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Attraction Property of Admissible Integral Manifolds and Applications to
Fisher-Kolmogorov Model

Nguyen Thieu Huy*, Trinh Viet Duoc and Dinh Xuan Khanh

Abstract. In this paper we investigate the attraction property of an unstable man-
ifold of admissible classes for solutions to the semi-linear evolution equation of the
form wu(t) = U(t, s)u(s) + f: U(t, &) f(& u(€))dé. These manifolds are constituted by
trajectories of the solutions belonging to admissible function spaces which contain
wide classes of function spaces like L,-spaces, the Lorentz spaces L, , and many other
function spaces occurring in interpolation theory. We then apply our abstract results

to study Fisher-Kolmogorov model with time-dependent environmental capacity.

1. Introduction and preliminaries

Consider the semi-linear differential equation

d
(1.1) dit” =AWz + f(t,z), teR, zeX

where A(t) is a (possibly unbounded) linear operator on a Banach space X for every fixed
t, and f: R x X — X is a nonlinear operator. When the linear part has an exponential
dichotomy (or trichotomy), one tries to find conditions on the nonlinear forcing term
f such that Equation has an integral manifold (e.g., a stable, unstable or center
manifold).

The problem of the existence of the integral manifolds is a matter of great interest of
many authors since, on the one hand, it brings out the geometric structures of the solu-
tions to semi-linear differential equations, and on the other hand it allows to implement
the reduction principle to deduce the complicated equations to the simpler ones on such
manifolds thanks to the attraction properties of that manifolds. To obtain such existence,
one needs the characterizations of the exponential dichotomies (or trichotomies) of the
linear part in some function spaces. Such characterizations have been used to construct

the forms of operators determining the manifolds. We refer the reader to [2}3,/7,[19] for
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recent contributions to the theory of exponential dichotomy and trichotomy of evolution
equations. On the other hand, one needs to impose some conditions on the nonlinear
term, and the most popular condition regarding nonlinear term f for the existence of
such manifolds is its uniform Lipchitz continuity with a sufficiently small Lipschitz con-
stant (i.e., [|f(t,z) — f(t,y)]| < ¢l — y| for ¢ being small enough). We refer the reader
to |145},6,[20L22] and references therein for detailed information on the matter. However,
for equations arising in complicated reaction-diffusion processes (see e.g., [14,15]), the Lip-
schitz coefficients may depend on time and may not be small in classical sense. Therefore,
one tries to extend the conditions on nonlinear parts such that they describe more exactly
such reaction-diffusion processes.

Recently, using Lyapunov-Perron method and the admissibility of function spaces, we
have given a more general condition on f for the existence of integral manifolds (see
[8,/10,|11]), that is the non-uniform Lipschitz continuity (or the ¢-Lipschitz property) of
fyie, If(tx) — f(t, )] < o(t) ||z —y|| for ¢ being a real and positive function which
belongs to admissible function spaces defined in Definition below. Furthermore, the
existence of a new type of invariant manifolds has been proved in [9], namely the invariant-
stable manifolds of admissible classes which are constituted by trajectories of solutions
belonging to the Banach space £ which can be a space of L, type (1 < p < o0) or a
Lorentz space L, , or some function space occurring in interpolation theory. Then, the
result in |9] has been extended to the case of an invariant-unstable manifold of admissible
class in [12]. However, the attraction property of such a manifold was left unsolved in that
paper. And some real-world applications were not given.

In the present paper, we will prove the attraction property of such an invariant-unstable
manifold of admissible class obtained in |[12]. Our method is based on the Lyapunov-Perron
equations and the choice of induced solutions lying in the manifold and belonging to some
admissible space on which we can implement some procedures of functional analysis. Our
main results are contained in Theorem Moreover, we apply the obtained results to
consider Fisher-Kolmogorov model with time-dependent environmental capacity.

We first recall some notions.

Definition 1.1. A family of bounded linear operators U = (U(¢, s))>s on a Banach space
X is a (strongly continuous, exponentially bounded) evolution family on the whole line R
if

(i) U(t,t) =1d and U(t,r)U(r,s) =U(t,s) for t > r > s,
(ii) the map (¢, s) — U(t, s)x is continuous for every = € X,

(i) there are constants K > 1 and a € R such that [|U(t,s)| < Ke*(*~%) for t > s.
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This notion arises naturally from well-posed evolution equations of the form

du(t)
(1.2) e A(t)u(t), t>s,
u(s) =zs € X,

where A(t) is (in general) an unbounded linear operator on X for every fixed ¢. Roughly
speaking, when the Cauchy problem is well-posed, there exists an evolution family
U = (U(t,s))>s solving (L.2), i.e., the solution of is given by u(t) := U(t, s)u(s).
For more details on the notion of evolution families, conditions for the existence of such
families and applications to partial differential equations we refer to Pazy [17], Nagel and
Nickel [16].

We recall some notions on function spaces and refer to Massera and Schéffer [13],
Rébiger and Schnaubelt |18] for concrete applications (see also |7,21]).

