpansive mappings if every nonexpansive mapping of a nonempty
closed convex bounded subset M of C' into itself has a fixed point in M.

A subset C' of a Banach space X is said to be a retract of X if there exists a
continuous mapping P from X onto C such that Pz = « for all = in C. We call
such P a retraction of X onto C. It follows that if a mapping P is a retraction,
then Py = y for all y in the range of P. A retraction P is said to be sunny if
P(Pz + t(x — Px)) = Px for each z in X and ¢ > 0. If a sunny retraction P is also
nonexpansive, then C' is said to be a sunny nonexpansive retract of X.

Let C be a nonempty subset of a Banach space X and x € X. An elementyy € C
is said to be a best approximation to = if |z — yo|| = d(z,C), where d(z,C) =
;22 |z — yl|. The set of all best approximations from z to C' is denoted by

Projo(z) ={y € C: [lz —y|| = d(z, C)}.

This defines a mapping Proj from X into 2¢ and is called the nearest point
projection mapping (metric projection mapping) onto C. It is well known that if C' is
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a nonempty closed convex subset of a Hilbert space H, then the nearest point projection
Proj~ from H onto C is the unique sunny nonexpansive retraction of H onto C'. It is
also known that Proj,x € C and

(x — Projo(z), Proj(z) —y) >0, forallze H,yeC.
We need the following facts for proving our main results.

Lemma 2.2. [7, Lemma 13.1]. Let C be a convex subset of a smooth Banach
space X, D a nonempty subset of C and P a retraction from C onto D. Then, the
following statements are equivalent:

(a) P is a sunny and nonexpansive.
(b) (x — Px,J(z — Px))y <Oforallz € C,z € D.
(¢) (x —y, J(Px — Py)) > ||Px — Py|? for all z,y € C.

Lemma 2.3. [21, Corollary 3.4]. Let X be a reflexive Banach space with a
uniformly Gateaux differentiable norm and C' a nonempty closed convex subset of
X with fixed point property for nonexpansive self-mappings. Let T : C — C be a
nonexpansive mapping such that Fix(7") # (. Then, the following statements hold:

(a) Fix(T) is a sunny nonexpansive retract of C.

(b) For each fixed f € Il and every t € (0,1), there exists a unique fixed point
v; € C of the contraction C' 5 v +— tfv + (1 — ¢)Tv defined by

(24) VUVt = tf’l)t + (1 — t)T’Ut,

converges strongly as t — 0 to z* € Fix(7T'), where z* = Qfz* and @Q is a
sunny nonexpansive retraction from C' onto Fix(T').

Lemma 2.4. [2, Lemma 2.8]. Let C be a nonempty closed convex subset of a 2-
uniformly smooth Banach space X. Let » > 0 and A : C — X be v-inverse strongly
accretive operator. If 0 < A\ < v/K?, then I — \A is a nonexpansive mapping of C
into X, where K is the 2-uniformly smoothness constant of X.

Lemma 2.5. [13]. Let C be a nonempty closed convex subset of a Hilbert space H.
Let v > 0 and A : C — H be v-inverse strongly monotone operator. If 0 < A < 2v,
then I — AA is a nonexpansive mapping of C' into X.

Proposition 2.3. Let p > 1 be a given real number. Let C be a nonempty closed

convex subset of a p-uniformly convex Banach space X, T : C' — C be a A-strictly
pseudocontractive with A < min {1, %} and B=I1-T. Letyxp=1— 2(65—}2)
Then, T, = (1 — w)I + wT is a nonexpansive mapping from C' into itself for each

w € (0,7x,B).
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Proof. Let w € (0,vx,). Note Wy(w) = (1 — w)wP + w(l —w)P > w(l —
w)/2P~2), Let x,y € C. From Lemma 2.1, we have

[Tz — Twyll”
= (1 = w)(z —y) + w(Tz - Ty)|”
< (L= w)llz —yl? + wlTz = Ty[|” — Wy (w)||z —y — (Tz = Ty)|]”
< (A —w)lz—ylP +wlllz —yl” + Az —y — (Tz = Ty)|)*]

—cWy(w)llz —y — (Tw = Ty)|”

w(l—

c w)
<z —ylI” +whllz —y = (Tz = Ty)|P = "= llz —y = (Te = Ty)||"

c
= llz = yll” - w| 555 (1 —w) = Alllz —y = (Te = Ty)||"

Since w € (0,7x,) implies that 5% (1 —w) — X > 0. Therefore, T, is
nonexpansive. u

2.4. The property (- /)

We introduce the property (. / ) for nonexpansivity of operators.

