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MULTIPLE NORMALIZED SOLUTIONS
FOR CHOQUARD EQUATIONS
INVOLVING KIRCHHOFF TYPE PERTURBATION
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ABSTRACT. In this paper we study the existence of critical points of the C'!
functional

b 2
E(u) = 4 |Vu|? de + - |Vu2dz) — — (Ia * |u|P)|ulP dz
2 RN 4 RN 2p RN

under the constraint

S, = {u e H'(RY) ' /RN [u|? dz = 02},

where a > 0, b >0, N >3, a € (O,N), (N+a)/N <p < (N+a)/
(N —2) and I is the Riesz Potential. When p belongs to different ranges,
we obtain the threshold values separating the existence and nonexistence
of critical points of E on S.. We also study the behaviors of the Lagrange
multipliers and the energies corresponding to the constrained critical points
when ¢ — 0 and ¢ — 400, respectively.
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1. Introduction

In this paper we study the following Choquard equation perturbed by a Kirch-
hoff type nonlocal term

(1.1) - (a + b/ |Vul? dx) Au — pu = (I * [ulP)|uP~2u, in RY,
RN

wherea >0,b>0,p € Ry, N >3, € (0,N), (N+a)/N <p < (N+a)/(N-2),
A is the Laplacian and I,, is the Riesz potential defined as

()
I, =
F(‘;‘>7TN/22ax|N—a

When a =1, b =0, p = —1, Problem (1.1) reduces to the nonlinear Choquard
equation or Choquard—Pekar equation

, for all 2 € RV \ {0}.

(1.2) —Au+u= (I * [ulP)|ulP~%u, inRY,

which arises in various fields of mathematical physics, such as quantum mecha-
nics, physics of laser beams, the physics of multiple-particle systems. In the
case N = 3, o = 2, p = 2, problem (1.2) was introduced in 1954 by S.I. Pekar
as a model in quantum theory of a polaron at rest [25]. In 1976, P. Choquard
used (1.2) to describe an electron trapped in its own hole, in a certain approxima-
tion to Hartree—Fock theory of one component plasma [17]. In 1996, R. Penrose
proposed (1.2) as a model of self-gravitating matter, in a programme in which
quantum state reduction is understood as a gravitational phenomenon [19]. If u
solves (1.2), then the function ¢ defined by (t,x) = e®u(x) is a solitary wave
of the focussing time dependent Hartree—Fock equation

iy = =D — (Lo * [P [WP~>p, in R xRY.

Equation (1.2) has been studied in past decades by variational methods starting
with the pioneering works of E.H. Lieb [17]. More recently, some new and im-
proved techniques have been devised to deal with various forms of (1.2). In [18],
Ma and Zhao proved, under some assumptions on N, o and p, that every posi-
tive solution of (1.2) is radially symmetric and monotone decreasing about some
point by the method moving planes in an integral form developed by Chen et al.
in [4]. In [20], Moroz and Schaftingen eliminated the restriction given by Ma
and Zhao in [18] and established an optimal range of parameters for the exis-
tence of a positive ground state solution of (1.2). Moreover, they proved that
all positive ground state solutions of (1.2) are radially symmetric and monotone
decaying about some point. For more details on this subject, see, for example,
the literature [1], [5], [14], [15], [21]-[23], [27], [28], and the survey [24].
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Back to (1.1) we should point out that since for all ¢ € C§°(RY), I, ¢ — ¢
as a — 0, then equation

(1.3) - (a + b/ |Vul? dx) Au— pu = |[u|*’"?u, in RY,
RN

can be seen as the limit equation of (1.1) as & — 0. Equation (1.3) is related to
the stationary solutions of

(1.4) Uge — (a + b/ |Vul|? dx)Au = f(x,u),
RN

where f(x,u) is a general nonlinearity. Equation (1.4) was proposed by Kirch-
hoff in [12] and models free vibrations of elastic strings by taking into account
the changes in length of the string produced by transverse vibrations. From
a mathematical point of view, equation (1.3) is nonlocal, in the sense that, the
term fR ~ |Vu|? dzAu depends not only on the pointwise value of Au, but also on
the integral of |Vu|? over the whole space. This new feature brings new mathe-
matical difficulties that make the study of Kirchhoff type equations particularly
interesting. Equation (1.3) and its variants have been studied extensively in the
literature, see [6]-[9], [13], [16], [26], [32] and the references therein.

In the present paper, motivated by the fact that physicists are often interested
in “normalized solutions”, we search for solutions in H'(R") having a prescribed
L?-norm. More precisely, for given ¢ > 0,

(fte, ue) € R x HY(RY)  solution of (1.1) with / |u|? dz = ¢*.
RN

Such solutions of Schrédinger—Poisson equations, Kirchhoff type equations, quasi-
linear Schrodinger equations and Choquard equations have been obtained re-
cently in [2], [3], [5], [11], [14], [15], [28]—[31] and the references therein. Therefore
the main aim of this paper is to extend the results of [14], [28]-[31] to the equa-
tion (1.1), moreover, we also study the asymptotic behaviors of the normalized
solutions as ¢ — 0 and ¢ — 400, respectively.

The normalized solutions can be obtained by looking for critical points of
the following C! functional

2
1
(1.5) E(u):g/ |Vu|2dx+b(/ |Vu|2dx> ——/ (I * [ul?)|ulP dz
2 RN 4 RN 2p RN

constrained on the L2-spheres in H!(RM):

S, = {u € H'(R") ’ /RN lul? do = 02}.

