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The Minimal Dual Orlicz Surface Area
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Abstract. Petty proved that a convex body in R™ has the minimal surface area among
its SL(n) images if and only if its surface area measure is isotropic. Recently, Zou
and Xiong generalized this result to the Orlicz setting by introducing a new notion of
minimal Orlicz surface area, and the analog of Ball’s reverse isoperimetric inequality is
established. In this paper, we give the dual results in Orlicz space by introducing a new
notion of minimal dual Orlicz surface area. And the dual form of Ball’s isoperimetric

inequality is established.

1. Introduction

A classical and useful result proved by Petty [35] is the minimal surface area theorem,
which states: A convex body (namely, a compact convex set with non-empty interior)
in Euclidean n-space R™ has the minimal surface area among its SL(n) images if and
only if its surface area measure is isotropic on the unit sphere S?~!. Its importance was
rediscovered in the 1990s. Clack generalized it to Minkowski space. Later, Giannopou-
los and Papadimitrakis [14] used isotropic surface area measure to study the hyperplane
projections of convex bodies.

During the last two decades, the Brunn-Minkowski theory [37] has been extended to
the L,-Brunn-Minkowski theory, the notions of surface area and surface area measure were
extended to those of L,-surface area and Ly-surface area measure, respectively. See the
initial works of Lutwak [26,/27]. In [28], Lutwak, Yang and Zhang showed that Petty’s
theorem has a natural L,-generalization: The L,-surface area of a convex body is minimal
among its SL(n) images if and only if its L,-surface area measure is isotropic on S"~1.

Lutwak’s dual Brunn-Minkowski theory, introduced in the 1970s, helped achieving a
major breakthrough in the solution of the Busemann-Petty problem in the 1990s. In

contrast to the Brunn-Minkowski theory, in the dual theory, convex bodies are replaced
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by star-shaped sets, and projections onto subspaces are replaced by intersections with
subspaces. The machinery of the dual theory includes dual mixed volumes and important
auxiliary bodies known as intersection bodies; see [6-8,/15,20L21}24}25,[43-45]. The dual
Orlicz Brunn-Minkowski theory was first proposed to study in [30]. As a more wide
extension of the dual Brunn-Minkowski theory, Zhu, Zhou and Xu [47], Gardner, Hug,
Weil and Ye [12,/41] established independently the dual Orlicz-Brunn-Minkowski theory
for star bodies.

Recently, progress towards an Orlicz-Brunn-Minkowski theory was made by Lutwak,
Yang and Zhang [29,30] and Ludwig [23]. These theories are far more general than the
L,-Brunn-Minkowski theory, we refer the reader to [5/11,[17,/19}22,23,2931,:34}39,40,46].
In [48], Zou and Xiong generalized Petty’s minimal surface area theorem to the Orlicz
setting by introducing a new notion of minimal Orlicz surface area, and the analog of
Ball’s reverse isoperimetric inequality is established.

As a dual form of a minimum surface area of a convex body, the main goal of this paper
is to seek an Orlicz extension of the minimal dual surface area. The dual surface area of
a star body in R" is usually defined as the integral of radial function to the (n + 1)-th
power (see [32,41]):

Sic =58 = [ ol as(u),
where, S denotes Lebesgue measure on S~ (i.e., (n—1)-dimensional Hausdorff measure).

Throughout this paper, let ¢: [0,00) — [0, 00) be convex and strictly increasing with
#(0) = 0, and denote by ® the class of those ¢. This paper is composed of five sections.
In Section [2| we propose the concept of dual Orlicz surface area: Suppose that K is a
star body (about the origin) in R™. Its dual Orlicz surface area §¢(K ) with respect to a
convex function ¢ € &, is defined by

So) = | 6 (prc(w) pre(w)" dS(w).

In Section [3] we demonstrate that modulo orthogonal transformations, the body K

has a unique SL(n) image with dual minimal Orlicz surface area. In view of this fact, we

define the minimal dual Orlicz surface area of K with respect to ¢ by
Ay4(K) = min {§¢(TK) T e SL(n)} .

For ¢ € ® N CY(0,00), namely, for smooth functions ¢ in ®, we introduce the trans-
formation, ¢ — g, defined by ug(t) = t"T1¢/(t). Then, for each Borel set w C "1, we
write

o (K ) = / o (prc(u)) dS(u) = / &' (pxc (1)) prc ()™ dS(u).

In Section {4} we give a dual analog for the minimal Orlicz surface area theorem by Zou

and Xiong proved in [4§].
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Theorem 1.1. Suppose that K is a star body in R™ with the origin in its interior, and
¢ € ®NCL0,00). Then gd)(K) = §¢(K) if and only if us(K,-) is isotropic on S™ L.

In the last section, we provide bounds for the dual minimal Orlicz surface area Z¢(K )
When the volume of K is fixed, origin-symmetric Euclidean balls attain the minimum;

the volume of dual L.-John ellipsoid introduced in [42] dominates it from above.

2. Preliminaries

In order to keep the paper self-contained, we collect here some basic facts from convex
geometry. Good references on the theory of convex bodies are the books by Gardner [10],
Gruber |16], Pisier [36], Schneider |37, and Thompson [38], etc.

As usual, x -y denotes the standard inner product of z and y in R"; B={z € R" : z-x
< 1} and S"~! = 9B denote the unit ball and unit sphere in R”, respectively. The volume
of B is w, = 7/2/T(1 +n/2). According to the context, one can catch clearly that the
notation |-| has several different meanings: the absolute value, the standard Euclidean
norm on R™, the n-dimensional volume, the absolute value of determinant of an n X n
matrix, and the total mass of a finite measure. For brevity, we write (x) = z/|z|, for
x € R"\ {o}. Let £" denote the space of linear operators from R™ to R™. The support

function hx of a compact convex set K in R" is defined by
(2.1) hig(x) =h(K,z) =max{zr-y:y € K}, forzeR"

Let K denote the class of convex bodies in R" that contain the origin in their interiors.

