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ABSTRACT. In the paper the existence, uniqueness and the multiplicity
of solutions for a quasilinear elliptic problems driven by the ®-Laplacian
operator is established. Here we consider the non-reflexive case taking into
account the Orlicz and Orlicz—Sobolev framework. The non-reflexive case
occurs when the N-function ® does not verify the Ag-condition. In order
to prove our main results we employ variational methods, regularity results
and truncation arguments.

1. Introduction

In this work we consider the existence and uniqueness of solutions for quasi-
linear elliptic problems given by

—Agu = f(z) in Q,

1.1
1) u=20 on 0f).
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Furthermore, we shall consider the existence and multiplicity of solutions for the
following quasilinear elliptic problem

—Agu = g(z,u) in

1.2
(12) u=20 on 02,

where Q ¢ RN, N > 2. is a bounded domain with smooth boundary. The
function @ is an even N-function defined by

D(t) = /t sp(s)ds, teR.

0
Later on, we shall consider some assumptions on ¢, f and g. It is important to
recall that ® satisfies the so called As-condition whenever

(1.3) ®(2t) < CB(t), t>0,

holds true for some C > 0, in short, we write ® € As.

Quasilinear elliptic problems driven by the ®-Laplacian operator have been
widely considered in the last years. Here we refer the reader to [6], [8], [13]-
[20], [23], [24], [28]. Most of them considered the Orlicz and Orlicz-Sobolev
framework taking into account that ® and o verify the so called As-condition.
Under these conditions the Orlicz and Orlicz—Sobolev spaces are separable and
reflexive Banach spaces, see [27]. Hence we can use the weak convergence in order
to guarantee that problems (1.1) and (1.2) admits at least one weak solution by
applying variational methods.

The main novel in this work is to consider quasilinear elliptic problem driven
by the ®-Laplacian operator where the As-condition is not satisfied for &), that
is, the conjugate function defined by

P(t) = max{ts = &(s)}, >0,

does not verifies the As-condition. The main difficulty in this work arises from
the fact that VVO1 “®(2) is not reflexive anymore. In order to overcome this dif-
ficulty we consider a sequence of quasilinear elliptic problems modeled in an
appropriate reflexive Orlicz—Sobolev space obtaining a sequence of solutions u,
for each ¢ > 0. Then we take the limit as ¢ — 0 getting a weak solution u for
the quasilinear elliptic problems (1.1) and (1.2).

The approach here is purely variational using an energy functional associated
to the elliptic problems (1.1) or (1.2). In our setting we consider an auxiliary
problem in order to recover some compactness for our energy functional which
is crucial in variational methods.

Now we shall give the hypotheses for the functions ¢, f and g. We assume
that ¢: R — R is O and satisfies the following hypotheses:

(¢1) (i) to(t) > 0ast — 0, (ii) to(t) — oo as t — oo;
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(¢2) to(t) is strictly increasing in (0, 00);
(¢3) there exist £,m € [1,N) such that

¢ o) _ (te(t))’

E—l:ggo FOREEE0 <m-1, t>0;
Lt
(¢4)a::%r>1£m>0.

REMARK 1.1. Taking into account hypothesis (¢3) we have that ¢ — t™/®(¢)
is a strictly increasing function. As a consequence we mention that
tm tm
inf — = lim ——.
50 D) 50y (1)
For the non-homogeneous function f: 2 — R we assume that
(1.4) fe L.
For the function g: 2 x R — R we suppose that g € CY and g(z,0) = 0 for each
x € . Furthermore, we suppose also the following assumptions:

(g1) there exist a constant C' > 0 and a N-function

t
W(t) = / w(s) ds
0
with ¢: [0,00) — R continuous and satisfying

() t(t) . N

such that |g(x,t)] < C(1 +¥(t)),
(g2) there is an N-function

¢
I'(t) :/ ~v(s)ds
0
with 7: [0, 00) — R continuous and satisfying

. ty(t) ty(t)
= — < _ =
(71) N < fr t1r>1£ (t) §1>113 (t) mr < 00,

such that

r(G5) < cGen. senrz R

where C, R are positive constants,
t
G(z,t) == / g(z,8)ds and G(z,t) = tg(x,t) — mG(z,1),
0

forz e Q, teR.
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In order to state our main result we consider the number \; > 0 associated
with Ag given by

M —UGVIi/(I)}g(Q){/S)@(|Vu|)dx//S2 ®(|ul) da, u;ﬁO}.

It is important to emphasize that A; is positive which can be proved, taking into
account hypothesis (¢3), thanks to the Poincaré inequality, (see e.g. [8], [18]).
We consider some additional hypotheses:

(g3) lim 7g(x,t) = 00,

=00 [¢[m—1

. g(z,1)
(8a) limsup 52

Due to the nature of the operator Agu = div(¢(|Vu|)Vu) we need to con-

:)\<)\1,

sider the Orlicz—Sobolev framework. It is important to remember that the ®-
Laplacian operator is not homogeneous. This is a serious difficulty in order to
use variational methods. In order to overcome this difficulty we shall consider
some specific estimates in Orlicz and Orlicz—Sobolev spaces.

DEFINITION 1.2. Let ®, ¥ be two N-functions. We say that ® and ¥ are
equivalent, in short ® = ¥, when there exist ¢1,co > 0 in such way that

1 U(t) < O(t) < eaW(t) for each t > tg and for some ¢y > 0.
Our first main result can be stated in the following form

THEOREM 1.3. Assume (¢1)—(¢4) and (1.4). Then there exists an unique
solution for the elliptic problem (1.1), that is, there exists an unique function
u € Wol’q)(ﬂ) in such way that

(1.5) /Q¢(|vu|)vuvudx:/ﬂfudx, veWl*(Q).

Moreover, assuming that £ > 1 the solution belongs to L>(Q2) whenever the
function ® = [¢|" for some r > 1.

We point out that the function

_ log(1+ 1)

o(t) = 2B,

t € R\{0}

satisfies the hypotheses (¢1)—(¢4). In this case the operator in problem (1.1)
has logarithmic growth with respect to the gradient which can be written in the
following form

log(1
_div<0g(|;—u||Vu|) Vu> = f(z) inQ,
u=20 on 0f).