Recalling that in this case the frequency g is not fixed any longer but appears
as a Lagrange multiplier.
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For ¢ > 0, we set the following constrained minimization problem

(1.6) E.o = ulgbﬁc E(u).
It follows from Lemma 2.1 below that E(u) is bounded from below on S, if (N +
a)/N <p <min{(N+4+a)/(N—-2),(N+a)/(N—2)}, then we first try to find
the minimizers of (1.6) since it is standard that the minimizers of (1.6) are critical
points of E on S.. We note that the main difficulty of obtaining the minimizer
of (1.6) is due to the lack of compactness of the minimizing sequence {u,}
on S.. To recover the compactness one can use the concentration-compactness
principle and then rule out the cases of vanishing and dichotomy. Inspired by
[20], [28], [31], we can deal with this type problem in a simple way by observing
the two special nonlocal terms of the functional (1.5), where only technical energy
estimates are involved and the concentration-compactness principle is avoided.
To state our main results, we first give some preliminaries. By [20], [28], we
know that if Q,(z) is a positive ground state solution of the equation

prNfaAquNJraf(NfQ)p

(L) -~ 5

u=(Io * [ulP)[ulP"?u, inRY,

then it satisfies the following Pohozaev identity

(N —2)(Np— N —a) N(N +a— (N -2)p)

: 19Qyl3 + - Q2
N+«
=50 [ sl @) .
therefore we can obtain that
1
(1) IVQUIE = 1@, = [ (T 1QuP)IQy P da.

Moreover, Q,(x) is the optimizer of the following sharp Gagliardo—Nirenberg
inequality with best constants

(1.9) /RN(Ia * |ulP)|ulP da

D (Np—N—a)/2 (N+a—(N—2)p)/2
2

2p—2
19512

for (N + a)/N < p < (N +a)/(N - 2).

For ¢ > 0, we denote the function f.(t) and the numbers ¢, Cix, Cix as
CNM_(;V_Z)” (Np=N-a)/2 50
2(|Qpll2"

)

a b
(1.10) fo(t) = St+7 t? —
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. N+« N+2+a
<p< —

f
0 i N ,
a™N CIDNQ N yopay N2
. N+2+a
lfp:T7
c if7N+2+a< < min Ntitae N+a
N/2(a+4—N
b Vet )IIQ (a+4)/(a+4—N)
5 (N+a+4)/N 2
. N+4+«
lfp:T’
N+4+« N+«
0 if ———M— N 4
i ~ <p<(N72)( <a+4),

(1.12) e = (2]1Q ||2p—2 a (4—kK)/2 L (k—2)/2\ 1/(2p—k)
. Kk T pli2 4— kK 2(,‘.@ — 2) 3

1.13) o 4”@;0“31772 a (4—r)/2 b (k—=2)/2\ 1/(2p—k)
' Cox = K 4—K K—2 '

where k := k(N,p,a) = Np— N — a.

REMARK 1.1. By a simple calculation, we see that C., < Cyy if

N+2+a«a N+4+a N+a
N N "N-=-2]"

<p<min{

Our main result is the following.

THEOREM 1.2. Leta > 0,b >0, N >3, a € (O,N), (N+a)/N <p<
min{(N + 4+ a)/N,(N + «)/(N — 2)} and Q,(x) is a positive ground state
solution of (1.7), Ac = ti/Q/c and t. > 0 is the global minimizer of (1.10) for
C > Cy.

(a) Assume that (N +a)/N < p < (N 4+ 2+ a)/N, then Problem (1.6)

has a minimizer ue € S of the form u.(z) = c)\f;vﬂQp()\cx)/HQpHg with
E(u.) = Ee2 if and only if ¢ > c,.
(b) Assume that (N +2 + a)/N < p < min{(N +4 + a)/N,(N + «a)/
(N — 2)}, then Problem (1.6) has a minimizer u. € S. of the form
ue(x) = c)\iV/ZQp()\Cx)/HQpHQ with E(u.) = E.2 if and only if ¢ > c..
Then for each minimizer u. there exists a couple (jic,u.) € R x HY(RN) solution

of (1.1).

From the above theorem we see that problem (1.6) has no global minimizer
if (N+a+2)/N<p<min{(N+a+4)/N,(N+a)/(N—-2)}and 0 <c<c,
or p > min{(N +4+ «a)/N,(N 4+ «)/(N —2)} and ¢ > 0. We try to find the
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mountain pass type normalized solutions of (1.1) and local minimizer of E on
S.. Here, we say that a normalized solution (., u.) € R x HY(RY) of (1.1) is
a mountain pass type normalized solution if F(u.) = m(c), where m(c) is defined
in the following definition.

DEFINITION 1.3. Given ¢ > 0, the functional F is said to have a mountain
pass geometry on S, if there exists K. > 0 and e € H*(R") such that
m(e) = inf | max B(h(0) > {E(H(0). B(h(1)}
where
I(c) = {h € C([0,1]; Sc) [ h(0) € Ak (c), h(1) = e},
and Arc(o) = {u € S. | [Vul}} < K(e)}

Inspired by the results of [2], [10], [11], [31], we investigate the existence of
mountain pass type normalized solutions of (1.1) and local minimizers of the
functional £ on S.. Our main result is the following.

THEOREM 1.4. Assume thata >0, b >0, N >3, a € (0,N), Qp(z) is a
positive ground state solution of (1.7), A = ( i/2)/c and t. > 0 is such that
flt) =0 fore>0. Letue,; (i =0,1,2,3) and E.> are given by (3.3) and (3.9).

(a) Assume that (N+2+a)/N < p < min{(N+4+a)/N,(N+a«a)/(N—-2)}.

(i) If ¢ € (0,Cux), then E does not admit normalized solutions on the
constraint Se.

(i) If ¢ = Gy, then (1.1) has a normalized solution (pc,o,uco) € R x
HY(RN) of the form (3.3) with E(uc0) > 0.

(i) If ¢ > Cus, then (1.1) has two normalized solutions (tic1,Uc1),
(2, Uc2) € Rx HYRN) of the form (3.3) with E(uc1) = m(c) > 0
and E(uc1) = m(c) > E(ucz2) = E.>, which means that (He,15Ue,1)
is a mountain pass type normalized solution of (1.1) and u. o is a lo-
cal minimizer of E on S. when ¢ € (Cux, Cxx) and a global minimizer
of E on S. when ¢ > Cyx.