A set K C R"” is said to be a star body about the origin, if the line segment from the
origin to any point z € K is contained in K and K has continuous and positive radial
function pg(-). Here, the radial function of K, px: R™\ {0} — [0, 00), is defined by

(2.2) pr(z) = p(K,z) =max{A: \x € K}, xe€R"\{o}.

Write S for the class of star bodies about the origin o in R". S is often equipped with
the dual Hausdorff metric gH, which is defined by

51a(K, L) = max {|px (u) — pr(w)] s u € "} == |pre(u) — pr(u)]

for K,L €S}

Star body K € S can be uniquely determined by its radial function pg(-) and vice
verse. If A > 0, we have px(A\z) = Ao (x) and prg (z) = Apk (z).

More generally, from the definition of the radial function it follows immediately that
for T' € GL(n) the radial function of the image TK = {Ty :y € K} of K € S} is given by

(2.3) p(TK,z) = p(K, T z), forall z € R".
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Two star bodies K,L € S are said to be dilates of each other if there is a constant
A > 0 such that L = MK, and equivalent to pr,(u) = Apk (u) for all u € S?1,
For convex body K € K}, let K* denotes the polar of the body K. Namely,

(2.4) K'={zeR":z-y<lforalyeK}.

Obviously, we have (K*)* = K. From definitions (2.1, and (2.4), we know that: If
K € K7, then the support and radial functions of K*, the polar body of K, are defined
respectively by hg+« = 1/pi and pr- = 1/hg. In addition, the polar body of convex body
has the following property: If K € K, and T' € GL(n), then

(TK)* =T 'K*.

Let K € §)' with the radial function px. The dual cone-volume measure XN/K of a star
body K is a Borel measure on S"~!. We define for a Borel set w C S"~! by

~ 1
Vic(w) = - / o ds.

It is convenient to use the normalized dual cone-volume measure ‘N/I’é = Vk/|K|, of K.
Observe that 17;; is a probability measure on S™~!. Also, 17;; is GL(n)-invariant, that is,
for T € GL(n) and a Borel subset w C S"71, it yields

(2.5) Vimige(w) = Vi ((Tw)),

where (Tw) = {(T'u) : u € w}.
Let ¢ € ®, and K, L € S”. We define the Orlicz radial combination K +ge0 L (¢ > 0)

by
1 1
-1 .
- =infsA>0:¢( —— —F | <01
for all u € S" L. If ¢(t) = tP, p > 1, then the Orlicz radial addition K +4e o L reduces to

Lutwak’s radial harmonic L,-combination K I—p € o L. Namely,
prc ot ()7 = prc(w) ™ + pp () P,
According to Lemmas 3.5 and 4.1 in [47], we easily give that
K—T—¢50L—>K, ase — 0T,

and

- PrFoeor(W) —PE(W)  pr(u) [ pr(w)
i, : = Tam? ()

is uniform on S™~!, here ¢, denotes the left-continuous derivative of ¢ at 1.
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According to Theorem 4.1 and (4.7) in [47], we easily establish the following results:
Let ¢ € @, and let K, L € S, then we have

(2.6) ~0) pp, [KHeco L[ IK] 1/5M¢> (pK(u)) pic(w)" dS(u).

n e—0+ € n pr(u)

From (2.6), we define the dual Orlicz mixed volume 1~/¢(K ,L)of K,L € S by

(2.7) V,(K,L) = /Sn1 ¢ (’::) Vi, ¢€d.

If p(t) =P, 1 < p < +o0, then 17¢(K, L) turns to V_p(K, L) of the L,-dual mixed
volume of K and L. Namely, L,-dual mixed volume of star body K,L € S' is expressed
by (see [27])

~ 1

(2.8) VoK, L) = /S k() Ppn () P dS (u)

From ({2.8]), it follows immediately that for each K € S and p > 1,

- 1

K=V KK) = % [ o ds(),

Suppose that K, K;,L,L; € 8 and ¢,¢, € @, 4,5,k € N. If K; -+ K, L; — L and
¢r — ¢, then the continuity of 17¢(K, L) regarding K, L and ¢ is proved (see [49])

(2.9) lim Vg, (K;, Lj) = Vg(K, L).

%,J,k—00

We easily get that if K, L € 8} and ¢ € ®, then for T' € GL(n),
(2.10) Vo(TK, L) = |T| Vy(K, T7L).

The L,-Minkowski inequality for L,-dual mixed volume was given by Lutwak [27]: If
K,L eS8} and p > 1, then

~ n

(2.11) V(K L) > K| |L| 7

with equality if and only if K and L are dilates of each other.
We further establish the following dual Orlicz-Minkowski inequality by means of a
similar method in [47]: Suppose that K € S and ¢ € ®. Then

(2.12) Vy(K,L) > |K| & (('f;')) .

If ¢ is strictly convex, then equality in (2.12)) holds if and only if K and L are dilates of

each other.
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Definition 2.1. Suppose that K € §. Its dual Orlicz surface area §¢(K ) with respect

to a convex function ¢ € ® is defined by

(2.13) Sy(K) = nVys(K,B) =n - d(pr) dVi.
If p(t) =tP, 1 < p < +o0, then §¢(K) turns to §p(K) of the dual L,-surface area of
K. Namely,

Sy(K) =nV_,(K,B) =n phe dVig.
S’n—l

The following Jensen’s inequality will be used in our paper.
Suppose that p is a probability measure on a space X and g: X — I C R is a pu-
integrable function, where I is a possibly infinite interval. Jensen’s inequality states that

if ¢: I — R is a convex function, then

(2.14) [ otatenanta) =6 ([ araut)).

If ¢ is strictly convex, equality holds if and only if g(x) is constant for p-almost all x € X
(see |18]).
Suppose that p # 0, p is a finite Borel measure in a set X, and f is a nonnegative

p-integrable function on X. The pth mean M, f of f is defined by

M, = (pjm / f(x)Pdu(a:))'l’,
Tim My f = max{f(z) : v € X}

and )
lim M, f =e — | log f(x)du(x) | .
iy 3, = exp ([ o ) aut) )
Jensen’s inequality may be stated that: If p < g and M, f exists, then
(2.15) Myf < Mf,

with equality for p # ¢ if and only if f is a constant or if and only if p = ¢ (see |1§]).

