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Nehari Type Ground State Solutions for Asymptotically Periodic

Schrodinger-Poisson Systems

Sitong Chen and Xianhua Tang*

Abstract. This paper is dedicated to studying the following Schrédinger-Poisson sys-
tem

—Au+V(z)u+ K(x)¢(z)u = f(z,u), = €R?

—A¢ = K(x)u?, r € R3,

where V(z), K(z) and f(z,u) are periodic or asymptotically periodic in . We use the
non-Nehari manifold approach to establish the existence of the Nehari type ground
state solutions in two cases: the periodic one and the asymptotically periodic case, by
introducing weaker conditions limy_, ., (fg flx,s) ds) /|t|?> = oo uniformly in x € R3
and

f@,7) [l tr)

- sign(1 —t) + 6oV ()

1 — ¢
>0
T3 (t1)3

(tr)z =

with constant 6y € (0,1), instead of lim;_, (fot f(z,s) ds) /[t|* = oo uniformly in

Ve eR3 t>0 7#0

x € R3 and the usual Nehari-type monotonic condition on f(z,t)/[t|>.

1. Introduction

In this paper we are concerned with the existence of ground state solutions for the nonlinear

system

—Au+V(z)u+ K(x)p(x)u = f(z,u), z€R3,

(SP)
~N¢ = K(z)u?, T € R3,

where V, K: R? — R and f: R? x R — R satisfy the following basic assumptions, respec-
tively

(V0) V € L>®(R3) and inf,cps V() > 0;
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(KO) K € L®(R3), 0 < K(x) < Koo, Vo € R? and K(z) # 0;

(FO) f € C(R® x R,R), f(x,t) = o(|t|) as t — 0, uniformly in z € R3, and there exist
constants Cop > 0 and k € (2,6) such that

f(z,1)] < Co (1 + |t|”_1> , V(x,t) R xR
Under assumption (VO0), the set

E= {u c H\(R®): /R (|vu|2 + V(a&)u2> do < +oo} 7

is a Hilbert space equipped with the norm

| = (/R (1Vul? + V() dx> v

It is well known that the Poisson equation is solved by using Lax-Milgram theorem. Indeed,
as we shall see in Section [2| for every u € E, a unique ¢, € D?(R3) is obtained, such
that —A¢ = K(x)u? and so (SP) can be reduced to a single equation with a non-local

term

(1.1) — Au+V(z)u+ K(x)py(x)u = f(z,u).

Moreover, (|1.1]) is variational and its solutions are the critical points of the functional ®

defined on E by

(1.2)  P(u) = ;/Rd (]Vu\Q + V(x)uQ) dz + % » K(z)py(x)u®dx — /R3 F(z,u)dex,

where F(z,t) fo x,s)ds. Define
(1.3) N:={ueE:{?(u),u)=0u#0},

which is the Nehari mainfold of ®.

System , also known as the nonlinear Schrodinger-Maxwell system, has a strong
physical meaning because it appears in quantum mechanical models (see e.g., [5,6,/15])
and in semiconductor theory [4,/19,[21]. For more details in the physical aspects, we refer
the readers to [3,4]. Note that when ¢ = 0, reduces to the well-known Schrodinger
equation, which has been studied extensively in the last two decades, see for example
[9-11},/18,[22}23,[30-33] and the references therein.

In recent years, there have been enormous results on existence, nonexistence and mul-
tiplicity of solutions for systems like under various hypotheses on the potential and
the nonlinearities. The greatest part of the literature focuses on the study of Problem
with V(z) = 1 or V(z) = V(|z|), and f(z,u) = [ulP " u or f(z,u) = a(z)|ulP~' v with
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p € (3,5), see e.g., [1,27,[12}24135]. Moreover, in [2,7,35], the existence of ground state
solutions was obtained in several situations, where V(z) = 1 or lim|; | V(z) = 1, and
f(z,u) = [ufP u with p € (3,5). We refer to [8,13,/14,26] and the references therein for
other cases.