(b) Assume that N+4+a/N <p < (N+a)/(N—-2) (i.e. N < a+4),

then (1.1) has a mountain pass type normalized solution (fic3,uc3) €

R x HYRY) of the form (3.3) with E(u.3) = m(c) > 0 if and only

if ¢ > cy.

REMARK 1.5. Theorems 1.2 and 1.4 provide threshold values of ¢, > 0 and
Cs«x > 0 separating the existence and nonexistence of minimizers E on S, and
normalized solutions of (1.1) when p belongs to different ranges. Our results are
sharp. Theorems 1.2 and 1.4 extend the results of [14, Theorem 1.1], [28] and
[31, Theorems 1.1 and 1.2], where Ye studied (1.1) when ¢ =1 and b = 0 in [28],
Zeng and Zhang studied (1.1) when « = 0 in [31].
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When p is replaced by the external potential V(z), the concentration and
symmetry breaking of the minimizers were studied in [5], [15], [28], [30]. In [2],
[10], [11], Jeanjean et al. investigated the asymptotic behavior of the Lagrange
multiplier p. corresponding to the global minimizer u. as ¢ — +o0. In [3], Bel-
lazzini et al. show that if the function E.2/c? is monotone decreasing, then they
prove that the dichotomy case of the minimizing sequence does not occur, which
is crucial to proving the convergence of the minimizing sequences. Motivated by
these results and the proofs of our theorems 1.2 and 1.4, we attempt to inves-
tigate some properties of normalized solutions of equation (1.1) by introducing
some new observations and energy estimates, therefore we study the behaviors
of the Lagrange multipliers and the energies corresponding to the constrained
critical points of E as ¢ — 0 and ¢ — 400, respectively. Our main results are
the following.

THEOREM 1.6. Assume that (N+a)/N <p < (N+2+a)/N or (N+4+a)/
N<p<(N+a)/(N—-2)(N<a+4). Let (jic,uc) be the normalized solution
obtained by Theorem 1.2 and Theorem 1.4 with u.(z) = c)\iv/zQp()\Cx)/HQpHg,

(a) If (N4 a)/N <p < (N+2+a)/N, then \. is monotone increasing for

¢ > 0 small enough and E.2/c? is monotone decreasing for ¢ > 0 small

enough; furthermore, as ¢ — 0,

2 2/|Qplls""
Ae 0 VTN T Np— N —a
E,. e (N=2)p—N -«
c? =90 A2 Np-N—-a

(b) If ( N+4+a)/N <p<(N+a)/(N—-2) (ie. N <a+4), then A; is
monotone decreasing for ¢ > 0 and as ¢ — 0,
cr 2/|Qpll5" "
A\N+dta=Np Np—N—-a”
po (N-2p-N-a
Adc? Np—N -«
THEOREM 1.7. Assume that (N +«a)/N < p < min{(N +a+4)/N,(N+a)/
(N —2)}. Let (e, u.) be the normalized solution obtained by Theorem 1.2 and
Theorem 1.4 with u.(x) = C)\(];V/2Qp()\c.’£)/||Qp”2.
(a) If (N4 a)/N <p<min{(N+4+a)/N,(N+«a)/(N—=2)} and (c, uc)
s obtained by Theorem 1.2, then, as ¢ — 400,
crt 2|Qpll" "
AN T Np N — o
fe (N - 2)]) —N -«
2\ Np— N —a

AcC — 400,

b.

E(uc) — +o0,

AeC — F00,

E(u.) = —o0, b.

Moreover,
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(i) if (N+a)/N <p <min{2,(N+4+a)/N,(N+a)/(N—2)}, then
Ae = 0 as ¢ — 4o00;
(ii) fora+4> N, if2<p<min{(N +4+ «a)/N,(N +«a)/(N — 2)},
then A\, — +00 as ¢ — +o00.
(b) If (e, ue) is obtained by Theorem 1.4 with E(u.) > 0, then, as ¢ — +00,

_ 2p—2
2 2] @pll2"

VFre=Np T Np - N —a "

He (N—Z)p—N—aa

A2 Np—N—-a

Ae =0, Aec— 0,

E(u.) — 0,

Finally, we explicit a relationship between the ground states of (1.1) and the
global minimizers of E.2. Let (., u.) be a normalized solution of (1.1). Set

A, = {u| uis a solution of (1.1) with = p.},

then A, # 0 since u, € A,.. Here v is called a ground state solution of (1.1)
with u = p. ifv e A, and I(v) = inf{I(u) :u € A, }.

THEOREM 1.8. Assume that a > 0, b >0, N =3 or N =4, a € (0,N),
(N+a)/N <p<min{(N+4+a)/N,(N+a)/(N—2)}. Let u. be a global
minimum of E on S, and p. < 0 be its Lagrange multiplier. Then u. is a ground
state solution of (1.1) with p = .

We conclude this introduction by pointing out that whether or not the moun-
tain pass type normalized solution of (1.1) is the ground state solution of (1.1)
is an open question.

The paper is organized as follows: Section 2 is devoted to the preliminary
and we give some lemmas which are crucial to our proofs. Section 3 contains
the proofs of the Theorems 1.2 and 1.4. Section 4 is devoted to the proofs of the
Theorems 1.6 and 1.7. In Section 5, we prove Theorem 1.8.

Notations. LP(RY) (1 < p < +00) is the usual Lebesgue space with the

standard norm
1/p
= ([ wras)
]RN

H(RY) is the usual Sobolev spaces with the standard norm

1/2
[l g = (/ |Vu|2dx—|—/ |u|2dx> .
RN RN

2. Preliminaries

For convenience, we set

A(u):/RN Vul? dz, B(u):AN(Ia*|u\p)|u|pdx
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then

Bluw) =% A(w) + Z A2(u) — % B(u).

