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LP-PULLBACK ATTRACTORS
FOR NON-AUTONOMOUS REACTION-DIFFUSION
EQUATIONS WITH DELAYS

KAIXUAN ZHU — YONGQIN XIE — FENG ZHOU

ABSTRACT. In this paper, we consider the non-autonomous reaction-
diffusion equations with hereditary effects and the nonlinear term f sa-
tisfying the polynomial growth of arbitrary order p — 1 (p > 2). The delay
term may be driven by a function with very weak assumptions, namely,
just measurability. We extend the asymptotic a priori estimate method
(see [29]) to our problem and establish a new existence theorem for the
pullback attractors in Cpp(qy (p > 2) (see Theorem 2.12), which general-
izes the results obtained in [12].

1. Introduction

Delay differential equations (DDE for short) are considered as mathematical
models to describe the dynamics of events occurring in the past. For this reason
DDE are receiving extensive attention and are widely applied to describe physical
and chemical processes, engineering systems, biological and/or communication
systems, etc. (see [18]). In the field of mathematics, one pays much attention
to the well-posedness and long-time behaviour of solutions for the DDE. For the
well-posedness of solutions and dynamical behaviour about DDE, there exists
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rich literature, see for instance [3], [4], [8]-[17], [19], [20], [23], [24], [27], [28] and
references therein.

Now we state our problem properly. Let Q@ C RY (N > 3) be a bounded
domain with smooth boundary, we consider the asymptotic behaviour of the
solutions for the following reaction-diffusion equation with delays:

Opu — Au = f(u) + g(t,up) + k(t) in Q x (7,00),
(1.1) u(z,t) =0 on 00 x (7,00),
u(z, 7+ 6) = ¢(z,0) for x € Q, 0 € [-h,0],

where 7 € R, g is a operator acting on the solutions containing some hereditary
characteristic (assumptions on g are given below), k(-) € L2 (R; L*(Q)) is the
time-dependent external force term, ¢ € C([—h,0]; L*(Q2)) is the initial datum,
h(> 0) is the length of the delay effects, and for each ¢ > 7, we denote by u; the
function defined in [—h, 0] with u:(0) = u(t + 0) for 8 € [—h,0].
We will denote by Cx the Banach space C([—h,0]; X), equipped with the
sup-norm. For an element u € Cx, its norm will be written as
Jullex = max u(®)x.
As for the operator g, similarly as in [12], we will assume that g(-, -): R x
Cr2(0) — L*(Q), and:
(I) for all € € Cp2(q), the function R 3 ¢ +— g(t,£) € L*(£2) is measurable;
(IT) g(t,0) =0 for all t € R;
(III) there exists L, > 0 such that for all t € R and &, 7 € Cr2(q), it holds

lg(t,&) — g(t,mllz < Lgll€ = nllc,z g, -

For the nonlinearity f € C(R;R), we make the following classical assump-
tions (e.g. see [1], [25], [26]):

(1.2) (f(u) = f(0)(u—v) < l(u—wv)?,

(1.3) —co — arful” < f(u)u < co — eafuf?, p=2

for some positive constants cg, ¢1, co and all u,v € R.

For the non-autonomous reaction-diffusion equations with delays, in [12], the
authors have obtained the well-posedness of solutions by applying the Faedo—
Galerkin methods. Then, they have verified the existence of the pullback attrac-
tors in C'2(q) by employing the energy methods (see [2] for details).

In this paper, we consider the existence of the pullback attractors in Cp»(q)
(p > 2) for the non-autonomous reaction-diffusion equations with delays. For our
problem, we will confront two main difficulties when verifying the compactness
of the process {U(t,7)}+>-. One difficulty is that the nonlinearity f satisfies the
polynomial growth of arbitrary order p — 1 (p > 2), which leads to the fact that
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the Sobolev embedding is no longer compact. The other difficulty is that our
problem contains delay term g(¢, u;), which makes C'x as the phase space rather
than X. In the Banach space Cx, the already existing methods and techniques
for verifying the compactness of the process {U(¢,7)}¢>- are no longer valid. In
order to overcome these difficulties, we extend the asymptotic a priori estimate
method (see [29]) to our problem and establish a new existence theorem for the
pullback attractors in Crr(qy (p > 2) (see Theorem 2.12), which generalizes the
results obtained in [12].