Let C' be a nonempty closed convex subset of a Banach space X. An operator
B : C — X is said to satisfy the property (. / ) on (0,~vx,p) if there exists yx 5 €
(0, 0], depends on X and B, such that I — (B : C' — C' is nonexpansive for each

§ € (07 7X7B>'

Remark 2.2. For a nonexpansive mapping 7' : C — C with B = I — T, the
average mapping 7, = I — wB is always nonexpansive for each w € (0,vx g), where
vx,B = 1.

It turns out that the constant vx g closely depends upon geometric properties of
the Banach spaces and operators B under consideration. We collect some examples of
operators satisfying the property (. / ) on (0,vx,p) in a variety of Banach spaces.

Example 2.1. Let C be a nonempty closed convex subset of a 2-uniformly smooth
Banach space X. Let v > 0 and B : C — X be v-inverse strongly accretive operator.
If R(I —XB) C C for each A € (0,vx,5), where yx 5 = v/K? and K is the
2-uniformly smoothness constant of X, then B has the property (. / ) on (0,vx,B).

Proof. Let K be the 2-uniformly smoothness constant of X and X € (0,vx B).
Here vx 5 = v/K?2. Suppose that R(I — AB) C C. It follows from Lemma 2.4 that
I — \B is a nonexpansive mapping from C' into C. ]
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Example 2.2. Let p > 1 be a given real number. Let C' be a nonempty closed

convex subset of a p-uniformly convex Banach space X, T : C — C be a A-strictly
pseudocontractive with A\ < min {1, %} B=I-Tandyxp=1- 2(65—}2) Then,

B has the property (. / ) on (0, vx,B).

Proof. Lemma 2.3 shows that 7;, = I — wB is a nonexpansive mapping from
C' into itself for each w € (0,vx, p). It follows that B has the property (. / ) on

(0,vx,B). m

The property (. 7 ) alludes to the fact that in order to solve the inclusion problem
(.»), it suffices to find a fixed point of a nonexpansive mapping J:* defined by (2.5).

Proposition 2.4. Let C be a nonempty closed convex subset of a Banach space
X, A C X x X an accretive operator such that D(A) C C C (., R(I +tA) and
B : C — X an operator such that Zer(A + B) # () and B has the property (. / ) on
(0,vx,B), Where vx p is a constant depends on X and B. For r € (0,vx,g), define
an operator J2B 1 ¢ — C by

(2.5) JABy = JAI —rB)x,z € C.

Then, the following statements hold.
(a) J2B is nonexpansive.
(b) Fix(JiP) = Zer(A + B).

Proof. Let r € (0,vx,5). By the property (. /), I — B is a nonexpansive
mapping from C' into itself.

(a) Since JA is nonexpansive, one can see that JiB is nonexpansive.
(b) From the definition of J;"Z, we have

z=JM: o 2= JANI —7rB)z
& 2= +rA) (I -rB)z
& z—rBze (I+rA):z
& 0€ Az + Bz. u

2.5. Approximating fixed point sequence

Let (X, d) bea metricspaceand 7' : X — X a mapping. A bounded sequence {x,, }
in X is said to an approximating fixed point sequence of T if lim,, .~ d(zy, Tz,) = 0.

The following auxiliary results will be needed in the sequel for the proof of our
main results:



490 D. R. Sahu, Q. H. Ansari and J. C. Yao

Proposition 2.5. Let (X, d) be a metric space, 7' : X — X a uniformly continuous
mapping and {x,} C X be an approximating fixed point sequence of 7". Then, {y,}
is an approximating fixed point sequence of 7" whenever {y,} is in X such that
limy, 00 d(Zp, ypn) = 0.

Proof. Let {z,} be a sequence in X such that lim,, o d(zy, z,) = 0. Since {z,,}
is an approximating fixed point sequence of 7" and 7" is uniformly continuous, we have

d(zn, Tzn) < d(zn, ) + d(xn, Txy) + d(Txy, T2,) — 0 8 n — oo. ]

Lemma 2.6. [21, Lemma 2.12]. Let X be a Banach space with a uniformly
Gateaux differentiable norm, C' a nonempty closed convex subset of X, f: C — C
a continuous mapping, 7' : C — C a nonexpansive mapping and {z,} a bounded
sequence in C' such that lim,, ., ||z, — Tz, || = 0. Suppose that {z;} is a path in C
defined by

Zt = tht + (1 — t)TZt, t e (0, 1),

such that z; — z ast — 0. Then, limsup,,_,.(fz — z, J(z, — 2)) < 0.

