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Approximate Cyclic Amenability of T -Lau Product of Banach Algebras

Hossein Javanshiri

Abstract. Associated with two Banach algebras A and B and a norm decreasing

homomorphism T : B → A, there is a certain Banach algebra productMT := A×T B,

which is a splitting extension of B by A. In this paper, we investigate approximate

cyclic amenability ofMT which has been introduced and studied by Esslamzadeh and

Shojaee in [5]. In particular, apart from the characterization of all cyclic derivations

on the Banach algebra MT , we improve the results of [1, 2] for cyclic amenability of

MT . These results paves the way for obtaining new results for (approximate) cyclic

amenability of the Banach algebra A × B equipped with the coordinatewise product

algebra and `1-norm.

1. Introduction

Let A and B be arbitrary Banach algebras and let T : B → A be an algebra homomorphism

with ‖T‖ ≤ 1. Then the T -Lau product MT := A ×T B is the Cartesian product A × B
equipped with the multiplication

(a, b)(a′, b′) =
(
aa′ + aT (b′) + T (b)a′, bb′

)
and the norm ‖(a, b)‖ = ‖a‖ + ‖b‖. Then A ×T B is a Banach algebra which contains

A as a closed two-sided ideal. The notation M0 is used to denote the case where T is

zero homomorphism and it is nothing more than the coordinatewise product on A × B.

Moreover, it should be noticed that the results where presented in this article, can be

adapted for M0 as a new result.

The Banach algebra MT was first introduced and studied by Bhatt and Dabhi [2]

for the case where A is a commutative Banach algebra and it is sometimes referred to

Lau products because in [8] it has been introduced for the special case where B is the

predual of a van Neumann algebra M for which the identity of M is a multiplicative

linear functional on B. The general definition of these Banach algebras are due to the

present author and Nemati [7,9]. Many basic properties of these Banach algebras such as
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the existence of a bounded approximate identity, spectrum, Arens regularity, topological

centre, the ideal structure, biflatness, biprojectivity, amenability, approximate amenability

and pseudo amenability are investigated in [7, 9].

Recently a notion of amenability has been defined and studied on Banach algebras by

Esslamzadeh and Shojaee [5]. In this paper, we are going to investigate this concept on

MT and their relations with A and B. The reader will remark that the maps

qB : MT → B (a, b) 7→ b,

qA : MT → A (a, b) 7→ a + T (b),

Φ: M0 →MT (a, b) 7→ (a + T (b), b),

are continuous algebra epimorphisms (see [10, page 8] and [3]). From this, we can de-

duce thatMT is approximately cyclic amenable if and only ifM0 is approximately cyclic

amenable. We should however note that the only reference which investigated the (ap-

proximately) cyclic amenability of M0 in relations to the corresponding ones of A and

B is [11], where it was shown that if M0 is approximately cyclic amenable, then so are

A and B and the converse holds if A is commutative and A2 = A. Moreover, we would

like to mention the result [2, Theorem 4.1, Parts (4) and (5)] by Bhatt and Dabhi which

presents an attempt to prove that if A is commutative, thenMT is (approximately) cyclic

amenable if and only if A and B also are. However, the proof contains a gap. Later on,

Abtahi and Ghafarpanah [1] investigated that result and correct a gap in the proof but

with an extra assumption. In details, they showed that if MT is cyclic amenable, then A
and B are also, and the converse holds when A and B are Banach algebras with faithful

dual spaces. They used these conditions to complete their proof, see [1, pp. 4–5], whereas

it is not shown that the imposed conditions on A and B are necessary.

In this paper, we use a brief technique to obtain a more general result. Indeed, we

remove the assumption that B has faithful dual space from [1, Theorem 3.2]. Furthermore,

we replace the assumption that A has faithful dual space with its equivalent condition

that A2 = A. To this end, we give a characterization for cyclic derivations on the Banach

algebras A×T B, where A and B are arbitrary Banach algebras and T is a norm decreasing

homomorphism from B into A. We then show that if A ×T B is (approximately) cyclic

amenable, then A and B are (approximately) cyclic amenable and the converse holds if

A2 = A and in particular, we present an example to show that the condition A2 = A is

necessary. Moreover, we show that A2 = A if and only if A has a faithful dual space. Also,

our results pave the way to extend Shojaee and Bodaghi’s work. In details, we drop the

commutativity assumption on A in [11, Theorem 2.3(i)], and also show that the condition

A2 = A is necessary. Finally, we should remind the reader that our approach is totally

different from earlier works on the cyclic amenability of the products of Banach algebras.
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2. Preliminaries

Throughout this paper, for any Banach space X, by X∗ we denote the dual space of X

and we always consider X as naturally embedded into X∗∗. For x ∈ X and f ∈ X∗, the

notation 〈f, x〉 (and also 〈x, f〉) is used to denote the natural duality between X and X∗.

