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Regular Wavelets, Heat Semigroup and Application to the
Magneto-hydrodynamic Equations with Data in Critical Triebel-Lizorkin
Type Oscillation Spaces

Qixiang Yang and Pengtao Li*

Abstract. In this paper, based on a Poisson type extension of Triebel-Lizorkin type
oscillation spaces Fg, e (R™), we establish a bilinear estimate on some new tent spaces

Fzzﬁ_’m, associated with Fg L72(R™). As an application, we get the well-posedness and

regularity of the fractional magneto-hydrodynamic equations and quasi-geostrophic

equations with initial data in the critical F;lq’” (R™).

1. Introduction

Triebel-Lizorkin spaces F]iq(R") were introduced as generalizations of many classical
function spaces such as Lebesgue spaces and Sobolev spaces. We refer the reader to
Triebel [48,49] for an overview of F;”,q(R”). In the research of harmonic analysis and
partial differential equations, Triebel-Lizorkin spaces have been used extensively and at-
tracted the attention of many mathematicians. See Meyer-Yang [40], Chae [4,/5], Kozono-
Shimada [28], Chen-Miao-Zhang [8] and the reference therein.

In this paper, we apply wavelets and semigroup to study a class of Triebel-Lizorkin

type oscillation spaces Fj/y72(R") defined as

lvz/n—l/p

Sup Q inf  leq(f = Po.s)ll e < 400,

PQ,1€5,4 f

where the supremum is taken over all cubes ) and Sglq”f denotes the set of all polynomi-

als satisfying below. See Definition The spaces Fj/i;/”*(R") cover many classical
function spaces such as Sobolev spaces WP (R™), Triebel-Lizorkin spaces F,;f y(R™), Mor-
rey spaces LP72(R™), bounded mean oscillation spaces BMO(R™), @ type spaces QQ(R”)
and so on. We give the following space structure table to clarify the relation between these

spaces and FjJ57% (R"):
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l<p<oo,q=27m€R 2 =n/p ETSMP(RP) = WP (R)
1<p,q<o0,m R,y =n/p EJP (R = B(R™)
1<p<oo,q=2,7m=0,7%=n/p E)J2(R") = LP2(R™)
p=q=2,7=07=-n/2 Eyy " (R") = BMO(R™)
p=q=2m=a-B+1lp=a+p-1| F; PR = QIR

In Theorem we give a wavelet characterization of F,/572(R"™). As a consequence,
EJV72(R™) coincide with Fyg (R") introduced by Yang-Yuan [62]. Theorem and
Lemma imply that Calderén-Zygmund operators are bounded on FJ},’W (R™). More-
over, our wavelet characterization is independent of the choice of wavelet basis. See The-
orem [2.8 and Corollary

It is well-known that for any f € BMO(R™), the Poisson integral P;(f) gives a har-
monic extension of f. Obviously, the Poisson kernel can be replaced with the fractional
heat semigroup {e‘t(_A)B}. In a sense, the function spaces on R™ can be character-
ized via the semigroups and the tent spaces on RTFI, see Coifman-Meyer-Stein [9] for
example. In the last decade, such an idea has been applied to the study of the well-
posedness of Naiver-Stokes equations. In 2001, Koch-Tataru [26] obtained a semigroup
characterizations of BMO(R™). In 2007, by Hausdorff capacity, Xiao [59] gave a semi-
group characterization of Q. (R™). Li-Zhai [33] developed the idea of [26,59] and obtained
a semigroup characterization of Qg(R”). For further information, we refer the reader to
Cannone [2,3], Dafni-Xiao [14], Lemarié-Rieusset [29], Li-Xiao-Yang [30], Lin-Yang [35]
and Miao-Yuan-Zhang [42].

In Section we introduce tent type spaces F'*72  as follows:

p’q7m7m
V1572 — 2.l v1,7v2,1 1 Y1,7v2, 111 Y172, 1V
Fp,q,m,m’ - an,m N Fp,q N IE‘p,q,m n IE‘p,qm’

= XiNXoNX3nXy.

IE"Yla’YZ

Via fractional heat semigroup, we can establish a relation between Fj/;,?*(R") and o

See Theorem for the details.

Actually, Theorem is not a simple generalization of the results in [26,33,/59]. In
the above structure table, BMO(R™), Qo (R™) and Q5 (R™) are all FJ57(R") spaces with
p = q = 2. Technically, the Plancherel identity of Fourier transform plays an important
role in the semigroup characterizations of these function spaces. For the cases p # 2,
this method is not valid. To overcome this difficulty, we apply a new method. Let

{@; k} be a wavelet basis and
™) (g,5,k)EAR

f = Z aik@;’k I~ F;}],’YQ (Rn)
(e,3,k)EAR
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For any cube @), based on the relation between j and the radius of (), we decompose the
function
F(x,t) := et(_A)Bf(x)
into several parts such that every part belongs to some X;. Such a decomposition provides
a clear view of the local structures of F(x,t) related to the spatial variable and the
frequency. So the desired semigroup characterization of ;)52 (R") can be obtained easily.
As an application, with initial data in critical £,/572(R™), we consider the well-posedness

of the fractional magneto-hydrodynamic equations (FMHD)g:
o+ (—A)Pu+u-Vu+Vp—b-Vb=0;
ob+ (=2)Pb+u-Vb—b-Vu = 0;
V-u=V-b=0;

(1.1)

\U’t:O = g, bli=o = bo

with 8 > 1/2 and n > 3.
If B =1, equations (1.1]) reduce to the classical incompressible magneto-hydrodynamic
(MHD) equations:

ou+ (=ANu+u-Vu+Vp—>b-Vb=0;
(1.2) Ob+ (—A)b+u- Vb —b- Vu =0
uly=0 = uo, blt=0 = bo,

with V-u = V- b = 0. Further, if the magnetic field b(¢,x) identically equals to zero,
equations ([1.2)) reduce to the incompressible fractional Navier-Stokes equations:

O+ (—N)Pu+u-Vu+ Vp —u-Vu = 0;
u|t:0 = Uup.

As a basic model in the fluid mechanics, the well-posedness of equations with g =1
in classical function spaces has been studied by many mathematicians. For example,
with initial data in Lebesgue space L™ and Sobolev spaces H™/ 2=1(R™), the well-posed
results are obtained by Kato [24] and Fujita-Kato [25], respectively. Cannone [2,[3] and
Planchon [46] proved the global well-posedness for small initial data in the Besov spaces
B;{)g_l(R”), n < p < oo. In 2001, for 8 = 1, Koch-Tataru [26] proved the well-posedness
of with data in BMO™!(R"). For further progress on equations , see Deng-Yao
[15], Germain-Pavlovié¢-Staffilani |18|, Giga-Miyakawa [19], Giga-Sawada [20], Lemarié-
Rieusset [29], Li-Zhai [33], Li-Xiao-Yang [30], Lions [36], Miao-Yuan-Zhang [42], Miura-
Sawada [43], Taylor [47], Wang-Xiao [50], Wu [54,57], Xiao [59/60] and Zhai [66] and the

reference therein.
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For equations , because of the coupling effect between the velocity wu(z,t) and
the magneto field b(z,t), the situation is more complicated. Kozono [27] proved the
existence of a classical solution for the two-dimensional MHD system in a bounded domain.
Alexseev [1] established the existence and uniqueness results for the ideal MHD system in
Sobolev space W¥(R™). For 8 = 1, Miao-Yuan-Zhang [41] obtained the well-posedness of
equations with data in BMO™!(R"). For more information on the MHD equations,
we refer the reader to Alexseev [1], Wu [52], Wu [53}/58] and the reference therein.

Leaving more notations and terminologies later, let us outline roughly our approach of
the main result. With data in Besov spaces or Triebel-Lizorkin spaces, one usual method
to derive the well-posedness of is the “energy inequality” based on some commutator
estimates and Littlewood-Paley theory. See Wu [54]. We apply a new method. The key

step is a decomposition of the bilinear operator

t
By(u,v)(t,z) = / e*(tfs)(*A)ﬁi(uv) ds, ¢(=1,2,...,n
0 Oy

based on multi-resolution analysis. We decompose By(u,v) as follows.

t 4
By(u,v)(t, x) ::/0 ZZI;}Z(S,t,x) ds,

J€Z i=1

where I;}e are composed of the wavelet coefficients of u and v. See for details. By
this decomposition, Lemma enables us to convert the bilinear estimate of By(u,v)
into various efficient computations involved in the wavelets coeflicients of © and v. Finally
we obtain the desired bilinear estimate on F;lqulm, X leqlflm, See Sections The
well-posedness of equations can be derived from such bilinear estimates together
with a usual procedure. Our method can be also applied to the well-posedness of quasi-
geostrophic equations . See Section

We point out that when we consider the well-posedness of equation ([1.1)) with data

F%’m

g has some distinct advantages. On one hand, for

in 7572 the tent type space

F(z,t) € Fglq’ﬁ s+ the four parts of [[F|[pn~2  have different meanings:
b b p,q,m,m

e the norms [|F||y, and [|F[[y, denote the Bloch-parts of F'(z,1),
e the norms [|F||x, and [|F| y, denote the LP-parts of F'(z,).

Furthermore, the index m represents the regularities for the variable . Compared with the

1,72
7q7m7

On the other hand, Lin-Yang [35] and Li-Yang [31] used another tent type spaces to
study the well-posedness of equations ((1.3)) and (|1.1) with data in the critical Besov-Q
spaces Bg}(jw (R™), respectively. In [35] and [31], the tent type spaces consist of two parts:

results in [26,33.59], if m becomes bigger, the elements in IF; . have higher regularities.



Triebel-Lizorkin Type Oscillation Spaces 1339

the L*-part and LP-part. Hence the index f3 is restricted to the scope (1/2,1]. In this
paper, Bloch parts ||F||y, and |[F||y, are substituted for the L°°-part. This change will
enable us to obtain the well-posedness of equations ([1.3) and (1.1)) with 8 > 1/2.