3. ALGORITHMS ON BANACH SPACES WITH UNIFORMLY GATEAUX
DIFFeERENTIABLE NORMS

Let C be a nonempty closed convex subset of a Banach space X. Let A C X x X
be an accretive operator such that D(A) C C' C (oo R(I +tA), B: C — X an
operator such that Zer(A + B) # () and B has the property (. / ) on (0,vx.B), i.e,
I — ¢B is nonexpansive from C into itself for each £ € (0,vx,g), where yx g is a
constant depends on X and B.

Noticing that JB defined by (2.5) is already split. Therefore, a fixed point iterative
algorithm for J4B on € corresponds to a splitting algorithm for inclusion problem
(-~). Motivated by above fact and prox-Tikhonov method [9, 16], our prox-Tikhonov-
like forward-backward splitting method is then defined to generate a sequence {z,}
in C according to the recursive formula: Starting with z; € C and after z,, € C is
defined, we define the next iterate x,,.1 as follows:

(3.1) Tnp1 = JAI = cuB)((1 — ap)n + anfxy), forallneN,

n

where f € I, {«,} is a sequence in (0, 1] and {¢,,} is a regularization sequence in
(07 7X7B>'
We shall study our prox-Tikhonov-like forward-backward splitting method under
the following conditions:
(C1) lim oy =0, Y02 a = oo and either Y- |, — g1 | < oo or lim |1 —
n—oo

n—oo
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(C2) 0<e<cy,forallneNand ) >, ’cn — cn+1’ < 00.

Now we are ready to prove a main result of this section for solving problem (.~)
in the framework of Banach space with a uniformly Gateaux differentiable norm.

Theorem 3.1. Let X be a reflexive Banach space with a uniformly Gateaux dif-
ferentiable norm. Let C' be a nonempty closed convex subset of X such that C has
the fixed-point property for nonexpansive mappings. Let A C X x X be an accretive
operator such that D(A) € C C (., R(I +tA), B: C — X an operator such that
Zer(A+ B) # 0 and B has the property (. / ) on (0,~vx ). For given f € Il and
x1 € C, let {z,,} be a sequence in C generated by (3.1), where {«a,,} is a sequence in
(0,1] and {c,} is a regularization sequence in (0,~vx, pg) satisfying conditions (C1)-
(C2). Then, {z,} converges strongly to z* € Zer(A + B), where z* = Q fz* and Q
is a sunny nonexpansive retraction of C' onto Zer(A + B).

Proof. By assumptions for regularization sequence {c¢,,}, we have lim,, . ¢, = ¢
for some ¢ > ¢. Define T, := J2 (I — ¢, B) and T := J2(I — ¢B). From Proposition
2.4, we obtain that 7, and T' are nonexpansive with Fix(7,) = Fix(T) = Zer(A +
B). For ¢t € (0,1), invoking Lemma 2.3, there exists a path {v;} in C defined by
(2.4) which is strongly convergent as ¢ — 0 to z* € Fix(T) = Zer(A + B), where
x* = Qfz* and @ is a sunny nonexpansive retraction of C' onto Zer(A + B). Set
Yn = (1—op)xn+ay, fo,. Let k¢ denote the Lipschitz constant of f. \We now proceed
with the following steps:

Step 1. {x,} and {y,} are bounded.
Let ks be the contraction constant of f. Note that

(32) 1yn — 27| < (1 = an)llzn — 27| + anl| fon — 2.
Invoking (3.1), we have

[€ns1 — 2| = | Tayn — 2|

(1= an)llen — 2| + anl[ fo, — 27|

(1 —an)lzn — 2| + an(l[ fon — fo*| + | f2" —27]])
(1= (1= rp)an)zn = 27| + an|[ fo* — 27|
max{||z, — 2" |, [[fo" — 2| /(1 = rf)}

ININ N DN

< max{|[zy — 2|, [ f2" = 27|/ (1 = wy)}-
Thus, {z,,} is bounded and hence, from (3.2), {y,} is bounded.

Step 2. {z,,} is asymptotically regular, i.e., ||z, +1 — 2] — 0 @S n — oo.



492 D. R. Sahu, Q. H. Ansari and J. C. Yao

Let K be a constant such that K| = max {sup,,cy ||Znl|, Sup,en || f2n| }. Observe
that

Hyn - yn—lH
= [|(1 = an)zn + anfry — (1 — an—1)Tn-1 — an-1fTn_1||
= |1 = ap)zn — (1 = an)zn-1 + (1 — an)rn—1 + an(frn — frn-1)
tanfrp1— (1 —an1)Tn-1 — an_1fz, 1|
(1 — an)l|lzn — Tno1ll + ankigllzn — Tpal| + [an — an—1|([Tn-1l + [ frn-1l])

<
< (1= (1 =rp)on)||zn — Tnoall + 2lan — apa1| K.