(1.6)
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Similarly, we also consider the following quasilinear elliptic problem

- - 1= 1 S — - Q
le( vl Vu + 15 vl Vu f(x) in Q,

u=20 on 0f2.

(1.7)

Here we observe that

_ log(1 + [t]) 1
== T

and @(t) := tlog(l +1¢).

It is important to emphasize that problem (1.7) was not treated in the literature.
The main difficult occurs due the fact that £ = 1, m = 2, a > 0. More generally,
fixing @ > 0, > —1, we define

D(t) = (B — 1)t — Blog(1 +t) + (1 +t)[log(1 + t*)¥/*, ¢ > 0.

For this N-function ¢ = 1, m = 2 which provide a new example for our setting.
For the case 8 = 0 and « = 1 we recover the quasilinear elliptic problem (1.6),
while if 8 = 1 and o = 1 we obtain the problem (1.7). Here we point out the
examples listed just above give us concrete cases where the N-function ® is in
such way that ® does not verity the well known A, condition due the fact that
¢=1,m =2, see [27]. As a consequence the N-function ®: R — R given by

¢
D(t) = / log(1+s)ds, s>0
0

is in such way that W, “?(Q) is not reflexive. The problem (1.6) have been studied
by many authors during the last years, see Boccardo et al. [3], Esposito et al.
[12], Passarelli [10], Fuchs [13], [14], Zhang et al. [29] and references therein.
For further results on Orlicz and Orlicz—Sobolev framework we refer the reader
to [1], [15], [16], [18], [19], [23]. The main feature in this work is to find a
weak solution for the problem (1.1) in the non-reflexive case using a sequence
of approximating problems where in each term of this sequence the associated
Orlicz—Sobolev space is reflexive. As a consequence, taking the limit we obtain
at least one solution for the non-reflexive which is obtained by a careful analysis
on continuous and compact embeddings for Orlicz-Sobolev spaces. Thanks to
this approach we shall prove that the elliptic problem (1.2) admits existence and
multiplicity of solutions for the non-reflexive case.

For the next result we shall consider the nonlinear elliptic problem (1.2) under
some superlinear conditions at infinity. The main feature here is to consider non-
reflexive problems without the well known Ambrosetti—-Rabinowitz condition at
infinity. Namely, the Ambrosetti-Rabinowitz condition, for the function g, in
short (AR) condition, says that

(AR) 0 < 0G(z,t) < tg(x,t), for x € Q and [¢t| > R
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holds true for some # > m and R > 0. As a consequence the (AR) condition
implies that

(1.8) G(z,t) > ci|t|™ —co, €, teR

holds for some c1,cy > 0. Nevertheless, there are superlinear functions in such
way that (1.8) is not satisfied. For example, we mention that

g(z,t) = [t""*tIn(1 + [t])

does not verity the superlinear condition given in (1.8) for each m € (1, N),
which implies also that it does not verify the (AR) condition. It is worthwhile to
mention that the (AR) condition implies some compactness properties such as
the Palais—Smale condition which is crucial in variational methods. Since (AR)
condition is not available in our setting we need to consider some compactness
condition such as Cerami condition. This famous condition was first introduced
by Cerami [4]. Latter on, we shall give a precise definition for the Cerami
condition.

For our next result we shall consider hypotheses (g1)—(g4) proving that the
associated functional for the problem (1.2) satisfies the well known Cerami con-
dition which is sufficient in variational procedures.

Our main second result is the following;:

THEOREM 1.4. Assume (¢1), (¢2), (P4),
o()t?
o(t)
and (g1)—(g4). Then problem (1.2) at least one solution u € Wy'*(Q), that is,
there ezists a function u € Wol’é(Q) in such way that

(¢3) 1<4< <m,t>0,

(1.9) /Qq5(|Vu|)Vqudac:/Qg(x,u)vdx, veWy*(Q).

Assuming (¢3) instead of (¢3)’, problem (1.2) admits at least two weak solutions
uy,uy € Wy ®(Q)/{0} satisfying uy > 0 and ug < 0 in Q. Furthermore, as-
suming also that £ > 1, then solutions uy, us described just above, are strictly
positive which belongs to CY% for some o € (0,1).

The paper is organized as follows: Section 2 is devoted to an overview on
Orlicz and Orlicz—Sobolev framework considering the elliptic problem (1.1) for
the reflexive case. In Section 3 we give some existence results for the problem
(1.1) in the non-reflexive case. Section 4 is devoted to regularity results to the
elliptic problem (1.1) and (1.2). In Section 5 we give the proofs of our main
results.
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2. Orlicz and Orlicz—Sobolev spaces

The reader is referred to [1], [11], [25], [27] regarding Orlicz—Sobolev spaces.
The usual norm on Lg(Q2) is (Luxemburg norm)

emaefuza| [o(40) )

the Orlicz-Sobolev norm of W1®(Q) is

[ullre =

Since our N-function ® verifies the As-condition we observe that VVO1 P(Q) is
given by the closure of C§°(£2) with respect to the usual norm of W®(€), see
[18], [19], [25].

Recall that ®(t) = I?;lac{tsftﬁ(s)}, ¢ > 0. It turns out that when ® and ® are

N-functions satisfying the Ay-condition then Lg($2) and W () are separable,
reflexive, Banach spaces, see [27]. However we shall consider the case when the
function ® does not verify the As-condition.

REMARK 2.1. It is well known that (¢3) implies (¢3)’. Furthermore, assum-
ing 1 < ¢ <m < N, we obtain ®, e A,. Conversely, assuming that ®, e,
then 1 </ <m < .

By the Poincaré inequality, (see e.g. [18]),

/be(u) de/QcI)(Zd|Vu|)da:

where d = diam(2). It follows also that ||ul|e < 2d||Vul|e for u € Wol’q)(Q). As
a consequence, |lu|| := ||Vul|¢ defines a norm in WO“D(Q), equivalent to || - ||1 .
Here was used the fact that ® satisfies the As-condition. Let @, be the inverse
of the function
ta(s)
, sOVFD/N
which extends to R by @, (t) = ®.(—t) for t < 0. We say that a N-function ¥
grows essentially more slowly than ®, and we write ¥ < &, if

U (At)

im

€ (0,00) — ds

=0, forall A>0.