Remark 1.1. Interestingly, Federbush [16] employed the divergence-free wavelets to study
the classical Navier-Stokes equations, while the wavelets used in this paper are classi-
cal Meyer wavelets. In addition, when constructing a contraction mapping, Federbush’s
method was based on the estimates of “long wavelength residues”. Nevertheless, our

wavelet approach is based on Lemmas [3.2 and the Cauchy-Schwarz inequality.

Remark 1.2. In recent years, some special cases of F; 72 have been applied to the study
well-posedness of equations (|1.3) by several authors. We refer the reader to Wang-Xiao
[50,/51], Xiao [60] for further information.

The rest of this paper is organized as follows. In Section [2| we state some preliminary
knowledge, notations and terminologies. In Section [3, we introduce a class of tent spaces
Zf&ﬁum” For f € 472 (R"), we prove its Poisson type extension belongs to F;lqulm, In
Sections we establish a bilinear estimate on F;lq’wé iy X IFZlq’WjI - In Section {4 we

prove the well-posedness of equations (1.1)) and (4.4) with data in pr 7% (R™) being small.

2. Notations and preliminaries

In this paper, the symbols Z and N denote the sets of all integers and natural numbers,
respectively. For n € N, R" is the n-dimensional FEuclidean space, with Euclidean norm
denoted by |z| and the Lebesgue measure denoted by dz. Rﬁlfl is the upper half-space
{(t,z) € R t>0,2 € R"} with Lebesgue measure dtdz. B(z,r) denotes a ball in R"
with center z, radius r and the volume |B|. Denote by @ a cube in R™ with the sides
parallel to the coordinate axes. The volume and side length of @ are denoted by |Q| and
1(Q), respectively.

For convenience, the positive constants C' may change from one line to another and
usually depend on the dimension n, «, 8 and other fixed parameters. The Schwartz
class of rapidly decreasing functions and its dual will be denoted by . (R") and ./ (R™),
respectively. For f € ./ (R"), f means the Fourier transform of f.

2.1. Wavelets

In this paper, we use real valued tensor product orthogonal wavelets ®¢, which will be
Daubechies wavelets or Meyer wavelets. Daubechies wavelets are used only to get a wavelet
characterization of Fj)57? and Meyer wavelets will be used throughout this paper. If &€
is a Daubechies wavelet, we assume that there exists an integer mg which is greater than

some constant depending on the index of Fj5?* such that
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(1) for any € € {0,1}", ®¢ € O ([-2M,2M]");
(2) for any € € E,,, ®¢ has the vanishing moments up to the order mg — 1.
We present some preliminaries on Meyer wavelets. Let W0 € C§°([—4n/3,47/3]) be

an even function satisfying U°(¢) € [0,1] and WO(¢) = 1, if [¢] < 27/3. Let Q(§) =
[(WO(£/2)% — (T0(£))?]Y/2. Then Q € C§°([—8n/3,87/3]) is an even function satisfying

Q(¢) = if |¢] < 2m/3;
Q%) + Q2(2§) Q26 + Q%2 (2m — &) =1, if & € [2m/3,4n/3].

Let U(€) = Q(€)e %/2. We define

n

o =[] ve), €= (er, . en) €{0,1}";

=1
o\ (2) = 2020 (2w — k), jeZ, kel

In this paper, we denote E,, := {0,1}" \ {0}, F,, := {(&,k) : e € E,,,k € Z"} and A,, =

{(e,7,k),e € E,j € Z,k € Z"}. For further information about wavelets, we refer the
reader to Meyer [38] and Meyer-Coifman [39]. The following result is well-known.

Lemma 2.1. {@Ek}( o is an orthogonal basis in L*(R™).
7 1j1 e n

For a function f, denote by f; B = < 1 L k> the wavelet coefficients of f, where € €
{0,1}", k € Z". Let

r)= Y [®k(@) and Qif(x)= D Sia®u
kezn (e,k)EFy
By Lemma we can see that P; and Q; are projection operators on L?(R™). In fact,
for any two functions u and v, we have
wuY = Z Pj_3uQ;v + Z QjuQjv + Z QjuQ v
JEL JEL 0<j—j’<3

+ Z QjuQ ;v + Zquijgv.

0<y’'—35<3 JEZ

(2.1)

2.2. Triebel-Lizorkin type oscillation spaces and wavelet characterization

As a generalization of Triebel-Lizorkin spaces and Morrey spaces, Triebel-Lizorkin type
oscillation spaces have been introduced by Yang [61] via wavelets. We refer the reader to
Yuan-Sickel-Yang [65] for further information on Triebel-Lizorkin type oscillation spaces
and their generalizations. To make the mathematicians on PDE to understand such spaces

better, we give here a direct definition by using classical Triebel-Lizorkin spaces.
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Suppose that ¢ is a function on R™ such that
supp C {E €R™: [¢| <1} and (&) = 1for {C € R™: [¢] < 1/2}.
For v € Z, define
va(x) _ 2n(v+1)¢(2v+1x) - 2nv¢(2vw)

as the Littlewood-Paley functions. See Frazier-Jawerth-Weiss |17] and Triebel [48}/49] for
more information on the Littlewood-Paley theory. The Triebel-Lizorkin spaces are defined

as follows.

Definition 2.2. Let —co < r < 00, 1 < p < o and 1 < ¢ < oco. A function f €
"(R™)/P(R™) belongs to F7 (R") if

1/q
171z, = (Zzwm*ﬂm)w) <o,

VEZ
p

Take ¢ € C5°(B(0,n)) such that ¢(z) = 1 for x € B(0, /n). Denote by Q(x¢,r) a cube
centered at xp and with side length r. For simplicity, sometimes, we write Q(zo,7) as @ or
Q(r). Let pg(z) = ¢ (@) For 0 < p,q < 00, 71,72 € R, let mg = m);"* be sufficiently

big positive real number. For any function f, let Sglq’? be the set of polynomials Py ¢

such that for any |a| < my,

(22) [a*va@)f@) - Pla)) s =0,
The Triebel-Lizorkin type oscillation spaces are defined as follows.
Definition 2.3. Let 0 < p,q < 00, 71,72 € R. We say that f belongs to Triebel-Lizorkin

type oscillation spaces F;y7(R") provided

S’Yl Y2

(2.3) sup [Q™" VP inf  lpo(f = Po.f)ll i < oo,
Q PQ.s€5,.4. i

where the supremum is taken over all the cubes with center zg and length r in R".
It is easy to verify the following results.
Proposition 2.4. Let 0 < p,q < 00 and 71,72 € R.

(i) The definition ofFIZZ’W (R™) is independent of the choice of Littlewood-Paley function
o.

(ii) For 1 <p,q < oo, va;}m (R™) are Banach spaces.
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Applying Hausdorff capacity and Littlewood-Paley theory, Yang-Yuan [62] introduced
a new class of function spaces Fjg (R"), p € (0,00), which generalize many classical
function spaces. For more information, we refer to Liang et al. [34], Yang-Yuan [63,/64]
and Yuan-Sickel-Yang [65].

We call ®¢ a regular Daubechies wavelet, if there exist two integers mg and M such
that

for e € {0,1}", @ € CF([-2M, 2M]n);

(2.4)
for € € B, and |a] <my, [2°®(z)dz = 0.

Let 0 < p,g < oo and 71,72 € R. In Theorem below, we take an integer m,"”
large enough such that the constant mg in satisfies my > m};”?. For any cube
Q, let A8 = {(6,4,k) € An,Qjr C Q}. We have the following wavelet characterization of
EJE2(R™). We omit the proof and refer the reader to Yuan-Sickel-Yang [65] and Li-Yang-
Zheng [32].

Theorem 2.5. Let 0 <p,g <00, 71,72 €ER. [ =37 i1yen, @5 P5x € EJY2(R™) if and
only if
1/q

(2.5) sup |Q|72/" /P Z 20/ (nrn/2) g€ 19\ (27 - — k) < 400,
Q

j,k)EAD
(67]7 )e Q Lp

where the supremum is taken over all the dyadic cubes @ in R™.
Remark 2.6. If v = n/p, FJy?(R™) = FJ"9(R™). Moreover, for v, > n/p, if f €
EJ2 (R, f5x = 0. Hence f is only a polynomial.

Now we state some preliminaries about Calderén-Zygmund operators and refer to

Meyer [38] and Meyer-Coifman [39] for further information. For x # y, let K(z,y) be a
smooth function such that there exists a sufficiently large Ny < myg satisfying that

(2.6) OCOPK (z,y)| < Clx —y|""HHE) "y o] 48] < N

A linear operator T is said to be a Calderon-Zygmund operator if
(i) T is continuous from C(R"™) to (C*(R"™));
(i) Tf(z) = [ K(z,y)f(y) dy, where K(z,y) satisfies (2.6));
(iii) Tax® =T*2z* =0 for o € N™ with |a| < Np.

We denote T € CZO(Np). By Schwartz kernel theorem, K-, ) is a distribution in S’(R?").
For (e, ,k), (€5, k') € An, let

!

€,€ _ € 14
aj-’k’j,’k, = <K(’ ')7¢j,k¢j/,k'> .
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If T is a Calderon-Zygmund operator, then its kernel K (-,-) and the related coefficients

satisfy the following relations.
Lemma 2.7. |39, Section 8.3, Proposition 1]
(i) If T € CZO(Ny), then for (e, k), (€, 5, k') € Ay, {aj.’zlj/ k,} satisfy the following

condition:

€,

(2.7) @5kt b

i 49 o
< co-li-dlmj2rNy (27 + 27 , '
- 277 + 273" 4 |k2-9 — K'277'|

(ii) If a;";lj/ i Satisfies the above condition (2.7), then

K(zy)= ), D S ®5a @)% 1)

(E,j,k’)eAn (6/7j/7k/)eA"

in the sense of distributions and for any small positive real number 6, T € CZO(Ny—

5).