Denote by B the Borel algebra and by A the Lebesgue measure on R. The space
L1 1oc(R) of real-valued locally integrable functions on R (modulo A-nullfunctions) becomes
a Fréchet space for the seminorms p,(f) := fJn |f(t)| dt, where J, = [n,n + 1] for each
n € Z (see [13, Chapt. 2, § 20]).

We can now define Banach function spaces as follows.

Definition 1.2. A vector space Eg of real-valued Borel-measurable functions on R (mod-

ulo A-nullfunctions) is called a Banach function space (over (R, B, X)) if

(1) Er is Banach lattice with respect to a norm |||z, i.e., (Eg,|[z,) is a Banach

space, and if ¢ € Er and % is a real-valued Borel-measurable function such that
() < ()], Aae., then ¢ € Er and [[¢]| 5, < [1¢] g,

(2) the characteristic functions x4 belong to Eg for all A € B of finite measure, and

SUPseRr ||X[t,t+1]HE]R < o0 and infyep || X[t 1] HER >0,

(3) Er — L1 10c(R), i.e., for each seminorm p,, of Lj joc(R) there exists a number 3, > 0
such that p,(f) < Bp, || fllg, for all f € E.

We remark that condition (3) in the above definition means that for each compact
interval J C R there exists a number 87 > 0 such that [;[f(t)|dt < B;||f]lp, for all
f € ER.

Let now Er be a Banach function space and X be a Banach space. We set
E=ER,X):={f: R— X : fis strongly measurable and | f(:)|| € Er}
(modullo A-nullfunctions) endowed with the norm

1flle = LN 2 -
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Then & is a Banach space called the Banach space corresponding to the Banach function

space ER.
Definition 1.3. The Banach function space Eg is called admissible if

(i) there is a constant M > 1 such that for every compact interval [a,b] C R we have

M(b—a)
HX[aJ?]HE

R

b
(1.3) / (1) dt <

Il g, for all g € g,

(ii) for ¢ € Eg the function A;p defined by Ajp(t) := fttH ©(7) d7 belongs to Eg,

(iii) Fg is T -invariant and T~ -invariant, where T+ and T)- are defined by

Tro(t) :=pt—171) forteR,

(1.4)
Too(t) :==¢(t+71) forteR.

Moreover, there are constants Ny, N such that [|[T7] < Ny, ||T7|| < Na for all
TeR.

Example 1.4. Besides the spaces L,(R), 1 < p < oo, and the space

m(®) = { e bl [ 1) i <

teR

endowed with the norm || f||; = sup;cr ff“ | f(7)| d7, many other function spaces oc-

curring in interpolation theory, e.g., the Lorentz spaces Ly 4, 1 < p < 00, 1 < g < 00 are

admissible.

Remark 1.5. It can be easily seen that if Er is an admissible Banach function space then
Er — M (R)

We now collect some properties of admissible Banach function spaces in the following

proposition whose proof can be done in the same way as in [7, Proposition 2.6]).

Proposition 1.6. Let Ex be an admissible Banach function space. Then the following

assertions hold.

(a) Let ¢ € L joc(R) such that ¢ > 0 and A1y € Eg, where Ay is defined as in Defini-
tion [L.3(ii). For o >0 we define functions AL and Al by

t
Ap(t) = / e (=)o (s) ds,

—0o0

Ngolt) = [ e 0p(s) ds.
t
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Then, A ¢ and ALy belong to Er. In particular, if sup;cp ftt—H lp(T)|dr < o0

(o}

this will be satisfied 1 € Er (see Remark |1. then an are bounded.
(th Il b fied if ¢ € Er (see R k)h AL and Nl bounded

Moreover,

Ny
1—e©

[AGe| 5, < Al and  [[AGel|,, < A1l -

2
1—e @
(b) Er contains exponentially decaying functions (t) = e~ for t € R and any fized

constant o > 0.

(¢) Eg does not contain exponentially growing functions f(t) = e¥*l for t € R and a
constant b > 0.

We next define the associate spaces of Banach function spaces as follows.

Definition 1.7. Let Er be an admissible Banach function space and denote by S(ER) the
unit sphere in Eg. Recall that L; = {g: R — R | g is mesurable and [ _|g(t)]dt < oo}.

Then, we consider the set Eg of all measurable real-valued functions ¢ on R such that

o € Ly, /OO lp(t)w(t)|dt <k for all ¢ € S(ER),

—00
where k depends only on v. Then, Ej is a normed space with the norm given by (see [13,
Chapt. 2, 22.M)])

ol =sun{ [ lotutlat: e SB[ for v € B

—0o0

We call E} the associate space of Ex.

Remark 1.8. Let ER be an admissible Banach function space and Ef be its associate space.
Then, from [13, Chapt. 2, 22.M] we also have that the following “Holder’s inequality” holds:

(15) | 1e@uiode < s, I0lls, forall o € e, b € B,

—00
In order to show the existence and attractiveness of an £-class-unstable manifold, we

suppose the following hypothesis.