The outline of the paper is as follows. In Section 2, we give some notions
and results about pullback attractors and establish the existence theorem for the
pullback attractors in Cr»(q) (p > 2); In Section 3, we verify the existence of the
pullback attractors in Cr»(q) (p > 2) for the process {U(t,7)}:>- generated by
equation (1.1) by applying the existence theorem established in Section 2 (see
Theorems 3.7 and 3.8).

2. Preliminaries and abstract results

2.1. Preliminaries. In this subsection, we first give some basic notions and
abstract results about pullback attractors (see [5], [6], [7] for details).

Let {U(t,7)}1>+ be a process (or a two-parameter semigroup) on a metric
space X, i.e. a family {U(¢,7) : co < 7 < t < 400} of mappings U(t,7): X — X,
such that U(r,7)z =z for all z € X and

Ut,7) =U(t,s)U(s,7) forallT<s <t

Let D be a nonempty class of parameterized sets D = {D(t) : t € R} € P(X),
where P(X) denotes the family of all nonempty subsets of X.

DEFINITION 2.1. The process {U(t,7)}:>- is said to be pullback D-asymp-
totically compact if for any ¢t € R, any D € D, any sequence 7,, — —oo and any
sequence T, € D(7,), the sequence {U (¢, 7,)z,}52, is precompact in X.

DEFINITION 2.2. Tt is said that B € D is pullback D-absorbing for the process
{U(t,7)}i>- if for any ¢t € R and any D € D, there exists a 79 = 7y (t,D) <t
such that

U(t,7)D(r) C B(t) for all 7 < 7(t, B)

DEFINITION 2.3. A family & = {(t) : t € R} C P(X) is said to be
a pullback D-attractor for the process {U(t,7)}>, in X if

(a) /() is compact in X for all t € R;

(b) & is pullback D-attracting in X i.e.

lim distx(U(¢t, 7)D(7), </ (t)) =0,
T——00

for all D € D and all t € R;
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(¢) o is invariant, i.e. U(t, 7)o (1) = &/ (t) for any —oo < 7 <t < 4o0.
Being similar to that in [29], we have the following definition and results.

DEFINITION 2.4. Let X be a Banach space and {U(¢,7)}:>- be a process
on X. We call that {U(¢,7)};>, is a norm-to-weak continuous process on X, if
{U(t,7)}i>- satisfies:

(a) U(r,7)xz = z (the identity),

(b) U(t,7)=U(t,s)U(s,7) for all 7 < s <'t,

(¢) Ult,7)xyp = U(t,7)x if ,, > x in X.

LEMMA 2.5. Let X,Y be two Banach spaces, X*, Y* be their dual spaces,
respectively. Assume that X is dense in'Y, the injectioni: X — Y is continuous,
its adjoint i*: Y* — X* is dense, and {U(t, T) }1>+ is a norm-to-weak continuous
process on'Y . Then {U(t,7)}i>+ is a norm-to-weak continuous process on X if
and only if for any T € R, {U(t,7)}1>- maps compact subsets of X into bounded
subsets of X.

LEMMA 2.6. Let {U(t,7)}i>- be a norm-to-weak continuous process on Ba-
nach space X . Suppose {U(t,7)}i>, satisfies the following assumptions:

(a) {U(t,7)}i>- has a pullback D-absorbing set By in X,
(b) {U(t, 7)}i>r is pullback D-asymptotically compact in B.

Then, the family o = {(t);t € R} defined by o/ (t) = A(Bo,t) is a pullback
D-attractor for the process {U(t,T)}i>r, where

R _ X
AD,t)=JUt7)D(r) |
s<tT<s
for allt € R and for any DeD. In addition, o satisfies
— X
()= AD,t) ,
DeD
for all t € R, and < is minimal in the sense that if C = {C(t); t € R} is
a family of nonempty sets such that C(t) is a closed subset of X and

lim distx(U(t,7),C(t)) =0, forallteR,

T——00

then 7 (t) C C(t) for any t € R.