Following the ideas of Meyer-Yang [40], we can prove the following result. We omit

the proof and refer the reader to Yuan-Sickel-Yang [65].

Theorem 2.8. Let 1 < p,q < 0o and v1,72 € R. The Calderon-Zygmund operators are
bounded on Ej57%(R™).
Let {<I>i.’6} ,
Pk S (egk)enn
. €,e’ . l,e 52,6 €€
(€,5', k") € A, denote ajy i pr = <<I>j7k, <I>j,7k,>. We know that {aj,k,j’,k’}(eym (e,
satisfies the condition (2.7). The following result is a corollary of Theorem We refer

to Yuan-Sickel-Yang [65] for a proof.

i = 1,2, be two regular orthogonal wavelets basis. For (e, j, k),

Corollary 2.9. Theorem is also true for Meyer wavelets.

For A > 0 and a sequence f := {f;}, we define the vector-valued maximal function
Mu(f) as

1/A
Ma(f)(@) = | > M55 (@)
J
94’ (s+1/2) | g€

Z ik S ke g
(1+‘k/—2j/*jk|)n+7’ J=7 ;

gk ., = 5/7k/

753 93" (s4+n/2) a?/ y

b . ., n
Z (1+ |k — 20=3"k!)n+7’ J<y,kez".

\ €,k

Yang [61] obtained the following result.
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Lemma 2.10. [61, Chapter 5, Lemma 3.2] For any v > n/A+1 and x € Q;, we have

gk» _ CMu(fj)(x), if > '
I+ CQ”(j'—j)/AMA(fj/)(J:), if j <.

2.3. Semigroup extension of F;%7%(R™)

In this section, we will introduce some tent spaces associated with £,/572(R"), which
establishes a clear relationship among time ¢, frequency & and position x by wavelet
methods. We would like to remind the reader that, for wavelets {@;k (e, 4,k) € An}, 2J
represents the range of frequency ¢ and 277k represents the range of position z in some
sense. In the sequel, we only use the classical tensorial Meyer wavelets.

In the sequel, we use N > 0 to denote a fixed real number which is large enough. For
fixed 8 > 0, we may choose a radial function ¢ € .#(R") (cf. [17, Lemma 1.1}, [38, Chap. 3,
§2]) such that there exists Cg > 0 satisfying

(i) / x7¢(x)dx =0 for all v € N™;

t

iy [ gt gt _ L

(iii) /0 ot )e P

Define gbf(a:) =t~/ p(t=1/(2B) ). Then ggf(ﬁ) = &S(tl/(w){), and hence
ftx) = e f(2) = K]+ f(a).

Applying the inverse Fourier transform, we can get

fie) = [ o/t T = [ ae e ehe e Fre)

(ii) /Ooo (&(tl/@ﬁ)g))Q W forall £ £ 0,

t
which implies that

0 d
(2.9 f@)=Cs [ flto - o) 'y = mof (o)
For (€, 5,k) € An, let a5 (1) = <f(t, ), <I>§’k> and af ;= <f, @;’k>. Then

f= 2 @@ and ft)= D aii(H
(e,3,k)EAn (e,4,k)EAR
We first represent a5 ; (1) by aj-l, wo M f(tx) = Kf * f(x), then

€ — E € B &€ €
ajyk(t) = aj’,k’/ <Kt éj’,k” j,k>
€,lj—3'1<3,k’

= 2 / eI (230 ) (g)e XM e,

1= 1<3,K
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By a simple application of integration by parts, we could control a;,k(t) by {a;f,,k,} as

follows.

Lemma 2.11. There exists a fized small constant ¢ > 0 depending only on B and on the

size of support for the Fourier transformation of Meyer wavelets such that

(i) For t2267 > 1,

‘a;’k(t)‘ S Cei’cthQjB Z ’a;*i’k./ (1 + )jSjlk/ — k))) )

1= |<3,k

(ii) For 0 <2297 <1,

s <C > D e

li—J"|<3 €K

(1+ ‘zﬂ%’ —kDiN.

Furthermore, if f is a function obtained by ({2.8]), then we could express a$, by
{aj-/,,k,(t)} as follows:
5 = S @006 5 B (@) () de
.]7k - n+1 ]/7kl t jlvk/ J?k t :
+ (¢, )E

Similarly, we apply integration by parts to obtain the following estimate.

Lemma 2.12.

00 . . —-N ae"/ k’(t)‘ dt
€ 2i'8 1—16—25'8 ‘ J5
‘aj,k:} <C E / (max {t2 U A }) E ATk k‘\)N?

lj—5'1<370 (¢/,k')EFy,

We introduce some tent type spaces associated with F; ¢ (R™). For any a(t, z) defined

on R by wavelet theory there exists a family {a¢, (¢ such that a(t,z) =
+ 7,k (e, k)EA
’ E?j? € n

D ek, G p) P p(2). Let y1,72 € R, 1 < p < oo, m,m € R, m' > 0and m” € Z,.

For any dyadic cube Q;, we denote by x;r = x(2/ - —k) the characteristic function of
Qjik-

The tent spaces associated with F;%Z’W consist of four parts. For the first two parts,
we first take F;7q—norms for space variable x, then take L°°-norm for variable t. We call

them the Bloch type tent spaces. Precisely,
Definition 2.13. Given 71,2 € R, 1 <p<oocand 1 < ¢ < co. Let
Ale - {(G,j, k) : J > maX{_ lOgQ T, —(10g2 t)/(25)} ) Qj,k - Qr}

and
AQr,Q = {(67j7 k) : —IOgQ’I" <j < —(10g2 t)/(26)7Qj,k - QT‘}
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i) We call f € F)02l (R, if
b,q, +

1/q
sup I;,Z,Z?z(t) — sup |QT|72/n—1/P #m Z 943 (y1+n/2+2mp) |a§7k(t)|q Xj,k(x)
>0 tQr (€,4,k)EAG, 1
p
< o0.
(ii) We call f € Fpi">" (R™1), if for any ¢ > 0
1/q
sup 17472 (t) := sup |QT‘72/H*1/ID Z 9ai (11+n1/2) |a§-7k(t)|q Xk ()
t>0 6,Qr (e,7,k)EANG,. 2
p
< 00.

For the other two parts, we first take LP-norm for variable ¢, then take F;q—norm for

variable x. We call them the LP type tent spaces. Precisely,
Definition 2.14. Given 71,72 € R, 1 <p<ooand 1 < ¢ < 0.
(i) /e Fpm" (RYH), if

28

- 1 n m " € m dt
1 = s i@ |37 gz [ ] S
e (e, k)EAD, 27298 )
< 0.
(i) feFp™" (R, if
2—2j8
2/m— j n m’ € m’ dt
va'y;:j/ — sup|QT|”/ 1/p Z 943 (v1+n/2+2 B)/ |aJ k(t)|‘1 4 - k()
@r (e, k)EAD, 0 )
< 0.
The tent spaces associated to FjJ;??(R™) are defined as follows.
Definition 2.15. Let vq,v2,m € R, m’ > 0 and 1 < p,q < co. The tent spaces leqflm,

are defined as

Y12 mmyed 1,72, 11 Yy1,v2,111 Y172, IV
Fp,q,m,m’ - IF‘p,q,m N Fp,q A IF‘:D,qm N IF‘p,q,m’ )

The following lemma can be obtained immediately.

Lemma 2.16. Let 1 < p,q < o0, y1,72 € R, m >p, m’ >0 and a(z,t) € F*7?

/-
p7q7m7m

(i) If m > 0, then a(t,x) satisfies

sup {sup (t22j5)m2"j/22j(71*72) |a§7k(t)|—|— sup 213 /293(11—72) |a§,k(t)|}<oo.
(e,4,k)EN, | t22i8>1 0<t22i8<1
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(ii) If =28m < y1 —v2 < 0 < B, then

t>0 jeZ keZn ’

Proof. (i) We divide the proof into two cases.
Case 1: 12278 > 1. Because f € Fpi %", for fixed j and k, we have

‘ 1/p

< ]QTW/”’UP $mod(v1+n/2+2mp) ’a;‘,k(t)‘ 9=in/p.

Take a$ (1)
Case 2: 0 < 12278 < 1. Because f € F)"'! we can obtain that

< 20— n—n/2) (492i8)—m

1/q

|Qr|72/”*1/17 Z Z 9aj(11+n/2) ‘a;k(quj’k(@ <1.

—logy r<j<—(logy t)/(28) Qj,k CQr »

This implies that for fixed e and k, )a;k(t)’ < 27in—2)g=in/2,

Now we prove (ii). Because {@; k} are regular wavelets,

{a(t,") <Zak ,k,q>k>.

J'<J

For 0 < t2%8 < 1, a direct computation implies the desired result. For t2%8 > 1, it
suffices to divide into two subcases of j' < —(logyt)/(28) and —(logy t)/(28) < 7' < j. O

In the rest of this paper, for any dyadic cube @, with side length r, we denote @T the
dyadic cube which contains @, with side length 27r. For allw € Z", write QV;” = 27rw—|—©7«.
Define

S5 = {(€ W) (¢.7K) € Ay and Qe € QF ).

r

Li-Yang-Zheng [32] established the following semigroup extension for Fj/t7%(R™).

Theorem 2.17. [32, Theorem 4.1] Suppose that v1,72 € R, 1 <p<m < oo, 71 — 72 <
0< B, m >0 and 7+ (71 —72)/(26) > 0.

(i) If f € EJL72, then f « K € FV\72

p,g,m,m’’?

i ; ot V1,72 Y1572
(i) The operator w4 is a bounded and surjective operator from F)\/% ., to Fyg"™.
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For the Riesz transforms Ry, £ =1,2,...,n, let
€l ! TR
a5 = (¥ BB 00 ) (€15 K) € A

If |7 — 7| > 2, then aez £ =0 By a similar method, we can obtain the boundedness of

o ,’72
Riesz transforms on Fp amm!