The embedding Wol’(b(Q) & Lg(Q),if ¥ « ,, will be used in this paper (cf. [1]).
In particular, as ® < @, (cf. [19, Lemma 4.14]), we obtain Wol’q)(Q) & Ly (92).
Furthermore, we mention also that W, L) B o Lo, (). It is worthwhile to
mention that under hypotheses (¢1)—(¢2) and (¢3) (cf. [7, Lemma D.2]) the

cont cont

continuous embedding L™ () — Lg(Q) — L*(Q) holds.
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Now we refer the reader to [15], [16] for some elementary results on Orlicz

and Orlicz—Sobolev spaces.
PROPOSITION 2.2. Assume that ¢ satisfies (¢1)—(¢3). Set
Co(t) = min{t, t™}, ¢ (t) = max{t’, ™}, t>0.
Then ® satisfies:
Co(t)@(p) < @(pt) < GL(1)2(p), p,t >0,
Glllll) < [ @ do < Gllulle), e La(@),

PROPOSITION 2.3. Assume that ¢ satisfies (¢1)—(¢3). Set
Ga(t) = min{t", "™}, (o) = max{t" ™"}, >0,
where 1 < ¢,m < N and m* =mN /(N —m), * =4N/(N —{). Then

PR AUN
G(t)Px(p) < Pu(pt) < G3(1)Pu(p), p;t >0,

Glulle.) < 8.), u€ Lg (Q).

l* t >0,

O, (u) dw < C({[ul

S

In order to conclude the present section we prove the following:

THEOREM 2.4 (The reflexive case). Suppose (¢1)—(p2), (¢3) and £ > 1.
Then problem (1.1) admits exactly one solution u € Wol’q)(ﬂ).

In order to prove Theorem 2.4 we need some preliminaries results:

PROPOSITION 2.5. Let ¢: (0,00) — (0,00) be a fized N-function satisfying
hypotheses (¢1) and (¢p2). Then
(o(lz))z — ¢(lyl)y,x —y) =0, forallz,y € R",
(¢(|$|)Jf - ¢(|y|)y73j - y) > 07 fO’f’ all T,y € Rn7 T 7é Y.
ProOOF. We will split the proof into three parts. In the first part we choose
x,y € RY in such way that || = |y|. In this case we easily see that
(@(lzhz = ¢(lyhy,z —y) = d(lz)lz —y* 2 0, @,y e RY, |z| = Jyl.

This estimate proves the proposition in the first part. In the second part we
shall consider z,y € RY in such that |z| < |y|. Thanks to hypothesis (¢2) we

mention that

21 (e(lz))z = o(lwhy, z —y) = ozl (2] — y]) + ¢(lyDIyl(ly] — |=)
= (oDl = o(lyDIyD) (|2 = [y]) > 0.
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This ends the proof in the second case. In the last part we shall consider x,y €
RY in such way that |z| > |y|. Using the same ideas discussed just above we
conclude one more time that

22)  (o(lz))z = oDy, z —y) = ozl (2] — y]) + S(lyDIyl(ly| — |=)
= (o(JzDlz] = o(lyDIyD (2] = [y) > 0. O

The next result shows that the ®-Laplacian is also strictly monotonic.

PROPOSITION 2.6. Suppose (¢1)—(¢2). Then we have that
/(¢(|Vu|)Vu — ¢(|Vv])Vo)(Vu — Vo)dz >0, u,v € Wol’q)(Q)7 u # v.
Q

PROOF. Let u,v € Wol’q)(Q) be fixed functions in such way that u # v. Using
Proposition 2.5 we deduce that
(¢(|Vu|)Vu — ¢(|Vo]) Vo) (Vu — Vu) >0 a.e. in Q.

Using the fact that u # v there exits Qy C € with positive Lebesgue measure
such that

(o(|Vu|)Vu — ¢(|Vo|) Vo) (Vu — Vv) >0 a.e. in Q.

As a consequence we obtain
/ (¢(|Vu])Vu — ¢(|Vv]) Vo) (Vu — Vo) dz > 0.
Qo
The last estimate implies that

/Q(qb(\VuDVu — (V) V) (Y — Vo) da > 0. 0

Now we apply Proposition 2.6 to prove that problem (1.1) has at most one
solution.

PROPOSITION 2.7. Suppose (¢1)—(p2). Then the problem (1.1) admits at

most one solution in WOI’CP(Q).

As a consequence, the uniqueness stated in Theorem 2.4 is proved. For the
existence we refer the reader to Fukagai et al. [15], [16] for ¢ > 1 and hence the
proof of Theorem 2.4 is completed.

3. Problem (1.1) for the non-reflexive case

In this section we prove some useful results in order to ensure existence of
solutions for problem (1.1) in the non-reflexive case. The first result in this
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direction is to consider a sequence of approximating quasilinear elliptic problems
driven by the ®-Laplacian operator given by

—Agpcu= f(z) inQ,

(3.1)
u=0 on 012,

where f € LN (Q) and ®.(t) := ®(t) + et™/m, t € R, € > 0. It is important to
remember that v € Wol’q% () is a weak solution for the problem (3.1) whenever

(3.2) 6/ \Vv|m*2Vvad:c+/¢(|V1}|)V1}dex:/fwdx
Q Q Q

holds true for each w € W, “P<(€2). We list now some useful properties of the
functions P.:

LEMMA 3.1. Suppose (¢1)—(d4). Then the function D, satisfies the following
properties:

(a) ®. — @ ase — 0;

PRAUL
b < t>0 0;
() L (I)()_m,>,€>,
(¢) be > 1 ase—0;
(d) ®. is equivalent to the N-function t™ for each & > 0.