It follows from (1.9) that

pCNJraf(NfQ)p
(2.1) Bu) < —
1@pll2

< u))(prNfa)/?
Therefore, for any u € S, we have

b CN+a—(N—2)p

a —N—a«a
(2.2) E(u) > 3 A(u) + 1 (A(u))? — W (A(u))Np—N=e)/2
pll2
N+a—(N-2
= f.(t) & Gy Qtz _ # (Np=N-a)/2,
2 4 2(1Qy 12"

where ¢ = A(u).
The following lemma shows that problem (1.6) makes sense if (N + «)/N <
p <min{(N +a+4)/N,(N +a)/(N —2)}.

LEMMA 2.1. Assume that (N + o)/N < p < min{(N +a+4)/N, (N + «)/
(N —=2)}, then E.2 € (—00,0) if and only if ¢ > c., where ¢, is defined by (1.11).

PRrOOF. For each ¢ > ¢, and u € S, by (2.2) we know that

B > YA - S
u) 2 —(A(u))” = —————5—
1 AT

since (N + a)/N < p < min{(N + o +4)/N, (N + «)/(N — 2)}, which means
that E is bounded from below on S, and F, 2 is well defined.
For u € S, and A > 0, we have A\N/2u(\z) € S, and

))(Np—N—a)/Q > —00

b)\4 )\Np—N—oz

a 2
(23) g\ £ B0 ?u(ha)) = %A(u)-l— T (Aw)? - 2 B(u)

Hence E,» = 1é1£ E(u) < EQN?u(Az)) — 0 as A — 0, so that E < 0.

If(N+a)/N<p<(N+a+2)/N,then 0 < Np— N —a < 2, and it follows
from (2.3) that E.> < 0 for all ¢ > 0. Note that cAN/2Q,(Ax)/||Qpll2 € Se, by
(1.8), (1.9) and (2.3), we obtain that

C)\N/2
20 o =B( T 0
1@yl
@ 9.9 b, g 9y cNTOT(N=2P Np—N—
=N+ (N = s (e “
2 4 2)1Qpll57
a 5.0, b, o090 P Np—N-—a
=N+ = (PN)° - ———5 AP )
2 4 201Q,l17°
If Np=N + a+2, then
ac? I b
o =22 (%5 - ) g N2
2 2@/ 4
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there exists g > 0 such that g(\) < 0 for A € (0, o) and ¢ > a'/??=2)||Q, ||z,
therefore we have F.. < 0.

If (N+a+2)/N <p< min{(N+a+4)/N,(N+a)/(N —2)}, that is,
2 < Np— N — a < 4, by the Young inequality we have

32292227 a 942 3222
20)\ +4(c)\)n(2nc)\>+9<49(c)\)>

a\"( b\’
> (2 e 2)\2 (Np—N—-a)/2
() () 00

where 2n = N+ a+4 — Npand 20 = Np— N —a — 2, and “ =" holds if and
only if
ac?X?  b(c?A?)? e 2 2a0 _ 2a(Np— N —a—2)
on 40 b b(N+a+4—Np)’
thus it is deduced from (2.4) that
C*N*Jra*(N*?)p _ CN+a—(N—2)p
g()‘) > 2p—2
2(|Qpll2

where c,, is given by (1.12). Therefore, set \? = 2a(Np — N — a — 2)/(c*b(N +
a+4—Np)),if ¢ € (0, cus), then g(A) > 0 for all A > 0; if ¢ = ¢y, then g(A) >0
for all A # Ay and g(A1) = 0; if ¢ > ¢4, then we obtain that
I et el
1) = -
2/|Qp 12"~

so that E.2 < 0 for ¢ > c,. O

(C)\)Np—N—oz,

(C)\l)Np_N_a <0

REMARK 2.2. If 0 < N —a < 4, then (N +a+4)/N < (N + «)/(N — 2).
For p = (N + a+4)/N, by (2.4), we have

eAN/2
I )

g 62)\2 N (b c2(a+4—N)/N ) ( 2)\2)2

1 2(at+4)/N
2 4 2@,

@ 242 Aatd-N)/N _ aatd-nyny (NP
AN+ (e ¢ )2||Qp||§(a+4)/N,

if ¢ € (0,c¢4], then g(A) > 0 for all A > 0 and problem (1.6) has no minimizer,

if ¢ > ¢4, then it is deduced from (2.5) that g(A) — —oo as A — 400, therefore

E. = —oco and Problem (1.6) has no minimizer. For (N + a4+ 4)/N < p <

(N+a)/(N—-2), by (2.3), we know that g(A) = —oc as A = +oo, thus E 2 = —c0

and problem (1.6) has no minimizer.

For (N4+2+a)/N <p <min{(N+a+4)/N,(N+a«a)/(N —2)}, our another
aim is to find the constrained critical points of F on S.. By (2.1) and (2.2), we
first study the properties of f. for ¢ > 0 in the following lemmas.



MULTIPLE NORMALIZED SOLUTIONS FOR CHOQUARD EQUATIONS 307

LEMMA 2.3. Assume that (N + o+ 2)/N < p < min{(N + o +4)/N, (N +
a)/(N —2)}. Then there exists Cux > 0 such that:
(a) if c € (0,24x) then fi(t) > 0;
(b) if ¢ = Cux then there is a unique to > 0 such that f.(tg) = 0;
(¢) if ¢ > Cux then there exist two positive constants ti,ta: 0 <t < to < ta
such that fu(t1) > 0, foltr) > fulta), fi(t1) = f1{t2) = 0, f2(t2) <0,
fll(tz) > 0, where ty is the unique local mazimum point of f. and to is

the unique local minimum point of fe.