When the potential and the nonlinearity are periodic, that is V and f satisfy
(V1) V € C(R3,(0,00)) and V() is 1-periodic in x1, x9 and 3;
(F1) f(z,t) is l-periodic in x1, x9 and x3;

as far as we know, there are only two papers [27},35] dealing with the existence of ground
state solutions to (SP)) with K = 1. Indeed, using the Nehari manifold approach, Zhao
and Zhao [35] proved an existence theorem in the case when f € C! and f, f, satisfy some
suitable conditions. When only f € C, because N’ may not be a manifold, the arguments
based on the Nehari manifold approach become invalid. Sun and Ma [27] adopted a
technique developed in [28,29] to prove that has a ground solution if V' and f satisfy
(V1), (F0), (F1) and the following two assumptions:

(Ne) f(z,t)/|t]® is increasing in t on R\ {0} for every = € R3;
(QF) limyy o0 F(2,1)/[t|* = oo uniformly in = € R,

We point out that assumption (Ne) is very crucial in [27]. In fact, the starting point of
their approach is to show that for each v € E'\ {0}, the Nehari manifold AV intersects E in
exactly one point m(u) = t,u with ¢, > 0. The uniqueness of m(u) enables one to define
a map u +— m(u), which is important in the remaining proof. If ¢t — f(x,t)/\t\?’ 18 not
strictly increasing, then m(u) may not be unique and their arguments become invalid. This
paper intends to address this problem caused by the dropping of this “strictly increasing”
condition on f. Motivated by the works [27,35], we will use the non-Nehari manifold
approach developed by Tang [32,33] to generalize and improve the results obtained in [27]
by relaxing (Ne) and (QF) to the following assumptions:

(F2) there exists 6y € (0,1) such that
(1.4)
flz,m)  fla,t7)

™ (tT)3

‘1_t2|>0 VzeR3 t>0, 740
(tT)2 —— € ) 77—

sign(l1 —1t) + 6pV (x)
and

(F3) limp—oo F(x,t)/|t]* = co uniformly in = € R3,

respectively. Unlike the Nahari manifold method and the one used in [27], our approach
lies on finding a minimizing Cerami sequence for ® outside N by using the diagonal

method, see Lemma [2.5
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Obviously, (|1.4)) is equivalent to

flm)

flz,tr)
"~ e T 0V (@) 2 20, 0<t=l, VzeR?, T#£0,
f((li;fg) f(xT)+9 V(x)l(f 52 =0, t>1,
2
fan) Jem gyl o0 g s,
T 7l? |§;| Ve eR’, >0, 7#0.
[ — 18 4 00V (2) (g 2 0, 7 <t

Since V(x) > 0 for all € R3, it follows from (1.5 that (F2) is much weaker than (Ne).
Furthermore, there are many functions satisfying (F1)—(F3), but not (Ne). We give the

following example. For simplicity, we assume that V(z) = 1.

Example 1.1. f(z,7) = b(z) |7|> 7+|7| 7/2 for all (x,7) € R3 xR, where b(z) is 1-periodic
in 1, x5 and z3 and infgs b > 1.
It is easy to see that f satisfies (F1) and (F3), but not satisfy (Ne). Next, we show

that f satisfies (F2). By elementary computations, one has

{f (f;f) _ Ef;;; )} sign(1— 1) + GOV(:U)“(;;;}
16 =ba) -l - G , =
. ‘(1;)5 [b(m) e - Lt v+ 0|, veeR® t>0, 740
Note that
742 = Lirlt + 00(1+1) > (60— 3) ¢, I <1, Vit >0,

P82 = Lzt + 001 +1) > (t|r| = 1) * + 00— &, [7]>1, VE>0,
then (|1.6) implies that f satisfies (|1.4) with 6y = 1/2.

In addition, (F3) is much weaker than (QF). Here, we give a nonlinear function sat-
isfying assumptions (F1)—(F3), but they do not satisfy (Ne) and (QF). We assume that
V(z)=1.

Example 1.2. f(z,7) = b(z)r3 — |7[¥?7 + |7| 7 for all (z,7) € R3 x R, where b(z) is
1-periodic in x1, x2 and z3 and infgs b > 0.

Clearly, f satisfies (F1) and (F3), but does not satisfy (Ne) and (QF). Next, we show
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that f satisfies (F2). It is easy to check that

2
[f(f:’f) — fgf;;;—)} sign(l —t) + 6V () ‘1(t7_>t2 |
I e N L
W N '”‘lf; el T ()2
- |1<;:>2 | (17172 = (14 2172) |t 4 6o (1 + £/2) (1 4 1)
1=

i) h(t,|7]), Yz cR3 t>0,1#0.

By elementary computations, for any ¢ > 0, we have

41+ t1/2)2
h(t,r) > minh(t,[r]) = h(t, ) with m = AQ+¢ /%)

9t ’
and so
h(t,|7|) > —%(1 + 723 4 00(1 + tY/2)(1 + ¢)
4 8 4

— 1/2 = > 1/2 =

(s (1+1 )K@O 27)t S +(90 27)]
2700 — 4 4 2 16
SIS I VR Y R I (2 V0 1-— .
L+ —7 200—4) T 270, —4)?

