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CLASSIFICATION OF RADIAL SOLUTIONS
TO HENON TYPE EQUATION
ON THE HYPERBOLIC SPACE

SHOICHI HASEGAWA

ABSTRACT. We devote this paper to classifying radial solutions of
a weighted semilinear elliptic equation on the hyperbolic space. More pre-
cisely, for a weighted Lane-Emden equation on the hyperbolic space, we
shall study the sign and asymptotic behavior of the radial solutions. We
shall also show the existence of fast-decay sign-changing solutions to the
Lane-Emden equation on the hyperbolic space.

1. Introduction

In this paper, we shall investigate the structure of radial solutions to the
following weighted semilinear elliptic equation:

(H) —Ayu = (sinhr)®|ufP~tu  in HY,

where N > 2, p > 1, and a > —2. Here, HY denotes the N-dimensional
hyperbolic space in terms of the spherical coordinates, r > 0 represents the
geodesic distance on HY | and A, denotes the Laplace-Beltrami operator on HY.

The structure of radial solutions to semilinear elliptic equations has attracted
a great interest. In particular, the following Hénon type equation has been well
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considered:
(1.1) —Au= KluP"'u in RV,

where K denotes a given function in RY. The structure of radial solutions to
(1.1) was firstly descibed by W.-M. Ni [16] in 1982. Under assumptions on the
decay rate of K, he proved the existence and non-existence of positive radial
solutions to (1.1) for the case of p = (N + 2)/(N — 2). Thereafter, for each
p > 1, in [10], [12], [17], the existence of positive solutions to (1.1) was shown
when K decays faster than or equal to |z#|~2 at co. Moreover, under various
assumptions on K and p, there is a large number of results on the sign and
asymptotic behavior of radial solutions to (1.1) (see [5], [11], [13], [15], [17], [20]-
[23] and references therein). Here, we focus on the known result on the positivity
of radial solutions to the following Hénon equation:

(E) —Av = |z]*[vP" v in RV,

where N > 3, p > 1, and o > —2. For each § > 0, we denote by vg = vg(r)
the radial solution of (E) satisfying vg(0) = S. Moreover, let ps(N,«) be the
Sobolev exponent given by
N +2+4 2«

N-2
Then radial solutions of the equation (E) satisfy the following conditions ([17],
[20]):

o If p < ps(NN,a), then vg has infinitely many zeros in (0, co);

ps(N,a) =

o If p > p,(N, @), then vg is positive in (0, 00).
Therefore, we observe that ps(N, «) is critical with respect to the existence of
positive radial solutions of (E).
On the other hand, from 2000s, the literature of semilinear elliptic equa-

tions on HY has increased and the following Lane-Emden equation is now well-
investigated ([1]-[4], [10], [14], [18], [19]):

(L) —Agu = |uf 'y in HY,

where N > 2 and p > 1. In order to introduce the known results on (L), we
denote by ug the radial solution of (L) with ug(0) = 8. The radial solution ug
to (L) satisfies the following ([4]):

o If p < ps(IV,0), then ug has finitely many zeros in (0, 00);

o If p > ps(NV,0), then ug is positive in (0, c0).
Here, the case where ug has finitely many zeros in (0, 00) includes the case of
ug > 0 in (0,00). Indeed, for p < ps(N,0) and sufficiently small 8 > 0, ug is
positive in (0, 00). Thus p,(N, 0) is not critical on the existence of positive radial
solutions to (L).
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Comparing the structure of radial solutions of (L) with that of (E), we
observe that (L) admits no critical exponent on the existence of positive radial
solutions and no solutions with infinitely many zeros for any p > 1. Then we
can say that the structure of solutions of (L) is not as “rich” as that of (E).
Recalling that the Sobolev exponent ps depends on the weight |z|* of (E), we
are interested in the following problem:

PROBLEM 1.1. Is the structure of solutions of (L) with suitable weight as
“rich” as that of (E)?

Following the motivation, we consider the weighted equation (H). Here we
mention the weight in (H). From the analogue of (E), one of natural choice of
weight is power of geodesic distance on HY. However, we infer from [9] that such
weighted equation admits no critical exponent on the existence of positive radial
solutions. On the other hand, positive radial solutions to (E) can be classified
into two types with respect to the decay rate. Indeed, decay rate of the radial
solution to (E) is equal to or slower than that of the fundamental solution of
Laplace equation ([20]). Here, the fundamental solution depends on the elliptic
operator —A. Thus, regarding the classification of radial solutions, we infer that
it is suitable to choose the related function to the metric of HY as the weight.
Now, the weight function sinhr in (H) appears in the metric of H.

In order to state the main theorem of this paper, we prepare notations. We
denote by ug the radial solution of (H) with ug(0) = 8. Then, inspired by the
classification of radial solutions in [20], we define several classes of {ug}s=o:

DEFINITION 1.2.

(a) We say that ug is Type O, if ug has infinitely many zeros in (0, c0).

(b) We say that ug is Type R, if ug has finitely many zeros in (0,00) and
satisfies (sinh )N ~ug(r)| — v as r — oo for some v > 0.

(c) We say that ug is Type S, if ug has finitely many zeros in (0,00) and
satisfies (sinh )N =L ug(r)| — oo as r — oo.

Here, the case where ug has finitely many zeros in (0,00) includes the case
of ug > 0 in (0,00). We define the exponent py(N, o) as
N -1+ 2«
N,a)= ——.

The main result of this paper is stated as follows:

THEOREM 1.3. Let N >3, p > 1, and a > 0. Then the following hold:
(a) Let p < pp(N, ). Then ug is Type O for any 5 > 0;
(b) Let pp(N,a) < p < ps(N,«). Then there exists Sy = Buy(N,p,a) > 0
such that the following hold:
(i) If B < Bu, then ug is positive in (0,00) and is Type S;
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(ii) If B = Bu, then ug is positive in (0,00) and is Type R;
(iil) If B > Bu, then ug is sign-changing and has finitely many zeros
in (0, 00).
(c) Let p > ps(N, ). Then ug is positive in (0,00) and is Type S for any
B> 0.

REMARK 1.4. (a) The assumption o > 0 is sharp. Indeed, when o = 0,
although Theorem 1.3 holds, the assertion (a) does not occur for py(N,0) = 1.

(b) When p € (pp(N,a),ps(N,@)), the threshold 8 = By arises from the
variational view. Indeed, ug,, coincides with the positive solution which is ob-
tained by the variational methods in Appendix of [6], while ug does not belong
to the energy space for 5 < Sy.

(c) The assertion (c) has already been proved in Theorems 3.1-3.2 of [6].

(d) For p € (pp(N, ), ps(N,)) and 8 > By, it is an outstanding problem
whether ug is Type S or Type R, and how many zeros ug has in (0, c0). Moreover,
for the cases of p = pp(N,a) and p = ps(N, a), the structure of radial solutions
is an open problem. In addition, when a < 0, the structure of radial solutions is
not clarified for any p > 1.

We observe from Theorem 1.3 that there exist two critical exponents with
respect to the sign of solutions. Indeed, p, (N, «) is critical on the existence of
positive radial solutions, while ps(N, «) is critical with respect to the existence
of sign-changing radial solutions. Theorem 1.3 also implies the existence of
solutions of Type O. Thus, we can say that the structure of radial solutions of
(H) is as “rich” as that of (E).

We shall obtain a further result on radial solutions to (H). Regarding the
existence of radial solutions of Type R, we obtain the following result:

THEOREM 1.5. Let N > 3, a > —2, and p € (max{l,ps(N,a)},ps(N, a)).
Then there exist a strictly increasing divergent positive sequence {B} and a pos-
itive sequence {yr}, k =0,1,2,... such that ug, has just k zeros in (0,+oc0) and
V-

satisfies (sinh )N ~tug, (r) — (=1)*yy as r — oo.

Remark that By = By if @ > 0, where Sy is defined in Theorem 1.3. We
observe from Theorem 1.5 that there exist radial solutions of Type R for the
case of @ > 0, pp(N, ) < p < ps(N, ) and 8 > By in Theorem 1.3. Moreover,
Theorem 1.5 also implies that the equation (L) has sign-changing radial solutions
of Type R when p € (1,ps(N,0)). Here, for the equation (L), the existence of
positive radial solutions of Type R has been already proved for p € (1,ps(N,0))
(14), [14)).