It follows from (3.1) that

|[Zn41 — 2nl]
= ||Tnyn — Tn-1Yn—1l|
< [ Toyn — Toyn—1ll + 1Tnyn-1 — Tn—1yn—1|
< lyn = Yn—1ll + [ Tn¥n—1 — Tn—1yn—1]|
< 1= =rp)anllzn — zn-1| +2|lon, — an—1[K1 + [ Tonyn—1 — Ta-1yn-1]-

From the definition of 7;, and Proposition 2.2, we have

HTn—l—lyn - TnynH
= |72 (I = cns1B)yn — (I — cnB)y||

A

C — C
lcnt1 — call| Bynll + %HJA (I = cnB)yn — (I — cuB)ynl|

Cn+1

S 2‘cn+1 - cn‘K27

where Ky = sup,cr; { | Byall + LT, (I = cuB)yn — (I - an)ynH}. Hence,

Cn+1
znt1 —anl| <1 = (1= sp)om]||zn — 2n-1ll+2]om — an-1|K1 4 2|cn — cno1| Ko

By conditions (C2)—(C2) and [23, Lemma 2.5], we obtain that ||z,,+1 — z,]| — 0 as
n — oQ.

Step 3. ||yn — T'yn|| — 0 as n — cc.
Noticing that ||y, — zn|| = anllzn — foall — 0 @ n — oo. From (3.1), we have
12011 = Townll = 1 Tayn — Tntnll < llyn — 2n| — 0 a8 7 — oo
and

(3.3) lxn — Thanll < ||xn — nt1l] + ||Zns1 — Thznl] — 0 @S n — oo.
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From Proposition 2.2, we have

[Thwn — Tan|
= |2 (I — ¢uB)wy, — JA(I — cB)ay|

len=dl)

< |en — ||| Byl + (I —cB)x, — JCA(I —cB)x,||

< 2|ep, — | K3,

where K3 = sup,cy { || Baa|| + 2(|(I — eB)zn, — JIH(I — ¢B)xy|| }. Hence,

[#n41 = Tanga || < [|ontr — Totnll + [ Tozn — Tanl| + ([ T2 — Tzp |
< N@nt1 — Tozpl| + 2|en, — ¢| K3+ ||2n — Tpy1|| — 0 @S n — oo,

i.e., {x,} is an approximating fixed point sequence of T Since ||y, — x,|| — 0, it
follows from Proposition 2.5 that {y,,} is an approximating fixed point sequence of 7.

Step 4. {z,,} converges strongly to x*.

Noticing that 7" is nonexpansive with Fix(T") = Zer(A + B). Set o, := (fz* —
z*, J(yn — x*)). Since ||y, — Tyn|| — 0 as n — oo and path {v;} in C defined by
(2.4) is strongly convergent, as t — 0, to «* € Fix(T), it follows from Lemma 2.6 that
lim sup,, ,~, 05, < 0. From (3.1), we have

|1 — "]
= ||J4(I = caB)yn — "
lyn = 21 = 11 = an) (20 — &*) + an(frn — fo* + f2* — ")
11 = an)(@n — 2°) + an(frn — f2)|? + 205 (f(2") — 2%, J(yn — 27))
(1= (1= wp)an)?|lzn — 2" + 205 (f (z") — 2%, J(yn — 2*))
(1= (1= mp)an)l|zn — | + 200 (f(2") — 2, I (yn — 27)).

Noticing that lim sup,,_, . (f(2*)—=*, J(y,—2*)) < 0and > 7% | oy, = oc. Therefore,
we conclude from [23, Lemma 2.5] that {x,,} converges strongly to z*. |

ININ NN

We now consider inexact variant of algorithm (3.1) for solution of problem (.~).

Let X be a Banach space, A C X x X an m-accretive operator and B : X — X
an operator such that Zer(A + B) # () and B has the property (. / ) on (0,7vx,B).
Our inexact prox-Tikhonov regularized generalized forward-backward splitting method
is then defined to generate a sequence {z,} in X according to the recursive formula:
Starting with z; € X and after z,, € X is defined, we define the next iterate z,; as
follows:

34 { up, = (1—apn)zn +anfzn;

Znil = Jc‘i(un — ¢p(Buy, + b)) + e, forall n € N,
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where f € IIx, «, is a relaxation parameter in (0, 1], {c, } is a regularization sequence
in (0,vx,5) and {b,} and {e,} are sequences of errors in X.