Hypothesis 1.9. We will consider the admissible Banach function space Egr such that
its associate space Ep is also an admissible Banach function space. Moreover, for such
an admissible Banach function space Er we suppose that Ep contains an exponentially
Eg-invariant function, that is the function ¢ > 0 having the property that, for any fixed
v > 0 the function h, defined by

hy(t) :== He*”|t*'|g0(~)‘ fort e R

ER

belongs to Eg.
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We also give here some examples of admissible Banach function spaces and their as-
sociate spaces which satisfy the above Hypothesis with an exponentially Eg-invariant

function ¢(t) = ce=® for t € R and any fixed constants ¢, a > 0.

Example 1.10. The associate space of L, is L; = L, for % + % =1,1<p < o0, here as
usual we take the conventions that g = occ if p=1, and ¢ =1 if p = cc.

Besides the functions of the form ¢(t) = ce~ !l one can see that the functions of the
form ¢ = cx|q4) for any fixed constant ¢ > 0 and any finite interval [a,b] C R are also

exponentially L,-invariant functions.

2. Unstable manifolds of £-class and their attraction property

In this section we consider the existence and attraction property of an unstable manifold
of E-class for evolution equations defined on the whole line R under the conditions that
the evolution family (U(t,s)):>s has an exponential dichotomy on the whole line and
the nonlinear term f(t,z) is ¢-Lipschitz. To this purpose, we first recall the concept of

exponential dichotomy and some other notions defined on the whole line.

Definition 2.1. An evolution family (U(t,s)):>s on the Banach space X is said to have
an ezponential dichotomy on R if there exist bounded linear projections P(t), t € R, on

X and positive constants N, v such that
(a) U(t,s)P(s) = P(t)U(t,s), t > s,

(b) the restriction U(t,s)|: Ker P(s) — Ker P(t), t > s, is an isomorphism (and we
denote its inverse by (U(t,s)|)~" = U(s,t)| for t > s),

(¢) ||U(t,s)z|| < Ne "t=9)||z|| for = € P(s)X, t > s,
(d) HU(s,t)|$H < Ne Vt=9) ||z|| for 2 € Ker P(t), t > s.

For an evolution family (U(t,s));>s having an exponential dichotomy on the whole

line, we can define the Green’s function on R as follows:

P@)U(t,7) fort >,

2.1 ,T) =
2 gte.7) =U(t,7)(I - P(r)) fort<r.

Thus, we have
G, T)| < N+ H)e 71 forall t # 7

where H := sup;cp || P(t)| < oo.

We also need the following notion of (-Lipschitz functions.
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Definition 2.2. Let Fr be an admissible Banach function space and ¢ be a positive
function belonging to Er. A function f: R x X — X is said to be ¢-Lipschitz if f satisfies
(i) f(t,0) =0 for a.e. t € R,
(i) [|f(t, 1) — f(t, z2)|| < p(t)||z1 — 22 for a.e. t € R and all 1, z2 € X.

Note that if f: R x X — X (with f(¢,0) = 0) satisfies (ii) for z1, z2 belonging to a
ball B, := {x € X : ||z|| < p} for some fixed p > 0, then f is called locally p-Lipschitz.
In this section, we consider the mild solutions of Eq. (1.1)), that is the solutions to the

following integral equation

t
(2.2) u(t) = Ut s)uls) + [ V@O u(e)ds for =,
We now give the definition of an unstable manifold of £-class.

Definition 2.3. A set U C R x X is said to be an invariant unstable manifold of €-class
(or E-class-unstable manifold) for the solutions to Eq. (2.2)) if for every ¢ € R the phase
spaces X splits into a direct sum X = Xy(¢) @ X1(t) such that

inf Xo(t), X1(t)) := inf inf cx; € X(t il =1
inf Sn(Xo(t), X1 () i= inf inf {Jloo + o] 21 € Xi(t), ] = 1} > 0
and there exists a family of Lipschitz continuous mappings

gt: Xl(t) —)Xo(t), tGR,

with the Lipschitz constants being independent of ¢ such that

1) U = {(t,r+ g:(z)) e Rx (X1(t) ® Xo(t)) |t € R, z € X1(¢)}, and we denote by
Ui ={z+g(x): (t,x + g:(x)) € U} called the surface of the manifold U at time ¢.

(ii) U, is homemorphic to X;(t) for all t € R.

(iii) To each zp € Uy, there corresponds one and only one solution u(-) to Eq. (2.2)
on (—oo,t] satisfying conditions that u(tg) = o and the function x(_og s u (i-e.,
(X(=o0,t0] W) (t) = X (=00 to) (t)u(t) for all £ € R) belongs to £.

(iv) U is invariant under Eq. (2.2]) in the sense that, if u(-) € £ is a solution of Eq. ([2.2))
satisfying condition u(ty) = zg € Uy, for some tg € R then u(t) € U, for all t € R.