ProOOF. First of all, we mention that ® and ¢t — &t”/m are N-functions.
Hence @, is also a N-function. The proof for the limit in (a) is obvious.
Now we prove the item (b). Taking into account (¢3) we have that

P(t)t?
3.3 1< < t>0.
(3.3) <@ =™
As a consequence, we infer that
tm N o(t)t? tm e
oL _ stm 4o "B 0 _ 0 .
(I)E(t) o (I)(t)+£tm - e tm - e tm ’
1+ ——— 14—
m 0! Y0
On the other hand, using one more time (3.3), we also have that
o ()t tm
1
) o TB " e(n _ Ce@ (o
| o0 ., S e "ag)
m d(t) m (t)

where we define h(s) := (es+ 1)/(es/m+1). Tt is easy to see that h is increasing.
Furthermore, we observe that

i(%) - t;@; (m - @3) =0
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As a consequence we obtain ¢t — t"/®(t) is nondecreasing. Hence the function
t — h(t™/®(t)) is also nondecreasing. As a consequence, using the estimate
(3.4), we observe that

P’ m 1 -1
(Wt S () = §a+ g meee oy
S (t) —t=0 \ D(t) Za+1 ca+m

m

Here we have used the fact that ® is a N-function satisfying m > 1. According
to the last estimate we see that h%ﬂr l. = 1. This ends the proof for the item
E—r

(c). Moreover, using Proposition 2.2, we infer that

Em<a(t) < (@(1) + E)tm, t> 1.
m m

So that the proof of item (d) is now achieved. These facts finish the proof of this
proposition. O

In what follows we shall consider the approximating elliptic problem (3.1)
that admits exactly one solution u. for each ¢ > 0. In fact, due to the inequality
l. > 1, we can apply the Theorem 2.4. Now we provide some a priori estimates
to the family ..

PROPOSITION 3.2. Suppose (¢1)—(¢3) where £ =1. Let € > 0 be fized. Then
the sequence (ug) belongs to L°°(Q), i.e. there exists C. > 0 such that ||u|| < Ce.
Furthermore (u.) is bounded in Wy'®(Q) and Wy (2).

PROOF. Thanks to Lemma 3.1 (d) we infer that ®. = ¢t™. Taking ¢ = N >
N/m the Theorem 4.1 ensures that any solution for the problem (3.1) is bounded,
that is, the unique solution for the quasilinear elliptic problem (3.1) (u.) is in
L>(Q) for each € > 0. In other words, we know that u. € Wg'*(Q) N L>(Q)
for each ¢ > 0. Now, using the results discussed in Section 2 for Orlicz and
Orlicz—Sobolev spaces, we mention that the following embedding are continuous
WE™(Q) — WP (Q) — W (Q) and WP (Q) — W (Q), see [1], [7].

On the other hand, we observe that ®(t),et™/m < ®.(¢), t > 0. As a con-
sequence L®:(Q) < L®(Q) and L?:(Q) — L™(Q). Furthermore, we infer that
W01,<1>5 Q) — Wol’é(Q) and Wol’(be (Q) < Wy™(Q). As a consequence the last
embedding says also that W1®(Q) = W,"™ (). In particular, we obtain that
ue. € Wy'™(Q) for each £ > 0.

Now we shall prove that wu. is bounded in Wol’q)(Q). Putting u. as testing
function in (3.2) we easily see that

g/ \Vu5|mdx+/¢(|Vu€\)|VuE|2dx:/fusdx.
Q Q Q

Using the Holder inequality we also see that

. / V™ de + / (V) Vel di < ||l e -
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Taking into account the embedding W' () < L'" () there exists S = S(N, Q)
> 0 in such way that

1,1
[l < Sllvllyprg), v e Wy ().

As a consequence the last embedding and hypothesis (¢3) imply that

(3.5) /Q<I>(|Vu5|)da:§/Qd)(|VuE\)|VuE|2dx

S?ng/IVUAmdx+l/¢ﬂVUAHVUA%M
Q Q

S lwvlluellie < STl lleellyrr -

Let K > 0 be fixed. Using the last estimate and hypothesis (¢2) it follows that

g = [ 1Vuddet [ (Vudlda
[Vue|<K |Vuc|>K

1
gzﬂﬂ|+4————l/ 6(|Vue )| Ve[ das
[Vue|>K

K¢(K)
Combining these estimates we obtain

LT,

Kg(K) o ()"

Now due to the fact that Klim K¢(K) = oo there exists Ko > 0 such that
— 00

S|Iflln/(K¢(K)) < 1 for any K > K. In particular, using inequality (3.6), we

infer that

(3.6) el o) < KI9Q +

e |yyi o < ﬂ
TWor @ = S|l
K¢(K)
Furthermore, taking into account (3.5) and the estimate just above, we conclude
that

SIflIn K[
A“WM”“]_mUN'
K¢(K)
Now we define
R:max{ S| flIn K| K|Q| }
L= S| fln/(Ko(K)) 1= S| flln/(K$(K))

As a consequence we have that

(3.7) /<I>(|Vu€|)dx <R, /¢(|Vu€|)|Vu6|2dx <R, / V| dz < R.
Q Q Q

Accordingly to Lemma 2.2 it follows that

min{”uEHWOm(Q), Hus||7v"’/01,¢,(ﬂ)} < /QCI>(|VUE\)dx <R.

Hence the sequence (u.) is now bounded in Wy'®(Q) and W, (). O
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Now we prove that the ®-Laplacian operator is of (S)* type, see [5]. This
is a powerful tool in order to restore some compactness required in variational
methods.

PROPOSITION 3.3. Suppose (¢1), (¢2), (¢3)'. Let (un) € Wo'*(Q) be a se-
quence satisfying

() wp = u in Wy ®(Q);

(b) limsup(—Agun, u, —u) < 0.

n—oo

Then we obtain that u, — u in Wy'®(Q).

PROOF. The proof is similar to the proof of [9, Proposition 3.5] replacing the
weak convergence u, — u by the weak star convergence u,, — u. For the reader
convenience we give here a sketch of the proof. Here we emphasize one more
time that W, () is not reflexive anymore. However, the Orlicz-Sobolev space

WO1 ’q)(Q) is isomorphic to a closed set in the weak star topology. More precisely,

_ N+1 N+1 *
W@ < I L% (@) ~ ( II E)
j=1 Jj=1

where Ej is a separable space. Under these conditions the proof following the
same ideas discussed in [9, Proposition 3.5]. O

For the next result we borrow some ideas discussed by Boccardo et al. [3].
The main idea is to find at least one solution wu for the problem (1.1) using some
fine estimates on the gradient of w.

PROPOSITION 3.4. Suppose (¢p1)—(ps) where £ = 1. Then the problem (1.1)
admits at least one solution u € Wol’@(Q).