Next, we apply Theorem 3.1 to establish a strong convergence theorem for algorithm
(3.4) with error sequence which may not be sumable.

Theorem 3.2. Let X be a reflexive Banach space with a uniformly Gateaux dif-
ferentiable norm such that X has the fixed point property for nonexpansive mappings.
Let A C X x X be an m-accretive operator and B : X — X be an operator such
that B has the property (. / ) on (0,vx,p). For given f € IIx and z; € X, let {z,}
be a sequence in X generated by (3.4), where {«,,} is a sequence in (0, 1], {¢,} is a
regularization sequence in (0,vx g) and {b,} and {e,} are sequences of errors in X
satisfying conditions (C1)-(C4):

(C3) Y252, llenll < 00 or lim [ley|/an =0,

(C4) 307 |lbnllen < 0o or lim (||by|cn) /0 = 0.

Then, {z,} converges strongly to z* € Zer(A + B), where z* = Qfz* and @ is a
sunny nonexpansive retraction of X onto Zer(A + B).

Proof. For z1 = 21 € X, let {x,} be the iterative sequence in X defined by
(3.1). It follows from Theorem 3.1 that {z,,} converges strongly to z* € Zer(A + B),
where z* = @ fz* and (@ is a sunny nonexpansive retraction of X onto Zer(A + B).
Set y,, := (1 — o)y + ap fa,. From (3.1) and (3.4), we have

[2n41 = Tnga | = HJSL (un — cn(Bup + b)) + €n — JcAiL (4n — cnByn)||
< (I = enB)un = bpcn — (I = cnB)yn|| + llen||

< (I = enB)un — (I = cnB)ynll + callbnl| + [lenl]

< lun = ynll + cnllball + llenll

= [[(1 — an)(2n — @n) + an(f2n — fzn)ll + cnllbnll + [len]|

< (1= (1 —=kf)on)||zn — znll + cnllbnl| + |len] for all n € N.

By [23, Lemma 2.5], we have ||z, — x,|| — 0. Therefore, {z,} converges strongly to
¥ ]

As we have discussed in section 2.4 that there are some classes of nonlinear opera-
tors which enjoy the property (. / ) in suitable Banach spaces. Therefore, we are able
to derive the some new and known results from Theorems 3.1 and 3.2.

Corollary 3.1. Let X be a reflexive Banach space with a uniformly Gateaux
differentiable norm. Let C be a closed convex subset of X, A C X x X an accretive
operator such that D(A) € C C (oo R(I+tA), and T': C — C be a nonexpansive
mapping with B = I — T such that Zer(A + B) # (). Suppose that C' has the fixed
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point property for nonexpansive mappings. For given f € Il and z; € C, let {z,}
be a sequence in C defined by

(3.5) Tn1 = T (1= en)] + ¢ T)[(1 — an)wn + anfay], forallneN,

where {«a,, } is a sequence in (0, 1] and {c, } is a sequence in (0, 1) satisfying conditions
(C1)—(C2), where yvx g = 1. Then, {z,,} converges strongly to z* € Zer(A+B), where
x* = Qfx* and @ is a sunny nonexpansive retraction of C' onto Zer(A + B).

Proof. Note T is nonexpansive with B = I —T'. It follows from Remark 2.2 that
the average mapping 73, = I — wB is always nonexpansive for each w € (0,vx,g),
where yx g = 1. [

Remark 3.3. If T' = I, then algorithm (3.5) reduces proximal point algorithm
studied by Sahu and Yao [16] in the framework of a reflexive Banach space. In case
of Hilbert space H, if fx = v and T = I, then (3.5) reduces to the proximal point
algorithm studied in Song and Yang [18] and Xu [22]. Therefore, Corollary 3.1 extends
results of [9, 16, 18, 22] in the context of the inclusion problem (.~ in the Banach
space setting.

The following result is a generalization of those results concerning with approxi-
mation of fixed points of inverse strongly accretive operators.