3. The minimal dual Orlicz surface area

In order to demonstrate the existence and uniqueness of minimal dual Orlicz surface area,

we first introduce some lemmas.

Lemma 3.1. Suppose that K € S)', ¢ € ® and T € GL(n). Then

S4(TK) = n|T| ¢< PK ) dV.
Sn—1 Pr-1B
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Proof. Let v = <T_1u>. From Deﬁnition and , we have

So(TK) =nlTK| |~ ¢lprx(w)dVir(w)

= n|T||K] (o (T~ u))|T (T~ ) [) AV ((T "))
S’nfl

=alTIIK] [ oo (T ) (T ) aT (7))

—alliK] [ ¢( o)) ) AV (T u))

pregy-((T~1u))

=Tl o <pT13<<T—lu>>> R w)

=il [ o (20 avi)

pr-18(v)

— n|T] ¢< PK ) AV,
Sn—1 PT-1B

as desired. O

Lemma 3.2. [49] Suppose that {T;},.y C SL(n). Then
ITy| =00 = ||T7" = oo
Thus, {T;};cy s bounded from above, if and only if {Tiil}ieN s bounded from above.

Denote
dn(Tl,Tg) = ||T1 — TQH R for Tl,TQ c L.

Then the metric space (£",d,,) is complete. Since £" is of finite dimension, a set in

(£",dy) is compact if and only if it is bounded and closed.

Lemma 3.3. [49] Suppose that {T;},cy C SL(n), and T; — Ty € SL(n) with respect to
dy,. Then
T;B =1yB with respect to gH

Inspired by the work in [4] and [49], we give the following lemma.
Lemma 3.4. Suppose that K € S and ¢ € . Then

lim S,(TK) = cc.
o So(TK) = o0
| T||—o00

From Lemma Lemma (2.10), definitions (2.13)) and (2.7)), we immediately

obtain
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Lemma 3.5. Suppose that K € S and ¢ € ®. Then

lim S,(T 'K)= lim V,(K,TB) = co.
Teér&n) ¢( ) Teér[r}(n) d)( ) >
|| —o0 ||| —o0

According to the previous lemmas in hand, we can show that the minimal dual Orlicz

surface area is well-defined.

Theorem 3.6. Suppose that K € S} and ¢ € ®. Then modulo orthogonal transforma-
tions, there exists a unique solution to the minimization problem
min  Sy(TK).
TeSL(n) ¢( )
Proof. Alternatively, by using dual Orlicz mixed volume, we can reformulate this theorem

as follows: The unit ball B has a unique SL(n) image Ej such that

V,(K, E) = min {%(K, TB):T ¢ SL(n)} :
Observe that the infimum exists, since

1
K\ 7= - -
1K |¢ <<‘w’> > < inf {V¢(K, TB):T ¢ SL(n)} < V,(K,B) < oo,
where the left inequality obtained from the dual Orlicz-Minkowski inequality (2.12)) and
the definition ([2.7)).
Let

A= {T € SL(n) : Vo (K, TB) < Vy(K, B)}.

From Lemma [3.3) and (2.9), ‘7¢(K, T B) is continuous in T' € (SL(n),d,). Thus, the set A
is closed in (SL(n), d,). Meanwhile, the definition of A and Lemma (3.5 guarantee that .4
is bounded in (SL(n),dy). Hence, A is compact.

Since ‘7¢(K ,TB) is continuous on (A, dy,), it concludes that there exists a Ty € A such
that

Vy(K, ToB) = min { Vy(K,TB) : T € A} =inf {V;(K,TB) : T € SL(n) }
This demonstrates the existence of Ey = Ty B.

Now, we prove the uniqueness by contradiction. Assume there are two solutions
T,,T, € SL(n) to the considered problem, and they don’t differ only by an orthogo-
nal transformation. Let Fy = T, !B, By = T, 'B. Tt easily follows that each T € SL(n)
can be represented in the form T = P(Q), where P is symmetric, positive definite and @ is
orthogonal. So, without loss of generality, we may assume that 77, 7T» are symmetric and

positive definite.
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By the Minkowski inequality for symmetric and positive definite matrices, we have

1
T + T no 1 1
[da( 1;‘ 2)] >§(detT1)%+§(detT2)%:1.

Let

1
15 = [det (Tl ;Tz)] » (T ‘;T2)

Then, T3 € SL(n) is symmetric.
Let B3 = T3_1B. For all u € S, we have

he;(u) = hr,p(u)
Tiu+ Thu

< hTI;T2B(U) = 5

< |Tyu| + | Toul _ 1

1
—h —hrB.
< 5 5 T1B+2 T5B

Namely,
1 1 1

< + .
PTg)—lB(“) QPTle(u) 2PT2—1B(U)

Since ¢ is strictly increasing and convex in [0, 00), we have

) PK < ¢ PK 4 PK
Pry'B 2001 207

1 1
e [ I B
2 P 2 PryiB
Thus, by Lemma we have

§¢(T3K)—n/ o | LE ) avg
Sn—l pT:.:lB

<”/ Y S dffK+”/ o LE ) avy
2 Sn—l pTl_lB 2 Sn—l pT2_1B

1~ 1~
= §S¢(T1K) + §S¢(T2K)

= S4(T1 K) = Sy(ToK).
That is,
S¢(T3K> < S¢(T1K> = S¢(T2K>.
However, by the previous assumption on 7} and 75, we have
Se(T3K) > S4(TK) = S4(TuK),

which is a contradiction. The proof is complete. O
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In view of Theorem [3.6] naturally, we introduce the following definition.

Definition 3.7. Suppose that K € §) and ¢ € ®. The quantity
Ay(K) = min {§¢(TK) T e SL(n)}
is called the minimal dual Orlicz surface area of the star body K with respect to ¢.

Obviously, ﬁqg(K ) is SL(n) invariant and a generalization of minimal dual surface area.
If ¢(t) =P, 1 < p < oo, then the notion of minimal dual Orlicz surface area reduces to

that of minimal dual L,-surface area.