The paper is organized as follows: To begin with, in Section 2, we prepare
notations and auxiliary lemmas. In Section 3, we shall prove Theorem 1.3 (a).
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Moreover, we devote Section 4 to showing Theorem 1.5. Finally, we verify The-
orem 1.3 (b) in Section 5. Here, Theorem 1.3 (c) was proved in [6].

2. Auxiliary lemmas

We devote this section to preparing notations and lemmas necessary for the
classification of radial solutions to (H). To begin with, we describe the N-
dimensional hyperbolic space as HY. Let HY be a manifold admitting a pole o
and whose metric g is denoted, in the polar coordinates around o, by

ds* = dr? + (sinhr)?dO?, r>0, @ SV,

where d©? denotes the canonical metric on the unit sphere S¥ =1, r is the geodesic
distance between o and a point (r,©). Now, we shall define radial solutions
to (H). For each 8 > 0, we consider the following problem:

4 N-1, i o P=ly(r) = in s
() u’(r) + P (r) + (sinh ) |u(r)] (r)y=0 (0, +00),
u(0) = .

Then, the solution of (Hr) satisfies the following properties:

LEMMA 2.1. Let N > 2, p>1, and a > —2. Then the problem (Hr) admits
a unique global solution ug € C(]0,00)) N C%((0,00)) and the following hold:
(a) }i_r}r(l)(sinh r)_a/Qu%(r) = 0;
(b) fug(r)] < B in (0,+00);
(c) Ifug >0 in (R, 00) for some R > 0, then rli_)rglo(sinh r)N_lu’B(r) < 05
(d) If ug > 0 in [0,R) for some R > 0, then ujy < 0 in (0,R), i.e. ug is
strictly monotone decreasing in (0, R).

PRrROOF. To begin with, we consider the following integral equation in [0, 00):

(2.1) u(r)=p— /OT W/o (sinh s)N =1y (s) [P~ Lu(s) ds dt.

By a standard theory, (2.1) has a unique global solution ug and then we can
verify that ug is the unique solution of (Hr) (e.g. see [8]). Now we shall prove
the assertion (a). Differentiating (2.1) with respect to r, we see that

1 T
(2.2) up(r) = _W/o (sinh s)N 1 ug(s) [P~ tug(s) ds.
Since ug(0) = 8 > 0, we may choose sufficiently small £ > 0 such that ug(r) > 0
in [0,&). Then ug is strictly monotone decreasing in [0, ) and using (2.2) again,

we obtain
u(r) o . PR
< inh N+(¥7: inh 1+a/2.
(sinhr)e/2 — (SinhT)NHa/z/o (sinh s) tanh s N—|—04<SII1 ")
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By 14 «/2 > 0, the assertion (a) holds. Next, multiplying the equation in (Hr)
by ujz/(sinh ), we observe that the following identity holds:

where
_ (W) fup(r)Pt
Fr) = 2(sinh r)e p+1

Hence, since N — 1+ «/2 > 0, it follows that F' is strictly monotone decreasing

in [0, 00). Thus, combining assertion (a) with the monotonicity of F', we see that
F(r) < F(0) in (0,400). Then assertion (b) holds. We shall show assertion (c).
From (2.2), we deduce that

(2.4) —{(sinh )Nt} = (sinh )N T ug (1) [P g (7).
Since ug > 0 in (R, ), we see that (sinh )V 1

Then we claim that lim (sinh 7“)N_1u}i (r) < 0. Suppose not, there exists v > 0
r—00

u% is strictly decreasing in (R, 00).

such that (sinh r)N_lu’B(r) — 7 as 7 — oo. It follows from the monotonicity of
(sinh T)N_lug that uj > 0 in (R, 00) and then ug(r) > ug(R) in (R,00). Thus,
integrating (2.4) over (R,r), we obtain as r — oo,

(sinh )N~ (r) = (sinh R)N " 'uj(R) — / (sinhs)N 1 uf (s) ds — —oc.
R

This is a contradiction and assertion (c) holds. Finally, we shall show asser-
tion (d). Since ug > 0 in [0, R), from (2.4) it follows that (sinhr)N’lufg is
strictly decreasing in (0, R). Moreover, in view of assertion (a), we observe that
(sinh T)N_lug — 0 as r — 0. Hence, it holds that (sinh r)N_lqu < 0in (0, R)
and we complete the proof of the assertion (d). O

In the following, we denote by ug = ug(r) the solution of (Hr). Then ug also
satisfies the following:

LEMMA 2.2. Let N > 2, p>1, and a > —2. Then the following hold:
(a) 1/;?01 B~ Yug(r) = 1 uniformly in r € [0, arcsinh 1];

(b) lé% B~ ujy(r) sinhr = 0 wniformly in r € [0, arcsinh 1].

PROOF. Setting Ug(r) := B~ ug(r), we infer from (2.2) that

pr1 "o lta _
W/o (smhs)N =+ |Us(s)|? 1U5(s)ds.

Since Lemma 2.1 (b) implies that |Ug(r)| < 1 in r € [0, 4+00), it holds that

prt / " (sinhg)Me g
(sinhr)N—2 tanh s N+«

(25)  Uh(r)=—

|Us(r) sinh 7| < ja+?

(sinhr
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in r € [0,arcsinh 1]. Then
gt
|Ug(r) sinhr| < Nia
and the assertion (b) holds. Moreover, integrating (2.5) over [0, 7], we obtain
pr—1 /T (sinh¢)o+2 gt < prt
N+a ), tanht “ (N+a)(a+2)

in r € [0,arcsinh 1]

Up(r) = 1] <
in r € [0,arcsinh 1]. Thus we derive the assertion (a). O

In this paper, applying Definition 1.2 introduced in Section 1, we shall classify
ug}g>0. To this aim, we state the following lemma;:
BIB

LEMMA 2.3. Let N > 2, p>1, and o > —2. Then ug is classified into one
of three types in Definition 1.2, i.e. Type O, Type R, and Type S.

Proor. We only have to show that if the number of zeros of ug is finite
on (0,00), then (sinhr)¥~!|ug(r)] — 0 does not occur as r — oo. We may
assume that there exists R > 0 such that ug > 0 in (R,00). Suppose not,
(sinhr)¥~lug(r) — 0 as r — oo. Then, we deduce from I'Hospital’s rule
that (sinhr)N’lu’ﬁ(r) — 0 as 7 — oo. However, Lemma 2.1 (c) implies that
Th;&(sinh r)NﬁlufB(r) < 0. This is a contradiction. O

Now, we introduce the following function which plays an important rule to
show the sign of radial solutions:

o(r)(uh(r)? o) |ug(r)P+t  (sinhr)N " tug(r)uj(r)

@6 0= i) p+1 p+1

)

where ¢(r) = [/ (sinh s)V =17 ds. Here, making use of the Pohozaev type iden-
tity, we construct the function V. Indeed, setting

1 1 (N =14 a/2)¢p(r)
27) hr) = 3" p+1 (sinhr)N-1+etanhyr’

we infer that U satisfies the following:

LEMMA 24. Let N > 2, p > 1, and a > —2. Then, the following identity
holds:

(2.8) U'(r) = (sinhr)Nﬁlh(r)|u'[3(r)|2 in (0, 00).

PRroOF. Multiplying the equation in (Hr) by ¢(r)uj(r)/(sinhr)®, we derive

p(r)(up(r)* () ug ()P (sinhr)V e u(r) Pt
(2.9) ( 2(sinh r)e + p+1 ) a p+1
(sinh )V~ (ujy(r))? o\ () (up(r))?
B 2 - - (N —i 2) (sinh r)a?tanh r)’
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Moreover, multiplying the equation in (2.4) by ug(r), we have

(210)  ((sinh7)Vlugul)’ = (sinhr) V7 (uf)? — (sinhr)N T g P

Then, multiplying (2.10) by (p + 1)~! and adding it to (2.9), we obtain (2.8).0
Moreover, ¥ satisfies the following properties:
LEMMA 2.5. Let N>2, p>1, and a>—2. Then, it holds that Th_}r% P(r)=0.
PrOOF. We have

(2.11) o(r) < /r(sinhs)N"'a

0

Then it follows from (2.11) and Lemma 2.1 (a) that ¥(r) — 0 as r — 0. O

ds 1
tanhs N+«

(sinh r)N+(".