ProOF. Recall that 2 < Np— N —a <4 and

a b CN-',—a—(N—Z)p v
fc(t)zﬁt‘i‘ztg_ﬁt(]vp N a)/2, t>0
2(Qpll5
then we have
i)y =2+ b, (Np-N- )N IR N a2y
cg 2 4 2p—2 '
1Qpll2

Similar to the proof of Lemma 2.1, set 2n = N + a+4 — Np and 20 = Np —
N — a — 2, then n+ 0 = 1 and by the Young inequality we have

g—két— i+9ﬂ>in£9t9
2 T2 TN 9y 20) = \27) \20) "

and “ =" holds if and only if
a bt . A ad a(Np— N —a-—2)
%:2—9, 1.e.t:t0:%:b<N+a+4_Np),
we obtain

ity » Cp= N )™ U - M) vy aye
4@,
where . is given by (1.13). If ¢ € (0,C.) then fI(t) > 0 for all ¢ > 0; if
¢ = Cux then fl(to) = 0 and fI(t) > 0 for all t > 0 and ¢t # to; if ¢ > ¢ then
fi(to) < 0 and there exist two positive constants t1,t3: 0 < t; < tg < ta such
that fu(tr) > 0, fultr) > folta), F1(t) = fi(ts) = O, f2(t2) < 0 and f2(tz) > 0
since f.(0) = a/2 > 0 and f.(t) - 400 as t — +o00. By standard arguments
we can show that the local maximum point ¢; is unique and the local minimum

)

point t5 is unique. O
REMARK 2.4. By Remark 1.1, we see that ¢.. < c.«. Particularly, if ¢ >
Csx, then by Lemma 2.1, we have f.(t2) = rtnilol fe(t) < 0, where tq is given in
>
Lemma 2.3.
LEMMA 2.5. Assume that (N+a+4)/N<p < (N+a)/(N-2) (0<N—-a<4),

then there is a unique t3 € (0,400) such that fi(t3) = 0 and f!(t3) < 0 if and
only if ¢ > c«, where ¢, is given in (1.11).
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PRrOOF. In the case Np = N + « + 4, then

a b 02(a+4—N)/N
fc(t):t+<_ 2(a+4 N)t2’
2 \4 2 Qviasayn 3T

Ci(a+4—N)/N _ c2(at+4=N)/N

fe®) =

2(a+4)/N
Qv sasayn | 20FH

N

Therefore, if ¢ € (0, c.], then f.(t) > 0 for all ¢t > 0; if ¢ > ¢, then there exists a
unique ¢3 > 0 such that f.(¢t3) = 0 and f/(¢3) < 0.

In the case (N +a+4)/N <p < (N+a)/(N—2) and ¢ > c,, then f.(t) >0
for t > 0 small and f.(t) = —o0 as t — 400 and by a standard arguments, we
can show that there is a unique t3 > 0 such that f.(t3) =0, fc(t3) = maxsso fe(t)
and f(t3) <O. O

The following lemma reveals the relationship between the critical point of E
constrained on S, and the critical point of f., which plays a crucial role in our
proofs.

LEMMA 2.6. Assume that ¢ > 0 and t > 0 such that flL(t) = 0, then

C)\iV/z (N +a—(N-— 2)>62p—2)\£Vp—N—a

Q)\,,ZiQ (/\x)ESC, He = — —
[CH 2)|Q, |22

satisfy (1.1) and E(Qy,) = f.(t), which means that (pe, Qx,) € R x HY(RY) is
a is a normalized solution of (1.1).

PRrROOF. Since f/(t) = 0, we have

(NP—N — a)gNza—w—z)pt (r—N—a2)fz_ g
4)1Qyp 15"

Set \; = t'/2/c, then \2¢? = t,

a b
2.6 -+ —t—

N+a—(N-2)p

pc _N—

T A= B@s) =P (ue YN
pli2

and it can be deduced from (2.6) that

(Np— N —a)c? Np-N-a=2
2p—2 4
2[1Qyll5"

a+bAQx) = (a+bc*X) =

thus we have

_ (a + b/RNWQde) AQ,

_ (Np — N — a)CQP_2 /\i\/p_N_a_QAQ)\
2p—2 t
2)1Qy 15"
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2p—1
cP Np—(N/2)—a

e
1Qullz )"y o (1
((o3m)  MUarlon@Pien @l en @)
t

Qpll2 N+ a— (N —2)
—AN/' )

= (Ill * ‘QAt (1.)|p)|Q)\t (x)|p72Q>\t (.’E) + MCQAt (.’E),

where
AP2NNPTNTEN Lo (N - 2)p

Q112" 2
therefore we see that @), (z) satisfies the equation

He = —

)

—(a + b/ Vqua:> Au — (I * [uP)|ulP~%u = peu
RN

and Q», € S, i.e. (le, @y,) is a normalized solution of (1.1). By (1.8), (1.9) and
(2.2), we can obtain that E(Qy,) = fc(t). O

3. Existence of constrained critical points

Our goal in this section is to prove Theorems 1.2 and 1.4.

PrOOF OF THEOREM 1.2. (1) If (N + «)/N < p < (N + a + 2)/N, then
0 < Np— N —a <2, it can be deduced from (2.2) that for each ¢ > 0, f.(t) has
a unique global minimizer, denote by t., thus by (2.2), we have

(3.1) E.: = inf E(u) > fo(te).

u€ES,

Let @, be a positive ground state solution of (1.7), we set

Qx(@) = AV2Q,(A2) /|1 Qpll2,
then Q\(z) € S., by (1.8), (1.9) and (2.7), we obtain
cN+a—(N=2)p
20Q, 017
We set A\, = 1/2/0 then ¢?)\? = t. and E.» = u1é1f E(u) < E(Qx,) = fe(te).
This, together with (3.1), implies that

E.- = mf E( ) fc(tf) = mlnfc( )

uES, t>0

02)\2)2 . (CzAz)(Np—N—a)N A fc(02>\2)-

(Q)\) 702)\2 4(

which means that Q»_(z) is a minimizer of problem (1.6)
If Np=N 4+ a+ 2, then

a c*r—2 b
felt) = ( )t+ St
2 2Q, ¥ ) 4
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It is easy to see that if ¢ < a'/P=2)[|Q, |2, then fo(t) > 0 for all ¢ > 0, thus
we have E(u) > f.(A(u)) > 0 for all uw € S.. It follows from (2.3) that E. <0
for all ¢ > 0, therefore (1.6) has no minimizer for Np = N+ a + 2 and ¢ €
(0,a'/Cr=2||Q,l2]. If ¢ > a'/P=2)||Q, |2, then f.(t) has a unique minimizer