Theorem 2.18. Given 1 < p,q < 00, 71,72 € R, m > p and m’ > 0. The Riesz

transforms R, Ra, ..., R, are bounded on IFZlq’WTfL o
Proof.
Ryg(t,z) = Z 956 () Re® () 1= Z k()95 (),
(e.5.k)EAR (e,5,k)EAR
where
- <R€g Z Z JJf i, k’gj’ w(t).
li—3'|<1 €K

By Lemma we have

i 4 94" o
iy (20wt AT
jvkvj 7k ~ 2_] + 2_]l —|— |2_]k —_ 2_]lk/|

The rest of the proof is similar to that of Theorem 2.17] We omit the details and refer
the reader to |32, Theorem 4.2]. O

3. Bilinear estimate on tent spaces associated with FJ:72

3.1. Decomposition of bilinear operator

In Lemmas below, we assume that the index (8,p,q, 71,72, m, m’) satisfies the

following conditions:

l<p<oo, 1<qg<2; (1<p<oo,2§q<oo;
B>3, m=m—-20+1; B>3, m=m—-20+1
(3.1) m>max{p,%}; or m>max{p,%};
0<m’<min{1,%}; O<m’<min{1,%};
P2 io1-<p<y B-1+g <yp<m

Here and henceforth, let

ut,z) = Y w0 (x) and w(ta)= Y ()P, (x).

(E,j,k)GAn (Ea.jak)eA“
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We can see that

—(t-s)(-a)? 9 if
e~ (=) )&w( )(s,t,x) ZZI (s,t,x),

j'eZ =1
where
(3.2)
N s s 0 ¢
Il ('LL 'U) S, t .T ZZU -/ k’ U ) 3k”( )e (t )( A) ax (@j/)k/(w)@?/,&kn(‘%)),
6 k/ k//
¢’ C(t—s)(— 8 € ¢!’
I]?/é( 5 t l' Z Z U -7 k’ U 2 k”( ) (t=s)( A) 61‘@ ((p -7 k/( )‘I)j/,ku(zli)),
ek e k!

—8)(— B 8 E/ E//
Bl ta) = S 30 ST w505 gu(s)e 92 afw(q>j,,k,(x)¢j,,7k,,(x)),

0<‘j 7‘]”‘<36/ k! e k//

£ C—s)(—A)s O
I;L/( St.fL' sz/k/ U’Sk”() (t )( A)g

€’ k' k! 4

(@51 (@)05 s 10 ()

Write

t
(s,t,x) ZIM (s,t,z) and Ij(u,v)(t,z) :/ I;(s,t,z)ds.
J'EL 0

For £ =1,2,...,n, the bilinear terms By(u,v) can be decomposed as

t
B(u,v)(t,z) = e~ (t=9)(=4)" (uv)ds =: / IMstx
o)t = [ . Sy

JEZ i=1
4 ¢ 4

=: Z/ Ii(s,t,x)ds =: Zlé(u, v)(t, ).
=170 i=1

In order to estimate B(u, v), we further decompose the terms I} (u, v)(t, z), i = 1,2, 3,4,

(3.3)

respectively.
Decomposition of I}(u,v). The term I} (u,v) is decomposed according to two cases.

Case [I}]1: t > 27%P. For this case, we write I} (u,v) as the sum of the following three

t/2 t
vt
2-1-2'8 J/2

¢ _ A)B 0 €
X {Uj/’k/(S)’U?/_&k//(S)e ( )( ) ax (‘I) ’k’( )(1)21_3’]{;//(%))}618

= I (u, ) (t, ) + 172 (u, 0) () + 1% (u, 0) (8, ).

terms:

9—1-25'8

Igl(u, v)(t, )

=y(f

’ k/ k//

For i = 1,2, 3, denote

I'(wo)(te) = Y af ()5, (x).

(evjvk) eAn
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Case [I}]a: t < 2728, For this case, we denote a; 2(15) = af ;(t) and then have

L(uv)(t,z)= Y afy(t)®5(e).

(€7j7k)eA

Decomposition of I7(u,v). We decompose IZ(u,v) based on the relation between ¢ and

228,
Case [I2]1: t > 27%P. Naturally, I?(u,v)(t,r) can be divided into the following three
terms:
9-1-24'8 t/2 t
I u, v)(t, x) / +/ +/
g ;,2,; ;;,, 2-1-24'8 t/2
N R R COICINCCE (qf, o (z )qﬁ’/k,,(x)) ds
3’ 7, Oy 3’
=: Iz’l(u,v)(t, x) + Izz’?(u,v)(t,x) + I/ (u,v)(t, ).
Case [IZ]a: t < 27208, [2(u,v) can be decomposed into the sum of I7%(u,v) and

I1°(u,v), where

Bluo)tz) =33 3 (/2 2j/3+/2t_21/ﬁ>

jl / k/ 11 k//

¢ e’ —(t—s)(=A)P 0 € ¢
X {Uj/7k/(8)1)j/7k//(8)€ (t )( ) axg (‘p ’k”( )@j/7k//($)>}d8

= 12 (u, ) (t, ) + I77° (u, ) (8, ).

For¢=1,2,3,4,5, set
2,i €i
L) (te) = Y b0, ().
(6,4,k)EAR

Decompositions of [ ? (u,v). Without loss of generality, we assume that 0 < j' — j” < 3.

Similarly, we have the following two cases.
Case [I}]1: t > 2728 This I}(u,v) can be divided into the following three terms:

I} (u,v)(t,z) = Z Z Z (/2 o +/2t/122]"5 +/t/t2)

O<] ]”<3 E’ k/ 1 k//
€ e’ —(t—s s 0 € E//
X {uj/k/(S)'l)j//,k//( ) (t=s)(=4) axl (q) 2/ k’( ) //7k//($)> } ds

= I (u,0) (t, ) + 172 (u, 0) (t, ) + 1% (u, 0) (8, ).
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Case [I}]a: t <2728 We divide I} (u,v) as follows.

e v s ([

0<] //<3 6l kl 1" k//

€ e’ —(t—35)(—=A)B 0 € ¢
X {Uj/k/(S)Uj//’k//(S)e (t 8)( ) 8;1:( <@ /k’( )q)j//’ku(x))}ds

= M u,0)(t,2) + I7° (u,0) (¢, 2).

For ¢ =1,2,3,4,5, denote
3,1 €,1
L) (te) = Y b5 ,().

(€,3:k)EAR

Decomposition of I;l’e(u, ). It is easy to see that the terms I}’f(u, v) and I;L’e(u, v) are

symmetric associated with v and v. Hence for Izl(u, v), we have a similar decomposition
Case [I#]1: t > 2728, For this case, we write I}(u, v) as the sum of the following three

terms:

27128 :
I} (u,0) (¢, ) ZZ(/ +/212j/6+/t/2)

! ! k/ k//
¢ —(t—s)(—A)? 0 €
X {Uj’,k’(s)u?’—3,k”(s)e (t )( ) 8{p€ <(D - k"( )@?/_37k.//($)> } dS

= I (w,0) (8, @) + 2 (w,0) (8 @) + 1P (w,0) (1 @),

=1, (u,

For i = 1,2, 3, denote
4,3 ez €
(o) (ta) = Y af ()5 ,(x).

(e.4,k)€An

Case [I}]2: t < 27298, For this case, we denote a;:i(t) = a5 (t) and then have

Fuv)(to) = > af ()5, ().

(.3:k)€An

The above decompositions of B(u,v) provide convenience of the bilinear estimates on

772 It is easy to see that the argument for I} (u,v) is similar to that for I}(u,v)

p.g,m,m/
Also the treatments of I} (u,v) is similar to that of I?(u,v). So we only show that

Ifl (ua U)(tv .CL‘) - Z a;’,k(t)(bj',k< ) € Fglq’?rfz m'?
(6,4,k)EAR

luv)(t,z) = Y b5 (05, (x) € T2
(e,4,k)EAR

(3.4)
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By the decompositions obtained above, (3.4)) is equivalent to the following estimates:

Fori=1,2,3,4, Z ;2(15) Sr(T) € leﬂim/5

(€7j7k)eA
For+=1,2,3,4,5, Z bjz(t) ( ) € Fglq’jﬁum"
(€,4,k)EAn

The demonstration will be concluded by the following Lemmas

Remark 3.1. In the proofs of Lemmas [3.2H3.7 below, we only give the details for the case
q > 2. The case 1 < g < 2 can be dealt with similarly.

3.2. Bilinear estimate on Bloch type tent spaces
Lemma 3.2. Let (3,p,q,71,7v2, m,m') satisfy and u,v € F;lq’flm Then
(D) X(eikyenn ( )5k € Fraet i=1,2,3;
(i) X (e jmyenn ( )5k € Fr>

Proof. For simplicity, we assume HuHﬂm o= ||v|]Fv1 o= = 1. At first we prove (i). The

proof of this part is divided into three parts For ¢ = 1 2 3, write

Toi(t) i= Q. 2/m~Y/Pym

~ 2

jzmax{—log, r,—(log, t)/(28)} @,k CQr

1/q

a5 0] xir(@)

p

Case 3.2.1: 37 i pye, 45 k(t) () € T2 Because v € F7V72 by Lemma 2.16

D,q,m,m
one has ‘UO/ 3k//( )‘ < s—(r2— 71)/(25)2—71] /2 and

9—1— 25’8 ) ’u?)k/(s)‘ ‘U?/ig)k//(s)’

nj/2+j —ct22%78
ah)] 52 2 Z/ A2 7k =N (4573 =N &

li—d'|<1 e k' K"

27172]‘ s ‘UEI/ k/(s)‘

)5 —ct2%P8 1/(28)—1
> Z/ T e s

lj—j'|<1e k70

By |7 — j/| <1 and Holder’s inequality, it is easy to see that

q

27 tms ’ue/l /(s ‘
/ Z Jk( ) st/ A1 g
A e P

’
€

uj’,k' (S)

qsqm’ @ )
s

1 T
_N _
S 2 2 (S L </0

weZ™ Q1w CQY,
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Let

9-1-25'8

1/q
, " o m! ds
gjr = 93’ (v1+n/2) Z (/0 ‘uj’,k’(s)’ (s 2% /B) s ) Xj',k'(x)'