LEMMA 2.6. Let N >3, a> —2, and 1 < p < pp(N,«a). Then, it holds that
U >0 and ¥ >0 in (0,00).

PROOF. Since

80(7") " : N—-1+« dS 1 . N—-1+«
h = h
tanhr /0 (sinh s) tanhs N —1+ a(sm ) ’

the following estimate holds:

1 1 N-1+a/2
hr) > = - >0
>3+ 1" No1ta =

)

where the last inequality is equivalent to p < pp(N, ). Then it follows from
Lemmas 2.4-2.5 that ¥/ > 0 and ¥ > 0 in (0, 00). O

LEMMA 2.7. Let N >3, a > =2, and pp(N,a) < p < ps(N, ). Then, there
exists R = R(N,p,a) > 0 such that U is strictly monotone increasing in (0, R)
and is strictly monotone decreasing in (R, +00).

PROOF. In order to investigate the sign of ¥, we shall study the sign of h,
where h was defined in (2.7). To this aim, we set two functions g1, g2: [0,00) — R
as g1(r) = h(r)(sinh7)N =" tanhr and go(r) = g} (r)(sinhr)~ V=14 Tt is
easy to verify that gy is strictly monotone decreasing in (0, 00) and

N-2 N+a N-1 N-l+a
- li - .
92(0) oy 0% Jime) st <0

Here, we used the assumption p,(N,a) < p < ps(N,«). Therefore we find

a unique constant R= R(N,p,a) > 0such that go(R) = 0. Then g; is monotone
increasing in (0, R) and monotone decreasing in (R, ). Now, we have g;(0) = 0
and it follows from 1'Hospital’s rule that le g1(r) < 0. Thus, there exists
a unique R = R(N,p, ) > 0 such that gl(];;) io0. Applying the definition of g;
and (2.8), we complete the proof. O
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3. Proof of Theorem 1.3 (a)

In this section, we shall investigate the solution ug to (Hr) for p < py(N, )
and prove Theorem 1.3 (a). To this aim, we prepare the following lemma:

LEMMA 3.1. Let N > 2, p > 1, and a > 0. If there exists R > 0 such that
ug > 0 in (R, 00), then there exist C = C(N,p,a) >0 and R > R such that

(3.1) up(r)(sinhr)® P~ < ¢ in (R, 0).

PrOOF. Using Lemma 2.1 (c), we find Ry > R such that uj; < 0 in (Ro, o0).
Thus, integrating (2.4) over (Ry,r), we infer that

uly(r) 1 "o “lta :
(3.2) ug(r) S_(Sinhr)N*1/13 (sinhs)N"ds in  (Ry,00).

Since
lim (sinh )~V -1+e) / (sinhs)V 71T ds = (N =14 )7,
r—00 RO
there exists Ry > Ry such that
/ (sinh )V =T ds > C(sinh )V =1+ in (R;,00).
Ro
Hence, from (3.2) it follows that (ug(r)) Puj(r) < —C(sinhr)® in (R1,00).

Integrating this inequality over (R,r), we obtain

u "(r) > C | (sinhs)*ds in (Ry,00).
Ry

Similarly, since there exists R > Ry such that
/ (sinh s)* ds > C(sinhr)® in (R, oc),
Ry

it holds that uj ”(r) > C(sinhr)® in (R, o). O
Now, we prove Theorem 1.3 (a).

PRrROOF OF THEOREM 1.3 (a). We prove the assertion by contradiction. As-
sume that ug has finitely many zeros in (0, c0). Then we may assume that there
exists R > 0 such that ug > 0 in (R, 00). Thus, by Lemma 3.1, we find C' > 0
and R > R such that (3.1) holds. Since

«Q >N—1+a - N—1+a>N—1
p—1 p+1 p+1 2
we observe from (3.1) that (sinh )N =1+)/(P+1)y 5 50 and (sinhr)(N=D/2y5 -0
as r — oco. Moreover, using 'Hospital’s rule, we obtain (sinh r)(Nfl)/Qu’ﬁ —0as
r — 00. Then we derive ¥(r) — 0 as r — oo, where VU is defined in (2.6). This
is a contradiction to Lemma 2.6 and we complete the proof. (]

p< pp(N,a) &
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4. Proof of Theorem 1.5

In this section, we show Theorem 1.5, i.e. the existence of radial solutions
of Type R. Now, we shall prepare some notations and lemmas. For 5 > 0, let
ug = ug(r) be the solution of (Hr). Then we introduce the Priifer transformation

(4.1) ug(r) = pg(r) cosBz(r),
—(sinh T)N_lu’ﬁ(r) = pg(r)sinfs(r),

where pg = ps(r) = {uj + ((sinh 7‘)1\’_111’5)2}1/2 > 0 and g = 05(r). Moreover,

pp(r) and O3(r) are continuous functions on r satisfying pg(0) = 5 and 63(0) = 0.
Now, we study properties of pg and 63.

LEMMA 4.1. Let N > 3, p > 1 and o > —2. [t holds that 05(r) > 0 in
r € (0,+00). In particular, 0 > 0 if 05 = (j + 1/2)7 for any j € NU {0}.
Proor. Differentiating two equalities in (4.1) with respect to r, we obtain
(4.2) plscoss — pptysinfs = —(sinhr) =N~ pgsin b,
(4.3) plysinfs + pgl cosf = (sinhr)N 1T ug P! pg cos 5.

Then, multiplying (4.2) by —sinég and (4.3) by cos g, and adding them, we see
that 6 = (sinh 7)== (sin 63)? + (sinh )N =1+ |ug[P~! (cos fg)? > 0. Further-
more, when g = (j + 1/2)m, it holds that 65 > 0 in r € (0, +00). O

LEMMA 4.2. Let N >3, p> 1, and a > —2. It holds that
lim pg(arcsinh 1) = lim fg(arcsinh 1) = 0.
i arcsinh 1) = im0 arc sinh 1)
PrROOF. Applying Lemma 2.2, we obtain pg(arcsinh1l) — 0 as 8 ] 0. Simi-
larly, it follows from Lemma 2.2 that cosfg(r) — 1 and sinfg(r) — 0 as 8] 0
uniformly in 7 € [0,arcsinh1]. Therefore we see that for some integer j > 0,

0p(r) — 2jm as B | O uniformly in r € [0,arcsinh1]. Then recalling that
03(0) = 0, we derive j = 0. O

LEMMA 4.3. Let N >3, a > —2, and 1 < p < ps(N, ). It holds that

lim 6 inh1) = +o0.
S s(arcsinh 1) 00

PROOF. Let 8 > 1 and set vg(r) = B ug(B~P=1/(@+2)r). Since ug satisfies
(2.1), vg satisfies the following integral equation:

r B=(p=1)/(a+2)¢ N-1
(44) vg=1 —/O (tsinh(ﬁ_(p—l)/(a-‘rQ)t))

t 1 —(p—1)/(a+2 N—-14+a«a
ssinh(8 (p—1)/(a+ )S) -
/0 ( B—(p=1)/(a+2)g lvg|P~ v ds dt.
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Making use of the Ascoli-Arzela theorem, we shall prove that {vg}ss1 is a con-
vergent sequence in C” sense. We observe from Lemma 2.1 (b) that for any 3 > 0,
(4.5) log(r)| < B'B=1 inre0,00).

Fix R > 0. Setting f(z) = z/sinhz in z € (0,00), we have f(z) — 1 as z — 0.
Then, for 8 > 0 large enough and any 71,79 € [0, R] with 7 < rg,

|vg(r2) — vs(r1)]
_ T2 f(B—(p—l)/(a—i—?)t)N—l /t gN—1+a
o (f(

N1 B—(-D/(a+2) 5))N—1T+a ds dt

=/
t
<C/T2 1 /SN—1+adsdt<C(r§‘+2—T?+2)~
- " tN-1 o -

We consider the case of @ > —1. It follows from the mean value theorem that
(4.6) lvg(r2) — va(ri)| < CR*(ry —1y).