In the sequel, we shall need the following lemma, which belongs to the family
of Gronwall type lemmas, see [21], [22] for details.

LEMMA 2.7. Let for some A > 0, 7 € R and, for s > 7,

y'(s) + Ay(s) < ha(s),
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where the functions y, y', h1 are assumed to be locally integrable and vy, hy
nonnegative on the interval t < s <t +r, for somet > 1. Then

92 t+r/2 t+r
y(t+r) < e / y(s)ds + e ) / e ha(s)ds.
t t

REMARK 2.8. In the following, in this paper, we always assume that the
structure of the pullback D- attractors is as that in Lemma 2.6, and D is a non-
empty class of parameterized sets D = {D(t) : t € R} C P(Cp2(q)).

2.2. Abstract results. In this subsection, we will give some abstract re-
sults, which are similar to those in [29] and used to verify the existence of the
pullback D-attractors in Crp(q).

LEMMA 2.9. Let {U(t,T)}t>- be a process on Cry(q) (p > 1) and have a pull-
back D-absorbing set B = {B(t) : t € R} in Cpriqy. Then, for any € > 0 and
any set DeDin Crr(q), there exist o = To (57 ﬁ) <t and M = M(e, ﬁ) such
that

m(QUt+ 0, 7)u(r)| > M)) <e for any u(t) € D(7) and T < 79 (s,ﬁ),
where m(§y) denotes the Lebesgue measure of Qo C Q and
QUUt+0,7)u(r)| > M) 2 {x € Q: |lu(t+0)| > M} with § € [—h,0].

PrROOF. The process {U(t, 7) };>, has a pullback D-absorbing set B={B(t):
t € R} in Cpo(q)(p > 0), then there exists a p(t) > 0 (which only depends on t),
such that for any set DeDin Crr(), we can find a 79 = 79 (E, ﬁ), such that
, rflaico] (Ut +0,7)u(r)]|h < p(t) for any u(r) € D(7) and 7 < 7.
€l—h,
Therefore,

) > max /|Ut+07' )P dz
0€[—h,0]

> max

> / U(t+6,7)u(r)|P da
0€[=h,0] JQ(|U(t+0,7)u(r)|>M)

> max MP dx

- 6c[=h0] /Q(U<t+e,r>u<f>zM>
= MP-m(QU(t + 0, 7)u(r)| = M)),
which implies that m(Q(|U(t4+6, 7)u(7)| > M)) < ¢ if we choose M large enough
such that M > (p(t)/e)"/?. O

LEMMA 2.10. Let D = {D(t) : t € R}, then for any ¢ > 0, D(t) has a finite
e-net in Crp(q) (p > 0) if there exists a positive constant M = M(s,ﬁ) which
depends on € and ZA), such that

(a) D(t) has a finite (3M)\9~P)/(c/2)P/9-net in Cpra(q) for some q (¢ > 0),
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(b) for all u(t) € D(t), 6 € [—h,0],

1/p
(2.1) < max / |u(t+0)|P> < 9= (p+2)/p .
O€l=h.01 Jo(u(t+6)> M)

PrOOF. When g > p, the conclusion is obvious, so we just need to verify the
case of ¢ < p. When ¢g < p, then it follows from the assumptions that for any
fixed & > 0, D(t) has a finite (3M)(@7P)/4(/2)P/9-net in Crq(q), i-e., there exist
up(t), us(t),...,ux(t) € D(t) such that, for any u(t) € D(t), we can find some
u;(t) (1 <14 < k) satisfying

[u(t +0) — wi(t + 0)[§ < pnAx [u(t +0) — ui(t + 0)I3

= max_[u(6) — un ()| < (3M)(q—p)<;:) )

0€[—h,0]

Then, we have

(2.2)  Ju(t+0) —ui(t+0)[5

u(t + 0) — ui(t + )P da

/Q(u(t+0)—u7‘, (t+0)|>3M)

+ u(t +0) ~ it + )" da
Q(lu(t+0)—ui (t+0)|<3M)

and

(2.3) / [u(t +0) — u;(t + 0)|P dx
Q(|u(t+0)—u; (t+6)|<3M)
<

/ lu(t + 0) — us(t + 0)|7 d
Q(|u(t+0)—u; (t+60)|<3M)