PrOOF. Let u. € WO1 ®e (©2) be the unique solution for the auxiliary elliptic
problem (3.1). Accordingly to Proposition 3.2 we know that wu. is bounded
in Wol’q)(Q) and Wol’l(Q). As a consequence u. — v in the weak star topology
in W, ?(Q). Indeed, the Orlicz-Sobolev space W, “®(€Q) is isomorphic to a closed
set in the weak star topology. More precisely, as was mentioned before we observe
that

N+1 N+1 *
W@ <[] L% ~ ( 1T E¢>
j=1 j=1

where Fg is a separable space. For further results on weak star topologies we
refer the reader to Gossez [18], [19].
Now, using the weak star convergence of u., we observe that

/ |Vu||Vue|d(|Vue|) de < C
Q
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holds true for some C' > 0. In fact, using Young’s inequality and the As condition
for @, we have that

(IVul) + (| Vue|¢(|Vue]))
(IVu]) + @(2[Vue|) < (|Vu) + 2" S (|Vuel).

V| [Vue |p([Vue]) < @
<o

Hence the last estimate together with (3.7) imply that

/ V|| Vae | o (| Ve |) dz < / [®(|Vau|) + 2" ®(|Vu.|)] dz < R+ 2™R.
Q Q

Now we claim that u is a weak solution to the elliptic problem (1.1). Note also
that u is not in general a testing function for the auxiliary elliptic problem (3.1).
In this way, we shall consider a density argument in order to prove the claim
just above. More specifically, we know that Cg°(Q) is dense in Wy''(Q) and
Wy ®(Q). As a result there exists a sequence (Uy) in C5°(€2) in such way that

1
(3.8) [ = Ukllwar s 1w = Ukllype ) < %

Using u. — Uy as testing function in the problem (3.1) we mention that

(3.9) e(—Apue, ue — Uk) + (—Ag_ue, us — Uy) = /Qf(ue — Ug)dz.

The last identity is equivalently to

—E/Q |V | ™ 2VuVUy d:zi—i—/Q d(|Vue|)VueV(ue — Uy) do < /Q f(ue —Uy) d.

The last inequality can be written in the following form
- 5/ |V | ™ 2Vu.VUydx +/ d(|Vue|)Vue V(ue — u) dx
Q Q

+/Q¢(|Vu5|)VuEV(u—Uk)S/Qf(ua—u)dm—i—/gf(u—Uk)dx.

Moreover, we mention that ¢(|Vu|)|Vu||V(ue —u)| € LY(Q).
At this moment we claim that

‘/ |Vue | ?Vu. VU, dz| < C
Q

holds for some C' > 0 independent on € > 0. Indeed, the continuous embedding
Whe=(Q) — W, ™ (Q) provide a positive number C' > 0 in such way that

1,9,
||U||W01’m(g) < CH'UHWOle Q) DS WO (Q)
Taking v = u. in the previous estimate we obtain

||u5||WU1,m(Q) < C||u5||Wol*q)(Q) <C
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In other words, we have shown that (u.) is bounded in W, ™(Q) for any & > 0.
Hence, using the Hélder inequality and the estimate just above, we deduce

g || |vu€|m71 ||7n/’m—1 ||Uk HWOl’m(Q)

/ |Vu "2V u VU, dx
Q

< ||ue||m1m o 1Ukllwrm ) < CllUkllyyam g
©) ) S

It follows tha,t if we take the limit in the last inequality, we see that

(3.10) lim g/ V| ™ 2Vu VU dz = 0.
e—0 Q
On the other hand, due to the weak star convergence, we also see that
(3.11) 611_r>r(1)/ﬂ fue —u)dx = 0.
Now, using one more time the Holder inequality, we observe that
(3.12) lim / flu—Ug)dx =
k—o0 Q

In fact, using Orlicz—Sobolev embedding and (3.8), we easily see that
C
/fu—Uk ) de ||f\|N

as k — oo. Furthermore, we claim also that

< linlle = Ukl < Clfllnllu = Ukl <

lim [ ¢(|Vue|)VuV(u — Uy)dz = 0.

k—o0 Q

Indeed, from the Hélder inequality we have that

(3.13) ‘/Q(bﬂVuEDVuEV(u— Uy) dz

2
< 20V (u = Uk)llallo(| Ve )IVuelllg < - llo([Vue ) Vuel 5.

On the other hand, due to the Ay condition for ® and estimation (3.7), we get

/Q‘I’(Gi’(WUsDWUsDS/Q‘I)(Q\V%DdSESQm/Q(I)(\VUsD§2mR.

Now, using one more time that ® is convex, we deduce that

(lvuemqu‘ = m
Jovubiulls | (AT < [ Bo(TulVuhde < 2

holds true whenever ||¢(|Vu.|)|Vue|||z > 1. Hence the last estimate shows that

[o(IVue)[Vue|llg < max(1,2™ R).

Now, taking into account (3.13), we obtain that

Jim / (Ve ) VoV (u — Uy) dae = 0.

k—o0 Q
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At this moment, using (3.10)—(3.12) and taking the limits as ¢ — 0 and k — oo
in the inequality (3.9), we get

1imsup/ d(|Vue|) VueV(ue — u)de =0
Q

e—0

Summing up, due to the (ST) condition, see Proposition 3.3, for the ®-Laplacian
operator, we have that u. - v ase — 0in Wol’<I> (©). It follows from Boccardo
and Murat [2] that Vu. — Vu almost everywhere in Q. Since u. — u we
infer that

lim [ ®(|V(ue —u)])dx — 0.
e—=0 Jo

Thanks to the Dominated Convergence Theorem ®(|V(u. — u)|) < h almost
everywhere in () for some function h € L*(2). The last estimate says that

IV(ue —u)| <@ H(h) ae. in Q.
As a consequence
V| < |V(ue —u)| + |Vu| < @71 (h) + |Vul.

In particular, using one more time Young’s inequality and A, condition for @,
we have that

O(|Vue|)| Vue || Vo] < (Vo)) + D(¢(| Ve |) | Vue|)
< ®(|Vo) + D(2|Vue|) < B(|Vo]) + 27" D(| Ve |).