The existence of an invariant unstable manifold of £-class for the solutions of Eq.
has been essentially proved in |12, Theorem 6.11]. We give the proof here for sake of the
completeness. To do this, we need the following lemma (whose proof can be found in [12])
giving the structure of solutions to Eq. which belong to £.
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Lemma 2.4. [12, Lemm. 6.8] Let the evolution family (U(t,s))t>s have an exponential
dichotomy with the corresponding constants N, v and projections (P(t))ier. Let Ex and
E} be respectively an admissible Banach function space and its associate space. Suppose
that ¢ € ER be an exponentially Er-invariant function defined as in Hypothesis |1.9, Let
f:Rx X — X be p-Lipschitz. Let u(-) be a solution to Eq. such that for a fized to
the function X(—sc ot belongs to . Then, for t <ty we have that u(-) can be rewritten in

the form

to

(2.3) u(t) = Ul(t,to)jvr + G(t,7)f(r,u(r))dr

where v1 € X1(to) = (I — P(t9))X and G(t, ) is the Green’s function defined by For-
mula (2.1]).

Remark 2.5. By computing directly, we can see that the converse of Lemma [2:4] is also
true. It means that all solutions of Eq. (2.3]) also satisfy Eq. (2.2)) for all ¢t < ty.

We also need the following theorem for the construction of an unstable manifold of

E-class.

Theorem 2.6. [12, Lemm. 6.10] Let the evolution family (U(t,s))t>s have an exponential
dichotomy with the corresponding projections (P(t))iecr and the dichotomy constants N,
v > 0. Let Eg and Ey be respectively an admissible Banach function space and its associate
space. Suppose that ¢ € Eg be an exponentially Er-invariant function defined as in
Hypothesis . Define the function h, by h,(t) := He""t_ lo() B fort € R. Then, if
the function f is p-Lipschitz for ¢ satisfying N(l + H) | HE < 1 then there corresponds

to each v1 € X1(ty) one and only one solution u(-) of Eq. . on (—oo,ty| satisfying
(I — P(to))u(to) = v1 and X(—cct € E. Moreover, for any two solutwns ui(+) and ua(-)

corresponding to vi,ve € X1(ty) we have estimate
(2.4) lur () = uz ()] < Ce 0= oy = val| for t < to,
where p and C,, are positive constants independent of to, w1 and uz.
We then state the theorem on the existence of an unstable manifold of £-class.

Theorem 2.7. Let the evolution family (U(t,s))t>s have an exponential dichotomy with
the corresponding projections (P(t))wer and the dichotomy constants N, v > 0. Let Er and
E} be respectively an admissible Banach function space and its associate space. Suppose
that ¢ € Ef be an exponentially Eg-invariant function defined as in Hypothesis . Define
the functions e, and h, by e, (t) := e " and h,(t) := He""t_ lo() B fort € R. Then,
if the function f is p-Lipschitz for ¢ satisfying

N2Ni(1+ H) llevll g, 0]l g, + N+ H) [hyl| g, <1,
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then there ezists an invariant unstable manifold U of €-class for the solutions of Eq. (2.2)).
Moreover, every two solutions ui(+),us(-) on the manifold U attract each other backwardly

and exponentially in the sense that they satisfy the following estimate
(2.5) [ (8) = ua ()] < Cue™#0™D|(1 = P(to)) (ua (to) — ua(to))l|  for t <t
where p, C, are positive constants independent of to and w1, us.

Proof. The proof of this theorem has been essentially done in [12, Theorem 6.11]. We give
it here for sake of the completeness.

Since the evolution family (U(t, s))+>s has an exponential dichotomy, for each ¢ € R
we have that the phase space X splits into the direct sum X = Xg(t) ® X1(t), where
Xo(t) = P(t)X and X;(t) = Ker P(t). Moreover, since sup,c || P(t)|| < oo we obtain that

inf Sn(Xo(t), X1(t)) :=inf inf {||zo + z1| : z; € Xi(t), ||zs|| = 1} > 0.
teR teR i=0,1

We now construct the family of Lipschitz mappings (g;):cr satisfying the conditions of
Definition For each ¢y € R, we define gy, : X1(to) — Xo(to) as follows:

to

g() = | G(to,7)f(7,2(7)) dr,

—o00
where z(-) is the unique solution on (—o0,tg] of Eq. such that x(_s0 7 € € and
(Id —=P(to))x(tp) = y. The existence of the solution x(-) is asserted in Theorem By
definition of Green’s function (see (2.1])), we obtain that g, (y) € Xo(to). Next, we prove
g+, is Lipschitz mapping. In fact, we have

t

1t0 (1) = g1 (w2) S/O G (to, DL (7, 21.(7)) = f (7 22(7)) || dT

n '
gNu+fﬁ/’eﬂ%*wvﬂumﬂ—zxﬂnm
(2.6) "
SN0+H)[ o(7) |21(r) — wa(r) | dr
by b

N+ H) el g, 11 = 22l g, -

On the other hand, we also have

lor(0) = 22)] = [0t 00) 0~ ) + [ G A a7 - S
< Nev(to—t) llyr — vl + N(1 + H) /_O e—l/|t—’r|s0(7—) |x1(T) — xo(7)]| dT

for ¢t < tg. This yields that

lo1(t) — 22 ()] < N(Tfen)(t) lyr = y2ll + N(1+ H)hy(t) 21 — 22 g, -
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Hence,
|21 — 22llp, < NNullev| g, lyr —vell + N(L+ H) |7 g, |21 — 22| 5, -
Therefore,