If a € (=2, —1), then we can verify that (2272 —1)/(2 —1)**2 < 1in z € (1,00).
Therefore, taking z = ro/r1, we see that

(4.7) lvg(ra) — va(r1)| < Clry —ry)* 2

Applying (4.5)—(4.7) and the Ascoli-Arzela theorem, we find v € C([0, R]) such
that vg — ¥ as 8 — oo in C([0, R]). Recalling that vg is the solution of the
integral equation (4.4), we infer that v is the solution of

r 1 t
() =1 / . / N1+ 5(8) P15 (s) dis dt.
0 0

Therefore 7 € C%((0, R]) and v satisfies

=~ N — 1/\/ a|np—17
v+ —0 +rplPto =0,
r

5(0) =1,

i.e. U is a radial solution of (E) on [0,R]. Since R € (0,+0c0) is arbitrary,
v is a radial solution of (E) on [0,+00). Here, the number of zeros of ug in
[0, arcsinh 1] is equal to that of vg in [0, 3P~D/(@+2)arcsinh 1]. Therefore, since
¥ has infinitely many zeros in [0, +00) (e.g. see Theorem 2. (¢) in [20]), the number
of zeros of ug in [0, arcsinh 1] diverges to +oco0 as f — 400. Then, we complete
the proof. O

Next, for v > 0, we consider the problem

~n N-1_ : | ()| P—177 _ 3
48) a’(r) + iy & (r) + (sinh #)*|a(r)|P~*u(r) =0 in (0, +00),
lim (sinh7)N = a(r) = .

r—-+00

Then the solution of (4.8) satisfies the following properties:
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LEMMA 4.4. Let N > 3, o > =2, and p > max{l,pp(N,«)}. Then the
problem (4.8) admits a unique global solution U, = u,(r) and the following hold:

(a) (sinhr)N=1a, (r)] < v inr € (0,00);

e N-1
(b) lim~y ', = / ETDLED] dt uniformly in r € [arcsinh 1, +00);

=0 sinh¢)(V-1)
(c) lin%) v~ H(sinhr)N 1@, = —(N — 1) uniformly in r € [arcsinh 1, +00).
=

PRrROOF. To begin with, under the transformation

. 1 . Nol~
sinh s = . w(s) = (sinh 7)™~ u(r),

problem (4.8) is rewritten as follows:

N !
(4.9) w” + tanllzs + (N — 1w + (sinh s)°|w[P~tw = 0 in (0, +00),

w(0) =,
where 6 = (N —1)p — (N 4+ 1+ «). Here p > pp(N, @) yields 6 > —2. Then we
consider the following integral equation:

(4.10) w=~vy— /OS(Sinlllt)N/O(sinhz)N((N — Dw + (sinh 2)° |w[P " w) dz dt.

By a standard theory, (4.10) has a unique global solution w. and then we can
verify that w, is the unique solution of (4.9) (e.g. see [8]). Thus (4.8) also has

the unique global solution u,. Now, we shall prove the assertion (a). Multiplying
the equation in (4.8) by (sinh T)Z(Nfl)ﬂfy(r) and setting

@D (v 4 O
p+1

we can verify that G’ > 0inr € (0,00). Then it follows from I’'Hospital’s rule and

p > pp(N, ) that G(r) < lim G(r) = (N —1)7)?/2 in r € (0,00). Therefore,
T—00

we obtain [u,(r)] < (N — 1)y(sinh 7)== in 7 € (0,00) and

_ ® > N —1)y v
e ( _
[t ()] _/7, |u7(z)| dz _/T, (sinh z)V =1 tanh 2 dz (sinhr)N-1

in r € (0,00). We derive the assertion (a). We shall prove the assertions (b)

G(r) = VD

(sinhr

and (c). Letting (77(7") =y, (r), we have
((sinh )N =10 (1)) + AP~ (sinh ) N1 T () P71, (1) = 0,

(4.11) . . No1~
rkrjloo(bmh r)Y U, (r) = 1.

Using I'Hospital’s rule, we obtain lim (sinh T)Nflﬁ,’y(r) = —(N —1). Hence,

r—+400
integrating the equation in (4.11) over [r, +00), we derive

~ +oo ~ ~
(4.12) N-1+ (sinhr)NflUA’Y(r) = / AP~ (sinh )N UL (8) P, (2) dt.
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Since the assertion (a) implies that |ﬁy| < (sinh 7)== in r € (0, 00), we have
~ +oo
IN -1+ (sinhr)NﬁlUﬂ’{(rﬂ < / AP~ (sinh t)*~ N =DE=D g < P10
T

in r € [arcsinh1,400), where & — (N — 1)(p — 1) < 0. Thus, we derive the
assertion (c). Multiplying (4.12) by (sinh7)~(N=1) and integrating over [r, +-00),
we infer from the assertion (a) that

~ +o0o N _ 1
tn(r) = / (simh )V dt‘

+oo +oo
< 'ypfl/ / (sinh £)*~N=DP=D gt 4s < 4P~1C

in r € [arcsinh 1, +00). Then the assertion (b) holds. O

In the following, for v > 0, we denote by u, = u,(r) the solution of the
problem (4.8). Now again, we use Priifer transformation

Uy (1) = py(r) cos gw(r), )
—(sinh )NV (1) = py () sin 6, (r),
where p, = {a2 + ((Sinh,r)N—lﬂfy)Q}l/Z

functions on r and satisfy the following asymptotic behavior as r — +o0:

> 0. Here, p, and 6., are continuous

LEMMA 4.5. Let N, «, and p satisfy the assumption in Lemma 4.4. Then it
holds that rlg{loo py(r) = (N —1)y and TETOO 0.,(r)=m/2.

PROOF. Set w.(s) = (sinhr)N~1%, (1), where sinh s = (sinhr)~1. To begin
with, we shall prove that w’ (s)sinhs — 0 as s | 0. Since u, is the solution of
(4.8), wy is the solution of (4.10). Then, differentiating (4.10) with respect to s,

we have

1 s . . _
(413) Wl = _W/o {(N = 1)(sinh t)Nw, + (sinh )V |w, [P 1w, } dt.
Since w,(0) = v > 0, we may choose sufficiently small £ > 0 such that w/, <0
in (0,&). Hence, we observe from (4.13) that

* (sinh¢) N+ 4 (sinh ¢)V+1+9 . .
[w(s)] < C/o (sinb 5)N tanh dt = C{ sinh s + (sinh s)1+5}

in s € (0,¢). Thus it holds that w! (s)sinhs — 0 as s — 0 and then

. . N—1~
Tgrfoo(smh T) ur,(r)

= liﬂ)l—(w;(s) sinh s + (N — 1)w,(s) coshs) = —(IN — 1)7.
Therefore, we have p,(r) — (N — 1)y as r — +o00. Since cos gv(r) — 0 and
sind,(r) = 1 as r = +o00, we also obtain lim 6,(r) =x/2. O

—+o00



94 S. HASEGAWA

Then, we shall state the properties of (p-, GN,Y)

LEMMA 4.6. Let N, «, and p satisfy the assumption in Lemma 4.4. Then it
holds that ¢/, (r) > 0 in (0,+00). In particular, 07, > 0 if 0, = (—=j + 1/2)7 for
any j € N.

Making use of the same method as in the proof of Lemma 4.1, we can prove
Lemma 4.6. Hence we omit the proof of Lemma 4.6.

LEMMA 4.7. Let N, «, and p satisfy the assumption in Lemma 4.4. Then it
holds that liﬂ)l p~(arcsinh 1) = 0. Moreover, there exists © € (0,7/2) such that
8!

lim 57 (arcsinh 1) = ©.
740
ProoF. Making use of Lemma 4.4 (b)—(c), we have lig)l p~(arcsinh1) = 0.
8!