Now, using the last estimate and due to the convexity of ®, we obtain

O(|Vue )| Vue | [Vo| < (|Vo]) + 27 @(|Vu| + &7 (h))
< ®(|Vo|) + 22" [®(|Vu|) + h)

As a consequence the Lebesgue convergence theorem implies that

1m/wwww%wm:/MWWWNm%vemﬁm)
Q Q

e—0

Putting all estimates together and taking the limit as € — 0 in the equation
e(—Apue,v) + /Q ?((|Vue|)Vu Vo de = /va dz, veWy®*(Q),
we conclude that
/Q¢(|Vu|)Vqu dx = /va de, ve W&’Q(Q)
In conclusion, u € W()l’q)(ﬂ) is a weak solution for the problem (1.1). O

PROPOSITION 3.5. Suppose (¢1)—(pa) where £ = 1. Then the problem (1.1)
admits exactly one solution u € Wy ®(Q).
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Proor. The proof follows using the same ideas discussed in the proof of
Proposition 2.7. The main point here is to ensure that the ®-Laplacian opera-
tor is strictly monotonic. As a consequence problem (1.1) admits at most one
solution u € WO1 ’Q(Q). Besides that, using Proposition 3.4, there exists at least
one solution u € W, “®(Q) for the problem (1.1). These facts imply that prob-
lem (1.1) admits exactly one weak solution for the non-reflexive case. We omit
the details. (]

In what follows we shall consider the elliptic problem (1.2) assuming that g
is superlinear. One more time we study the auxiliary elliptic problem

—Ag_u=g(z,u) inQ,

(3.14)
u =0 on 09,

where ¢ > 0 and ®.(t) = et™/m + ®(t), t > 0. Here is important to recover
the definition for weak solution u € W, ®<(Q)) to the problem (3.14) which is
given by

/¢5(|Vu|)Vqudx:/g(z,u)wdaz, w e Wy®(Q).
Q Q

Recall that weak solutions for (3.14) are precisely the critical point for the func-
tional J: Wol’{)g (©) — R given by

J(u)z/QCI>5(|Vu|)da:—/QG(a:,u)dx

where G(z,t) = f(fg(x,s) ds, t € R,z € Q. As a consequence finding weak
solutions to the problem (1.2) is equivalent to find critical points for J. Using the
approximating problem (3.14) we observe that J satifies the Cerami condition for
each € > 0, see Carvalho et al. [5]. In addition, using hypotheses (¢1)—(¢3) and
(g1)—(g4), the functional J possesses the mountain pass geometry, see Carvalho
et al. [5]. In this way, we shall consider the following existence result

PROPOSITION 3.6. Suppose (¢1)—(¢3) where £ = 1. Assume also that (g1)—
(g4) holds. Then the problem (3.14) admits at least one weak solution in u. €
Wol’@s (Q) for each € > 0. Furthermore, using reqularity results, we also mention
that u. is in CH%<(Q), for some a. > 0.

PrOOF. First of all, we recall that WO1 e (Q) is a reflexive Banach space due
the fact that /. > 1 for each € > 0. Here the Lemma 3.1 was used. As a con-
sequence, using the Mountain Pass Theorem, we know that the problem (1.2)

admits at least one solution u. € Wy ®¢(Q) N €1 (Q) for each ¢ > 0, see
Carvalho et al. [5]. We omit the details. O

PROPOSITION 3.7. Suppose (¢1)—(¢a) where £ = 1. Assume also that (g1)—
(24) holds. Then the problem (1.2) admits at least one weak solution ue Wy (£2).
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The proof is similar to that discussed in the proof of Proposition 3.4. We
omit it here.

Let X be a Banach space endowed with the norm || - ||. Consider a functional
J: X — R of C! class. Recall that a sequence (u,) € X is said to be a Cerami
sequence at the level ¢ € R, in short (Ce). sequence, whenever J(u,) — ¢ and
(1 + Jlunl)|J (un)]] = 0 as n — oco. The functional J satisfies the Cerami
condition at the level ¢ € R, in short (Ce). condition, whenever any Cerami
condition at the level ¢ possesses a convergent subsequence. When J satisfies
the Cerami condition at any level ¢ € R we say purely that J satisfies the Cerami
condition, in short, we write (Ce) condition.

At this moment we shall truncate the function g in the following ways

g(z,t) fort >0, z €9,

gt (z,t) =
0 fort <0, x €,

and
g(z,t) fort <0, z €,

g (z,t) =
0 fort >0, x € (.

At the same time we define the functionals J*: W **(Q) — R given by
T (u) = / b, (|Val) dz — / G (2, u) da
Q Q

where G*(x,t) = fot gt (x,8)ds, t € R, x € Q. Tt is not hard to verify that J*
admits the mountain pass geometry.

PROPOSITION 3.8. Suppose (¢1)—(¢p4) and £ = 1 holds true. Assume also
that (g1)—(g4) holds. Then the problem (1.2) admits at least two nontrivial weak
solutions uy,us € WOI’CI)(Q).

PROOF. The proof follows from the Mountain Pass Theorems for the func-
tionals J*. Once again we observe that J* satisfies the Cerami condition for
each € > 0, see Carvalho et al. [5]. Here was used the fact that ¢ > 1. In

this way we obtain two sequences ul,u; € Wol’q)E(Q) of critical points for J+
and J~, respectively.

At this stage we claim that there exists o > 0 in such way that J*(uX) > rg
where 19 does not depend on £ > 0. In fact, using (¢1) and (g4), given 0 < 1 < A\;

there exist C,d > 0 such that
GE(x,t) < (M —n)®(t) +CU(t), teR.

Hence, taking into account the Poincaré inequality and using the estimate ®.(¢) >
®(t), t € R, Wy ?(Q) — Ly(9Q), it follows that

Ji(u)z/ﬂfbs(WuDdx—()\l—n)/ﬂ(b(u)dx—C/Q\If(u)dx
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>0 <I>(|Vu|)dx—C’/ U (u) dz
A Jo Q

n .
> 5 min full, ™} C max{[|ul[**, [[ul| ™}

— m E_ by—m
ol (5% - Cluls—)

holds true for each ||ul| < 1.