4. A characterization of the minimal dual Orlicz surface area

Throughout this section, we impose a condition on ¢ € ®, that ¢ is smooth in [0, 00).
Suppose that K € S and ¢ € ® N C'[0,00), the Borel measure (K, ) on S™! is
defined by

dug(K,-) = ¢/ (pr)plc dS.

For further discussion, we introduce the important notion of isotropy of measures. A
nonnegative Borel measure p on S”~! is said to be isotropic if

/ (u-v)2du(u) = M, for all v € S™ 1.
Sn—1 n

Here, || denotes the total mass of . The definition immediately yields

2 |l
[ aut = 2,

where u; denotes the ith component of the coordinate of u. For nonzero x € R™\ {0}, the
notation x ® x represents the linear operator of the rank 1 on R"™ that takes y to (z - y)x.
It immediately gives that

tr(z @ z) = |z|*

Equivalently, u is isotropic if

[ weudut = Y,
Snfl n

where I, denotes the identity operator on R™. For more information about the isotropy,
we refer to [1}2,4.|13]14.(33].

The next theorem characterizes the star body with minimal Orlicz surface area.

Theorem 4.1. Suppose that K € S, ¢ € ® N C(0,00) and Ty € SL(n). Then the

following assertions are equivalent:
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(i) Ag(K) = Sy(TyK).
(ii) The measure pus(ToK, ) is isotropic on S™~1.

(iii) For all x € R™, the transformation Ty satisfies
o [ Matlonc () (o) Toul) P

T 2 N
- n/sn_l WpK(u)qb’ (pxc(w)|Tou|) dVi ().

Proof. Firstly, we prove the equivalence of (i) and (ii).

Suppose that (i) holds. Since E¢(K ) is SL(n) invariant, we may assume that Tj is the
n X n identity matrix I,.

Let T: R® — R" be a linear transformation. Choose £g > 0 sufficiently small so that
for all € € (—eg, &) the matrix I,, + €T is invertible. For ¢ € (—&g,eq), define

1, T
T. = Lel
|In, + €T |n

Then T, € SL(n). The assumption that Ty = I, and (i) implies that for all ¢,
So(T-K) > Sy(K).

According to the fact 1/pp-15(u) = hrep(u) = [Toul for u € S"~1 together with the
definition of §¢(T€K ), and the equation

(I, + T)u| = 1+ cu - Tu + O(?),

and

T
I, + eT|% =1+ e—— + O(e?),
n

we have

ST =n [ 0 lpr(ITead) Vi

u - u 2 ~
—n/Sn_1¢<pK(u) X L+eu Tut O )> dVi (u).

1+l 4 O(e2)

From the smoothness of ¢ and |T.u| in €, the integrand depends smoothly on . Thus,

d

| SuTE) =0,

e=0
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Calculating it directly, we have

_ 0 l4eu-Tu+0(@E2)\ ~
" /5”1 e £:O¢> (pK(u) 1T e2T 4 O(e2) ) Vi (u)
B / ¢ (prc(u)) (“ Tu— trT) prc(u) dVig (u)
Sn—1 n
1

tr’T
= — Tu — — ) dpe (K, u).
n/sn_1 <u YT ) o (K )

Let v € S" ! and T = v ® v. Using the facts tr(v ® v) = 1 and u - (v @ v)u = (u - v)?,

it gives

K
[ o g = el
Sn—1

n
Thus, ue(K, ) is isotropic on S~ 1.
Next, we show the implication “(ii) = (i)”. The proof will be completed by two steps.

Firstly, for a point a = (a1, ...,a,) € [0,00)", define
Fa)= [ ¢ (px(u)|diag(ar, ..., an)u]) AV (u),
S7L*
where diag(ay,...,a,) denotes n x n diagonal matrix with diagonal elements ay, ..., ay.

We aim to show that

(4.1) F(a) > F(e), whenever H a; = 1.
j=1

Here, e denotes the point (1,...,1).

0

From the smoothness of ¢ and |diag(ay,...,a,)u| in (ay,...,ay,), we have
) & (prc(w) ding(an, .., an)ul) AV (u)
aj

0
F(a :/ —
a=e ( ) Sn—1 aaj a=e

— [ orw)) prc ()2

Sn—1 80,]

\diag(ay, . . ., an)u| dVi(u)

a—e

- /S a3 (pre(w)) prc(w) AV (w),

where (u1,...,u,) denotes the coordinates of u € S"~1. From the isotropy of 1i,(K,-), it
follows that 5 K
J la=e
Thus,
(4.2) vE(e) = el
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It can be checked that the function F': [0,00)" — [0,00) is continuous and convex,
and F(\a) is strictly increasing in A € [0,00), for a € (0,00)". Thus, F~1([0, F(e)]) is
compact, convex and of non-empty interior. Precisely, it is a convex body. Its boundary
is given by the equation F'(a) = F(e) with a € (0,00)™, so implies the vector e is an
outer normal of the convex body F~1([0, F(e)]) at the boundary point e. Consequently,

F7Y[0,F(e)) c{a €R":a-e < n}.

That is to say, for all a € [0,00)", if F(a) < F(e), then a-e < n. In contrast, for all
b= (b1,...,by) € (0,00)™ with by ---b, = 1, the AM-GM inequality yields that b-e > n,
with equality if and only if b = e. Hence, is derived.

Secondly, with in hand, we aim to show that for T € SL(n), §¢(TK) > §¢(K),
with equality if and only if 7" is orthogonal.

Indeed, it is known that each 7' € SL(n) can be represented as T-! = Q~1A~1P,
where P,@Q are n x n orthogonal matrices, and A = diag(aq,...,a,) is diagonal and

positive definite with ajas---a, = 1. So, by Lemma (2.5), (4.1), and Lemma

again, we have

Sp(TK) = n/Snl ¢ (W) Vs (u)

pa-1p(u

w [ o loartu)|Aul) AV (w)

n /S  olpow)] ding(an, .., an)ul) AV (u)

Y

n/SM d(pqr ()| diag(1,. .., 1)u|) dVor (u)

n [ o lbar(w) dVoxt)

S(K).