Now, let C be a Banach algebra and let X be a Banach C-bimodule. Then X ∗ is also

a Banach C-bimodule by the following module actions:

〈f · c, x〉 = 〈f, c · x〉 , 〈c · f, x〉 = 〈f, x · c〉 ,

for all c ∈ C, x ∈ X , f ∈ X ∗. A derivation from C into X is a continuous linear map

D : C → X such that for every c1, c2 ∈ C, D(c1c2) = D(c1) · c2 + c1 · D(c2). For x ∈ X ,

define adx from C into X by adx(c) = c · x − x · c for all c ∈ C. It is easy to show that

adx is a derivation; such derivations are called inner derivations. We denote the set of all

continuous derivations from C into X by Z1(C,X ). The first cohomology group H1(C,X ) is

the quotient of the space of all continuous derivations by the space of all inner derivations,

and in many situations triviality of this space is of considerable importance. In particular,

C is called contractible (resp. amenable) if H1(C,X ) = 0 (resp. H1(C,X ∗) = 0) for every

Banach C-bimodule X and C is called weakly amenable if H1(C, C∗) = 0. Recall also that

a derivation D : C → X is called approximately inner if there exists a net (xα)α ⊆ X such

that D(c) = limα(c · xα − xα · c) for all c ∈ C. Following Grønbæk [6] and Esslamzadeh

and Shojaee [5], we say that C is (approximately) cyclic amenable if every cyclic derivation

D : C → C∗ is (approximately) inner. Recall that a derivation D : C → C∗ is cyclic if

〈D(c1), c2〉+ 〈c1, D(c2)〉 = 0,

for all c1, c2 ∈ C.
Also, recall from [7] that if A and B are two Banach algebras and T : B → A is an

algebra homomorphism with ‖T‖ ≤ 1, then M∗T can be identified with A∗ × B∗ in the

natural way

〈(f, g), (a, b)〉 = 〈f, a〉+ 〈g, b〉 ,

for all a ∈ A, b ∈ B, f ∈ A∗ and g ∈ B∗. The dual norm on A∗ × B∗ is of course the

maximum norm ‖(f, g)‖ = max {‖f‖ , ‖g‖}. Furthermore, the MT -bimodule actions on

M∗T are formulated as follows:

(a, b) · (f, g) = ((a + T (b)) · f, T ∗(a · f) + b · g)

and

(f, g) · (a, b) = (f · (a + T (b)), T ∗(f · a) + g · b)
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for all (a, b) ∈ MT and (f, g) ∈ A∗ × B∗, where T ∗ denotes the adjoint of T . Moreover,

the homomorphism T allows us to consider A as a Banach B-bimodule and therefore A∗

is a Banach B-bimodule by the following module actions:

〈f · b, a〉 = 〈f, T (b)a〉 , 〈b · f, a〉 = 〈f, aT (b)〉

for all a ∈ A, b ∈ B, f ∈ A∗. In particular, a derivation from B into A∗ is a continuous

linear map D : B → A∗ such that for every b1, b2 ∈ B

D(b1b2) = D(b1) · T (b2) + T (b1) ·D(b2).

3. Main results

Throughout this section A and B are two Banach algebras, T : B → A is an algebra

homomorphism with ‖T‖ ≤ 1, and MT denotes the T -Lau product of A and B. We

begin the presentation of the results of this section by the following two results which

characterize the set of all cyclic derivations from MT into MT -bimodule M∗T .

Proposition 3.1. A continuous linear map D : MT →M∗T is a cyclic derivation if and

only if there exists d1 ∈ Z1(A,A∗), d2 ∈ Z1(B,B∗), d3 ∈ Z1(B,A∗) and a bounded linear

map S : A → B∗, such that for each a, a′ ∈ A and b ∈ B

(i) D((a, b)) = (d1(a) + d3(b), S(a) + d2(b)),

(ii) d1(T (b)a) = d3(b) · a + T (b) · d1(a),

(iii) d1(aT (b)) = a · d3(b) + d1(a) · T (b),

(iv) S(T (b)a) = T ∗(d3(b) · a) + b · S(a),

(v) S(aT (b)) = T ∗(a · d3(b)) + S(a) · b,

(vi) S(aa′) = T ∗(d1(aa
′)),

(vii) d1 and d2 are cyclic derivations,

(viii) S∗ ◦ Φ + d3 = 0, where Φ is the usual injection from B into B∗∗.