Hence, (1.7) and ([1.8)) imply that f satisfies (1.4]) with 6y = 1/3.
Before presenting our theorems, in addition to (V0), (V1), (K0) and (F0)—(F3), we

introduce the following assumption:
(K1) K € C(R* RT) and K (z) is 1-periodic in @1, x2 and z3.

Now, we state the first result of this paper. In the periodic case, we establish the

following theorem.

Theorem 1.3. Assume that V, K and f satisfy (V1), (K1) and (FO)—~(F3). Then Prob-
lem (SP)) has a solution ug € E such that ®(ug) = infpyr & > 0.

Next, we assume that V(z) is asymptotically periodic. In this case, the functional ®
loses the Z3-translation invariance. For this reason, many effective methods for periodic
problems cannot be applied to asymptotically periodic ones. To the best of our knowledge,
there are no results on the existence of ground state solutions for when V(z) is
asymptotically periodic. In this paper, we present new tricks to overcome the difficulties
caused by the dropping of periodicity of V' (z).

Instead of (V1), (K1) and (F1), we make the following assumptions.
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(V2) V(z) = Vo(x) + Vi(z), Vo, Vi € C(R3,R), Vo(z) is 1-periodic in 1, 2o and x3, and
—Vo(z) < Vi(z) <0 for x € R?, limy, oo Vi(z) = 0;

(K2) K(r) = Ko(z) + K1(x), Ko, K1 € C(R3,R), Ko(z) is 1-periodic in z, xo and w3,
and —Ko(z) < Ki(z) <0 for 2 € R?, limyo K1(z) = 0;

(Fl,) f(‘/l:’t) = fo(.T,t) +fl($’t)7 fO € C(Rg X RaR)v fo(.I,t) is 1—periodic in x1, r2 and 3,
and for any x € R3, ¢t > 0 and 7 # 0

f0($77—) - fo(.%‘,tT)

73 (tT)3

1 -2

(1.9) ot

sign(1 — 1) + Vo(a) > 0;

f1 € C(R? x R, R) satisfies that
—Vi(2)t? + 2Fy(x,t) > 0, |fi(z,1)] < a(x) (\t\ n ‘t‘ng—l) 7

where Fi(x,t) = fg fi(z,s)ds, ko € (2,6) and a € C(R*, RT) with limy,_, a(z) = 0.
We are now in a position to state the second result of this paper.

Theorem 1.4. Assume that V, K and f satisfy (V2), (K2), (F0), (F1"), (F2) and (F3).
Then Problem (SP|) has a solution ug € E such that ®(ug) = infyr & > 0.

The paper is organized as follows. In Section [2, we introduce some notations and
preliminaries. We complete the proofs of Theorems and [I.4] in Sections [3] and [
respectively.

Throughout this paper, we denote the norm of L*(R?) by [lul|, = ([fgs |u|® dz) Y5 for
s> 2, By(z) = {y ER3:|y—2x| < r}, and positive constants possibly different in different
places, by C1,Co, .. ..

2. Notations and preliminaries

Hereafter, H'(R3) is the usual Sobolev space with the standard scalar product and norm

(u,v) 1 :/ (VuVo +uwv)dz, ||lulF :/ (|Vu]2+u2> dz,
R3 R3

and
DY (R?) = {u e LY(R?) : Vu € L*(R*)}

equipped with the norm defined by

2 2
iy = [ |19 o
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It is easy to show that (SP]) can be reduced to a single equation with a non-local term.
Namely, for any Ku? € L (R?) such that

loc
2 2
//u@)u(y)dxdy@q
R3 JR3 |x—y|

K(y)u*(y) , 1
R [Ty |z

the distributional solution
(2.1) Pu(w) =
of the Poisson equation

~A¢ = K(z)u?, zecR3

belongs to D'2(R3) and is the unique weak solution in DV2(R3) (see e.g., [25] for more
details), and

(2.2) V¢, Vode = K(z)u*vdz, VYve H'(R?),
3 R3

R
Muzxuz x = T :L‘u2 €T
(23) L, [ S @) dedy = [ K@)yl as

Moreover, ¢, (z) > 0 when u # 0, because K does (see (K0)). By using Hardy-Littlewood-
Sobolev inequality (see |16] or [17, p. 98]), we have the following inequality:

[u(z)v(y)] 8v/2 6/5 (T3
ea [ [ P ey < 22 fullggs el o € LR,

Formally, the solutions of (SP)) are then the critical points of the reduced functional ([1.2)).
Indeed, (V0), (K0), (FO) and (2.4) imply that ® is a well-defined of class C! functional,
and that

(2.5) (P (u),v) = - (VuVo + V(z)uv) dz + /RS [K(x)py(z)u — f(z,u)]vdz.