1 ( c2r—2 )
t. = —a .
1@y 157>

Set A\, = t};/2/c, then we have
E(Q»,) = fc(tC) < Ee = ulgg E(u) < E(QAC)

and

(all@Qpllr = 2 2)?
02 - (QA ) fC(tC) 4b||QpH2p 2 :

(2) For (N4+a+2)/N <p <min{(N+a+4)/N,(N+«a)/(N —2)}, by
Lemma 2.1, we have

N+a—(N-2)p _ N+a—(N-2
folt) = == e

202"
and “ =" holds if and only if t4 = 2a(Np — N —a — 2)/(b(N + a + 4 — Np)),
where ¢, is defined by (1.12). Clearly, if ¢ € (0, c.x) then f.(t) > 0 for all ¢t > 0
and problem (1.6) has no minimizer; if ¢ = ¢, then f.(¢4) =0 and f.(t) > 0 for
all t > 0 and ¢ # t4, therefore

= B(Qx,) = fo(ts) < B = inf B(u) < B(Qx,,) = fo(ta) =0,

which means that @y, is a minimizer of Problem (1.6), where

(32) /\ t1/2 Q C)\N/2Q
' T e M Q2

Cyxx
If ¢ > ¢4+, then it follows from Remark 2.4 that
E(Q)\t2) = f6<t2) = I;I;l%)lfC(t) S E‘c2 = ulélgc E(U) S E(Q)\Q) = fc(tQ)a

then problem (1.6) has a minimizer @, of the form (3.2). O

P()‘t4 )

PROOF OF THEOREM 1.4. We denote u.; and p.; (i =0,1,2,3) as

N/2
CAct
'U/c)i(.’I}) Qp( Ctix)a
IIQp
(3.3) 202\ Np—N—a
N PN N+4+a—(N-2)p
c,i — p—2 ;
1Qp 115" 2
then we have
/2

i

(B4 Do = i@l = ¢ Alwea(@) = X2, =i,
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where t; (i =0, 1,2,3) are given in Lemmas 2.3 and 2.5, respectively.
(1) Assume that (N+24a)/N < p < min{(N+4+a«)/N,(N+a)/(N—-2)}.
(a) Arguing by contradiction, if (p.,u.) € R x S, is a normalized solution of
(1.1) for some ¢ € (0,C.), then we have

2
(3.5) aA(uc) + b(A(UC)) — B(uc) = MCHUCHE
and it follows from [6] that the solution of (1.1) satisfies the following Pohozaev
identity:

(N —2) Npe N+a
(3.6) 3+ A Aue) = “0 el =~ Blu)
thus we get
Np— N —

(3.7) 0= aA(ue) + b(A(u.)? — ~“ L= B(u,).

2p
By (2.1), (3.7) and Lemma 2.3, we obtain
(Np — N — a)cVte-(N=2)p
2/|Qp 2"~
(Np— N —a) (@l tom (N2 _ (Nta—(N-2)p)
>

= 2p—2
2[1Qyll5”

this is a contradiction. Therefore, if ¢ € (0,¢..), then (1.1) does not admit

0> aA(ue) + b(A(u))? - (A(uc))(Np*N*O‘)ﬂ

(A(ue))NP=N=)/2 5 ¢,

normalized solutions on the constraint S..

(b) Tt follows from Lemmas 2.3 and 2.6 that if ¢ = .., then (1.1) has a nor-
malized solution (pe0,uc0) € R x HY(RY) with E(u.o) > 0,

(c) It follows from Lemmas 2.3 and 2.6 that if ¢ > €., then (1.1) has two
normalized solutions (fic.1,uc.1), (He2,Ue2) € R x HY(RY) with E(u. 1) > 0 and
E(uc,1) > E(uc,2).

Now we first show that (yc1,u.1) € R x HY(RY) is a mountain pass type
normalized solution of (1.1). Set K(c) = t1/2 and e = u,2, then A(uc2) =
¢?X2,, = t2 and for any h € I'(c), by (2.2), we have E(h(s)) > f.(A(h(s))).
Since A(h(0)) < K(c), we obtain that

E(h > o(t) = felt =F c,1)-
s€l0-1] (h(s) 2 te{t?%ftz]f (£) = felt) ()

Therefore it holds
(3'8) m(c) > fc(tl) = E(uc,l)a

where m(c) is defined in the Definition 1.3. On the other hand, set

=2t W<S>N/4Qp||2cgp(“s>” Qx),

2 2’ t c
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=% =t o) = n BEB=E AGE) = i6)

thus we see that h(s) € I'(c) and

m(c) < max E(h(s)) = max f.(t(s)) = fo(t1) = E(uca)-

s€[0,1] s€[0,1]

Combining with (3.8), we obtain that m(c) = fc(t1) = E(uc1). Therefore
(fe,1,uc1) € R x HYRY) is a mountain pass type normalized solution of (1.1).
Now we show that u. o is a local minimizer. We define

(3.9) Ee =inf {E(u)|u €S, |[Vul >t}
It follows from (2.2), (3.4) and Lemma 2.3 that
E(ucp) > Eex > inf {fo([Vul3) | u € Se, [[Vull3 > t1}
>inf {fo(t) | t > t1} > fe(ta) = E(ucz),

hence we obtain Ecz = E(uc,2), which means that u. s is a local minimizer of F
on S,.

2 (N+44+a)/N <p< (N+a))(N—-2) (e N < a+4), then it
can be deduced from Lemmas 2.5 and 2.6 that (1.1) has a normalized solution
(fe,3,tc3) € R x HY(RYN) with E(u.3) > 0 if and only if ¢ > ¢,. We can prove
that (pes,ue3) € R x HY(RY) is a mountain pass type normalized solution of
(1.1) in the same way as above, here we omit it. O

REMARK 3.1. It follows from Remark 2.4 and the definition of Ecz that if
€ > Cux, then E.2 = E.2, which means that u. is also a global minimizer of £
on S,.