Qj/,k/CQ;f)
We apply Lemma to obtain

Lo (t) S 1Q, /" /P ym

X Z Z Z 9ai (y1+n/2+2mB) 9aj ,—cqt2*”

j2>max{—logy r,—(log, t)/(28)} Qj kCQr |7 —5'|<1

’ q 1/q
T
’ 1/(28)-1 4 A
) 2 /0 Z A+ |27k — kDN ° s | xjk()
l7—3"1<1 ek .
[ 1
|Q |'y2/n 1/p /a
<2 o > (Ma(ay) ()"
n u}| . _ _
wEZ | j>max{— log, r,—(logy t)/(28)} )
i 1
|Q |“/2/n 1/p /a
S 2 G > @0t | st
e ||| 2
weZ | j>max{—log, r,—(log, t)/(28)}
p

e 829: 5 sgen, 5505 4(3) € FRTHT Because [0y o(s)] < $4/-127072

we get,

t/2 ‘ugl, k,(s)‘

—ct22i8 _1/(28)-1
OIS Z/lw e e s

l7—7'|<1¢€ K

Then

]a)2(t) < |QT|72/"—1/P 4m

X Z Z 9ai (y141/2+2mpB)

j>max{—log, r,—(log, t)/(28)} Q;j,k CQr

¢ ! l/q
/t/z U'/ k,(s)‘ —ct2¥% (1/(28)-1 4 (z)
] o s s Xj5k\T
li—j |<1€ ;.y o-1-27p (1 + 2079k — k[)NV j
P
< |Q, [/t gm > > 99i (1+1/2+2mp) 9aj o —cqt2*”
j>max{—log, r,—(log, t)/(28)} Q;,kCQr
q 1/q

t/2 ‘Uz;;,k/(s)’ 1/(28)-1
X —d ;
|-Z}<1 Z,;/zﬁ L+ 27} — k)N ° °] xirlo)
J—3'1<1 \¢,
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At first we assume t > r2%, Because u € FJi027 let r = 277 and Q, = Q). For fixed j,

1/q
Xj k() S L

p

9—nj(y2/n=1/p) gm Z 94j’ (v1+n/2+2mp)
Qj’,k’CQj,k

o (s)|

For s > 2717278 if $2%'8 > 1, then (u;.’, k,(s)‘ < 9/ (z=m=n/2) (592'B)=m If 592%'8 < 1,

’ujl,7k,(s)’ < 94’ (2=71-7/2) < 2j’(72—71—n/2)(322j’ﬁ)—m

Because |j — j'| < 1, the above estimate for

uj,k/(s)’ and Holder’s inequality imply that

Ia,Z(t) S |Q7‘|72/n71/p Z (1 + |w|)_N Z 2qj/('y1+n/2)
wezr J'>max{—log, ., (logy 1)/ (28)—1}
1/q
X (t22j'5)m+1/qe*5t22j/62j’(’¥2*’Ylfn/Q) Z X (@)

Qj’,k’ CQTW
p

< |QT|72/n Z (1+ |w‘)th*72/(2ﬁ) Z (t22j'5)m+1/q+72/(25)6*0t22jlﬁ <1,
wez™ Jj'>—(logy t)/(28)—1

where we have used the fact that ¢ > 728 in the last step.
Now we deal with the case t < r2?. Let

3 t/2
gy =2 (n1+n/2) Z /
9—1-25/8

Qj/,k/CQ";”

ds 1/q
o (5)]| (522 ) X ().

Note that m > ¢/(283). By t < r?3, we use Lemma and Holder’s inequality to obtain

Loa(t) S1Q:™/" VP 3 (14 fuw)) ™

weL”
% Z Z 943 (v1+n/2) Z 211(]'—3'/)
jZmax{—log, r,—(logy t)/(28)} Qj,k CQr li—4"1<1
2 1/q
S -N ' q . d
< Y (1+]2H k’—k() (/ ) u;”,k/(s)‘ (5227 )am S) X;.k(2)
Qé,ﬁk,CQ;”,k 2—1-25'8
p
1
‘Q |72/n 1/p i
< T ||t
czn w j'>—logy T
= 2w
p
1
‘QT|’72/”—1/P &
S Gy > @I St
wEL™ ( +|w|) j'>—log, T
= 2 Tw
p
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Case 3.2.3: 32 (. nen., ajz(t) cr(T) € F)l2 . We have

30| < o ! —e(t—s)228 u§',7k,(s)‘ 1/(26)-1 4
aj,k(t)‘ S2 Z Z /t/2€ (1+|2j—j'k1_k|)1\/8 8.

l7—3'|<1 e kR

By Holder’s inequality and the fact |j — j/| < 1, we can use the above estimate to deduce
that

Ios(t) < ‘Qrpz/n*l/P Lm Z Z 9ai (n1+n/2+2mp)9qj
j>max{—log, r,—(log, ) /(26)} Q;.xCQ~r
q 1/q

' ‘u;/,k,(s)’ —c(t—9)2%77 (1/(26)~1 4
< 38 o S o)
J=i'I<t €

p

< Qe Z Z 90i (y1+n/2+2m )
j>max{—log, r,—(log, t)/(28)} Q;,x CQr

< 3 Y (i+ ‘2]’*9%’ - kD_N

=3 |<1 € 7
¢ q ds o
’ 23 i
v (//2 ujl’k,(s)‘ o c(t=5)2%7 qm S) <t22JB)Q/(2’B)_(q_1)Xj,k(l’)]
¢

p

Let

| _ of'(+n/24+2mp)

9j
t q 8 ds e
. , Ny
x Y [(t22]5)‘”(26)(q1) (// ’u},kz/(S)‘ e clt=9)2%  gam S)] Xjt k().
t/2

Qj/,k/CQ;“

Hence Lemma [2.10] implies that

19/(28)~(a-1) t s | e ds ]
—c(t—s)2% ¢ ’ gm 77 | < - (M , q
Z (1 + ‘Qj—j’k/ _ k|)N /t € Ujr k (S) § s ~ Z (1 + |w|)N( A(gj )((E))

/2

ek’ wEZL™
We can get
|Q |72/”—1/P ) }
Is(t) < Z T Z 90d" (n4n/242mp) (19218 ya/ (26) —a+1
e (1 + |w|) j'>max{— log, r,—(log, t)/(28)—1}
. 1/q
i ’ q d
<Y / =T g L (s)| s (@)

Q]‘/)k/CQ;“ t/2 s

P

If t > r?? by Lemma [2.16, we can see that ‘u;/, k,(s)‘ < 27" (2=m=n/2)(4920'B)=m  Thig
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gives

Q Ivz/n 1/p

Q="
Z 1+|w|

weL™

Z (t22j’ﬁ)q/(2ﬂ)—(q—1)—1
j/ZmaX{* log, r111a7(10g2 t)/(Qﬁ)fl}
1/q
% (t22j'5)(¢ﬂ2)/(25)t*(qu)/(zﬁ) Z
Qj’,k’ CQ:‘.’

X'k (T)

p

<Y () 5 (e < 1
wezn Jj'>max{—log, rw,—(logy t)/(28)—1}

where we have used the facts t > 2% and v, < 0, respectively.

I
For t < 728, because u € Fpli)%", we have

()| @)

‘Q ”Yz/n 1/p mH 2q] (y1+n/24+2mp)

p

Because Q) » C Q), that is, 27" < r,, the above estimate implies that
S o (9)] (52270 < Qo] 2/ G2,
We can obtain

Ia,B(t) N |QT|’72/TL—1/;D Z (1+ \w|)7N Z 947’ (11 +2mB+n/2)
wezr j'>max{—log, rv,,—(logy )/ (28)—1}

t ,
% Z (/ e—clt—s)2% ﬂsqm2—qj'(m+n/2)(522j/5)—qm |QT|*<172/” dS)
s
Qyr pCQw \7t/2

1/q

« (t22j’ﬁ)q/(2ﬁ)f(qfl)xj/ W (2)

p

S1QTP ST (W w)™
weEL™
1/q

% Z (t22j/ﬁ)q/(25)fq Z X () <1.

' 2max{— log, ruw,—(log, t)/(28)—1} Qjr w CQY
p

Now we prove (ii). Write

1/q

I, 4(t) = |Q, [/~ 1/P Z

—log, r<j<—(logy t)/(28) Qj.kCQr

4 l?
a0 (@)

s

P
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For this case, we can see that

U i’k )‘ ‘U?/_:g k!t (S)‘

nj/2+j5 ’ —c(t—s)2%98
(‘<2j/ ! Z Z/ 1+ 203k — k|)N(1+‘k1_k//DNe (=2 ds

li—3"|<1€ k" k"

uy, T )’ —e(t—5)2%F _1/(28)—1
Z Z/ +‘2J T k|)Ne s ds.

li—3"1<1€ K

By Hélder’s inequality and the facts that ¢ < 2727 and |j — j’| < 1, we obtain

Ila,4(t)
<|Q, [/l 3 Y guntn/Dga
—logy r<j'<—(logy t)/(28) Qj.x CQr
, (s) q 1/q
uSs (s
—c(t—s)2238 ’ 'k ‘ 1/(28)—1 _
8 Z/ A+ |27k — k¥ ° ds| X5k (@)
li—'1<1 |e k!
p
S1QuPT Y (U )Y > > 2w
weL™ —log, 7<j'<—(logy t)/(28) Qj,k CQr li—3'1<1
> (/ oy 45 q -
X U o 523 ) ) X,k ()
T " 1 )
Qucar, (14127 k s
p
Let
-/ m’ dS 1/q
gy (@) = 27 Ontn/2) </ ‘u o (s)] (52200 ) X ke (2)-
s
Q ./ k/CQw
Finally, by Lemma [2.10] we have
|Q |’Yz/n 1/p
wEZZ" 1+ |w])N
1/q
% Z Z 9a(i—i")(v1+n/2) [MA(gj/)($)]qu,k($)
—logy r<j’<—(logy t)/(28) |j—3'|<1 ,
1
[Q, /"t q !
, <1
2 ATy Py l9j¢(2)| St
wezZ™ —log, 1w <j'<—(log, t)/(268)—1 »
where in the last inequality, we have used the fact ¢ < 2725, O