Hence if u € E' is a critical point of ® , then the pair (u,¢,), with ¢, as in (2.1)), is a

solution of (SPJ.
Lemma 2.1. Under assumptions (V0), (K0), (F0) and (F2),

(2.6)  ®(u) > B(tu) + - (@ (u), u) + (1= QO)S — ) ul?, YueE, t>0.
Proof. For any z € R3, ¢ >0, 7 # 0, (F2) yields
1 ;t47f(a;,7) + F(x,tr) — F(x,7) + 902(@ (1—1t2)%r2
Yif(x, T fx, st 1—s2
(2.7) _/t [ (f3 ) _ E§T§3) +90V(1‘)(<37_)82) s*rhds

> 0.
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Note that
—1u2 1 x) Py (z)u” dr — x,u)dw
(28) b) = 3l + 5 [ K@ouenlds = [ P
and
/uu:uz xuxu2 Tr — r,u)udx.
(29) (@) =l + [ K@ou@nde= [ feuua

Thus, by (2.7)), (2.8) and (2.9)), one has

42 _
D(u) — P(tu) = 1Tt Jul|® + th /RS K (2) by (x)u® dx +/ [F(z,tu) — F(z,u)] dx

R3
11—t 1—1t2)?
= @y + E
[1—¢*
+/ flz,w)u+ F(z,tu) — F(z,u) | dz
g3 | 4
11—t 1—00)(1 —t?)?
> L0 (@) T
r 4
— 0
+ / L 4t f(z,w)u+ F(z,tu) — F(z,u) + 0‘1(«%’)(1 — 322 | dz
R3
11—t 1—6p)(1 —t%)?
> LD @y + O e s
This shows that (2.6)) holds. O

Corollary 2.2. Under assumptions (VO0), (K0), (F0) and (F2), for u e N

(2.10) O(u) = max O (tu).

Unlike the super-cubic case (i.e., f satisfies (QF)), to show N # ) in our situation, we
have to overcome the competing effect of the nonlocal term. To this end, we define a set

A as follows:
A= {u €eE: / [V(z)u® + K(2)puu® — flz,u)u] dz < 0} :
R3

Lemma 2.3. Under assumptions (VO0), (K0), (F0), (F2) and (F3), A # 0 and N C A.
Then, for any u € A, there exists a unique t(u) > 0 such that t(u)u € N.

Proof. First, we show that A # (). From (2.4) and Sobolev imbedding theorem, there
exists C1 > 0 such that [ps ¢yu?ds < Cy |u|* for all u € E. For any fixed u € E with
u # 0, set ug(x) = u(tx) for t > 0. By (V0) and (KO0), one has

/RS [V(w)(tut)2 + K(J:)gb(tut)(tut)2 — f(x,tut)tut] dz

t~ e tu)t
(211) =t‘1/ Vil de + 17 [ K w)gal de - [ LTI,
R3

R3 R3 t3

_ _ ft e, tu)tu
< Voot ulf + Gkt = [ L0
R

xz,
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where Vi = sup,egs V(). Note that for u(z) # 0, F(t~ 'z, tu)/[tu]® — 400 as t — 400
uniformly in # € R? by (F2), and (2.7) with ¢ = 0 yields

QQV(.%')
4

1
(2.12) Zf(w,T)T—F(l‘,T)—I- >0, VeeR3 1€R,

then we have

ft 1z, tu)tu
Jtuf’

Thus, it follows from (V0), (K0), (2.11)) and (2.13]) that

(2.13) — 400 ast — +oo uniformly in z € R3.

/ [V (z)(tue)® + K(x)qﬁ(tut)(tut)2 — [z, tup)tuy] dz — —o0  as t — +oo.
R3

Thus, taking v = Tur for T large, we have v € A. Hence, A # (). From , it is easy to
see that A C A.

Next, we prove the last part of lemma. Let u € A be fixed and define a function
g(t) :== (®'(tu), tu) on [0,00). By (F2), one has

(2.14) f(z,tr)tr > f(z, 7)1t — oV (2)(t* — 1)(t7)%, Vz eR? t>1, 7 €R,

which yields

[ 100V )07 + K@ 672 = 1o m)er]