Proof. We only need to prove the “only if” part of this proposition, which is the essential

part of it. To this end, assume that D is a cyclic derivation from MT into M∗T . Then

there exist bounded linear mappings D1 : MT → A∗ and D2 : MT → B∗ such that D =

(D1, D2). Then there exist d1 ∈ Z1(A,A∗), d2 ∈ Z1(B,B∗), d3 ∈ Z1(B,A∗) and a bounded
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linear map S : A → B∗ which satisfies in conditions (i)–(vi) follows from [7, Theorem 3.1]

for n = 0. Recall from the proof of [7, Theorem 3.1] that for each a ∈ A and b ∈ B

d1(a) = D1((a, 0)), d2(b) = D2((0, b)), d3(b) = D1((0, b)) and S(a) = D2((a, 0)).

Moreover, since D is a cyclic derivation, for every (a, b), (a′, b′) in MT we have

(3.1)
〈
D((a, b)), (a′, b′)

〉
+
〈
(a, b), D((a′, b′))

〉
= 0.

It follows that for all a, a′ ∈ A

(3.2)
〈
d1(a), a′

〉
+
〈
a, d1(a

′)
〉

=
〈
D((a, 0)), (a′, 0)

〉
+
〈
(a, 0), D((a′, 0))

〉
= 0,

and all b, b′ ∈ B

(3.3)
〈
d2(b), b

′〉+
〈
b, d2(b

′)
〉

=
〈
D((0, b)), (0, b′)

〉
+
〈
(0, b), D((0, b′))

〉
= 0.

Hence d1 and d2 are cyclic derivations. On the other hand, by the equalities (3.1)–(3.3),

we conclude that

(3.4)
〈
S(a), b′

〉
+
〈
S(a′), b

〉
+
〈
d3(b), a

′〉+
〈
d3(b

′), a
〉

= 0,

for all a, a′ ∈ A and b, b′ ∈ B. Choosing b = 0 in (3.4), we have〈
(S∗ ◦ Φ + d3)(b

′), a′
〉

= 0, a′ ∈ A and b′ ∈ B.

It follows that S∗ ◦ Φ + d3 = 0, and this completes the proof.

Now, we examine approximately inner derivation from MT into M∗T . It should be

noticed that, the following result which is stated for approximately inner derivation is also

true for inner derivation.

Corollary 3.2. A cyclic derivation D from MT into M∗T is approximately inner deriva-

tion and D = limα ad(fα,gα) for some nets (fα)α ⊆ A∗ and (gα)α ⊆ B∗ if and only if

D((a, b)) = (d1(a) + d3(b), S(a) + d2(b)) ,

where d1(a) = limα adfα(a), d2(b) = limα adgα(b), d3(b) = limα (T (b) · fα − fα · T (b)) and

S(a) = limα T
∗(adfα(a)) for all a ∈ A and b ∈ B.

Proof. The proof of the backward implication involves nothing more than routine calcu-

lations which are left to the reader. We give the proof of the direct implication only.

To this end, suppose that D is a cyclic derivation such that D = limα ad(fα,gα) for some

nets (fα)α ⊆ A∗ and (gα)α ⊆ B∗. Suppose also that a and b are arbitrary elements of
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A and B, respectively. By Proposition 3.1, there exist d1 ∈ Z1(A,A∗), d2 ∈ Z1(B,B∗),
d3 ∈ Z1(B,A∗) and a bounded linear map S : A → B∗ such that

D((a, b)) = (d1(a) + d3(b), S(a) + d2(b)) .

It follows that

(d1(a), S(a)) = D((a, 0))

= lim
α

ad(fα,gα)(a, 0)

= lim
α

(adfα(a), T ∗(adfα(a))) .

Hence, d1(a) = limα adfα(a) and S(a) = limα T
∗(adfα(a)). Similarly, d2(b) = limα adgα(b)

and d3(b) = limα (T (b) · fα − fα · T (b)), and this completes the proof.