Lemma 3.3. Let (3,p,q,71,72, m,m’) satisfy (3.1) and u,v € F'*7? . Then

p1q7m7m,

ST B0 (0) € FRY, i=1,2,3.
(e,4,k)EAR
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Proof. Fori=1,2,3, write

Ini(#) o= Q"

x 2

j>max{—log, r,—(log, t)/(28)} @j,xCQr

1/q

a5 )] xir(@)

P

We divide the proof into three cases.
Case 3.3.1: Under 2 < ¢ < 00, > (. ipen, j}f(t)(bjk(:v) € F%' For 0 < s <
271-2%"F and r = 277, the fact v € FJ"*" implies that

"z
’U ik

(s )‘ < 21(2=n/p)g=i'(yi+n/2-n/p)

By Holder’s inequality, we have

27 1-24'p U;l/ k' (8)’ 'U;:/k// (S)

b§,1 (t)’ 2nj/2+j —ct2%iP / : 74/ ) ds
& 20,202 A+ 77— R (17— F]
< Z (1 + |w])~N2nd/2Higi(va=n/p) g=ct2®” Z 9—i'(n+n/2-n/p)9—2j'B(1-1/q)

wEZN §<i’+2

a4t 1/q
Y -N 2 e ’ q
X Z (1 + ‘2]—3 ko kD (/ ’ujA,’k,(s)‘ ds) ,
0

Qj’,k/ CQ;ij

Let

L .\
gj/ = Z <1 + ‘2]_] kj/ _ k") (/0 ‘u;/yk/(s)‘ dS) .

Qjr w CQY

Hence Cauchy-Schwartz’s inequality gives

Z \Q |72/n 'y Z j(v1+n+1+2mpB) (169258
Ibl r 943 (v1+n mB) (12218 yam
(1
wezn +lwh™ jzmax{—log, r,—(logy t)/(28)}
q 1/q
% e—ct2" 9qi(va—n/p) Z 94 trtn/2=n/p)g=23"80=1/a) 10|y ) ()
§<j'+2
P
Let
y 1/q
94" (vi+n/2-28/q) 2m1me 4 g
fj' = Z (1 + |2j7j/k/ — k’)N /0 ‘u;'/’k/(S)‘ (32 J ’B)m dS Xj',k’(aj)'
Qj’,k’CQ;jk
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Then
n—1
It Z |Qr|’Y2/ /v Z 9ai (n+n+1+2mp+y2—n/p)
A+ w)N )
wezr j>max{—log, r,—(log, t)/(28)}
1/q
D7 o0ta Do el Gk 28 (Ar (f50) ()X .k (@)
J<j’+2
p
o =
Z Z 9" =98/9=(v1+72+1-n/p)]
S (1+ |w|) -
weL J<j'+2
2—1—2j’ﬁ q 1a
« 3 Yo 2w i) / \u;-,,k/(s) (2% 7)™ ds xjr 1o ()
J'Z—logy rw Qs 1 CQY 0
P

S lullgnve.av
’
p,q,m

Case 3.3.2: Under 2 < ¢ < 00, 37 i pen, b} 2(t )@, (z) € € Fl2". At first, we assume

that ¢ > r2%. Because ’"U]E-:lk//(s)) < 20(2=n/p)g=i (“/1+"/2_”/7’)(3223 #)=m we obtain that

be 2( )‘ < 2nj/2+] —ct22P Z Z Z / ’U-, k/(s)‘ ’Uj/’ku(s) ds
+ s L+ 27K — KN (L + K — K"V

J<I 42 K €
< 2nj/2+jefct22]ﬁ Z (1+ |w|)7 Z (14 |w— w/|)*N22j(“/2*n/P)

weL™ w!' L™
t/2
< 3 g a2 ) / (5227 F)=2m g
2—1— 25’8

J<j’+2
<2 nj /245927259 =2im o —ct27" o 23/3’

where we have used the fact that v1 + 5 — n/p > 0. By 72 < n/p, the above estimate
implies that

Iya(t) < |Qr|v2/n—1/p 4m Z 97 (27271 +2mB+1-2B) ,—ct227P 9—nj/p <1.

jzmax{—logy r,—(logy 1)/(28)}

2 71,727111 71,72,1‘/ w
Now, we suppose t < 2%, Because v € Fpgm Fp iy Jif Qi C Qj,k’

28

T
/2*1*22"13

"

U;/ k! (5)

1/q
’ (5220 Byam ds) < pi(y2=n/p)9=j'(71+n/2-n/p)
s
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It can be deduced that

) R U: K (S)’ ‘U;—jlk//(s)
bS2 (¢ ‘ < 9i(n/2+1) ,—ct2? / 7 d
j’k( )< e Z Z g-1-2575 (14 |2J K — kDN (1 + |k — KN ]

J<GH2 e K ek

<Qj(n/2+1+’vz—n/17)e—ct22]ﬁ Z (1+|w‘)—N Z 9—3'(2B+y1+n/2—n/p)
wezL™ J<j'+2

2B

1/q
. -N r ’ q ., d
S (k) </22>,ﬁ\u;,7,€,<8)\ <52w)qm;> |

Qj’,k’CQ;'lik

Let y
. -N T2ﬁ / q .7 d I
o= 3 (1 + \QH K — kD / g (s)] (5228 2
Qj’,k/CQ}Uk 2-2j5'8 S

This implies that

Z \QTPQ/” 1/p Z Z j(v1+n+1+2mB)
Ib o(t) St™ 243\ "
(1
wWEL™ + \w| j2max{—log, r,—(logy t)/(28)} Q;,x CQ~r
1/q
% 2qj('y2—n/p)e—ct22jﬁ Z 25(j/—j)2_QJ/(25+71+71/2_71/1’) ‘gj/|q Xj,k(x)
J<j’'+2
P
‘Q |V2/n 1/p : i
< gm Z Z 993 (m1+n+1)9qj(v2—n/p)
wEZLN 1+ ‘w| j>max{—log, r,—(log, t)/(28)}

1/q
% Z 96(5' i) 9—aj’ (y1+n/2=n/p+26) Ik

J<i'+2
Let
28 . ds 1/q
fp= ), 2o (/2 . ’“?,k'(s)‘ (s2%7 7 yam S) X'kt ()

—1-25/8
Q]v/,k/ CQ;”

By Lemma we can see that ‘ gj

('=7) (Ma(fj)(x))? and hence

n—1
Ib,g(t)f, Z |Q |72/ I\jp
. (1 |w])
1/q
§ Z Z ol ==t 1=n/D (N (1) ()
j>max{— log, r,—(logy t)/(28)} §<j'+2
P
1
|Q |’Yz/" 1/p EPNT 1 :
S Y gy X U omem | ST
wezn J<ii+2 J'z=logy Tw
P

< ||UH]F’YI 2 rrr + ||U||F’Y1 2, v

,m/
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€,3 € 2.l
Case 3.3.3: Under 2 < q < 00, > ;pyen, Vin(0)®5,(2) € Fpgm”. Because v €

o II
valq’ m2’ NF g}q’w’ , then

¢ 1/q
t/2

By the above estimate and Hoélder’s inequality, we can get

’

- : us, k,(s)‘ ‘v;,’k,,(s) »
b§,3 t ‘ < 2ng/2+] / ’ ] " ’ —c(t—s)2% d
0] 2 222 2 (LT (27K — kDN (1+ [k — k"N ’

< 9d(n/2+14+y2—n/p)y1-1/q Z (14 |w])~ Z 9—i'(n+n/2— n/p)(tQQJ B)
weL™ J<j'+2
1/q
o -N t , q
xZ(H‘QHk’—kD / uo o (s)] ds)|
€/7k/ t/2 '
By 72 <n/pand j > —log, r, we can get
Q. (714114 2mB+72—n/p) ya—1
I QQJ YiTn m Y2—n/p tq*
b3 Z A+ [w)N Z

WEZN j>max{— log, r,—(log, t)/(28)}

x 3 20U gl ok 2mn/p) (19248 ~am

J<j'+2
q 1/q
1 t ¢ q d M
e el L B R
< (t22j’5)1—m Z 94" =N)16/q—(m+r2+1-2n/p+2mp)] <
>—(logy 1)/(28)—2 J<j’'+2
This completes the proof. O

Lemma 3.4. Let (8, p,q,71,7%v2, m,m') satisfy (3.1) and u,v € F)*7? Then

pqmm

> WaO®(x) €Fli= 45,
(e.3,k)EAR

Proof. For i = 4,5, write

1/q

I ;(t) := |QT|W2/n71/p Z Z 9aj(m+n/2)

€,1 4
b7 (@] x5k ()
—log, r<j<—(logy t)/(28) Qj,kCQr
p

We still divide the proof into two cases.
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Case 3.4.1: Under 2 < ¢ <00, >3 i pea, b;i(t)q);k(x) e F»!1 We can see that

—25'8 ’U,// ’ 5‘ )Ue.;, (s
b5 () ‘<2"J/2+y Y% Z/ k(/) _ g,/k ( )” s
J<I2 e R € R (14277 Jk'*kD (L+ k"= E"])

1
nj/2+j 25'8(1-2/q)
2 Z 2- Z Z +|2] 7 k/_k,DN (1—|—|]€'—/€”|)N

J<j'+2 e k" e’ k"
1/q
q
ds .