4. Asymptotic behavior

In this section, we consider the asymptotic behaviors of the Lagrange mul-
tiplier . and the energy F(u.) as ¢ — 0 and ¢ — 4o00. Let (p.,uc) be the
normalized solution of (1.1), where u. = C)\éV/QQp(AC:C)/”Qp”2’ fte is the corre-
sponding Lagrange multiplier, then we have

a b 1
Ee = E(uc) :i Aluc) + Z(A(UC))Q - % B(u.)
_a N2 9(02)\3)2 B CN+°‘_(;\;__22)’)( 2 3)(NP—N—O¢)/2.
2 4 2(|Qypll5

By (3.5), we see that

N+a—(N-2)p
(41) aC2)\§ + b(C2)\§)2 — IJCW
1@yl

212\ (Np—N—a)/2
(c*A2)

_ 2
c _/14607
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which, together with (3.6), implies that
2 Np—N-a
2p
2 (Np— N —a)c* ANp—N-a
2p—2 c J
2(|@pl12°

(4.2) 0=aA(uc) + b(A(u.)) B(ue)

= acg)\f + b(cg)\i)

and
a(Np— N —a—2) b(Np— N —a—4) 9
4. E = A A
( 3) (U’C) 2(Np—N— a) (UC) + 4(Np—N— a) ( (Uc))
a(Np—N—-a—-2) 5.5 bNp—N—-—a—4), 5 52
= A
oNp—N—a) ot 4(Np— N —a) (*X0)"
therefore we have
(44) E(U/C):a(Np_N_a_z))\2+b(Np_N—Oé—4)cg)\4
' c? 2(Np—N—-«a) ¢ 4(Np— N — ) ¢
For ¢ > 0 and A > 0, we set
(4.5) F(\¢) = aANo+2-Np g2y N+ataNp NP =N =@ 5y

2p—2
2(1QylI5"

by the definition of u. and (4.2), we obtain that F(\., c)c2ANP~N=« = 0 which
implies that F(A., ¢) = 0. Moreover, we have

F ()\ C) — 8F()\,c) :2bc)\N+a+4—Np _ (p_ 1)(Np_ N — Oé) ch—?)
S 1Qull>"

OF (),
Fyx(\¢) = 7(((»\ °)

)

=a(N +a+2— Np)ANtati=-Np
+b(N + a+4 — Np)E\NFTot3=Np,

PrOOF OF THEOREM 1.6. (1) If (N + «)/N < p < (N + a + 2)/N, then
E(uc) = Eg. and Fy(Aec) > 0 for all ¢ > 0. It follows from the implicit
function theorem that for all ¢ > 0, there exists a unique continuous function
A(-): R — R*, hereinafter we denote A(c) by A, such that F'(\.,c) =0 and

e FoAec)

de Fy(Ae, 0)

AFeR N ((p-1)(Np—N —a) 72
||Qp||2p_2 )\£V+a+2pr

(4.6)

— 2b02/\z)
¢ 2

Ca(N+a+2- Np)AY TN L (N 4+ 4 — Np)e2 AN Fot3=Np’
We first claim that A\, — 0 as ¢ — 0. Otherwise, we assume that there exists
M > 0 such that A\, > M for all ¢ > 0 small, then it follows from (4.2) that,
as c— 0,

Np—N—-—a 72 Np—N -« c?r—2
2 QT AN = Q[T M

a§a+bc2)\3: — 0,



314 Z. Liu

which contradicts a > 0, and our claim holds. By (4.2), (4.5) and F(A.,c¢) =0,
we obtain that, as ¢ — 0,

_ 2p—2
2 2[@pll3”

— a > 0.
AN+at+2=Np Np—N —«

This, together with (4.6), implies that there exists ¢y > 0 such that for each ¢ €
(0,¢p), dAc/dec > 0, that is, A. is monotone increasing for ¢ € (0, ¢g). Moreover,
we can deduce from (4.4) that E.2/c? = E(u.)/c> = 0 as ¢ — 0 and E.2/c? is
monotone decreasing for ¢ € (0, ¢p).

By (3.5), (4.1) and (4.2), we have

b = (1 52— ) eu) +(A(w)?)

N-2p—N—
- Np )—pN—a = (@22 + betx?),

which means that u. < 0 and as ¢ — 0,

_(N=2)p—N -«
He = Np— N —«
pe _ (N=2)p—N -«

N
re _ b2)\2 (
by Np—N -« (a+bcAc) =

(a2 +bcAA\E) — 0,

—2)p—N—aa
Np— N —«

22U (N+a+4)/N <p < (N+a)/(N—-2) with N —a < 4, then
Fyx(Ae,¢) < 0. It follows from the implicit function theorem that for all ¢ > 0,
there exists a unique continuous function A, > 0 such that F(A.,¢) = 0 and
dAc F.(\c,0)

4D & T RO

AN+a+d—Np (p - 1)(Np —N—aq) c2p—4 o
o ) 19y 13"~ AN +atd=Np
P2 c

B a(N + a+2 — Np)AN+a+1=Np 4 h(N + o + 4 — Np)2 AN Tot3-Ne’

We claim that A.c — +o0o0 as ¢ — 0. Otherwise, we assume that there exists
M > 0 such that A.c € (0, M] for all ¢ > 0 small, then it follows from (4.2) that,
as ¢ — 0,

pe @ _ Np—N-a &1 Np— N —acNte-(N=2)p

< —— = — — < — — — 0
N 20Q, 3% AT = Ty, 3T MNTeTiN

since N+ a— (N —2)p>0and Np— N —a—4 > 0, this contradicts b > 0, and
our claim holds, and we also obtain that A, — 400 as ¢ — 0. By (4.2), (4.5)
and F().,c¢) =0, we obtain that, as ¢ — 0,

Bt gl
AN+atd=Np Np—N —«

b>0.
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This, together with (4.7), implies that there exists ¢; > 0 such that for each
¢ € (0,¢1), (dX\.)/de < 0, that is, A. is monotone decreasing for ¢ € (0,¢1).
Moreover, we can deduce from (4.3) that F(u.) — +0o as ¢ — 0.