(2.15) R

< t4/ 00V (2)7% + K (2)¢,7° — f(x,7)7] dz, VE>1, 7 €R.
RS

From ([2.5) and ([2.15)) it follows that

g(t) < 12 HuH2 + t4/ [V(:lc)u2 + K(av)qbuu2 — f(x,u)u] dx

(2.16) R

- 90t2/ V(z)u*dz, Vt>1.
R3

Using (F0), and (2.16)), it is easy to verify that g(0) = 0, g(¢) > 0 for t > 0 small and
g(t) < 0 for t large due to u € A. Therefore, there exist a tg = t(u) > 0 so that g(tp) =0
and t(u)u € N'. We claim that ¢(u) is unique for any u € A. In fact, for any given u € A,
let t1,t5 > 0 such that g(t1) = g(t2) = 0. Jointly with (2.6)), we have

(-0 =1
L |
1

t—t
4t
(1 —60)(t — 13)
4t

<I>(t1u) > CI)(tQU) +

<<I>’(t1u), t1u> +

(2.17)

2
= ®(tau) + [
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and
ty —td 1—600)(t3 —t3)?
®(tau) > ®(t1u) + 24t4 L (@' (tau), tau) + ( Ozl(tf i [w|?
(2.18) a 29 2 ) 2
= ®(tyu) + 022 — U lu|?.
(2.17) and (2.18) imply ¢; = t2. Hence, t(u) > 0 is unique for any u € A. O

Lemma 2.4. Under assumptions (V0), (KO0), (F0), (F2) and (F3), then

inf ®(u):=c= inf max®(tu)>0.

ueN u€A,u#£0 t>0
Proof. Both Corollary and Lemma [2.3|imply that ¢ = inf,ep 40 max;>o ®(tu). Using
Lemma [2.1] it is easy to see that ¢ > 0. O

Lemma 2.5. Under assumptions (V0), (K0), (F0), (F2) and (F3), there exist a constant
¢x € (0,c] and a sequence {u,} C E satisfying

(2.19) D(un) = cxy || (un)|| (1 + [Juall) = 0.

Proof. By (F0) and , we know that there exist dp > 0 and pg > 0 such that
(2.20) D) > po, ull = do.

In view of Lemmas 2.3 and we may choose vy € N C A such that

1 1
(2.21) c—%<<1>(vk)<c+%, keN.
Using Lemma and (2.20)), it is easy to check that ®(tvg) > po for small ¢ > 0 and
O (tvg) < 0 for large t > 0 due to vy € A. Since ®(0) = 0, then the Mountain pass Lemma

implies that there exists a sequence {ukv"}nGN C F satisfying
(2.22) D(upp) = rs [P (urm)|| 1+ lugmll) =0, k€N,

where ¢, € [po, sup;>q ®(tvg)]. By virtue of Corollary one has ®(vy) = sup;>q ®(tvy).
Hence, by (2.21)) and (2.22), one has

1
22) B e ety ), (@) 0+ fual) 20, BEN
Now, we can choose a sequence {n;} C N such that
1 1
(2.24) @(ukmk) S [po,C—l— ]C) , HCI)/(uk:nk)H (1 + Huk,nkH) < %, k € N.

Let up = ug p,, k € N. Then, going if necessary to a subsequence, we have

D (un) = ¢ € [po,c],  ||®(un)|| (1 + llun]]) — 0. O
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Lemma 2.6. Under assumptions (V0), (K0), (FO0), (F2) and (F3), any sequence {u,} C E
satisfying (2.19) is bounded in E.

Proof. By Lemma [2.1] one has
1 -6

1
et 0(1) = @(un) = 7 (P (un), tn) > — = [lun||*.
This shows that sequence {u,} is bounded in E. O

Next, we prove the minimizer of the constrained problem is a critical point, which

plays a crucial role in the asymptotically periodic case.

Lemma 2.7. Under assumptions (VO0), (K0), (F0), (F2) and (F3), ifugp € N and ®(up) =

¢, then ug is a critical point of .

Proof. Assume that ug € N, ®(up) = ¢ and ®'(ug) # 0. Then there exist § > 0 and ¢ > 0
such that

(2.25) lu—uol| €30 = ||®'(u)]| > 0.

In view of Lemma [2.1] one has

2
(tug) < P(up) — o ]|®

1—6p)(1 —t?)?
_eo O)i )Huon, Vt>0.