Corollary 3.2. Let C be a nonempty closed convex subset of a 2-uniformly smooth
Banach space X. Let v > 0 and B : C — X be v-inverse strongly accretive operator
such that R(I — AB) C C for each X € (0,vx,5), where yx 5 = v/K? and K is the
2-uniformly smoothness constant of X. Let A C X x X an accretive operator such
that D(A) C C' C (oo R(I+tA) such that Zer(A+ B) # (. Suppose that C' has the
fixed-point property for nonexpansive mappings. For given f € Il and z; € C, let
{z,,} be a sequence in C defined by (3.1), where {«,} is a sequence in (0, 1] and {c,}
is a sequence in (0, 1) satisfying conditions (C1)-(C2). Then, {z,,} converges strongly
to x* € Zer(A + B), where z* = @ fz* and @ is a sunny nonexpansive retraction of
C onto Zer(A+ B).

Proof. It follows from Example 2.1 that B has the property (. / ) on (0,vx,B),
where vx g = v/ K2 m

Noticing that, for a A-strictly pseudocontractive mapping 7' : C' — C with B =
I — T, the average mapping 7,, = I — wB is nonexpansive under some geometric
conditions. From Example 2.2, we are able to derive the following result.

Corollary 3.3. Let p > 1 be a given real number and X be a p-uniformly convex
Banach space with a uniformly Gateaux differentiable norm. Let C' be a nonempty
closed convex subset of X and A C X x X an accretive operator such that D(A) C
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C C (ysoRUI +tA). Let T : C — C be A-strictly pseudocontractive with A <

,2(p2)}andB_I T such that Zer(A+ B) # 0. Let yx p = 1—2&"—}2).

For given f € Il and 21 € C, let {z,,} be a sequence in C defined by (3.5), where
{o,} is a sequence in (0, 1] and {c,} is a sequence in (0, vx,g) satisfying conditions
(C1)—(C2). Then {x,} converges strongly to z* € Zer(A+ B), where z* = Q fz* and
@ is a sunny nonexpansive retraction of C' onto Zer(A + B).

min {1

If A is the operator constantly zero, then Corollary 3.3 yields

Corollary 3.4. Let p > 1 be a given real number and X be a p-uniformly convex
Banach space with a uniformly Gateaux differentiable norm. Let C' be a nonempty
closed convex subset of X and let 7' : C — C be A-strictly pseudocontractive with

A< mln{l, sozy ¢ and B = I — T such that Fix(T") # 0. Let yx 5 = 1 — 5 AQ)
For given f € I and z; € C, let {x,} be a sequence in C defined by

Tpy1 = (I —enB)(1 — o)z, + o fxy,), forallneN,

where {a,} is a sequence in (0,1] and {c,} is a sequence in (0,vx,p) satisfying
conditions (C1)-(C2). Then, {x,} converges strongly to z* € Fix(T'), where z* =
Qfx* and @ is a sunny nonexpansive retraction of C' onto Fix(7T").

Corollary 3.5. Let X be a reflexive Banach space with a uniformly Gateaux
differentiable norm such that X has the fixed point property for nonexpansive mappings
and A C X x X be an m-accretive operator such that A=10 # (. For given f € Il
and z; € X, let {x,} be a sequence in X generated by

Tpt1 = JA (1 — an)xn + anfxy,), forallneN,

Cn

where {a,} is a sequence in (0, 1] and {¢,} is a regularization sequence in (0, vx)
satisfying conditions (C1)-(C2), where vx = oo. Then, {z,} converges strongly to
z* € A710, where z* = Qfz* and Q is a sunny nonexpansive retraction of X onto
AL,

4. ALGORITHMS ON GENERAL BANACH SPACES

Let X be a Banach space. Recall that a mapping 7' : D(T') — X is said to be
¢-expansive if there exists a continuous or nondecreasing function ¢ : R™ — R* with
¢»(0) =0 and ¢(t) > 0 for ¢ > 0 such that

|7~ Tyl = (e~ yl), for all o,y € D(T).

Here we shall use the following result, which can be found in [6].
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Theorem 4.1. [6, Theorem 3.2]. Let C be a nonempty closed convex subset of a
Banach space X and T : C' — C be a mapping such that

(i) T is a ®-1-set contraction,

(i) there exist R > 0 and z € C such that Tax — xg # A(z —x¢) for all x N Sgk(zo)
and for all A > 1,

where Sg(zo) is the closed ball with radius R and center xy € X. Then, there exists
an approximating fixed point sequence {z,} of T. Furthermore, if

(ili) I —T:C — R(I —T) is ¢-expansive,
then, T has a unique fixed point z* € C and z,, — z* as n — co.

Now our purpose is to establish strong convergence theorems for the unigue solution
of inclusion problem (.~°) in general Banach spaces.