Equality holds if and only if (aj,...,a,) = (1,...,1), equivalently, if and only if T is

orthogonal. Thus, the implication “(ii) = (i)” is shown.
Next, we prove the equivalence of (ii) and (iii). Let v = <T&1u> € S" 1. From the
definitions of yy (7oK, ) and dual cone-volume measure, (2.3) and (2.5)), we have

dpg(To K, u) = ¢ (pryx (w)) Pl (w) AS (w)
o (AT A

Ty T
= ¢ (pre({Ty ' u))|To (T u) |) P (T ud) | To (Ty ) [ AS((Ty M),

which immediately yields that

/Sn—l pic(0)|Tovl¢ (o (0)| Tow]) dVic (v) = 1o (To K, )|

n
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Meanwhile, for x € R™ we have

x - To Ty ) |2
/S e ul dpg (T K w) = /S | T 2§O?U> |>2‘ ¢ (px ((Ty Mu))|To (Ty tu) )

X P (To u)|To (Ty ) | S (T Ha)

z - Thol? K
= n/sn_l "Tf?”’(b/ (pK(v)’TOUDpK(U) dVK(T})

With these, the equivalence of (ii) and (iii) is shown. The proof is complete. O
A direct corollary of Theorem [4.1] is:

Corollary 4.2. A star body K in Euclidean n-space R™ has the minimal dual surface area
/T(K) among its SL(n) images if and only if its dual surface area measure Sk is isotropic

on the unit sphere S™1.

5. Bounds for the minimal dual Orlicz surface area

In this section, we estimate the minimal dual Orlicz surface area ;Lz)(K ). Theorem
and Theorem give lower bounds. Theorem and Theorem give upper bounds.
Write
A(K) = min {§(TK) T e SL(n)}

for the minimal surface area of K € S]'.
The next theorem shows the relationship between gd)(K ) and A(K).

Theorem 5.1. Suppose that K € S and ¢ € ®. Then

(5.1) Ay(K) > n|K|¢ (ﬁ?) :

If K has an SL(n) image K' such that: (1) Sk is isotropic; (2) pK”suppgK,’ that is, the
restriction of px+ to the support set of Sk, is constant, then equality holds in .

Conversely, if ¢ is strictly convex, then equality in holds only if K has an SL(n)
image K' which satisfies (1) and (2).

Proof. For T € SL(n), recall that

Ss(TK) / o7
H‘K’ - gn-1 ¢(pTK)dVTK?

and ~
S(TK) _
= dVi ..
n\K| /Sn—l PTK TK
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Since ¢ is convex and 1771* i 1s a probability measure, by Jensen’s inequality ([2.14)), we have
S4(TK) - S(TK)
> dVig | = ,
nK| = ¢ /nl prx dVrg | = ¢ K|

which yields (5.1)) by the existence of Z¢(K ) and A(K).

We proceed to prove the equality condition.

On one hand, by the condition (1), we have
A(K) = S(K').
On the other hand, by Theorem the conditions (1) and (2), we know that pg(K’, )

is isotropic. Indeed, let’s assume pg-| =c¢ > 0 (cis a constant), then

suppgK/
! ! 1 / n+1
oB7a) Jou I = Ju O ore () pre ) AS
1
= 571 Jaus u®@udS(u)
=1,.
And then, by Theorem it follows that
(5.2) Ay(K) = Sy(K").

In addition, the condition (2) can be exported that |Vi/| = %|S”_1| and S(K') =
¢t §7=1| By definition of S,(K’), we have

§¢(K/> =n i ¢(PK’)d‘7K’

= AV
w [ eloavi
— 15" o)

= |Vl (S(K/)>

n|K'|
_ S(K')

Together (5.2)) with ([5.3)), it follows that

Ay(K) = By(K) = nl Ko (i (ﬁ)) .

Thus, Ay(K) = n|K|¢ (‘2‘([@)

Conversely, the equality ﬁqg(K ) =n|K|¢ (‘:‘(IIQ), as well as the existence of A(K) and

AV¢(K ), implies that K has two SL(n) images K7 and K5 which satisfy the following:
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(3) Sy(K1) = Ag(K).

(4) So(k1) = nlK]|g (3F2).

(5) For all T € SL(n), S(T'K3) > S(K2), with equality if and only if 7' is orthogonal.

S(K1)
n|K]|

Sk, Sk,
¢ (m) = ¢ (m) |

Since ¢ is strictly increasing, we have S Ky = S K,. With this and (5), we conclude that

The proved inequality §¢(Kl) > n|K|¢ < > together with (4), yields

K, differs from K3 only by an orthogonal transformation. Thus, by minimal dual surface
area theorem (Corollary , we know that S K, is isotropic on S™"~!. Moreover, by the

orthogonal invariance of S and (4), we have

SoI1) = nlKo (ff‘f;f) .

That is,

/ (pK,) dfffél =¢ (/ PK1 d‘7f§1> :
Sn—l Sn—l

Since 17;;1 is a probability measure and ¢ is strictly convex, by the equality condition of

Jensens inequality, it follows that pg, | namely pg, | , is constant. O

supp \7;21 ’ supp §K1

Theorem 5.2. Suppose that K € S and ¢ € . Then

(5.4) F4(K) > nlK]p (('é{)) .

If ¢ is strictly convez, then equality in (5.4) holds if and only if K is an origin-symmetric
ellipsoid.

Proof. Because there is a Ty € SL(n) such that /T¢(K) = §¢(T0K), and the volume-
normalized dual conical measure ‘7;} is a probability measure on S™~!, then by (2.10]),
Jensen’s inequality (2.14)), the integral formulas of L,-dual mixed volume (2.8)), dual
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Minkowski inequality (2.11)), and the fact that ¢ is increasing, we obtain

Ag(K) _ S4(ToK) _ Vy(ToK, B)
n|K]| n|K]| K|

_ PK d‘7*
oo, ) o
o ()

. (17_1(K, To—lB)>

K]

(8

By the equality conditions of Jensen’s inequality (2.14)) and L,-dual Minkowski inequality
(2.11)), and noting that for the linear transformation 7" € SL(n) and an unit ball B, T'B
is an origin-symmetric ellipsoid, it follows that for K € S} equality in (5.4]) holds if and

only if K is an origin-symmetric ellipsoid. O
From the definition of dual Orlicz surface area, it is easily checked that for all » > 0,
Se(rB) = nVy(rB, B) = né(r)|rB|.