As in the above case (1), we have
(N=2)p—N-—-«a

Np-N_a (ac® X2 + b2,

prec? =

which means that u. < 0 and as ¢ — 0,

pe (N=2)p—N-—-a a b _)(N—Z)p—N—oz
2\ Np—N-—a« c2\2 Np—N -«

b.

This completes the proof of Theorem 1.6. O

To prove Theorem 1.7, we define
(Np— N — a)CQN+;_(N_2)p {(Np—N—a-2)/2.
2(|Qpl5"

Set t. = 22, then it follows from (4.2) that G(t.,c) = f.(t.) = 0. Moreover,
we have

G(t,c)=a+ bt —

0G(t,c

Gt(t,c) = 8(t )
_ (Np-N - a)cNto=WN=2p Np - N —q — 2 {(Np—N—a—4)/2
2/|Qy |57~ 2 7

JG(t,c

Gult,e) = 2009

__(Np=N-a)(N 42‘ a2— (N —2)p) Nta—(N=2)p—1,(Np-N-a-2)/2
2[|Qy 15"

ProOOF OF THEOREM 1.7. (1) If (N + «)/N < p < min{(N + 4 + «)/N,
(N +a)/(N —2)} and (ue, ptc) is obtained by Theorem 1.2 with ¢ > ¢, then
it follows from the proof of Theorem 1.2 that t. = c?)\? is the unique global
minimizer of f.(t), that is, f.(t.) = 0 and f/(t.) = Gi(te,c) > 0. By the
implicit function theorem, we obtain that there exists a unique positive function
t(+): (Cex, +00) = R, hereinafter we denote t(c) by t., such that

dte.  Ge(te,c)
de = Giltee)

i.e. t. is monotone increasing for all ¢ > c,.

We first claim that ¢, — +00 as ¢ — +00. Otherwise, we assume that there
exists M > 0 such that t. < M for all ¢ > ¢, and t. — M as ¢ — +oo, then it
follows from (3.7) that

a+bM > a+bt. = LNQP__QO‘cN+a‘(N—2>PthP—N—°‘—2>/2 — 400,
2(|1@pll3
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as ¢ — +o0o. This is a contradiction and our claim holds. Therefore we have
cAe = +00 as ¢ — 4o00. Similar to the proof of Theorem 1.6, we obtain that
E(u.) = —o0,
N 2]
(4.8) AVtita=Np T Np N —a
pe  (N-2p-N-a
2% Np—N -«

b

as ¢ — +o0 since G(t.,c) = G(c?\2,¢) = 0.
If (N+a)/N <p<min{2,(N+2+a)/N,(N+a)/(N—2)}, then 2p—4 <0
and N+a+4— NP >0, and by (4.8), we see that A\, — 0 as ¢ — +o0.
Fora+4 > N, if 2 < p < min{(N +4+a)/N,(N +a)/(N — 2)}, then
2p—4>0and N+a+4— Np >0, by (4.8), we see that \. — 400 as ¢ = +oo.
(2) If (ue,pte) is obtained by Theorem 1.4 with ¢ > ¢ and E(u.) > 0,
then it follows from the proof of Theorem 1.4 that t, = ¢2)\2 is the unique local
maximizer of f.(t), that is, f.(t.) = 0 and f(t.) = Gi(tc, ¢) < 0. By the implicit
function theorem, we obtain that there exists a unique positive function ¢, such
that
dtc _ Geltes ) <0,
de Gy(te, )
i.e. t. is monotone decreasing for all ¢ > c,.
We claim that t. — 0 as ¢ — +o00. Otherwise, we assume that there exists
M > 0 such that t. > M for all ¢ > ¢, and t. — M as ¢ — +oo, then it follows
from (4.2) that,

a+bM +— a+bt, = Np-N-o NTa—(N=2)p y(Np-N-a=2)/2 _, 4
2|Qp 15"~ ‘ 7
as ¢ — +oo. This is a contradiction and our claim holds. Therefore we have
cAe = 0and A\, — 0 as ¢ — 4o00. Similar to the proof of Theorem 1.6, we obtain
that

2 2)|Qpll3" pe (N—=2p—N—a
Bli) 20 o O NpoN—a® % Np-N—a "
as ¢ — +oo since G(t., c) = G(c*\2,¢) = 0. 0

5. Relationship between global minimizers
on the constraint and ground states

In this section, we describe a relationship between the ground states of (1.1)
and the global minimizers of EF.2 when N =3 or N =4, o« € (0,N) and p €
((N+a)/N,min{(N+4+a«a)/N,(N+a)/(N —2)}). It follows from Theorem 1.2
that there exist a global minimizer u. of E.» and a Lagrange multiplier pu. < 0
such that (g, u.) is a solution of (1.1).
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Proor oF THEOREM 1.8. For each v € A, , then v satisfies the Pohozaev
identity (3.6). Set

or(x) = v(i) for t > 0,

then [|¢[|3 = t¥]|v[|3 and, by (3.6),

) =5 A+ T e B g - 1
- (tN_2 = ]VJ\_TQtN)ZA(U)
+ (’522_4 - NA_IQtN);’AQ(v) + (NJ\;;O‘ tN — tN;a);B(v).
Thus
? tga)) = (1) D )
+(1- t‘“ﬂw A*(v)+ (1 - t@)(NJF;;)tN_l B(v).

This implies that for N =3 or N =4, I(¢:(z)) < I(v) for all t > 0. There exists
to > 0 such that ¢y, € Se. Therefore we have I(u.) < I(ps,(x)) < I(v), which
means that u. is a ground state of (1.1) with u = p. <0. O
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