NN lev]l g,
N+ H) [|h | g

1~ 22l g, < 1 Iy el
Substituting this inequality into (2.6)) we obtain that

N2Ny(1+ H) |lev| g, 2]l g,
1= N+ H)[h g,

920 (Y1) — gto (y2) || < ly1 — vl .-

N2N1(1+H)llev || g 12l g

Thus, gy, is Lipschitz mapping with the Lipschitz constant —— NOFDR T, R indepen-
vilER

dent of tg.

PutU = {(t,y + g:(y)) € R x (Xo(t) ® X1(t)) |t € R, y € X1(t)}. Since the Lipschitz
N2Ny(1+-H)lev || g ol . 9
constant TN OF Do T < 1 (or equivalently N*Ni(1 + H) [le, | 5, ”@HE{R + N1+

H)|[hy|lg, < 1), we obtain that U is homeomorphic to Xi(t). The condition (iii) in
Definition [2.3| now follows from Theorem Next, we show that U is invariant. Let x(-)
be a solution in &£ of Eq. such that z(tg) = xg € Uy,. We will prove that z(s) € Us
for all s € R.

Firstly, for s < tg, by Lemma [2.4] we have that

to

x(s) = U(s,t0)|v1 + G(s,7)f(r,z(T)) dr.

Put ws = U(s, to)jv1 + fsto G(s,7)f(1,2(7))dr. We obtain that w, € Ker P(s) and

:L‘(s):ws—l—/_s G(s, 7) (7 (7)) dr.

On the other hand, for t < s we have that

Uttt [ 60 ram)dr

to

=U(t,s)|U(s,to)v1 + U(t, s), G(s,7)f(r,z(7))dT + /_s G(t, ) f(r,x(7)) dr

= U(t, to)jv1 + i G, ) f(r,z(r))dr + /S G(t,7)f(r,z(r))dr

= U(t,to)jv1 + Gt,7)f(r,z(7)) dr = (t).

Thus, x(s) = ws + gs(ws). This leads to z(s) € U for all s < tg.
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Secondly, for s > tg, we assume that v(-) is solution of Eq. (2.2)) on [to, s] such that

v(to) = z(to). We put
x(t) if t <tp,
wiy = W st
v(t) ift € [to, s].
For t € [to, s] we have

w(t) =v(t) = U(t, to)v(to) +/t Ut,r)f(r,v(r))dr

to

— Ut 10) (ul-% g(uh7»fxf,x<f>>d7) + [ U ar

—0o0

:U(t,to)vl—i—/_o U(t,T)P(T)f(T,x(T))dT—i—/t U(t,7)P(T)f(r,v(T))dr

<3/Umﬂu—mﬂﬁmMﬂmT
to

=Ul(t, to)v1+ [ U(t,7)(I — P(7))f(r,w(r))dr + / G(t, 1) f(r,w(r)) dr.

to

Putting vy = U(s, to)v1 + /S U(s,7)(I — P(7))f(1,w(r)) dr € Ker P(s) we obtain
to

U(t, 8)v2 = U(t, to)or + /t Ut 7)(I — P(r) f(r,w(r)) dr
+ /tS U(t,7)|(I — P(7))f(r,w(T)) dr.
Thus,

w(t) =Ul(t,s)v2 — /ts U(t,7)(I = P(7))f(r,w(r)) dr +/ G(t,7)f(r,w(r))dr

— 00
to

= U(t,t0)|v1 —1—/_ U(t,7)P(7)f(r,z(7)) dT — / Ut,7)(I = P(r))f(r,x(7))dr

[e%¢) t
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Therefore, for all t < s there exists vy € Ker P(s) such that
w(t) =U(tshpa+ [ Gle) (il dr
This yields w(s) € Uy and thus z(s) = w(s) € U for all s > t. O

Remark 2.8. If the nonlinear term satisfies the local ¢-Lipschitz condition in a ball
B, :={x € X : ||z|| < p}, then in a similar way as above, we obtain the existence of a local
unstable manifold of £-class for solutions staying in that ball as ¢ — —oo (see |12, Theo-
rem 6.5]).

We now come to our main result of this section, that is the attraction property of an
invariant unstable manifold of £-class for the solutions to . Concretely, we will show
that the £-class-unstable manifold U = {(t,U¢)},cp exponentially attracts all solutions
to Eq. in the sense that any solution u(-) to Eq. is exponentially attracted to
some induced trajectory u*(-) lying in the £-class-unstable manifold. Precisely, we will

prove the following theorem.