We now establish the following dual Orlicz isoperimetric inequality for Ad,(K ). Let
Bk be the origin-symmetric n-dimensional Euclidean ball with |Bg| = |K|. Therefore,
By = rB with r = |K|/"|B|~Y/". Then

(5.5) To(Br) = Su(Bx) = o(r) -nlrB| = o ((’é') ) K.

An immediate consequence of Theorem [5.2] is:

Corollary 5.3 (Dual Orlicz isoperimetric inequality). Suppose that ¢ € ® and K € S,
then

(5.6) A(K) > Ay(Bi).
If ¢ is strictly convex, equality holds if and only if K is an origin-symmetric ellipsoid.

Proof. From Theorem and (5.5)), we have

Ay(K) > nlK|o (('@'))

= Ay(Bk).
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Apparently, if ¢ is strictly convex, equality holds if and only if K is an origin-symmetric
ellipsoid. 0

The dual Orlicz isoperimetric inequality states that for all star bodies with fixed vol-

ume, the origin-symmetric Fuclidean ball has the minimal dual Orlicz surface area for
¢ € ®. If ¢(t) = t? with p > 1, one can even have, by (5.6) of Corollary

200, (1),

with equality if and only if K is an origin-symmetric ellipsoid.

In what follows, we use the dual L.-John ellipsoid discovered in [42] to estimate the
dual minimal Orlicz surface area ﬁqg(K ). Suppose K € KI'. Recall that the dual Loo-
John ellipsoid, EOO, is the unique origin-symmetric ellipsoid of minimal volume ellipsoid
containing K. That is, among all origin-symmetric ellipsoids F, Eoo is the unique one

that solves the constrained maximization problem:

max (FE) g subject to i,oo(K, E) <1,
where i_oo(K, E) = max {%((Z)) tu € S”fl}. Indeed, E K necessarily satisfies ﬁ_oo(K,
EsK) = 1. Write EoK for <\B|/|EOOK|>1/n ExK. As it was shown in |42], Ec K is the

unique SL(n) image of B which satisfies

V_oo(K, ExoK) = min {7_00(1(, TB):T e SL(n)} .
The following lemma is needed in the proof of Theorem
Lemma 5.4. |42] If K € Kf, then for T € GL(n), ETK =TELK.

It is known that the classical Loowner ellipsoid (or Léwner-John ellipsoid) of convex
body K is the unique ellipsoid of minimal volume ellipsoid containing K. Here we denotes
the Lowner ellipsoid of K by JK , since it can be regarded as the dual of the John
ellipsoid JK (the maximal volume ellipsoid contained in K). The Léwner-John ellipsoid is
extremely useful (see, for example, |29] for applications). In fact, if K is origin-symmetric,
then EOOK is the classical Lowner ellipsoid JK of K.

Theorem 5.5. Suppose that K € S} and ¢ € ®. Then

1
[Ewo K] ) "
Bl ’

(5.7) Ag(K) < n|K|o (

with equality if K = E-oK is an ellipsoid centered at the origin.
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Proof. Suppose that T € SL(n) and 1 < p < co. From Lemma Jensen’s inequality
(2.14]), and the definition of 1700, we have

So(TK) _ ( P ) i
n| K| /S"—l ¢ Pr-1B K
. PK P /% %
= plggo </S”—1 i (pT—1B> de)
(5.8) = max {qb <'0K(u) ) tu € Sn_l}
pr-15(u)

=¢ (Vm(K, T—lB)) .

According to the condition of equality in Jensen’s inequality ([2.14)), we see that the equality

in (5.8) holds if and only if there is a constant ¢ > 0 such that px = cpp-15. Namely,
K=1T"1 (CB) is an elhpao1d centered at the origin.
Now, from and the definitions of A¢,( ), EsoK, VC>O and Eo K, it follows that

‘%’(If') < min {¢ (?OO(K, T—lB)) ‘T e SL(n)}

d)(mm{ (K, T7'B): TeSL(n)}>
- ( (K, Eo K))

o((B5) T

B

N 1
B K] )"
=0 :
| B
as desired.

According to conditions of inequality (5.8) and Lemma we see that there is a
constant ¢ > 0 and T € SL(n) such that K = T—1(¢cB) = Ex K is an ellipsoid centered at
the origin. O

A consequence of Barthe’s reverse Brascamp-Lieb inequality (see [3]) is the outer vol-

ume ratio inequality which can be regarded as the dual form of Ball’s volume-ratio in-

equality:

Lemma 5.6. (3] If K is an origin-symmetric convex body in R™, then
K] 2
|JK| ~— n!|B|

with equality if and only if K is a parallelotope.
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If K is origin-symmetric, one precise upper bounds for EQS(K ) can be obtained.

Theorem 5.7. Suppose that ¢ € ® and K is an origin-symmetric convex body in R™.
Then

(5.10) Ag(K) < n|K|¢ ((WQIf’)n)

Proof. Since K is an origin-symmetric convex body in R", it implies that EK = JK.
From Theorem [5.5 and Lemma [5.6] we have

[1]

~ Eok|\" JK\ " K|\
Ay(K) < n|Ko (‘ = ') = nlKlg <‘B|> gn|K¢<("2'n’) ) 0

References

K. Ball, Volumes of sections of cubes and related problems, in Geometric Aspects
of Functional Analysis (1987-88), 251-260, Lecture Notes in Math. 1376, Springer,
Berlin, 1989. http://dx.doi.org/10.1007/bfb0090058

, Volume ratios and a reverse isoperimetric inequality, J. London Math. Soc.
(2) 44 (1991), no. 2, 351-359. http://dx.doi.org/10.1112/jlms/s2-44.2.351

F. Barthe, On a reverse form of the Brascamp-Lieb inequality, Invent. Math. 134
(1998), no. 2, 335-361. http://dx.doi.org/10.1007/s002220050267