Now using the same ideas discussed in the proof of Proposition 3.4 we point
out that ut Xy and Uz 2wy in the weak star topology. Furthermore, the
functional J* is weak star lower semicontinuous. Now, applying Proposition 3.3,
we deduce that v} — u; and u,, — ug in Wol’(b(Q). Hence, taking the negative
part of u; as testing function, we obtain that w; > 0 in 2. Similarly, we also
obtain us < 0 in 2. As a consequence u1,us are nontrivial critical points to

the functional J which give us weak nontrivial solutions to the elliptic prob-
lem (1.2). O

4. Regularity results for some quasilinear elliptic problems

In this section we prove a regularity result for the problem (1.1). More
precisely, we shall prove that each weak solution for the quasilinear elliptic prob-
lem (1.1) remains bounded whenever f € L?(f2) for some ¢ > N/m. This result
is well known for the Laplacian and p-Laplacian operator. To the best of our
knowledge this regularity result is new in the Orlicz and Orlicz—Sobolev frame-
work. This can be done by using the Moser iteration. More precisely, using the
Moser’s method we shall prove the following regularity result:

THEOREM 4.1. Let ®: R — R be a N-function satisfying the As-condition.

Assume also that there exist positive constants C1, Cy such that

(4.1) C; < % < Cy forallt>D0.

Suppose that f € L1(QY) where ¢ > N/m and u is a weak solution for the prob-
lem (1.1). Then we obtain that u € L ().

PrOOF. For R > 0, define Qp = {z € Q : dist(z,09Q) > R}. For 0 < Ry <
Ry, let o = n™ (/"> u—k™>*1) where « is a parameter to be chosen conveniently
later. Define also u = max{u, k} for k > 0, us = min{w, s} and n € C}(Q) which
satisfies n = 1in Qg,, n =01in Q\ Qgr,, n > 0 and |Vy| < C/(Ry — R2) for some
constant C' > 0. Note that ¢ € W,'*(Q) and

Vo =n" [maou"* " u Vi, + ul* Vau] + my™ " (@ — k™) v

S

At this stage, we substitute the function ¢ in the equation (1.1) proving that

(42) ma / O (| V] ) Vv, + / (V) VuVE
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+m / 0™ @ — k) oIVl ) VuVn = /fnm (" w — ko).
Notice that for u < k we obtain that Vu, Vi, = 0 and (u/"*u — km*t1) = 0. It
follows from (4.2) that

(43) ma / T (VL) [V + / e (V) [V

+m / 0™ (@ — K™ o(|Val) Vavy = / S (ulow — ko).
Note also that ( e — kmo‘+1) < al**u. The last assertion implies that
= @O — K )| VaEl) Vavy < my™ " wew o|Val) [V V).
It follows from Young’s inequality that
(4.4) mn™ (@ — K" o(|Val|) Va Vi
< m(®(en™ o (V|| Val)) + @Vl /e))a

Furthermore, taking into account the As-condition for the function ®, we see
that

®(a|Vn|/e) < max{(|Vn|/e)", (|Vnl/e)" } & (@) = g1(w, ) P(a)

where g1 (z,e) = max {(|Vn|/e)%, (|Vn|/e)™}. Again, applying the Aj-condition
for the function ®, we see also that

O(en™ (V|| Va])) < max {(en™ )", (en™ )™ }&(|Val|Va)
= ga(z,2)®(o(|Val)| Val),

where go(,£) = max {(gnm_l)é/, (enm—1)m’ }. Now, we observe that D(B(t)t) <
C®(t) < Cp(t)t2, t > 0 holds true for some constant C' > 0.
It follows from the last inequalities and (4.4) that

(4.5) m/nm—l(u;"aa—kma+1)¢(|w|)vavn
< [ mb(ermtoqvah|va) + [ mevol/ure

< [ Cmle. )6 TaDIVaP + g1 ()o@ 7],

Now, we use (4.3) together with the last estimate showing that
(46) ma [y are (.| va.

4 / (1™ — Cmgs (x, €))ume (| V)|V

/Cmgl 2,€)6(@) BT /\fmm meg
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Note that, for each € > 0 small enough, go(z,¢e) = 5m/77(m’1)m/ = 5m'77m implies
that n™ — Cmgs(z, ) = n™ — Cme™ ™ = g™ (1- Cmem/). Thus we can choose
a small € in such a way that ™ — Cmga(z,e) > 0. Hence, by fixing such ¢ and
using the fact that u, <@, |Vu,| < |Val, it follows from (4.6) that

(4.7) (ma+1—Cmgm’)/nmww(wm)ww?

Now, we shall study the term with the f function in (4.7). We begin by noting
that @ > k implies that 7™ ' > k™! whence u < ﬂm/km_l. Therefore, by
using the Holder inequality, Young inequality and interpolation inequalities we
obtain that

@s) [t arew <, < g0k el
f _ov—11m(1—N/m mN/m
< ,L'm!ql\\n =D
”f”q Tor MO =M Hf||q5m /N m
— km—1§mq/(mq—N) s fem—1 H uHm*7

where § > 0 will be chosen later and m* denotes the Sobolev critical exponent
mN/(N —m).
It follows from (4.7) and (4.8) that

(4.9) (ma+1—Cme™) / T (V) [V, 2

2 ma [Hl me—mam
S/Cmgl(z7€) ¢(u)u2us +km—15mq/((lmq—N) nug o u
I A P
Lo gl

In order to apply our argument, noticing that

‘V(nﬂ?“)‘m <C(u mlat D) |gp|™ 4 T V™ )
and by using (4.1) and the fact that ® satisfies the Ay-condition, we infer that
@) [ IVems|" <0 [ @ s ar o va)va.).

Now, using the Sobolev embedding, (4.9) and (4.10), we ensure the following
inequality

(@11) et <c / a7y [m

¢ =\ 772 77 ma
ma+1— Cme™ mg1 (. €) (W) s
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+ C Hf”q /nmﬂmaﬂnL
ma + 1 — Cme™' \ km—1§maq/(mq—N) s

L Wllgoma m
el ).

Furthermore, by letting s — oo and using the monotone convergence theorem,
we conclude from (4.11) that

c 1Flg8™ ™
a+1 q a+1|)m
(4.12) Hnu H C ma+1—Cme™  km1 Il
—m(a m C —m(a
< farevwnr s S ([ mate e

||qu m —m(a+1)
+ km—lémq/(mq—N) nou :

In this way, we choose

5— ((ma +1- Cmsm,)k;m_1>N/mq
2C| fllq '

Hence, using this § > 0 in (4.12) we get

(4.13) Hnﬁaﬂnz* SC/ﬁm(oﬂrl)Wmm
C

+ ma + 1 — Cme™ mg (z, €

1£1lq N/ ma=) (@+1)
C m —m(o .
- ((ma—!—l—C’mem/)km—l) /77 “

1 ¢ 1 m
G(R1,Ry) = (Rl R2> + <R1 R2> .