(1—-60)(1—1%)
(2.26) 4

For € := min {3(1 —0) ||uol|* /64,1, 95/8}, S := B(ugp,9), |34, Lemma 2.3] yields a defor-
mation n € C([0, 1] x E, E) such that

(i) n(l,u) =uif ®(u) < ¢ — 2 or ®(u) > ¢+ 2¢;
(i) n (1,9 N B(ugp,d)) C ®¢;
(iii) ®(n(1l,u)) < ®(u), Vu € E;
(iv) m(1,u) is a homeomorphism of E.
By Corollary O (tug) < ®(up) = ¢ for ¢ > 0, then it follows from (ii) that
(2.27) S(n(l,tug)) <c—e, Vt>0,|t—1] <d/|uol -
On the other hand, by (iii) and , one has

D(n(1,tug)) < P(tup)

_ _42)2
(2.28) <c- U Ho)il t) ol
<c— wj

- 4

VE>0, [t—1] > 6/ |uoll.
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Combining (2.27)) with ([2.28]), we have

(2.29) max  P(n(1,tug)) < c.
te[1/2,V/7/2)

We prove that n(1,tug) NN # () for some t € [1/2,1/7/2], contradicting to the definition
of c. Define
W (t) := (@' (tug), tug), W1(t) := (D' (n(1,tug)),n(1,tug)), Vt=>0.

Since ug # 0, it follows from (iv) that n(1,tug) # 0 for all ¢ > 0. By Lemma [2.3 and the
degree theory, one can derive that deg(W¥q, (1/2,1/7/2),0) = 1. It follows from and
(i) that n(1,tug) = tug for t = 1/2 and t = /7/2. Thus, deg(¥,(1/2,v7/2),0) =
deg(Vo, (1/2,4/7/2),0) = 1. Hence, ¥;i(ty) = 0 for some to € (1/2,/7/2), that is
n(1, toup) € N, which is a contradiction. O

3. The periodic case

In this section, we give the proof of Theorem

Proof of Theorem [1.3] Lemma implies the existence of a sequence {u,} C FE satisfying
(2.19), then

(3.1) P(up) = ¢ >0, (®'(up),un) — 0.

By Lemma {un} is bounded in E. If

0 := lim sup sup / ]un]2 dx =0,
Bi(y)

n—oo yeR3

then by Lion’s concentration compactness principle [20] or [34, Lemma 1.21], u, — 0 in
L5(R?) for 2 < s < 6. Moreover, there exists Cy > 0 such that |lu,|l, < Ca. By (F0), for
€ = ¢, /203, there exists C: > 0 such that

1 «
(3.2) lirnsup/ —f(z,up)up, — F(z,u,)|dz < §€C'22 + C: lim |u,||f = 3¢ .
n—oo JR3 2 2 n—00 K 4
By (KO0), (2.3) and (2.4), we have
K(z)K
limsup [ K (2)¢u, (z)u? dz = lim sup/ Mui(x)ui(y) dady
n—oo JR3 n—oo JR3 JR3 |l‘ - y|
2 2
< Kgolimsup/ / dedy
(3.3) n—oo Jrs Jrs |7 — Y

< C K2 limsup Hun||4112/5
n—oo

=0,
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where and in the sequel, C; = 8/2/3¢w. From (1.2), [2.5), (3.1), (3.2) and (3.3)), one has

e = B(un) — % (& (un), wn) + o(1)

1 1
1 [ K@ [ | fnu, - Fa)]| do+ o)
< 32* +o(1).

This contradiction shows § > 0.

Going if necessary to a subsequence, we may assume the existence of k, € Z3 such
that

1)
(3.4) / un|? dz > .
Bs(kn) 2
Let vy (x) = un(x + ky). Then
0
(3.5) / o2 dz > 2.
B5(0) 2

Since V(z), K(z) and f(x,u) are periodic on x, we have
(3.6) D(vn) = ¢ € (0,¢],  ||®(vp) || (1 + [Jonll) — 0.

s (R3), 2 < s <6 and
vp(z) = v(z) a.e. on R3. Thus, (3.5)) implies that ¥ # 0. For every ¢ € C§°(R3), we have

Passing to a subsequence, we have v, — v in F, v, — v in L}

(9'(v),¢) = lim (®'(vy), ) = 0.

Hence ®'(v) = 0. This shows that © € A is a nontrivial solution of Problem (SP)) and
®(v) > c. It follows from (F2), (3.6) and Fatou’s lemma that

.= tm [6(n) = § (@0n).00)]

n—oo 4

1-6 0 1 0V
= tim {55 ol + ol + [ Ao, = Pl + 252 0o
n—00 4 R3

4 4

.. . 2
> timin (1= 60) o + 60 ol 12

1
+ lim inf/ [f(x, Un)op — F(x,vy) +
s 4

n—o0

QOZ(ZE) U,?L:| dx

> 4o+ [ |G- P ao
— B(m) — i (¥ (0),) = B(D).