Moreover, there exist © = ©(r) € (0,7/2) and j € Z such that @,(T) — O —2j7
as 7 J 0 uniformly in r € [arcsinh1,400). Recalling that 6,(r) — 7/2 as
r — 400, we see that j = 0. O

LEMMA 4.8. Let N, «, and p satisfy the assumption in Lemma 4.4. Then it
holds that

lim 6. ,(arcsinh 1) = —o0.
y—4o00

PrROOF. Let v > 1 and set 0, (s) = 7w, (y~®~1D/0+2s). Since w,(s)
satisfies (4.10), v, (s) satisfies the following integral equation:

T L Al
ar =1 | (tsmhw G/ Mt))

/t (zsmh( (P=1)/(5+2) ;)\ V0
0

A—-1)/(+2),
s A1/ \N
_/O (tsinh( (p— 1)/(5+2)t>

t 1)/(542
zsinh(y~(P=1/(042) 5 o) (50
/0 ( A—G-1)/(6+2), (N—1)7 v, dz dt.

[0, [P~ 1%, dz dt

We shall check that for any fixed S > 0, {v,},>0 is a convergent sequence
in C° sense by making use of the Ascoli-Arzela theorem. Now, Lemma 4.4 (a)
implies that

(4.15) [U,(s)| <y 'y=1 inse€0,o00).

Fix S > 0. Applying the same method to obtain (4.6)—(4.7), we observe from
(4.14) that for any s1, s2 € [0, 5] satisfying s; < s5 and sufficiently large v > 0,
C(S + 89t (53 — 51) for § > —1,

(416 (o) =P =) (g )k Cloa e s fon € (<2,1)
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Applying (4.15)—(4.16) and the Ascoli-Arzela theorem, we find v € C([0,5])
such that v, — v as v — oo in C([0, S]). Since v, is the solution of the integral
equation (4.14), we verify that v is the solution of

~ 1t o1
v(s) = 1—/ t—N/ NPT dz dt.
0 0
Thus ¥ € C?((0, 5]) and v satisfies

0"(s) + g%’(@ +s°[o(s)[P 1 u(s) = 0,
5(0) = 1.

(4.17)

Moreover, we observe that ¥ is the solution of (4.17) on [0, 4+00), for S € (0, +00)
is arbitrary. Now, the number of zeros of @, in [arcsinh 1, +00) is equal to that of
v, in [0, 7P~/ arcsinh 1]. Furthermore, since p > py(N, @) is equivalent to
p < ps(N + 1,9), v has infinitely many zeros in [0, +00) (e.g. see Theorem 2 (c)
in [20]). Thus, the number of zeros of @, in [arcsinh1, 4+00) diverges to 400
as y — +oo. O

Then, making use of the method applied in [22], we shall prove Theorem 1.5.
ProoOF OF THEOREM 1.5. We denote I" and fk by

I' = {(ps(arcsinh 1), 8g(arcsinh 1); 8 € (0, +00))},

I = {(py(arcsinh 1), 6, (arcsinh 1) + km;y € (0, +00))},

where k € NU {0}. It follows from the uniqueness of solutions to the initial
value problems that I" and fk are continuous curves and do not intersect itself.
Similarly, fj and I';, do not intersect if j # k. Using Lemmas 4.2-4.3 and 4.7-4.8,
we observe that I intersects I'y, for every k. Then we define §; by the smallest 3
such that T' intersects f‘k. Since fj and fk do not intersect, fj increases strictly

on k. Moreover, there exists v such that

03, (arcsinh1) = 5% (arcsinh 1) + km,
ps, (arcsinh 1) = p,, (arcsinh 1).

Therefore, we obtain

ug, (arcsinh 1) = (—1)* @, (arcsinh 1),
uj, (arcsinh 1) = (=1)* @/, (arcsinh1).

)N ug, (r) = (—1)Fy, as r — occ.
) = 0, (r) + kr — 7/2 4+ kr as

r — 0o. Hence, ug, has exactly k zeros in (0, c0). O

Then ug, = (—1)* ., in (0,+0o0), i.e. (sinhr
Furthermore, Lemma 4.5 implies that 6, (r
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5. Proof of Theorem 1.3 (b)

5.1. Existence of threshold. In this subsection, we shall prove the fol-

lowing theorem:

THEOREM 5.1. Let N >3, a >0, and pp(N, ) < p < ps(N,«). Then there
exists a unique By > 0 such that

(a) If B < B, then ug > 0 in [0,00) and ug ¢ H'(HY).
(b) ugy, >0 in [0,00) and ug, € H'(HY).

Now, we prepare notations and lemmas. To begin with, we shall study decay
rates of radial solutions.

LEMMA 5.2. Let N > 2, a > 0 and pp(N,a) < p < ps(N,a). Suppose that
ug € HY(HY) and ug > 0 in [0,00). Then it holds that

1 log |uly(r uly(r
51)  lim 0880 loglus (I _ 1y, ) _ (N —1).
r—»00 r r—00 r r—00 Ug (r)
PROOF. ug € H'(HY) implies that (sinhr)N=1/245(r) — 0 as r — oo.
Thus, since p > py(N, @) is equivalent to a/(p — 1) < (N — 1)/2, it holds that
(5.2) lim (sinh7)®/ P~ Dyg(r) = 0.

700

Then, for & > 0 small enough, there exists 7. > 0 such that (sinhr)®uj(r) <
eug(r) and (tanhr)~' < 1+ ¢ in [r.,00). Using Lemma 2.1 (d), we obtain the
following estimates in [r., c0):

N -1
Ug + (N — 1)(1 —+ 5>u,5 S U/é + mu/ﬁ -+ (sinhr)o‘ug = O7

ug + (N — Duy + eug > uj + uj + (sinhr)*ufy = 0.

tanh r

Then, applying the same method as in the proof of Lemma 3.4 of [14], we com-
plete the proof. O

Next, we shall show the uniqueness of a positive radial solution in H*(HY).
To the aim, we define notations. We set

~ . a+2(N -1 ~
(53)  p(r) = (inhr)tug(r), ¢= T2 D oy 1)-a.
p+3
Then, by direct calculations, Ug satisfies
G~ 1, . DN ~ ~
(5.4) (sinh )T ug(r) + 3 ((sinh r)q)/ gy (r) + G(r)ug(r) +uj(r) = 0,
where

G(r) = A(sinhr)? 4+ B(sinh )72, A=¢>—q(N—-1), B=A+gq.
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Moreover, we set the following function:

O A (O B .
(5.5) Eg(r) == §(smh r)4 (u'ﬁ (r)) + o 3 G(r) u% (r).
Then, multiplying (5.4) by uj(r), we have
(5.6) L Ba(r) = 2 &) @)
. 5y Ee(r) = 5 G'(r)aj(r).

Now, we shall state properties of E3 and G.

LEMMA 5.3. Let N, «, and p satisfy the assumption in Theorem 5.1. Then
the following hold:

(a) There exists R > 0 such that G > 0 in (0,R), G'(R) =0, and G’ <0
in (R, 00);

(b) Eg(r) =0 asr —0;

(¢) If ug € HY(HY) and ug > 0 in [0,00), then Ez(r) — 0 as r — oo.

PROOF. First we prove the assertion (a). Since
G'(r) = (Aq(sinh ) + B(§ — 2))(sinh )72 (tanh ) !,

it is sufficient to investigate the sign of constants Ag and B(q — 2). We can
verify that p > pp(IV,«) is equivalent to ¢ > 0 and p < ps(V,a) is equivalent
to ¢ < 2. Moreover, it follows from p > py(N, ) that A < B < 0. Hence, we
see that Ag < 0 and B(q¢—2) > 0. Therefore, using the definition of G’ and the
monotonicity of (sinhr)?, we obtain the assertion (i).

We prove the assertion (b). Eg(r) can be expressed as Eg(r) = Eé(r)E%(r),
where
(sinhr)(p+1)q’o‘*2u%

2 )
wysinhr\2  2(sinhr)*t2uf !
Eé(r) =14 | gcoshr + p ( ) s
us

p+1
Since (p + 1)g — o — 2 > 0, we see that Eé(r) — 0 as r — 0. Moreover,
Lemma 2.1 (a) implies that |E[23(0)\ < 0o. Thus the assertion (b) holds. We shall
prove the assertion (c). Since ((p+1)g—a)/2 < N—1and ug € H'(H"), it holds
that (sinh ’I“)2Eé(7“) — 0 as r — oo. Furthermore, we observe from (5.1)-(5.2)
that lim |(sinh ) "> E3(r)| < oo and the assertion (c) holds. O

Eé(r) =

+ A(sinh7)? 4 B}.