J. Bastero and M. Romance, Positions of convex bodies associated to extremal prob-
lems and isotropic measures, Adv. Math. 184 (2004), no. 1, 64-88.
http://dx.doi.org/10.1016/s0001-8708(03)00095-1

F. Chen, J. Zhou and C. Yang, On the reverse Orlicz Busemann-Petty centroid in-
equality, Adv. in Appl. Math. 47 (2011), no. 4, 820-828.
http://dx.doi.org/10.1016/7.aam.2011.04.002

R. J. Gardner, On the Busemann-Petty problem concerning central sections of cen-
trally symmetric convex bodies, Bull. Amer. Math. Soc. (N.S.) 30 (1994), no. 2, 222—
226. http://dx.doi.org/10.1090/s0273-0979-1994-00493-8

, Intersection bodies and the Busemann-Petty problem, Trans. Amer. Math.
Soc. 342 (1994), no. 1, 435-445.
http://dx.doi.org/10.1090/s0002-9947-1994-1201126-7

, A positive answer to the Busemann-Petty problem in three dimensions, Ann.
of Math. (2) 140 (1994), no. 2, 435-447. http://dx.doi.org/10.2307/2118606



http://dx.doi.org/10.1007/bfb0090058
http://dx.doi.org/10.1112/jlms/s2-44.2.351
http://dx.doi.org/10.1007/s002220050267
http://dx.doi.org/10.1016/s0001-8708(03)00095-1
http://dx.doi.org/10.1016/j.aam.2011.04.002
http://dx.doi.org/10.1090/s0273-0979-1994-00493-8
http://dx.doi.org/10.1090/s0002-9947-1994-1201126-7
http://dx.doi.org/10.2307/2118606

[9]

[10]

[11]

[12]

[20]

[21]

The Minimal Dual Orlicz Surface Area 307

, The Brunn-Minkowski inequality, Bull. Amer. Math. Soc. (N.S.) 39 (2002),
no. 3, 355-405. http://dx.doi.org/10.1090/50273-0979-02-00941-2

, Geometric Tomography, Second edition, Cambridge University Press, Cam-
bridge, 2006. http://dx.doi.org/10.1017/cbo9781107341029

R. J. Gardner, D. Hug and W. Weil, The Orlicz-Brunn-Minkowski theory: a general
framework, additions, and inequalities, J. Differential Geom. 97 (2014), no. 3, 427—
476.

R. J. Gardner, D. Hug, W. Weil and D. Ye, The dual Orlicz- Brunn-Minkowski theory,
J. Math. Anal. Appl. 430 (2015), no. 2, 810-829.
http://dx.doi.org/10.1016/j.jmaa.2015.05.016

A. A. Giannopoulos and V. D. Milman, Extremal problems and isotropic positions of
convex bodies, Israel J. Math. 117 (2000), no. 1, 29-60.
http://dx.doi.org/10.1007/bf02773562

A. Giannopoulos and M. Papadimitrakis, Isotropic surface area measures, Mathe-
matika. 46 (1999), no. 1, 1-13. http://dx.doi.org/10.1112/50025579300007518

P. Goodey and W. Weil, Intersection bodies and ellipsoids, Mathematika. 42 (1995),
no. 2, 295-304. http://dx.doi.org/10.1112/50025579300014601

P. M. Gruber, Convex and Discrete Geometry, Springer, Berlin, 2007.
http://dx.doi.org/10.1007/978-3-540-71133-9

C. Haberl, E. Lutwak, D. Yang and G. Zhang, The even Orlicz Minkowski problem,
Adv. Math. 224 (2010), no. 6, 2485-2510.
http://dx.doi.org/10.1016/j.aim.2010.02.006

G. H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities, Cambridge Univ. Press,
London, 1934. http://dx.doi.org/10.2307/3605504

Q. Huang and B. He,On the Orlicz Minkowski problem for polytopes, Discrete Comput.
Geom. 48 (2012), no. 2, 281-297. http://dx.doi.org/10.1007/s00454-012-9434-4

D. A. Klain, Star measures and dual mized volumes, THesis (Ph.D.)-Massachusetts
Institute of Technology, Cambridge, 1994.

, Star valuations and dual mized volumes, Adv. Math. 121 (1996), no. 1,
80-101. http://dx.doi.org/10.1006/aima.1996.0048



http://dx.doi.org/10.1090/s0273-0979-02-00941-2
http://dx.doi.org/10.1017/cbo9781107341029
http://dx.doi.org/10.1016/j.jmaa.2015.05.016
http://dx.doi.org/10.1007/bf02773562
http://dx.doi.org/10.1112/s0025579300007518
http://dx.doi.org/10.1112/s0025579300014601
http://dx.doi.org/10.1007/978-3-540-71133-9
http://dx.doi.org/10.1016/j.aim.2010.02.006
http://dx.doi.org/10.2307/3605504
http://dx.doi.org/10.1007/s00454-012-9434-4
http://dx.doi.org/10.1006/aima.1996.0048

308

22]

[33]

[35]

Tongyi Ma

A. Li and G. Leng, A new proof of the Orlicz Busemann-Petty centroid inequality,
Proc. Amer. Math. Soc. 139 (2011), no. 4, 1473-148]1.
http://dx.doi.org/10.1090/s0002-9939-2010-10651-2

M. Ludwig, General affine surface areas, Adv. Math. 224 (2010), no. 6, 2346-2360.
http://dx.doi.org/10.1016/].aim.2010.02.004

E. Lutwak, Intersection bodies and dual mized volumes, Adv. in Math. 71 (1988),
no. 2, 232-261. http://dx.doi.org/10.1016/0001-8708(88)90077-1

, Centroid bodies and dual mized volumes, Proc. London Math. Soc. (3) 60
(1990), no. 2, 365-391. http://dx.doi.org/10.1112/plms/s3-60.2.365

, The Brunn-Minkowski-Firey theory I: Mixed volumes and the Minkowsk:
problem, J. Differential Geom. 38 (1993), no. 1, 131-150.