This shows that ®(7) < ¢ and so ®(v) = ¢ = infyr & > 0. O
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4. The asymptotically periodic case

In this section, we have V(z) = W(x) + Vi(z), K(z) = Ko(z) + K1(z) and f(x,u) =
fo(x,u) + fi(z,u). Define functional @ as follows:

_1 u2 2u?) dr 1 MUQl'uQ T
(4.1) (I)O(U)_z/IW(’V "+ Volw) >d +4/RB s T —v] (z)u”(y) dzdy

—/ Fo(x,u)dz, wue€E,
R3

where Fo(z,u) := [ fo(z,s)ds. Then (V2), (K2), (F0) and (F1') imply that ®, €
CY(E,R) and

Ko(z)Ko(y) o

(P (u),v) = /W (VuVo + Vo (z)uw) dz + /11{3 S P u?(x)u?(y) dedy

(4.2)
_/ folz,u)vdz, wu,veE.
R3

Lemma 4.1. Under assumptions (V0), (V2), (K0), (K2), (F0) and (F1'), if u, — 0 in
E, then

(4.3) lim Vi(z)u?dz =0, lim Vi(z)upvder =0, YveE,
n—oQ R3 n—oo R3
(4.4) lim Fi(z,up)dx =0, lim filz,up)vde =0, VYveE,
n—oo R3 n—oo R3

(4.5)  lim K1 ()¢, (x)u2 dz = 0, hm Ki(z)pu, (x)upvdr =0, VveE,

n—oo JR3 R3
(4.6) nl;ngo o S Wui(m)ui(y) dzdy =0
and
(4.7) lim K@) Kaly) U (x)v(z)ul(y)dedy =0, Vv € E.

n—o0 Jr3 JR3 |z —y

Proof. 1t follows from the fact u,, — 0 in E that {|ju,||} is bounded, u,, — 0 in L{ (R3),
2 < s <6 and u,(z) — 0 a.e. on R3. For any ¢ > 0, by (V2), there exists R. > 0 such
that |Vi(z)| < e for |x| > R.. Hence,

/ Vi) do =/ |v1<x>|uidx+/ Vi ()] 2 da
R3 Br_(0) R3\Bg, (0)

48 < sup |Vi(z)| uid:c—i—s/ u? dz
(4.8) 2€R? Br. (0) E3\Bp, (0)

< o(1) + ¢ [|unl3
<o(1) 4+ Cie.
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For any v € FE, it follows that

49 [ @l [ [ meda [ meree] <o o

Since £ > 0 is arbitrary, then (4.8) and (4.9) imply that (4.3) holds. Similarly, by (F1'),
one can prove that (4.4) holds also. From (KO0), (2.1) and (2.4), we have

2 3. _ |K1(90)’K(Z/)u2 )2 .
L@l on@ndas = [ ] S il ) dedy
(4.10) < Koo /IR{S/W”(1 ‘xy’) n¥) 4y dy

5/6
<Gl | [ 1@ ) | .

where C; = 8+/2/3¥/x, and for any v € E
/ | K1(z)pu,, (x)upv| dx —/ / ’Kl ]un( v (x)\u%(y) dxdy
R3 JR3 \95 - y\
< K. / / |Ky(x Ju()|up (y) dzdy
R3 JR3 \30 —yl

5/6
<Gl | [ 10@un@e@) o]l

(4.11)

5/12
<C1 Ky {/5 K () ()] 2/° diﬂ} [vll12/5 HunH%2/5'

Since limy|_o0 [K1(2)| = 0, similar to the proof of (4.8)), it follows from ([4.10) and (.11
that (4.5 holds. Similarly, by (2.4} -, we have

|K1 Yl o 2 dedy < C K 6/5 12/5 4 5/3
(4.12) Uy, (7)uy, (y) dzdy < Cy | K ()7 |un (2)] T
R3 JR3 |a:—y\ R3
and for any v € B
K
[ [ O )i ) asay
R3 JR3 |9C—Z/|

@1y <[ @@ B [ @I )2 | "

5/12 5/6
< | [ i) as] [/3\Kl<x>rﬁ/5run<x>\”/5dx] ol

Since limy;| o \Kl( )| = 0, similar to the proof of ([4.8), it follows from (4.12)) and ( -

that (4.6 and ) hold.

Remark 4.2. If the functions Vi(x), K1(z) and tfi(z,t) are sign-changing, the conclusions
in Lemma [ still hold.
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Proof of Theorem [[4] Lemma [2.5implies the existence of a sequence {u,} C E satisfying

[£-19), then

D(up) — c4, <<I>/(un),un> — 0.

By Lemma {u,} is bounded in E. Passing to a subsequence, we have u,, — @ in F
and u,(r) — u(z) a.e. on R3. There are two possible cases: (i) @ = 0; (ii) @ # 0.