Theorem 4.2. Let C be a nonempty closed convex subset of a Banach space X.
Let A C X x X be an accretive operator such that D(A) C C C (o, R(I + tA)
and B : C — X an operator such that Zer(A + B) # () and B has the property (. / )
on (0,vx,B). Let r € (0,vx p) and JP . C — C be an operator defined by (2.5)
such that JTA’B satisfies the following conditions:

(R1) I —Ji*B :C = R(I — J*P) is ¢-expansive,
(R2) there exist R > 0 and zo € C such that Ji"Pz — 2y # Az — o) for all
x N Sgr(z) and for all A > 1.

For given u,z; € C, let {x,} be a sequence in C' generated by
4.1) T = JAP((1 = o)z + anu), forallneN,

where {«,,} is a sequence in (0, 1] satisfying condition (C1). Then, {z,} converges
strongly to the unique solution of inclusion problem (.»).

Proof. Since JTA’B is nonexpansive, then JTA’B is 1-set contractive for the Kura-
towskii measure of noncompactness. Thus, JTA’B satisfies the assumptions of Theorem
4.1. Therefore, there exists a unique fixed point * € C for JAB tis easy to see from
(3.3) that ||x,, — JTA’anH — 0, i.e,, {z,,} is an approximating fixed point sequence of
J4P  Therefore, from Theorem 4.1 the sequence {z,,} converges to the unique fixed
point z* of Ji"%. n

Theorem 4.3. Let X be a Banach space, A C X x X be an accretive operator
and B : X — X an operator such that Zer(A + B) # () and B has the property
(7 )on (0,vx,B). Letr € (0,vx,5) and JAB . X — X be an operator defined by
JB = JA(I = rB) such that J;"7 satisfies the following conditions:

(R1) I —Ji*B : X — R(I — JMP) is ¢-expansive,
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(R2) there exist R > 0 and o € X such that J2"Pz — 29 # A(z — x0) for all
x N Sgr(zp) and for all A > 1.

For given u, z; € X, let {z,} be a sequence in X generated by

4.2) un = (1= an)zn + onu;
' Zni1 = JA(up — 7(Buy, +b,)) +e, forall n € N,

where {«,,} is a sequence in (0, 1] satisfying conditions (C1), (C3) and (C4)’:
(C4) 302 |Ibn|l < oo or lim ||by]|/ay = 0.
Then, {z,} converges strongly to the unique solution of inclusion problem (.»).

Proof. For z1 = 21 € X, let {x,} be the iterative sequence in X defined by
(4.1). It follows from Theorem 4.2 that {x,,} converges strongly to z* € X, which is
a unique solution of inclusion problem (.»). Set y,, := (1 — oy, )y, + @ u. From (4.1)
and (4.2), we have

[2n4+1 — Znall = H*Lﬁﬁ‘(un —1(Bup + by)) + €n — Jf(lyn — 1By ||
<N =rB)un = bar = (I = rB)yal| + [len]]
<N =rB)un = (I = rB)ynll + r{[on] + [lenl]
< un = ynll + rlfon]l + llenl]
= (1 — an)llzn — n|| + 7||bp || + |len|| for all n € N.
By [23, Lemma 2.5], we have ||z, — x,|| — 0. Therefore, {z,} converges strongly to

*

T . |

Note that if 7" is a nonexpansive mapping from a nonempty closed convex subset
C of a Banach space X into itself and if B = I — T, then, from Remark 2.2, we
conclude B has the property (. / ) on (0,vx,B), Where yx g = 1.

Corollary 4.6. Let C be a nonempty closed convex subset of Banach space X
and A C X x X an accretive operator such that D(A) € C' C (,o, R(I +tA). Let
T : C — C be a nonexpansive mapping with B = I — T such that Zer(A + B) # 0.
Let r € (0,1) and J*? : ¢ — C be an operator defined by (2.5) such that J;"?
satisfies the following conditions:

(R1) I —JB . C = R(I — JiP) is ¢-expansive,
(R2) there exist R > 0 and zo € C such that J:"%z — 2o # Az — a0) for all
x N Sgr(zp) and for all A > 1.

For given u,z; € C, let {z,,} be a sequence in C' generated by (4.1), where {«,} is
a sequence in (0, 1] satisfying condition (C1). Then, {z,,} converges strongly to the
unique solution of inclusion problem (.»).
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Recently, Falset and Prez [6] proved that the sequence {x,,} defined by
Tpy1 = apx1 + (1 — ay)Tx, for all n € N,

converges strongly to the unique fixed point of a nonexpansive mapping 7" in a general
Banach space under suitable mapping conditions. In order to find the unique solution
of the inclusion problem (./) when A C X x X is an accretive operator and 7' is
nonexpansive with B = I — T, we infer that Corollary 4.6 is new and a more general
result in an arbitrary Banach space.