Theorem 2.9. Assume that conditions of Theorem is satisfied. For each fized o > 0
with o < v we define the functions e,_o(t) = e~ = h,_ (1) = He_("_o‘)“_"@(-)HER
fort € R. Assume that | < 1 where

N1+ No) [|Arp]l o,
tim N1+ Ey e Vi ol + -l g+ S R

1— 67(11701)
N2N1(1+H)llev | g, 1l &, ,

for q = 1*N(1+H)Wf/ﬂT|ER "2 Then, the &-class-unstable manifold U = {U},cp ea-

ponentially attracts all solutions of Eq. (2.2)) in the sense that for any solution u(-) to

Eq. (2.2) with the initial value u(§) there exist a solution u*(-) lying in U (i.e., u*(t) € U,

for allt € R) such that

lu(t) = w*(B)]| < Ce™ D |ge((I = P(€))u(€)) — PE)u@)|  for a.e. t>¢.
Proof. For fixed £ € R we introduce the space
Beo = {w € € such that w(t) = 0 for t < £ and =9 |w(t)| € Eg N LOO(R)}

which is a Banach space endowed with the norm |w|, = maX{HeO‘(t_f) llw(®)]| HER | ||le =€)
w||oo } With Hea(t_f)wﬂoo = eSS SUP;>¢ e®(t=8) ||lw(t)||. We will find w*(-) in the form u*(t) =
u(t) + w(t) such that w € E¢ 4.

We see that u*(-) is a solution of Eq. if and only if w(-) is a solution of the

equation

w(t) = U(t, §)w(s) Jr/5 U(t,7) [f (7, u(r) + w(r)) = f(7, u(r))] dr.
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To simplify the representation we put F(t,w(t)) = f(t,u(t) + w(t)) — f(¢t,u(t)). Then,
F:Rx X — X is also p-Lipschitz and F(t,0) = 0. The equation for w(t) can be rewritten

as

(2.7) w(t) =U(t, w(§) +/§ U(t,7)F(r,w(r))dr.

By [9, Lemma 4.3] and [9, Remark 4.4], we observe that the solution w(t) of Eq. (2.7)),
which is defined on [£, 00) (here w(t) = 0 for t < &), belongs to & if and only if it satisfies

(2.8) w(t) =U(t, vy + /:O G(t, 7)F(r,w(r))dr

for some vy € ImP(§) and ¢t > & We will choose vy € Im P(§) such that u*(§) =
w(§) +w(§) € Ug. This means

P(&)(u(§) +w(§)) = ge((I = P(£))(u(§) +w(§)))-
Hence,
(2.9) v = P(§w(§) = —P(§)u() + g¢((I — P(&))(u(§) + w(¢)))-
Substituting into (2.8) we obtain that
w(t) = U(t, &) [=P(§)u(§) + ge (I — P(8))(u(§) + w(§)))]

(2.10) OO
+ Ggt, ) F(r,w(r))dr

for t > £. Thus, u*(t) is solution of Eq. (2.2)) and satisfies u*(§) € Ug¢ if w(t) is solution

of Eq. (2.10).

Next, in order to prove the existence of u*(t) satisfying assertions of the theorem, we
will find solution w(t) of the Eq. (2.10) in the Banach space E¢,. To this purpose, for
w € E¢ o we define the mapping T" as follows

[P (&)u(§) + ge((I — P(&)) (u(§) +w(&)))]
/ G(t,7)F(r,w(r))dr for t > &,

for t < €.

Firstly, we show that Tw € E¢ . Indeed, for ¢ > &
[e.9]
e |[(Tw) ()] < NJwoll + N(1 +H)€“(t_§)/£ e Tlo(r) lw(r)| dr

< N ol + N (1 +H)/ e~ Tlp(1)e T Jw(r) | dr
3

N(1+ H)(Ni + Na) [[Argp|
1 —e—(v=a)

< N vl +

=l -
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Therefore, e**=¢) ||(Tw)(t)|| € Loo(R). On the other hand, we also have

e (t=¢) (Tw)(t)]| < Ne—v—a)(t=¢)

|voll

FN( ) [T ()] dr
3

< Ne =99 ||| + N(1 + H)hy—o(t) ‘

9w, -

Thus, =8 ||(Tw)(t)|| € Er since the functions e~*~®=& b, (t) € Eg and property
of Banach lattice of Eg. Hence, e*(t=¢) ||(Tw)(t)|| € ErN Lo (R). This leads to Tw € Eg 4.
By Lipschitz continuity of g¢ we have

[voll < llge (I = P(€))u()) — P(E)u(é)l
+ llge((I = P(&))(u(&) + w(§))) — ge((I = P(€))u(&))]
< |lge((I = P(§))u(§)) = PE)u@)] + ¢ (I = P(&))w(E)]]
< |lge((I = P(£))u(€)) = P()u()] + ¢(1 + H)|wla-