9—24'8 . 1/q 9—2'8
X (/ ‘u;,,k, (s) ds) (/
0 0

— . s 1/q
fj/ =2 (m+n/2) Z (/0 ’u§/7k/(3)) (S22j ﬂ)qm ) X3’ k' (‘r)

Qj/’k/CQ;“ 5
/

by Lemma [2.10] we can obtain

"

U;’,k” (S)

Let

Because
2—25'8

1/q
e’ q . . .
"U 2, k//( )‘ ds) S 2.772_71/]72_] (’Yl+n/2—n/p)2—2] ﬂ/q’

Iya(t) S Q" > D ey
—log, r<j<—(logy t)/(28) Qj,k CQr
y 1/q719 /e
9—3'(26-28/a+y1+n/2—n/p) / 215‘ / q
. . u, ,(s)] ds X.k()
J<Jz:+2e'z:k/ (1 +[2979"k" — K|)N 0 T ’
P
Q |72/”*1/:D (1 +y2+1+ /p)
< | 297 (V1472 n—n/p
S 2 (1 +fw)=N Z
wEZL™ —log, r<j<—(logy t)/(28)
1/q
x Y 2Ot g el Bk nen/pR B (£ () ()
J<j'+2
P

N HUHF%%IV .
pya,m’

Case 3.4.2: Under 2 < ¢ < 00, D3 ikjen, 665() r(T) € F). > By a simple

computation, we have
1/q t
q R @ < 272j’,3m
5 ~ 9-24'8

¢
/
(/2—23"/3 ‘uEl’k/(S)
q ds

! 1/q
</2—2j’/3 "l};;:k//(s) gdm ) 5 272]’57112*]’(71+n/27n/p)2j(72,n/p)‘

S

: oo ds\
ujz,k,(s)‘q (5228 yam S)

and

S
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Similarly, the above estimate and Holder’s inequality imply that

b5 3| < gnif2i ui Y (s)’ ‘v;ik”(s) ;
j,k( )‘f\/ Z Z /2 28 1+|2j Ik — k|)N (1—|—|/€/—k”|)N S

J<J +2 Fl k/ 1" k//
< 9ni/2+59i(v2=n/p) Z 9=3'(n+n/2-n/p)9—25'B
7<j’+2

t
x 14+ (20— — k)N </
> (4] ) -

e k'

1/q
’ q -/ d
u;-,_k,(s)’ (522 Byam 5) .
’ S

Let
’ (y141/2) t ! 25" 8ygm’ 45 v
fj’ =2/ Z </2—2j/B ’UE/,k’( )‘ (s27)% S) Xj/’kl(x).
leyk/CQ;f]

Similar to Case 3.4.1, we can obtain

/n—1/
I1,5( Z |Q ks g Z Z 99i(m1+72+1+n—n/p)
(T w)N ,
wEZLN —logy r<j<—(logy t)/(28) Qj,kCQr
1/q
Z 2(5+qn)(j/—j)Q—qj/(2%+n—n/p+2ﬁ)(MA(fj,)(x))quk(x)
J<i'+2
P
SL
which completes the proof. O

3.3. Bilinear estimates on L? type tent spaces
Lemma 3.5. Let (8,p,q,71,72,m,m') satisfy (3.1) and u,v € leq’zim Then
. o IIT .
(1) Z( €,5,k)EAn ( )(I)E k € F;)ﬂq:yﬁl ; U= 17 273;

i € 2, IV
(11) Z(e j.k)EAR ( )q) leqzi ’
Proof. Now we prove (i). For i = 1,2, 3, write

1
28 ” /q

I, ; = ’Qr‘w/n—l/p Z 2qj(V1+n/2+2mﬁ)/ a;f,g(t)‘ 1am 7X.]k( )

(e, k) EAZ, 2

-2j8
P
We still divide the proof into three cases:
Case 3.5.1: Under 2 < ¢ <00, 37 p)e (t)<I> w(@) € e FL M
Case 3.5.2: Under 2 < ¢ < 00, Y. pyen, @ ; k(t) < (@) € TR
Case 3.5.3: Under 2 < ¢ < 00, > pyen, 45 B (t)® r(T) € Fyo
For simplicity, we only give the proof of Case 3. 5 1. The proofs of Cases 3.5.2 and 3.5.3

are similar.
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Now we prove Case 3.5.1. By u,v € le(;y’rfl . we can see that
z ‘ue': A ‘ V9 g (s ‘ v
s ()] S 20920 3 ik (s) ok (s) et
g li—j'|<1 e Kk k70 (1+ 209"k — k)N (1 + |20-3"+3k" — k|)N
o—1-25'8
j ’ 2j .
SR IP> / [ ()| €727 (U 2770 h ) NS B g,
|j*j’|§1e/,k’,k” 0
We can get
28
I, <|Q. /P Z 9ai (1 +n/2+2mB) gaj ,—ct2*? /T
(e R)Es 27 <
9=1-2;'8 ‘u§/ . (s)‘ q » 1/q
5’ k! L /(28)-1 -
8 —j d tam 2y
zz‘ 0 (T s = X (@)
p

Let

o—1-25'8

i 1/q
E/ q ./ m/ S
‘“j/,k/(s)‘ (s2%9°F)a 8) Xt ().

gjr = 94’ (v1+n/2) Z (/
Qj/yk/CQ,ff) 0

For |j — j'| <1, we have, by Lemma and Holder’s inequality for k&’ to deduce that

1/q

I,y S1Q" V7 37 (1 + fw]) ™ ST (Malgy) ()

wezZn j'>—logs T
p
1/q
S1QA™ VPN 4+ fw]) N S fgp(@)
weL™ j'>—logy 1w
P

S el e + ullgr o,y
P,q,m ’

p,q,m

Now we prove (ii). Write

, 1/q
2—2j8
- ] n m’ € 4 m’ dt
Wogm i@ 52 5w [5 il fnt 2
j>—logy T Q1 CQ; 0
p
Take p such that ¢gm’ +¢—1—¢q/(28) < qu < ¢ — 1. Similarly we can get
2—2i8
I S1Q ™M\ D0 Y7 aulnim/ziem®) / Ay
7>—logy 7 Q;kCQr 0 li—3I<2
q 1/q
O D S I o e
1+ 27K — k)N Jo I77"F t

ek’
p
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S1QA™ VP ST (1 Jw]) N

wEL™

x Z Z 9ai(mn+n/2) Z Z (14 (277K — k)~ Nga—t-an

Jj= 10g2 ijkCQ7 I] J ‘<_1Qj ,k/CQj,k
X /
0

’u;,/ k/(S)‘q 511/ (2B)=1+w) (/

2—2i8 0—2iB

1/q
9aj (142m’B) ygm’ +q—qn—2 dt) ds x; k(ﬂf)l
p

Let

2—2i8

ds 1/q
’UE",k'( )‘ (52270 )am ) X'k ()

S

gj/(l’) = 2j/(71+n/2) Z (/
0

Qj/,k/CQ;U

By 5228 <1 and gm’ + ¢ — 1 — q/(28) < qu, a simple computation yields

|”/2/n*1/17

ATAPES Z |Q

2 )™

Z Z 94i(m1+n/2) Z Z
Jz

li—3"1<1 Q1 1 QY.

- 10g2 r Qj,kCQT

ta—1-aqp

(14 277k — )N

1/q
q d
51(1/2B)=1+m)+1 45 5qj’ 2ﬁu+2/3/q—2l3+1)xj7k(x)]

S
p
1
|Q |“/2/n 1/p o 9 "
SDB s el AEIDDEND DID DR L ACRIC RPEMC)
weL™ j=—logy r Q; kCQr |j—5'|<1
p
1
|Q |"/2/" 1/p . /a
Sy S S
weLn j'=>—logy T
p
S ||UH]F71W2;IV .
p,q,m
This completes the proof. O
Lemma 3.6. Let (3,p,q,71,v2, m,m') satisfy (3.1) and u,v € leq’zim Then
Yoo b eFpEt i=1,2,3.
(€,4:k)EAR
Proof. Fori=1,2,3, write
25 1/q
_ dt
11Ty, = |Q, /"7 Z > 2w “*"/2”’”‘3)/ v e S
IOgQTQJ kCQr 2- 206
p

We divide the proof into three cases:

Case 3.6.1: Under 2 < ¢ < o0, Z(e,j,k)eAn b;l( )‘I’jk( ) € Fz1q,'y%,ln’
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Case 3.6.2: Under 2 < g < o0, Z(%k)e/\n b;k( )® ]k( z) € ]Fglq,’};%,lff’

Case 3.6.3: Under 2 < g < o0, Z(e,j,k)eAn b; k( ) L (x) € led’}’/ralll-
For simplicity, we only give the proof of Case 3.6.1. Cases 3.6.2 and 3.6.3 can be dealt

with similarly. Now we prove Case 3.6.1. Because 5227’8 < 1, we have
PR p—

and
9—1-24'8

1/q
</ ’U ;/k"’( )’q ds) < 9=25'B/99—i"(v1+n/2—n/p)9i(v2—n/p)
0

Then Holder’s inequality implies that

27 1- 25’8 ‘u;l/ K’ (S)) ‘U;;/k// (S)

b?’1 t ’ < 2n1/2+1 —ct2298 / I ) d
JJf( ) Z Z Z A+ 2Tk — k)N 1+ |k — k)N S

J<G'H2 e K ek

< 9nd/2+i g=ct2? 9j(va—n/p) Z (1+ |w|)~ Z Z (1+ |29 — k)~
weL™ J<j'+2¢€ k'

9—1-25'8 1/‘1
w 2~21'B/ag=3" (n1+n/2-n/p)9—25'B(1-2/q) (/ ‘u;: y (S)‘q ds) .
0

The above estimate implies that

Q. ‘"/2/n 1/p 28

| _ 258 o4 _
IIT 943 (v1+n+1) cqt2”7" 9j(y2—n/p)
1S D 1+ [w)N - > > ¢

2
weL™ —logy 7 Q kCQr 2~ 238

« Z 96(3'=5)9—a5’ (m1+n/2—n/p)9—25'B(q—1) Z (1+ |2j—j/k/ _ k:|)_N
j<j+2 Qjr 1k CQY