Making use of Lemma 5.3, we prepare further lemmas for the proof of The-
orem 5.1.

LEMMA 5.4. Let N, «, and p satisfy the assumption in Theorem 5.1. Let
B > 0. Moreover, assume that there exists rg > 0 such that ug > 0 in [0,7r3)
and ug(rg) = 0. Then the following hold:
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(a) Let B < 8. Then there exists r1 € (0,7) such that ug(r1) = uz(r1) and
ug >0 in [0,7].

(b) In addition, suppose that uz > 0 in [0,75) and uz(rg) = 0. Then there
exists ry € (r1,78) such that ug(r2) = ug(r2).

PRrROOF. Since Lemma 2.4 (b) in [7] yields the existence of 1, we complete
the proof of the assertion (a). In the following, we shall prove the assertion (b).
Suppose not, ug < uz in (r1,rs). We set y(r) = uz(r)/ug(r). Then, it follows
from ’Hospital’s rule that

uz(r uz(r)  ui(rg)
(5.7) v(rg) = lim 5r) = lim ,ﬁ = /ﬁ .
rora ug(r)  rorsug(r)  ug(rg)

Now we claim that u,gul’g —ugug > 0 in (0,rg). The equation in (Hr) implies

that ug and ug satisfy
. — / . 4o — —

(5.8) ((sinh 7)™ 1(u5u;§—u;3ug)) = (sinhr)V 1T Ugug(ug ! —u% 1).

We see that (sinhr)N =1 (ug (T)u'g(r) — u;g(r)ug(r)) — 0 as 7 — 0 by making use
of Lemma 2.1 (a). Since ug > uz in [0,71), (5.8) implies that uf;u’g —uguz >0
in (0,71). We shall also verify that u,gu;? — u’ﬁug > 0in (r1,75). Suppose not,
there exists r3 € (r1,rg) such that Uﬁ(?"g)ulg(Tg) — ug(rs)ug(rs) = 0. Then, we
observe from (5.8) that ug(rg)u’g(rg) —up(rg)ug(rg) <0, for ug <ugzin (ri,rg).

This is a contradiction to ug(rg) = uz(rg) = 0. Therefore, we derive

(5.9) u5ug uﬁu >0 in (0,73).

Then it holds that 4/ = (uﬁu’g - UBUE)/uﬂ > 0 in (0,rg). Namely, v is strictly
monotone increasing in [0,r]. On the other hand, we deduce from (5.3)—(5.6)
and Lemma 5.3 (b) that

(.10 5inh mﬁ”q((ug(r ) 72<r><u’ﬁ<m>)2> = B3(rs) —7() By (rs)
= B5(0) =) + 5 [ G (@0 - 0@ () dr
o5 [ @@ 0@ dr as o

for r,e € (0,rg). Applying Lemma 5.3 (a), we find R > 0 such that G’ > 0 in
(0,R), G'(R) = 0, and G’ < 0 in (R,00). Then, we shall show a contradiction
for the following two cases: (1) R > rg; (2) R < rg. For the case of (1), it
holds that G’ > 0 on (0, rg). Moreover, we infer from the monotonicity of v that
v < 7(rg), ie. uz < y(rg)ug in (0,75). Hence, (5.7) and (5.10) for the case of
r = rg imply that

- ;/OTB G'(1)((ag(r))* = 7*(rs)(us(r))?) dr < 0.
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This is a contradiction. Next we consider the case of (2). Then, G’ > 0in (0, R)
and G’ < 0in (R, rg). Since we see that uz <y(R)ug in (0, R) and uz > v(R)up
in (R,rg), it holds that G’((ﬂ5)2 —7v%(R)(up)?) < 0 in (0,75). Therefore, we
deduce from (5.7) and (5.10) that

0 = (sinh )29 (s (rs))? — 7 (rs) (uls (7))
< (simh ) P24 (S (r)? — 42(R) (uly(r3))?)
-/ " G ) (@5(0)? — P (R)@s(r))?) dr < 0.

This is a contradiction and we complete the proof of the assertion (b). O

=

LEMMA 5.5. Let N, «, and p satisfy the assumption in Theorem 5.1. Suppose
that 8,8 > 0 with 8 # B. If there exist r1,72 > 0 such that

r1<r2, wug(r)= UE(’I’l), ug(re) = UE(TQ), ug > ug > 0 in (r,r2),

then there exists C' = C(N,p,a) > 0 such that

ro
/ u%“(s)(sinh s)N-1te ds > ¢,
T1

PRrOOF. We set v := ug—uj and define the function x: RyU{0} - Rby x =
lin [ry, o] and x = 01in [0, r1)U(r2, +00). It follows from p € (pp(N, ), ps(N, a))
and Lemma A.2 in [6] that ||Wa/(p+1)vx||Lp+l(]BN) < C|| Ve~ (vx)[12@~)- Here,
BY denotes the ball model of the hyperbolic space, Vg~ is the gradient operator
on BY and w(r) = sinhr (see Appendix in [6]). Then, it holds that

T2 2/(p+1)
([ o) =

T1

< OV (0X)lI72@v) = C/ (ufy(s) = uh(s))o(s)(sinh )N~ ds,

where integrating by parts, we derive the last equality. We observe from the
mean value theorem and Holder’s inequality that

</ vPT1(s)(sinh §)V 1T ds

T1

>2/(:D+1)

< C/ ug_l(s)vz(s) (sinh s)N 1 ds

2 (p=1)/(p+1)
< C(/ ugﬂ(s) (sinh )V 1 He ds>
1

T2 2/(p+1)
. </ vPT1(s)(sinh )V 71 F ds)

T1

Thus we obtain the required inequality immediately. O
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LEMMA 5.6. Let N, «, and p satisfy the assumption in Theorem 5.1. Suppose
that 3,8 > 0 with B8 # B. If ug € H(HY) and there exists r1 > 0 such that

ug(ry) =ug(r), ug>wuz >0 in (ry,00),

then there exists C = C'(N,p,«) > 0 such that

/ ug+1(s)(sinh s)yN-1regs > ¢,

r1

PROOF. We can verify that uz € HY'(HY). Indeed, since ug > uz > 0 in
(r1,00), we have uz € L2(HY). Moreover, it follows from Lemma 2.1 (c) and
Lemma A.2 in [6] that

/ (sinh 8)V =1 (u%)? ds S/ (u’5)*(sinh )V 1 ds — (simh7")1\]_17151/~
0 B 0 P B

T ™
= —/0 [(sinh s)N_lu;}«] /UE ds = /O (sinh s)]\’_“ro‘ugr1 ds

" N-1 +1 2 D
§/0 (sinhs)™ U™ ds < C(/IBN Ve~ uglgn dVIBN> )

for » > 0 large enough. Therefore, it holds that ug € HY(HYM). Setting v :=
up — ugz and defining the function x: Ry U{0} = R by x = 1 in [r,00) and
X = 01in [0,71), we apply the same method as in the proof of Lemma 5.5. Then
we derive the required estimate. O

LEMMA 5.7. Let N, «, and p satisfy the assumption in Theorem 5.1. Suppose
that R > 0. Then, the following problem admits at most one solution:

" N-1 , . o p B )
(5.11) u(r) + tanhr (r) + (sinhr)*uP(r) =0 in [0, R),
w(0)=0, uw(R)=0, u>0 in [0, R).

PROOF. Suppose not, ug, and ug, are the solutions of (5.11), where ug, (0) =
Bo, ug, (0) = p1, and Sy > B1. Lemma 5.4 (b) implies that ug, and ug, intersect
each other more than twice in [0, R). We define the following set:
B :={p € (0, Bo) : there exist 75,1 > 0 and 75,2 > 0 such that
g1 <712 < R,
ug < ug, in [0,751), ug(rs1) =ug,(rs1),
ug > ug, n (rp.1,78,2), up(ra2) = up(rs2)}-
Since 8; € B, we see that B # (). Moreover, it follows from continuous de-
pendence of ug on B that B is open. Now, we claim that inf B = 0. To the

aim, suppose not, inf B > 0. Then we see that rgo — R as § | inf B, i.e.
uinf g(R) = 0. It follows from Lemma 5.4 (b) that ui,r g and ug, intersect more
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than twice in [0, R). This is a contradiction and we obtain inf B = 0. Then, we
derive rg 1,782 — R as § — 0 and

7“[3,2
/ (sinh s)V 1t uZOH ds —0 asp—0.