Hence we obtain from (4.13) and the definition of 1 and g; that

(4.14) HUEO"HHZ* S#/ Um(oe-&-l)
Qr,

) ﬂm(a+1)

Now, we define

(1 — R2)™

CG(R17 RQ) / ﬂm(a—&-l)
ma+1—Cme™ Jq,

11l Nma=20 (@)
C gmlatl)
+ <(ma +1-— Cmsm')km_l) /QR2 “

Since n =1 in Qp, and (4.14) we easily see that

(4.15) |jut!|

L™* (Qp,)

1 G(Ry, Ry) tmy
= C{R1 — Ry i <ma+ 1-— C’mem/> ||u ’ ||Lm(QR2)
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171 Nfm(ma=n),
+o(; ) 7 .

ma+1— Cme™ )km—1

Let x = N/(N —m) be a fixed function. It follows from (4.15) that

1 G(R1, Rs) tm
(R1 — R2) ma +1— Cme™

N/m(mq—N)71/(a+1)
+ ”f”q ”—H
(ma+1— Cme™ )km—1 UllLmtat ) (Qpy)-

In this way, for n € {0,1,...}, define « + 1 = x™ and R,, = Ro + (R1 — R2)/2™.
It is not hard to verify that (4.16) implies

(QRQ ) ’

(4.16) [ proxco ) < OV @D {

(4.17) ||ﬂHLmX"+1(QRn+1)
1/m
cone[ L G(Ru, Rut1) /
- R, — R.y1 m(x® —1)+1— Cme™

Kl N/m(mq—N)71/x"
+ K ;
((m(X”— 1) +1—Cme™ )km‘1> ]

Here we emphasize that R,, — R,,11 = (R1 — Ra)/2""! goes to zero as n goes to

%] Lrmxm (2, -

infinity. Therefore there exists a positive constant C' > 0 (independent of n) in
such way that

C
G(Rp, Rypy1)V/™ < .
( +1) h (Rn - Rn+1)

As a consequence, applying (4.17) and the last inequality, we obtain

(4.18) ||= Lot (g )
n+1 n+1 l/m
< oUx" 2 n 2 1
- Ri — Ry Ri — Ry m(X”— 1)+1—C'm€m/
17l N/m(mq—N)71/x"
+ z o (%l Lrxm (2, )-
(m(x®»—1)+1—Cme™)km—1 Bn

From now on, by choosing n = 0,1,..., we obtain that [[u[|pmx~(q, ) is finite
for every n. Moreover, using the fact that x > 1, there exists ng, which depend
upon Y, such that

1 1/mx™
7 <1
(m(x” —1)+1—Cmem )

and

1 N/m(mg—N)x"
- <1, for all n> ng.
m(x®—1)+1—Cme™

As a consequence, we mention that

(419) ||ﬂHmen+1(QR“+l) < Cl/x /U”ﬂHmen(QRn)’
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holds for any n > ng where

_ 2n+1 N 2n+1 1/"” N ||f||q B 1/X"
7= R — Ry Ri1 — Rs km—1

and 8 = N/m(mq — N). Now, we can also assume that for n > ng proving that

2n+1 1/m 2n+1 2n+1
- <—— and 1< ——F.
Rl—RQ R]_—R2 RI_R2

Therefore, using (4.19), we observe that

_ < C Hf”g Y (n+1)/x™ || =
Hu||LmX"+1(QRn+1) TR - R Lt LB(m—1) 2 HUHL"”X”(QRTL)

holds for all n > ny. Hence the last assertion implies that (after an argument of

iteration)

(T p— < ﬁ [ C (g 1/X12<i+1>/xi||ﬂ|
Lmx™t (QRn+1) — _Rl _ R2 kﬁ(mfl)

i:no

mx™0 (QRnO )

holds true for n > ng. Now, doing n — oo we infer that

_ [ ¢ IFlg N\
(420) Hu”LOO(QRl) S Rl — R2 (1 + kﬁ(mgl) ||UHmeﬂ,o (SZR’VLO)'

As a consequence, the estimate (4.20) implies that u™ € L>°(Qg,). Using the
same ideas discussed just above we also obtain that v~ € L*(Qg,). In order
to extend the result the estimate for the boundary, for small s > 0, we define
Us = {z € RN\ Q : dist(z,0Q) < s}. Here we define also Q; = QU U,. Let
u, f: Qs — R be extensions by zero of u, f, respectively. Note that u is a solution
of the problem (1.1) with fin the place of f and € in the place of 2. Now we
apply the same argument as before in order to conclude that u € L>(€2). O

5. The proof our main theorems

In this section we prove our main theorems using the Orlicz—Sobolev frame-

work discussed in previous sections.

PrROOF OF THEOREM 1.3. First of all, using Proposition 3.5 we know that
problem (1.1) admits exactly one solution u € Wy®(Q). According to Theo-
rem 4.1 we mention that w is in L>°(Q) whenever ® is equivalent to the function
t—[t|", r € (1,00) and £ > 1. O

PrROOF OF THEOREM 1.4. Initially, using hypothesis (¢3) and Proposi-
tion 3.7, we obtain at least one weak solution u € W,'®(Q). Furthermore, using
(¢3) instead of (¢3)’, we obtain two weak solutions uj,us € Wol’@(Q) in such
way J(u1), J(ugz) > 0, see Proposition 3.8. Hence, taking the negative part of uq
as testing function, we deduce that u; > 0. At the same time, using the positive
part of uy, we observe that us < 0. Now, we know also that uj,us € L®()
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whenever ¢ > 1, see [28]. So that regularity results on quasilinear elliptic prob-
lems imply that uy,us € C1*(Q) for some o € (0,1), see Lieberman [21], [22]
whenever ¢ > 1. Furthermore, the solutions u; > 0 and us < 0 in € thanks to

the Maximum Principle for quasilinear elliptic equations, see [26]. O
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