The following result which is stated for approximate cyclic amenability is also true

for cyclic amenability and it is a characterization of (approximate) cyclic amenability of

MT in relation to the corresponding ones of A and B. Here, it is worthwhile to mention

that the (approximately) cyclic amenability of the Banach algebra A does not imply that

A2 = A, see [6].

Theorem 3.3. If MT is approximately cyclic amenable, then A and B are approximately

cyclic amenable. The converse holds if A2 = A.

Proof. Suppose firstly that MT is approximately cyclic amenable. Let also d1 : A → A∗

and d2 : B → B∗ be two cyclic derivations. By Proposition 3.1, we conclude that the map

D : MT →M∗T defined by

D((a, b)) = (d1(a) + d3(b), S(a) + d2(b)) , (a, b) ∈MT ,

is a cyclic derivation, where d3 = d1 ◦T and S = T ∗ ◦ d1. Therefore, sinceMT is approxi-

mately cyclic amenable, there exists a net ((fα, gα))α ⊆M∗T such that D = limα ad(fα,gα).

From this, by Corollary 3.2, we can deduce that d1 = limα adfα and d2 = limα adgα .

Therefore, A and B are approximately cyclic amenable.

Conversely, suppose that D : MT →M∗T is a cyclic derivation. Hence, Proposition 3.1

guarantees that there exist d3 ∈ Z1(B,A∗), a bounded linear map S : A → B∗ and two

cyclic derivations d1 ∈ Z1(A,A∗), d2 ∈ Z1(B,B∗), such that S∗(b) + d3(b) = 0 and

D((a, b)) = (d1(a) + d3(b), S(a) + d2(b)) ,

for all a ∈ A and b ∈ B. By another application of Proposition 3.1, we have

S(aa′) = T ∗(d1(aa
′)),
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for all a, a′ ∈ A. This together with the fact that A2 = A implies S = T ∗ ◦ d1. Moreover,

since A and B are approximately cyclic amenable, then there exist (fα) ⊆ A∗ and (gα) ⊆
B∗ such that d1 = limα adfα and d2 = limα adgα . Hence, for every a ∈ A and b ∈ B we

have

S(a) = lim
α

T ∗(adfα(a)),

and

〈d3(b), a〉 = −〈S(a), b〉

= − lim
α
〈adfα(a), T (b)〉

= − lim
α
〈a · fα − fα · a, T (b)〉

= − lim
α

[〈fα, T (b)a〉 − 〈fα, aT (b)〉]

= lim
α

[〈T (b) · fα, a〉 − 〈fα · T (b), a〉]

=
〈

lim
α

(T (b) · fα − fα · T (b)), a
〉
.

Therefore, D = limα ad(fα,gα) by Corollary 3.2.

Recall from [6, Example 2.5] that if 0 6= A is a Banach algebra with zero algebra

product, then A is cyclicly amenable if and only if dimA = 1. Moreover, recall also

from [5] that, for commutative Banach algebras, the two notions of cyclic amenability and

approximate cyclic amenability coincide.

Now, we are in position to show that the condition A2 = A in Theorem 3.3 can not

be omitted.

Example 3.4. Let A = C with zero algebra product. Then by [6, Example 2.5] A is

approximately cyclic amenable. In particular, A2 $ A. Now by choosing T = 0, we have

M0 = A×0 A which is a Banach algebra with zero algebra product. But, since M0 is a

commutative Banach algebra with dimension 2, it is not an approximately cyclic amenable

Banach algebra.

As usual, we say that a Banach algebra C has a left (resp. right) faithful dual space if

for each nonzero f ∈ C∗, there exists c ∈ C such that c · f 6= 0 (resp. f · c 6= 0). Moreover,

C has a faithful dual space if C has both a left and a right faithful dual space.

Remark 3.5. Let C be a Banach algebra. Then C has a faithful dual space if and only

if C2 = C. Indeed, the backward implication is trivial, and in order to prove the direct

implication, we suppose on the contrary that C2 $ C, then by Hahn Banach Theorem

there exists 0 6= f in C∗ such that f |C2 = 0. It follows that c · f = 0 and f · c = 0 for all

c ∈ C which is a contradiction.
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Finally, as an application of Theorem 3.3 with the aid of Remark 3.5 one can obtain

the following improvement of [1, Theorems 3.2] and [11, Theorem 2.3(i)].

Theorem 3.6. Let A and B be Banach algebras such that A has a faithful dual space. If

A and B are cyclic amenable, then MT is cyclic amenable.
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