5. APPLICATIONS

5.1. Application to mixed variational inequalities

The following basic result of subdifferentials can be found in [25].

Lemma 5.7. [25, Theorem 3.1.11]. Let v € T'o(H). Then, 9% is maximal mono-
tone.

Let ¢ € T'o(H) with subdifferential 0v. It is well known that
(5.1) P(z) = rrélgz/}(ac) < 0 € Y(z).

Noticing that 9+ is maximal monotone and prox,, = 0 is Moreau’s proximity operator
[14]. Thus, (I + cOy1)~! = prow.y for some ¢ > 0.

As a special case of problem (1.1), the mixed variational inequality problem (1.2),
can be solved via Lemma 5.7 and algorithm (3.5) as follows.

Theorem 5.1. Let C be a nonempty closed convex subset of Hilbert space H and
Y € To(H) suchthat D(0vy) C C C (o R(I+hoy). Letv >0and B : C — H be
v-inverse strongly monotone operator such that (94 B)~10 # () and R(I —£(B) C C
for each ¢ € (0,2v). Let {z,} be a sequence in C' generated by

Tpg1 = proze,y (I — ey B)(1 — an)zp + o fa,), foralln e N,

where {«,,} is a sequence in (0, 1] and {c,} is a regularization sequence in (0, vx,g)
satisfying conditions (C1)—(C2), where vx p = 2v. Then, {x,} converges strongly to
z*, where z* = Proj .o, + p)-10/%"

Proof. Note B is v-inverse-strongly monotone. It follows from Lemma 2.5 that
B has the property (. / ) on (0,vx,5), Where vx g = 2v. Therefore, result follows
from Theorem 3.1. ]

5.2. Application to nonsmooth convex optimization

Let C be a nonempty closed convex subset of a real Hilbert space H. It is well
known that if ¢ € T'o(H) is Gateaux differentiable at x € H with gradient Vi (z),

then 0y (z) = {Vy(z)}.



500 D. R. Sahu, Q. H. Ansari and J. C. Yao

Consider the convex optimization problem:
(5.2) min(y1(x) + ¥2(2)),

where 1 € T'g(H) such that +; is not essentially smooth function and ¢ : H — R
is a convex and differentiable with a L-Lipschitz continuous gradient V5. Denote by
Q the solution set of problem (5.2); that is,

Q= {z € C:41(2) +2(2) = min(y1(2) + ¥2(2))}-
Assume that Q # ().

It is known that if ¢ : H — (—o0, oo] is proper, lower semicontinuous and convex
and ¢ : H — R is continuous and convex, then

(5.3) O + ) = 0v + Dp.
It follows from (5.1) and (5.3) that
z2€ Q& 0e€ (0P + 0Ya)z

Noticing, from [3], that L-Lipschitz condition of the gradient V), implies that Vs is
(1/L)-inverse-strongly monotone. The operator JB defined by (2.5) is a composition
of two nonexpansive self-mappings. Hence, for any ¢ € (0,2/L), solutions of problem
(5.7) are characterized by the fixed point equation

T = proxey, (I —cVips) x.
N — ———

We now apply Theorem 5.1 for finding numerical solutions of nonsmooth convex
optimization problem (5.2).

Theorem 5.2, Let C' be a nonempty closed convex subset of Hilbert space H.
Let ¢y € T'o(H) and ¢ : H — R a convex and differentiable with a L-Lipschitz
continuous gradient B = Vi, such that R(I — {Vs) C C for each £ € (0,2/L).
Assume that D(9v1) € C C (o0 R(I +hO1) and (9y1 + Vo) 710 # 0. Let {z,,}
be a sequence in C generated by

Tpg1 = Proze,p, (I — e, Vipo)((1 — ap)xy + o fay,) for all n € N,

where {«,,} is a sequence in (0, 1] and {c,} is a regularization sequence in (0, vx,g)
satisfying conditions (C1)—~(C2), where vx g = 2/L. Then, {z,} converges strongly
to z*, where z* = Proj(pmmwﬁwz,)_lofx*



The Prox-Tikhonov-Like Forward-Backward Method and Applications 501

Proof. ~ Note V1) is (1/L)-inverse-strongly monotone. It follows from Lemma
2.5 that B = Vi), has the property (. / ) on (0,vx,B), where yx g = 2/L. Therefore,
result follows from Theorem 5.1. [ ]
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