9125’8 1/q71 1/a
o q 2jB\gm dt
<\ ‘uj,,k,(s) ds (1227)7 Sy (a)
p
Let
9-1-2j'5 . 1/q] 1
gj/ = Z (1 —+ ‘2~77~7 k’ _ ]{;|)7N (/ )'I,L;/’k,/(s)‘ d8>
Q1w CQY, 0
and
9—1-25'8 g d 1/q
fp =2/ nm2) § ( / ‘u;’, k,(s)’ (52278 yam’ S) :
' s
Qj/,k/CQ;f) 0
Then
2‘/[3 ]_ 27! e ’ q 2‘/6 /dS 1/q !
| <274 < 3 Byam’ 22
|gj | ~ 2 Z (1 + ‘Qj_j/k/ _ ]{/‘|)N ( 0 ’Uj ,k (S)‘ (52 ) N >

Qj/’k/CQ}l:k
< 272j/527qj’(’yl+n/2)2qn(j/*j) (MA(fj/)(I))q
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Hence

I, < Z |Q

wEL™

‘72/ﬂ*1/10

Z Z 92 (v1+n+1+72—n/p) Z 9(8+qn) (5’ —5)
+ |w])N

Jj2logy T Q4 kCQr J<j’+2

X 9T O 2 D (M () @) () )

1
Q. ‘72/n 1/p /a

Q™" " =916/ a -
90" =N/ a=(r+v2+1=n/D) (A4 (£ a
PO el (DI (Ma(fy)(@)

weZL™ —loggy 7w J<j'+2

p

5 HU”]FZ}Q,;;%,III .
The proof is finished. O

Lemma 3.7. Let (8,p,q,71, %2, m,m') satisfy (3.1)) and u,v € F)*7? Then

pgm,m’”
> b0 (x) e FIY, i=4.5,
(e,4,k)EAn
Proof. For i = 4,5, write

721-/[3 1/q

:|Qr‘72/”*1/10 Z Z QQJ(’Y1+TL/2)/

—log, r QjkCQr

c.i q ./ m/ dt
b0 (1277) i ua)

p
We still divide the proof into two cases:

4 2,1V,
Case 3.7.1: Under 2 < q < 00, 35 (i pen, D5 ()P (x) € F)L200

€5 2.1V
Case 3.7.2: Under 2 < q < 00, 35 pen, Djn ()25, (x) € F)L200.

We only prove Case 3.7.1. The treatment for Case 3.7.2 is similar. We have
b;i(t)’ < nd/2+igi(2=n/p) Z 9—2j'B(1=2/9)9—j'(v1+n/2=n/p)9g—4j'B/q

J<j’+2

1 9-24'8 d 1/q
_ . 92/ Byam’ )
<> Ty (/0 [ 5| (5229 )

ek’

Then by f t223/5 )qm/ % < 1, we apply Lemma [2.10| to derive that

L4 S|Q, /"7 >+ fw)N > 3 gumtntitrn/p)

weL™ j>—logy r Q; rCQr
x Z 90(3'—3)9 245" B(1-2/9) 9 —aj' (v1+n/2—n/p)9—45'B

J<j'+2

1 2
o 2 AT PTT =R </

Qj/,k’ CQ?,‘.’

1/q7 9 1/q

o q 18\ g’ ds
’“j/,k'(s)‘ (2% ) 8) Xk ()

—-25'8

p

~ ||u||le 72, IV
p,q,m’

This completes the proof of Lemma O
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4. Well-posedness of magneto-hydrodynamic equations with data in F}:f}ﬂ?

4.1. Generalized magneto-hydrodynamic equations
In this section, we consider the incompressible fractional magneto-hydrodynamic (FMHD)g
equations in RT‘I, n > 2:
o+ (—AN)Pu+u-Vu+Vp—b-Vb=0,
(4.1) Ob+ (=AYb +u-Vb—b-Vu =0,
uli=0 = uo, bli=o = bo
with V-u = V-b=0and 8 € (1/2,1). Here (—A)? is the fractional Laplacian with

respect to x defined by
(=2)u(t, &) = ¢ a(t, ).

In equations (4.1)), u(t, ) = (u1(t, ), ..., un(t,z)) and b(t,x) = (b1 (t,x),...,by(t,z)) are
the flow velocity and the magnetic field at point (z,t), respectively. ug(z) and bg(z) are
the initial velocity and magnetic field and satisfy V - ug = 0 and V - by = 0, respectively.

Theorem 4.1. Let

1 <p,qg<o0,
(4.2) B>1/2, m=7—-20+1,
m > max {p,n/(28)}, 0 <m’ <min{1,p/(28)}.

If the index (B, p,~y2) obeys

2 1
1<g<2 & 25—+"<1—)<725"
b

q P q
or
n
2<qg<o & [B-—14+—<y<—,
p p
then (4.1) has a unique global mild solution in (]F;“qlim,)” for any initial data (ug,bo)

with H(uﬂabO)H(F;’g”’?)n being small.
Proof. By Lemmas (3.2 we have known that the bilinear operator
t
(4.3) B(u,v) = / e~ (t=9)(=8) pyy . (u®wv)ds
0

is bounded from (F)\7° )" x (F)V7 )" to (F)7 )"

The solution (u,b) to equations (4.1)) can be written as

u(t,z) = e 240 (z) — B(u,u) + B(b,b) := Fy(u,b)
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and
b(t,z) = e~ by () — B(u,b) + B(b,u) = Fy(u,b).

We rewrite the solution (u,b) as

b Fo(u,b) ] "

If (4.3) holds, we have

2
1 (s )l oz yn < Cfluoll gyzyn + C2ll(ws B)llgranz )

,gm,m/

and

HFl(ua b)(t) - Fl (’LL/, b/)H(X'Yl"YQ‘:—)n

p,m,m

S HB(’LL, u) - B(ulaul)H(F"ﬂ*"@ ) + HB(b7 b) - B(blvb,)H(FWlﬂz yn

~Y g ,m,m'
/ i
S <|’uH(]F;1qa:Yn21’m/)n + Hu H(]F;}q’li,m/)n) HU —Uu H(]F;::fhm/)n
/ /
" (||bu@mm,>n + o \\<F;;4;g,m,>n) b=l
S H(u7 b) - (ulab/)H FY172 n H(u7 b)” F172 n Tt H(ul’b/)H Y172 n
p,q,m,m/ P,q,mm,m praym,m/
Similarly, it can be obtained that
2
| F2(u, b)H(FZ}z;Zi,m’)n <y HbOH(Fg}]”Q)" + Ca || (u, b)”(F;,lq’Zi’m,)”
and

HFQ(U,b)(t) —FQ(UI,bI)H Y172 n
(F ’)

p.qg,m,m
< [[(u, b) — <“/7b/)H(1F”1’72 i Il (u, b)H(meg yn T+ H(ulvb/)H(WlW )
p,q,m,m/ p,q,m,m’ p,q,m,m’
Thus, we have
1Bl < C o, bo)ll gy +C 0w, B)[Zrn
p,q,m,m/ p,p p,q,m,m’
and

HF(U, b) _F(u/ab/)H(]F'“"VQ P
p

,g,m,m
S H(u7 b) - (Ul, bl)“(F;};;i’m,)n (H(u? b)”(lﬁ‘;}qzim,)" + H(u/a b/)H(FZ,IL;,’Z,m’)n> :

Let R be a constant satisfying R < 2C'||(ug, bo) H(B;lp,w)n. Then F is a contraction mapping

from

E = {(U, b) S (F;,lq’::’iz,m/)n . H(’LL, b)H(]F’Ylﬁ’YQ /)n S R}

p,q,m,m

into itself. Thus, there exists a fixed point (u,b) of the operator F'. O
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4.2. Quasi-geostrophic equations

In this section, we study the well-posedness and regularity of quasi-geostrophic equation

(4.4) 910 = —(—=A)P0 + 01(0R20) — 02(0R10),
0(0,z) = Oy(x),
with initial data in the space Bj%", where 8 € (1/2,1).

The equations (DQG)g are important models in the atmosphere and ocean fluid
dynamics. It was proposed by P. Constantin and A. Majda, etc. that the equations
(DQG)g can be regarded as low-dimensional models for mathematical study of singular-
ity in smooth solutions of unforced incompressible three-dimensional fluid equations. See
e.g. |12,21,23,44.|45] and the references therein.

Owing to the importance in mathematical and geophysical fluid dynamics mentioned
above, the equations (DQG)g have been intensively studied. Many important progress
has been made. We refer the reader to [5,6,8,|10%/11},13,22.[37,/55]56] for details.

The solution to equations can be represented as

u(t,-) = e '8 ug + B(u, u),

where the bilinear form B(u,v) is defined by

t
B(u,v) = / e~ (t=9)(=A)° (01(vRou) — Oa(vRyu)) ds.
0

By the space IF;IT’;ZQT;; introduced in Section [3| we consider the well-posedness and

regularity of the quasi-geostrophic equations (4.4)).

Theorem 4.2. Given1/2 < <1, v1 = y2—28+1. If the index (p,y1, 72, m, m’) satisfies
the conditions (4.2)), the quasi-geostrophic dissipative equation (4.4) has a unique global

1,72

. . . ’y
mild solution in (F]""

)2 for all small initial data a(z) with V -a = 0 and HaH(F%m)g

small enough.

Proof. By Picard’s contraction principle, it suffices to verify that the bilinear operator
t B
B(u,v) = / e~ =R (9, (vRou) — B2 (vR1uw)) ds
0

is bounded from (F;lnzin,)Z X (F;ln?m,)? to (]F;lnzfﬂ,)Q The proof is similar to that of

Theorem [4.11 We omit the details. O
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