Therefore,

(211)  [Twly < max {N, NN ley-all g, } lge(T = P€)u(©) — POu(€)] + ol

for I := max{NNiq(1+ H) [lev—allg, + N(1 + H) [|hv—all 5, » Nq(1 + H)

NQA4+H)(N14+N2) [ Areoll oo
+ 1767<V7Q) }

Next, we prove that T' is a contraction. Indeed, let w, v belong to E¢ . Then

= ||(Tw)(t) — (Tv)(®)|

< NeT o0 g = gl 4 N(1+ H)e ¢ [T P () — P o(r) | dr
3

< Nem =9 g — pgl| + N(1+ H)/ e” =Nl (1) T8 w(r) — o(7)|| dr.
3
On the other hand,

l[vo = poll = llge (I = P(£))(u(§) + w(§))) — g¢((I = P(&))(u(§) +v()))ll
< q|l( = P(&))(w(&) — (&)
< q(1+ H) [[w(&) = v(E)]]
<q(1+ H)lw —lq.

Thus,

X w — Vg,

N1+ H)(Ni+ N ||A
|9 Tw —To)| < Na(1+ H)w - vlo + d+ 1)( L 23 1419
oo — e V—«
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and

=0 |(Tw)(t) ~ (ToO| < NNig(L+ 1) [es-allg, vl
£ N1+ H) ol g, [0 = vl

Therefore,
|Tw —Tv|a < llw—1v]q.

Since [ < 1, we obtain that 7' is a contraction on Banach space E¢ . Then, the equations
Tw = w has a unique solution w € E¢ ,. From (2.11)) it follows that

maX{N, NNy He,,,a”ER}
11 lge (I = P(§))u(&)) = P(E)u(&)] -

We have completed proof of the existence of the solution u* = u+ w for Eq. (2.2)) satisfies
u*(t) € Uy for t > € and

[ <

1 (8) = u(®)] = llw(®)]| < e fwlq

max { N, NN1 [ley—al g,
{ 1_11 E}e““f’ lge (I — P()u(€)) — P(&)u(€)]]

for a.e. t > &. O

IN

3. Fisher-Kolmogorov model with time-dependent environmental capacity

In this section, we will apply the above-obtained results to Fisher-Kolmogorov model with
the time-dependent environmental capacity. This model is used to describe the spread of

an advantageous gene in a population (see [14,/15]). Precisely, we consider the following

problem

0 0? T,

au(t,x) = wu(t,x) +ru(t,z) — mu (t,x) fort>s, x€[0,n],
(3.1) W (t,0) = ul(t, 7) = 0, tER,

u(s, z) = ¢(x), 0<z<m.

Here, u(t, x) represents the population density at location x and time ¢; the constant r > 0
is the linear reproduction rate, and K (t) > 0 is the carrying capacity of the population at
time ¢. We suppose that r # n? for all n € N.

We then choose the Banach space X = C|0, 7] and consider the operator A: X — X
defined by
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Therefore, this problem can be rewritten as an abstract Cauchy problem

%u(t, ) = Au(t,) + F(t,u(t,-)) fort>s,
u(s,") =¢(-) € X

where F': R x X — X is defined by

r

F(t,0)(@) = - g #*(@). v 0.7]

It can be seen (see [4, Chap. II, p. 68]) that A generates an analytic semigroup (e*);>o.
Since the spectrum of A is of the form o(A) = {r, =12+ 7, —2*+r,...,—n®+r,...} and
r # n? for all n € N, we have 0(A) N iR = (). Therefore, in this case, the spectral
mapping theorem for analytic semigroups yields that (etA)tzg is hyperbolic. Hence, the

t_S)A) has an exponential

evolution family (U (t, s))s>s corresponding to A (i.e., U(t, s) = el
dichotomy.

Let now ug be a bounded (on the whole R) solution of Eq. (3.1). The existence of
ug is guaranteed by [12, Corollary 6.6]. We shall show the existence of a local unstable
manifold of £-class around solution ug(¢,-). To do this, we transform to the case of the
trivial solution by setting v (¢, ) = u(t, ) —ug(t, ). We then arrive at the following abstract

Cauchy problem

d -
(3.2) %U(t’ )= A(t)v(t,:) + F(t,v(t,-)) fort>s,
U(Sv ) = ¢() - u0(57 ) € X,
where
~ 2rup(t, -) ~
At)f = Af — Wf =Af+C(t)f and D(A(t)) = D(A).

We shall prove the existence of a local £-class-unstable manifold around the trivial solution
0 of Equation . This manifold is exactly the local £-class unstable manifold around
solution ug(t,-) of Equation (3.1)).