8,1

This is a contradiction to Lemma 5.5. O

LEMMA 5.8. Let N, «, and p satisfy the assumption in Theorem 5.1. Let
Bo > 0 and assume that ug, > 0 in [0,00). Then the following hold:

(a) Suppose that B1 € (0,50). Then ug, > 0 in [0, 00).
b) In addition, assume that ug, € H'(HY). Then ug, —ug, has exactly one
Bo Bo B1
zero in [0, 00).

PRrOOF. To begin with, we shall prove the assertion (a). Suppose not, ug,
has a zero in [0,00). Defining the set B as B := {8 € (0,0p) : ug has a zero
in [0,00)}, we deduce from $; € B and continuous dependence of ug on 5 that
B # () and B is open. Moreover, let (32,83) C B be the largest open interval
containing 1 and rg be the first zero of ug in [0, 00). Then it holds that rz — oo
as B | B2 and r3 — oo as B T fs. Since rg is continuous on g, for sufficiently
large R > 0, there exist ﬂR,ER > 0 such that rg, < 75, = Th, = R and
Bo < Br < B1 < ER < B3. This is a contradiction to Lemma 5.7. Therefore, the
assertion (a) holds.

In the following, we shall show the assertion (b). Now, we claim that ug, and
ug, intersect in [0,00). Suppose not, ug, > ug, in [0,00). Then it follows from
ug, € H(HY) that (sinhr)N=1/244 (r) — 0 and (sinh 7")(]\’_1)/21/6O (r) = 0 as
r — o0o. Since ug, and ug, satisfy (5.8), we infer from Lemma 2.1 (a) and (d)
that

.
/0 (sinh s)N 15 ug, (uggl — u’/;:l) ds

= (sinhr)Nfl(uBou;;1 —upg,ug,) < —(sinh )V —1

u;gou,;l — 0

as 7 — oo. This is a contradiction to ug, > ug, in [0,00). Thus ug, and ug,
intersect in [0,00). Then, suppose not, ug, and ug, intersect more than twice
in [0,00). We denote by B the following set:

B:={B € (0,5) : there exist 5, > 0 and rz5 > 0 such that
3,1 < TB,2,

ug < ug, in [0,751), up(rs1) = ug,(rp,1),
ug > ug, in (rg,1,75,2), up(rg2) = up,(rp2)}
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It follows from [, € B and continuous dependence of ug on f that B # () and
B is open. Then we see that 735 — 0o and

/ ;;* (s)(sinhs)N "1t ds — 0 as B | inf B.
8,2

This is a contradiction to Lemma 5.5 or Lemma 5.6. Hence, we observe that ug,
and ug, intersect only once in [0, 00). 0

Now, we shall prove Theorem 5.1.

PrOOF OF THEOREM 5.1. To begin with, we shall claim that there exists
a unique Sy > 0 such that ug, > 0 in [0, oo) and ug,, € H'(HY). Suppose not,
there exist 5 > 0 and B> 0 such that B > 5, ug,ug € H(HY), and ug,u 5>0

n [0,00). We infer from Lemma 5.8 (b) that ug — uj has exactly one zero in
[O, 00). Then, applying the same method to obtain (5. 9) we derive U5UE uﬁuﬁ >
0 in (0, 00). Here, we use the fact that (sinh T)N_l(uﬁula—ulgug) —+0asr — oo,
for ug,uz € H'(HY™). Hence, defining the function v as v = ug/ug, we infer
that v/ > 0 in (0, 00). We observe from (5.6) that

E5(F) = 7*(r)Ep(F) = E5(e) — 7*(

B B
/ &' (7)((@5())? = 42 (@ (7)?) dr.
for r,7,¢ € (0,00). Using Lemma 5.3 (b)—(c), we see that as € — 0 and 7 — 0o,
(5.12) 0=3 | @0 -0 @) dr

Moreover, from Lemma 5.3 (a), there exists a unique R > 0 such that G’ > 0
n (0,R), G'(R) = 0, and G’ < 0 in (R, 00). Therefore, we observe from the
monotonicity of v that

G’(T)((QB(T))2 —¥*(R)(up(1))*) <0 in T € (0,00).
This is a contradiction to (5.12) for the case of » = R. Thus, the assertion (b)
holds. Furthermore, applying Lemma 5.8 (a), we obtain the assertion (a). O

5.2. Sign of radial solutions. In this subsection, we shall investigate the
sign of ug for p € (pp(N,a),ps(N,a)) and 8 > By. Here, By > 0 is defined in
Theorem 5.1. Moreover, we assume that N > 3, a > 0, and pp(N,a) < p <
ps(N, @) throughout in this subsection. Now, we prepare lemmas.

LEMMA 5.9. For sufficiently large B > B, there exists rg > 0 such that the
following hold:

(a) ug(rg) =0 and ug >0 in [0,75);

(b) 73 = 0 as 8 — o0

(c) ug —ug, has exactly one zero in [0,rg].
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PROOF. Set vg(r) = S ug (B~ P=D/(@+2)y) Making use of the same method
as in the proof of Lemma 4.3, we see that for R > 0, there exists v € C([0, R])
such that vz — v as 8 — oo in C([0, R]). Since R > 0 is arbitrary, we infer that
v is the solution of

N-1

/l")'// +
5(0) = 1.

v+ 7P~ =0 in [0,00),

Then v has infinitely many zeros in [0, +00) (e.g. see Theorem 2 (c) in [20]). Here,
we denote by rg and 7 the first zero point of ug and v in [0, +00), respectively.
Thus, since the first zero point of vg is fP~V/(@+2)rs we deduce from the
convergence of vg in C([0,00)) that BP~D/(@+2)rs — 7 as B — oco. Hence
assertions (a) and (b) hold true.

Now, we shall prove assertion (c). Since ug, > 01in [0, 00), ug and ug,, inter-
sect at least once in [0,75]. Then, suppose not, ug and ug,, intersect more than
twice in [0,7g]. Namely, there exist 751,732 > 0 such that 51 < rg2 < s,
ug > ug, in [0,751), ug(rg1) = up,(rs1), ug < ug, in (rg1,782), and
ug(rg2) = ug,(rg2). Applying the same method as in the proof of the as-
sertion (b), we see that 757 — 0 and rgo — 0 as § — oo. Therefore, we
have

TBYQ
/ (sinh s)N_HO‘uZ:l(S) ds — 0.
78,1
This is a contradiction to Lemma 5.5. Thus the assertion (c) holds. g

LEMMA 5.10. There exists 5. > By such that the following hold:

(a) If B > B, then ug is sign-changing in [0, 00);
(b) If B < B, then ug > 0 in [0, 00).

PRrROOF. We define the set B as B := { € (0,00) : ug has a zero in [0, 00)}.
Lemma 5.9 implies that B # (. Moreover, we deduce from continuous de-
pendence of ug on B that B is open. Then, we shall claim that B is connected.
Suppose not, there exists the largest connected open interval (82, 33) C B, where
B2 < Bs. Setting rg as the first zero of ug in [0, 00), we have rg — 0o as § — B2
and rg — oo as f — B3. Then, for sufficiently large R > 0, there exist S, BR >0
such that rg, = T, = R and 2 < Br < BR < B3. This is a contradiction to
Lemma 5.7. Hence, B is connected. Making use of Theorem 5.1 and Lemma 5.9,
we complete the proof. O

Concerning 3, > g defined in Lemma 5.10, we obtain the following results:

LEMMA 5.11. Let rg > 0 be the first zero of ug in [0,00). If B > p, then
ug —ug, has exactly one zero in [0,7g].
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PRrROOF. Lemma 5.10 (a) implies that g < oo for 8 > . Since B, > Sy and
ug, > 01n [0,00), ug —ug, has at least one zero in [0, 73] for § > B,. Moreover,
it follows from Lemma 5.9 (c) that for sufficiently large 8 > By, ug — ug, has
exactly one zero in [0,7rg]. Then, suppose not, there exists 81 > S, such that
ug, — ug, has more than two zeros in [0,r3). Thus, setting

B = {8 € (B«,00) : there exist rg1 > 0 and rg o > 0 such that
rg1 <12 <713,
ug > ugy i [0,75.1), up(rp1) = ugy(rs),
ug <ugy in (rg1,7p:2), up(ra2) = usy(rp2)},

we infer that B # () and sup B < oo. Since ug,, > 0 in [0,00) and rgo — o0
as B 1 sup B, we also derive rg — oo as § 1 sup B. This is a contradiction to
Lemma 5.10 (a). O

Then we obtain the following result:
THEOREM 5.12. If B > By, then ug is sign-changing in [0, 00).