Case (i): w = 0. Then u, — 0 in E, and so u,, — 0 in L{ (R3), 2 < s < 6 and
un(z) — 0 a.e. on R3. Note that

(4.14) lul? = / (yw\ + Vo(z)u )dx+/ Vi(z)u?dz, wue€E,
Do(u) =P —/V1 udx—/Kl )ou(z udx
(4.15)
+4/R3 RgKl‘(x)_Kyl‘()uQ( yu?(y )dxdy—l—/ Fi(x,u)de
and

(D((u),v) = (®'(u),v) — /R3 Vi(z)uvdx — Q/RS Ki(z)py(z)uvde
M’U, T)vlx U2 T Tr,u)vdr
[ @@y dedy + [ Ao,

[z -y
From (2.19)), (4.3)—(4.7), (4.15) and (4.16]), one has

(4.17) Do(un) = ¢, || PH(un)|| (1 + [Junl]) = 0

(4.16)

Similar to the proof of (3.4), we may prove that there exists k,, € Z3, going if necessary

0
/ lup|? dz > = > 0.
B2(kn) 2

Let us define v, (x) = up(z + ky) so that

(4.18) / [on|* daz > é
B1(0) 2

Since Vy(x), Ko(z) and fo(z,u) are periodic on x, we have

to a subsequence, such that

(4.19) Do (vn) = cx € (0,¢], || @G(va) || (L4 fJunll) =0

s (R3), 2 < s < 6and
vp(z) = v(z) a.e. on R3. Thus, (4.18)) implies that ¥ # 0. For every ¢ € C§°(R?), we have

Passing to a subsequence, we have v, — v in F, v, — v in L}

(®)(),¢) = lim (Bf(vn), ¢) =0.
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Hence ®((v) = 0. For any x € R3, ¢ > 0, 7 # 0, (1.9) yields

1- t47‘f0(l‘,7’) + Fo(x,tT) — Fo(z,7) + Vo(z) (1-— t2)27'2
(4.20) " folz, ) fol ) (1-5%) '
_ rLT) _ L, 5T x - 337'4 S .
- [ A e ez

Observe that (4.20]) with ¢ = 0 yields

Vo()
4

then it follows from (F1’), (4.21)) and Fatou’s lemma that

1
(4.21) Zfo(:E,T)T — Fo(z,7) + 2 >0, VzeR® reR,

n—oo

1 1 %
= lim { [Vnl B2 +/ [fo(:v,vn)vn — Fo(z,v,) + o(z) vi] dx}
4 s | 4

o2 = i (8000 (8400 00)

1. . 2 .. 1 Vo(ﬁ)
2 lim inf |vn 12 + lim inf /RS [4fo(x,vn)vn — Fo(z,v,) + v2 | dx

4
> /R (1P + Vi(a)e?) do + /R Efo(f”’”)”‘ F 0(’3’”)} o
= B0(0) - 1 (%(0).7)
= ®(D).

This shows that ®(v) < c. Since T # 0, it follows from Lemma that there exists
to = t(v) > 0 such that tgv € N, and so ®(tyv) > ¢. Now, we prove that ®(tgv) =

c.
Arguing by indirectly, we assume that ®(tov) > ¢. Then from (4.1)), (4.2), (4.20), (V2),
(K0), (K2) and (F1’), we have

4

+ / [1 ;té fo(x,v)v + Fy(x,tov) — Fo(z,0) + Voix) (1-— t%)QUQ] dx
R3

c> (I)o(@) = (1)0(150@) +

t4 1—12)2
0 (0 (v),v) + 1-%) / |Vo|? de
4 R3

> Pg(tov) = P(tgv) — tj /R3 Vi(z)o? dz — 1528‘ /RS Ky (x)py(z)0? dz

£ Ki(z)K
2 B W) 2y dady + / Fy(x, to0) da
4 Jps Jrs |z -yl R?
1 2 i 2 —
> P(tgv) — — Vilx)vode — = | Ki(z)gpp(x)v°de + [ Fi(x,tov)dx
2 Jgrs 2 Jgrs R3
> (I)(L‘o@) > cC.

This contradiction shows that ®(¢gv) = c.
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Let ug = tov. Then uy € N and ®(ug) = c¢. In view of Lemma ®'(up) = 0. This

shows that up € E is a solution for (SP)) with ®(up) = infpyr & > 0.

Case (ii): uw # 0. By the same fashion as the last part of the proof of Theorem [1.3] we

can prove that ®(z) = 0 and ®(u) = ¢ = infy @. This shows that u € E is a solution for

System (SP)) with ®(u) = infyr @ > 0. O
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