, The Brunn-Minkowski-Firey theory II: Affine and geominimal surface areas,
Adv. Math. 118 (1996), no. 2, 244-294. http://dx.doi.org/10.1006/aima.1996.0022

E. Lutwak, D. Yang and G. Zhang, L, John ellipsoids, Proc. London Math. Soc. (3)
90 (2005), no. 2, 497-520. http://dx.doi.org/10.1112/s0024611504014996

, Orlicz projection bodies, Adv. Math. 223 (2010), no. 1, 220-242.
http://dx.doi.org/10.1016/5.aim.2009.08.002

, Orlicz centroid bodies, J. Differential Geom. 84 (2010), no. 2, 365-387.

, Lp-affine isoperimetric inequalities, J. Differential Geom.56 (2000), no. 1, 111-132.

T. Ma and D. Zhang, L,-centroid bodies and its characterizations, Communications
in Mathematical Research 31 (2015), no. 11, 1775-1788.
http://dx.doi.org/10.1007/s10114-015-3140-0

V. D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of
the unit ball of a normed n-dimensional space, in Geometric Aspects of Functional
Analysis (1987-88), 64104, Lecture Notes in Math. 1376, Springer, Berlin, 1989.
http://dx.doi.org/10.1007/bfb0090049

G. Paouris and P. Pivovarov, A probabilistic take on isoperimetric-type inequalities,

Adv. Math. 230 (2012), no. 3, 1402-1422.
http://dx.doi.org/10.1016/j.aim.2012.03.019

C. M. Petty, Surface area of a convex body under affine transformations, Proc. Amer.
Math. Soc. 12 (1961), 824-828. http://dx.doi.org/10.2307/2034885


http://dx.doi.org/10.1090/s0002-9939-2010-10651-2
http://dx.doi.org/10.1016/j.aim.2010.02.004
http://dx.doi.org/10.1016/0001-8708(88)90077-1
http://dx.doi.org/10.1112/plms/s3-60.2.365
http://dx.doi.org/10.1006/aima.1996.0022
http://dx.doi.org/10.1112/s0024611504014996
http://dx.doi.org/10.1016/j.aim.2009.08.002
http://dx.doi.org/10.1007/s10114-015-3140-0
http://dx.doi.org/10.1007/bfb0090049
http://dx.doi.org/10.1016/j.aim.2012.03.019
http://dx.doi.org/10.2307/2034885

The Minimal Dual Orlicz Surface Area 309

[36] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge
University Press, Cambridge, 1989. http://dx.doi.org/10.1017/cbo9780511662454

[37] R. Schneider, Convex Bodies: the Brunn-Minkowski Theory, Second expanded edi-
tion, Cambridge University Press, Cambridge, 2014.

[38] A. C. Thompson, Minkowski Geometry, Cambridge University Press, Cambridge,
1996. http://dx.doi.org/10.1017/cbo9781107325845

[39] D. Xi, H. Jin and G. Leng, The Orlicz Brunn-Minkowski inequality, Adv. Math. 260
(2014), 350-374. http://dx.doi.org/10.1016/j.aim.2014.02.036

[40] D. Ye, Inequalities for general mized affine surface areas, J. Lond. Math. Soc. (2) 85
(2012), no. 1, 101-120. http://dx.doi.org/10.1112/jlms/jdr043

[41]

, Dual Orlicz-Brunn-Minkowski theory: Orlicz o-radial addition, Orlicz L, -dual mized

volume and related inequalities, in: arXiv: 1404.6991v1 [math. MG] 28 Apr (2014).

[42] W. Yu, G. Leng and D. Wu, Dual L,, John ellipsoids, Proc. Edinb. Math. Soc. (2) 50
(2007), no. 3, 737-753. http://dx.doi.org/10.1017/50013091506000332

[43] G. Zhang, Centered bodies and dual mized volumes, Trans. Amer. Math. Soc. 345
(1994), no. 2, 777-801. http://dx.doi.org/10.1090/s0002-9947-1994-1254193-9

, A positive solution to the Busemann-Petty problem in R*, Ann. of Math.
149 (1999), no. 2, 535-543. http://dx.doi.org/10.2307/120974

[45] _ | Dual kinematic formulas, Trans. Amer. Math. Soc. 351 (1999), no. 3, 985-995.

[46] G. Zhu, The Orlicz centroid inequality for star bodies, Adv. in Appl. Math. 48 (2012),
no. 2, 432-445. http://dx.doi.org/10.1016/j.aam.2011.11.001

[47] B. Zhu, J. Zhou and W. Xu, Dual Orlicz-Brunn-Minkowski theory, Adv. Math. 264
(2014), 700-725. http://dx.doi.org/10.1016/j.aim.2014.07.019

[48] D. Zou and G. Xiong, The minimal Orlicz surface area, Adv. in Appl. Math. 61
(2014), 25-45. http://dx.doi.org/10.1016/j.aam.2014.08.006

[49] — | Orlicz-Legendre Ellipsoids, in: arXiv: 1408.6719v1 [math. MG] 24 Aug
(2014). http://dx.doi.org/10.1007/512220-015-9636-0

Tongyi Ma

College of Mathematics and Statistics, Hexi University, Zhangye, Gansu 734000,
P. R. China

E-mail address: matongyi@126.com, matongyi_123@163. com


http://dx.doi.org/10.1017/cbo9780511662454
http://dx.doi.org/10.1017/cbo9781107325845
http://dx.doi.org/10.1016/j.aim.2014.02.036
http://dx.doi.org/10.1112/jlms/jdr043
http://dx.doi.org/10.1017/s0013091506000332
http://dx.doi.org/10.1090/s0002-9947-1994-1254193-9
http://dx.doi.org/10.2307/120974
http://dx.doi.org/10.1016/j.aam.2011.11.001
http://dx.doi.org/10.1016/j.aim.2014.07.019
http://dx.doi.org/10.1016/j.aam.2014.08.006
http://dx.doi.org/10.1007/s12220-015-9636-0

	Introduction
	Preliminaries
	The minimal dual Orlicz surface area
	A characterization of the minimal dual Orlicz surface area
	Bounds for the minimal dual Orlicz surface area