PROOF. We shall prove that 8, = By by contradiction. Suppose not, 5, >
Bu. Now, let f1 < By and Lemma 5.8 (b) implies that ug, — ug, has exactly
one zero in [0,00). Thus, applying the same argument as in Lemma 7.3 of [4],
we see that ug, — ug, has at least one zero in [0,00). Then we deduce from
Lemma 5.11 that ug, — ug, has exactly one zero in [0,00). On the other hand,
applying Theorem 5.1 and ug,, € H'(HY), we see that the decay of ug, is slower
than that of ug, as r — oco. Therefore, there exits R > 0 such that ug, > ug,
in (R, 00). Since ug, —ug, has exactly one zero in [0, 00), this is a contradiction.
Hence, we derive 8, = By. Making use of Lemma 5.10, we complete the proof.[]

5.3. Finiteness of number of zeros and asymptotic behavior. In this
subsection, we shall complete the proof of Theorem 1.3 (b). To begin with, we
investigate the finiteness of number of zeros.

THEOREM 5.13. Let N > 3, a > 0, and pp(N, ) < p < ps(N, ). Then ug
has finitely many zeros in [0, 00).

PROOF. Suppose not, there exists § > 0 such that ug has infinitely many
zeros in [0, 00). We denote by ry the k-th zero of ug. Then, one of the following
two cases must occur: (1) There exists R > 0 such that ry — R as k — o0o; (2)
r, — 00 as k — oo.
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Firstly, we consider the case (1). Let 7} be the first local maximum point of
lug| in (rk, rg41). It follows from (2.3) and the monotonicity of F' that

>c/

:—C/ s)uga(s ds>C'/ u(s)up(s )ds-CuB(rk)

[F(R) — F(ry)| > |F(Fe) m—‘ / Fi(s) ds

Therefore, ug(7)) — 0 as k — oo. Recalling that uj (7)) = 0 for & € N, we see
that this is a contradiction.
Secondly, we consider the case (2). Then (2.8) implies that

(5.13) / (sinhS)N_lh(s)|u,’@(s)|2 ds = U(r) — U(rg).
Tk

Here, we observe from the proof of Lemma 2.7 that there exists R > 0 such that

h is bounded, h < 0, and ¥ is strictly monotone decreasing in (R, 0). Since

U(r) > 0 for any k > 0, there exists v > 0 such that

(5.14) lim U(r)=v, 0<y<¥<oo in (R,o0).

T—00

Applying (5.13), we see that for sufficiently large k > 0,

0< —/ (sinh )V h(s) |y ()2 ds = W(ry)) — 7 < W(ry) < 00
Tk

Thus, it holds that (sinhr)(Nfl)ﬂu,'ﬁ(r) — 0 as r — oo0. Since p > pp(N, ) is

equivalent to (N —1)/2 > a/(p—1), we have (sinhr)a/(p’l)u’ﬁ(r) — 0asr — oo.

Then, setting vg(r) = (sinhr)®/®P~Yyg(r) and denoting by my the maximum

point of [vg| in (rg, 7r41), we see that ujs(mg)/ug(my) = —a(p—1)~" (tanhmy) ="

for vi3(my) = 0. Therefore, we infer that

W (my,) _ o(my) ~ (p—1) tanhmy
(sinh )N (wp(me))?  2(sinhmy )N -tre (p+ Do
L (=D tanhmy PRL omy)  (sinhmg)®fuf(my) [P
a (sinhmy )N -1+ p+1
1 p—1

TN -1+a) (+Da

as k — oo. If p > py(N, ), then (2(N —1+a))"t—(p—1)((p+ 1)a)~t <O0.
Hence, for sufficiently large k € N, we obtain ¥(my) < 0. However, this is
a contradiction to (5.14). O

In the following, we shall study the asymptotic behavior of ug ¢ H(HY).
To this aim, we prepare lemmas.
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LEMMA 5.14. Let N > 3, p > 1, and o > 0. Ifug ¢ H'(HY) and there
exists R > 0 such that ug > 0 in [R,00), then there exist no triplets (Co,ﬁ, €)
with Cy > 0, R > 0, and & € (0,(N — 1)/2) such that the following estimate
holds:

up(r) < Co(sinhr)~N=1=9) jp [R,o0).

PROOF. Suppose not, there exist a triplet (Co,ﬁ,&') with Cy > 0, R> 0,
and ¢ € (0, (N — 1)/2) such that ug(r) < Co(sinhr)~NV=17%) in [R, 00). Then,
since

r s dS
5.15 inh )V 12 (s)d <02/ inhg)”(V-1-2¢)_——_
( ) /ﬁ(sm s) uB(s) s < Cj E(sm s) onhs
2
< 0 : Y —(N—1-2¢)
S N oo imhA)

in [E, 00), it holds that ug € L%(HY). On the other hand, we choose § > 0 satis-
fying N —1—2(¢+6) > 0. Then we obtain (sinh )N =1~ ys(r) — 0 asr — oo,
Using I'Hospital’s rule, we also have (sinh T)N*I’(”‘;)u’ﬁ (r) — 0asr — oco. Thus
there exist C1 > 0 and Ry > 0 such that [uj(r)| < C4 (sinh )~ (N=1=(48) ip
[R1,00). Therefore, applying the similar method to derive (5.15), we see that

r Cz(sinh Rl)f(N7172(e+6))
1 inh N—-1,/ 2 ds < 1
(5.16) /Rl(sm s)" " ug(s)]"ds < N—1-3G:70)
in r € (Ry1,00). Hence, it follows from (5.15)—(5.16) that ug € H'(HY). This is
a contradiction. (]

LEMMA 5.15. Let N > 3, a > 0, and p > pp(N,a). If ug ¢ H'(HY) and
there exists R > 0 such that ug > 0 in [R, o), then the following does not hold:

ug(r) = 0((sinhr)7a/(p71)) as r — +oo.

PrRoOOF. We claim that there exist no triplets (C,rg,0) with C' > 0, ro >
0, and § > 0 such that ug(r) < C(sinhr)=*/®=D=% in [rs,00). Applying
Lemma 5.14 and the same argument as in Lemma 3.6 of [6], we can verify the
claim. Furthermore, making use of the nonexistence of the triplets (C,rq, §) and
the same method as in the proof of Lemma 3.7 of [6], we complete the proof. O

Then we derive the following result:

THEOREM 5.16. Let N > 3, a > 0, and pp(N,a) < p < ps(N,«). If there
exists R > 0 such that |ug| > 0 in [R,00) and ug & H'(HY), then the following
holds:

a a 1/(p-1)
(5.17) Tlggo(sinhr)@/<p—l>|uﬁ(r)| = {p—l <N —1- p—l)} .

PrOOF. Applying Lemmas 3.1, 5.15, and the same argument as in the proof

of Theorem 3.2 in [6], we complete the proof. O
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Then we shall complete the proof of Theorem 1.3 (b).

PROOF OF THEOREM 1.3 (b). Since the positive radial solution of Type R in
Theorem 1.5 belongs to H!(H" ), Theorem 5.1 implies that this positive solution
equivalents to ug,, , where S is defined in Theorem 5.1. Then the assertion (ii)
holds. Moreover, it follows from Theorem 5.1 that if 3 < Bg, then ug ¢ H'(HY).
Thus, using Theorem 5.16, we see that for § < Sy, ug satisfies (5.17). Hence
we obtain the assertion (i), where it holds that «/(p — 1) < N — 1 when p >
pu(N, ). Furthermore, combining Theorem 5.12 with Theorem 5.13, we derive
the assertion (iii). O
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