We note that if K(¢) = K is a constant independent of ¢, and uyp = K is an equilibrium
point of Eq. (3.1]), then ﬁ(t) = A—2r[ is independent of . This operator has the spectrum
lying on the left side of the imaginary axis on the complex plane, and it generates an
analytic semigroup. Therefore, the evolution family (U(t, s)):>s corresponding to A —2rI
is exponentially stable. Therefore, the trivial solution of is stable by Lyapunov
linearized stability principle. Hence, in this case the solution ug = K of Eq. is
stable.

Surprisingly, when K (t) is time-dependent, we can find the conditions imposed on K (t)
such that there exits a local unstable manifold of £-class around the solution u(t, -) leading
to the instability of that solution. To do this, Remark (see also [12, Corollary 6.6])
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is actually sufficient for our purpose since the nonlinear function F' is locally (-Lipschitz
on any ball B, := {ve X : |jv| <p} with p(t) = 12{?:) for any fixed p > 0. However,

we would like to perform here the cut-off technique to obtain a “modified” equation of

(13-2) (see Eq. (3.3) below) so that we can apply Theorems (2.7) and (2.9) to the modified
equation, and when restricted to the ball B,, the two equations are identical. Concretely,

we fix any p > 0 and define the cut-off mapping on X as follows.

——_¢*x) iféeB,
cto)@ =4 e

RONPTIAAR

Obviously, G(t,0) = 0. We now check that G is p-Lipschitz with ¢(t) = é’(’z) for all t € R.
Indeed, let v,w € X. Then,

o if v,w € B,, we have ||G(t,v) — G(t,w)|| < ¢(t) [|[v — w].

o if v, w ¢ B,, assuming without loss of generality that ||v|| < [Jw]|, then

r | ol (w? = v?) + o3 ([lof|* = [|w]])
G(t,v)(x) — G(t,w)(x)| =
r (vl + llwl]) [[w — v]]
< 7y (2o -+ =)
< o(t) lv —wl|.

o ifve B, w¢ B, we have

r v2 — w? + 3% (||lw 2 _
G )(@) ~ G w) @) = +HwH<2|| 1= 1)
’ (lwll + D [wll = [0l
= K(t) <2Hv—wH+ ]2 )
<) [lv - wl|

Thus, G is ¢-Lipschitz with p(t) = ;é’z:).

Next, we consider the following abstract Cauchy problem

(3.3) %U(ta ) = A(ty(t, ) + G(t,v(t,)) fort>s,
U(Sa ) = 5() e X.

This equation can be considered as a “modified” equation of Eq. (3.2). Clearly, the
solutions of (3.3)), which are staying on B, as t — —o0, are also the solutions of (3.2) and
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vice versa. That is to say, the intersections of B, with the surfaces (Uy);cr of invariant-
unstable manifold of £-class for form the surfaces of a local unstable manifold of
E-class for near the trivial solution.

As seen above, A generates an evolution family having exponential dichotomy with
the corresponding dichotomy constants N’,v; > 0 and dichotomy projection operator P.
Then, using |7, Corollary 5.3] we obtain that if K (¢) is continuous and satisfy
o 270000, " |
ek K(t) 2N'||P[[ (1 +N"+ N'"[|P])

(3.4)

then g(t) generates an evolution family having exponential dichotomy with the corre-
sponding dichotomy constants, say, N,v > 0 and dichotomy projections P(t).
We now choose K(t) := beP!l for t € R with constants 8 > v, and b > 0. Putting

o(t) = IA;’E:) for ¢ € R we can see that ¢ € L,(R) for 1 < p < +oo and

1 1
(o] = 2 1
lells, = oo ([~ )" = anpr (2"

1
hy(t) = (/ e PVI=Tlgr (1) dT) " forteR

Then, the function

is an even function since the function ¢(-) is even. For ¢ > 0 we compute

1 o 1
hy(t) = (/ e PYI=TloP (1) dT) " (/ e P17l (4ppreBlt)P dT) !
— —00

0 t
— dbpr ( / g—vit=rl =Bl gy / o—pult=rl —Boll g
—00 0

400 %
N / o—prlt—7l Bl dT)
t

) e PVt | ompBt  omput _ o—ppBt v
= 4bpr < + ) .
p(B+v) p(B—v)

Hence, using the fact that the function h, is even we have

+
p(B+v) p(B—v)
Therefore, h, € Ly(R) for é + % =1 and

it = ([ mt0 dt>; <(2f mor dt)é

= dreh (p(ﬁ + 35(6 - V))Il) (V4q>; '

1
efpl/‘ﬂ efpﬁlﬂ efpy|t‘ — €7p6|t‘ p
+ for t € R.

hy(t) = 4bpr (

(3.5)
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By Theorems 2.7 and [2.9 we see that if

s (4)} i (2 (s ]

then there is an invariant unstable manifold U = {(¢, U¢)},cg of L,-class for mild solutions
of Eq. and this manifold attracts all mild solutions to Eq. .

As argued above, the intersection {(t,U; N B,)},.p is the local unstable manifold of
L,-class for mild solutions of Eq. around solution wug(t, -) leading to the instability of

this solution.
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