< @y @ (5) = (5)

On the other hand, set

0 = Q<|u(t+0)l > 3]2\4> mQ<|ui(t+9)l < ?’M)

> ﬂQ(|ui(t+9)| > 32)
Q3 = Q<|u(t+9)| > 3?) DQ(Iui(H@)I > SM)

then we have

(2.4) Q, _Q<|u(t+9)| < %
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From (2.4) we know that |u(t + 0) — u;(t + 0)] < 2Ju(t + 0)| in ©Q; and
lu(t 4+ 0) — u;(t + 0)| < 2|u;(t 4 0)| in Q2, combining with (2.1), we have

2.5 / lult + 8) — wi(t + 0)[P da
Q(|u(t+6) —u; (t+6)|>3M)

S/ [u(t +0) — u;(t + 0)|P dx
Q
+/ |u(t+9)—ui(t+3)|pdw+/ lu(t 4+ 0) — u; (t + 0)|P dx
Qz Q3
§2p/ |u(t+9)\pdaz+2p/ |u;(t 4 0)|P dz
Ql Q2

+2”/ |u(t+9)|pdw+2p/ lu; (t + 0)|P dx
Q3 QS

< 2”(/ |u(t+9)\pdx+/ |ui(t+9)|pdx)
QJu(t+6)|>M) Qs (t+6) = M)

+2p(/ |u(t+e)|pdx+/ ui(t+6)|”dm>
Ju(t+0)|> M) Jus (++6)[> M)

P
< op+2  9—(2p+2).p — (;) )

Substituting (2.3) and (2.5) into (2.2), we can deduce that

e g
(I )~ )l < 5+ 5 ==

which means that D(t) has a finite e-net in Cpr(q). O

LEMMA 2.11. Let D = {D(t) : t € R} C P(Cpiq)) (p > 1). If D(t) has
a finite e-net in Cpr(q), then there exists a positive M = M (e, lA)) such that, for
any u(t) € D(t), the following estimate holds

max lu(t + 0)|P < 2PH1eP,

0€[—h,0] /Q(|u(t+0)|>M)

PROOF. Since D(t) has a finite e-net in Cpr(q), then there exist uy(f),.. .,
ug(t) in D(t), such that for any u(t) € D(t), we can find some u;(t) (1 <i < k)
satisfying

2.6 t+0)—u;(t+0)P <eP.
(26) s [ jutt+0) - uile+ o) <<

At the same time, for the fixed € > 0, there exists a g > 0, such that for each
u;(t) € D(t) (1 <1 < k), we have

(2.7) max / |u;(t+ 0)]P do < P,
0e[—h,0] Qo

provided that m(£2o) < dp (20 C Q).
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On the other hand, since D(t) C Cps(q), then for the given do > 0 above,
there exist M > 0 and 6 € [—h,0], such that m(Q(|u(t + 0)| > M)) < do holds
for each u(t) € D(¢).

Combining (2.6) and (2.7), we immediately obtain that

max / |u(t + 0)[Pd
0€[=h,0] JQ(|u(t+6)|>M)

= max lu(t 4+ 0) — u;(t + 0) + u;(t + 0)|P dz

0€[—h,0] /ﬂ(|u(t+9)|>M)

< 2P max

/ [ut +0) = us(t + 0) P da
O€[—h,0] JQ(|u(t+6)|>M)

+ 2P max /
0€[—h,0] JQ(|u(t+0)|>M)

|ui (t + 0)|P dw < 2P 1P, O
Being similar to that in [29], we have the following results, which is useful to
verify the existence of the pullback D-attractors in Crrq) (p > 2).

THEOREM 2.12. Let {U(t,7)}>, be a norm-to-weak continuous process on
Cr2(q) and Cpeiq) (p > 2), respectively. Suppose that {U(t,T)}s>7 has a pullback
D-attractor in Crz(qy, then {U(t,7)}i>7 has a pullback D-attractor in Crr(q)
provided that the following conditions hold:

(a) {U(t,7)}i>r has a pullback?—absorbing set ﬁp in Crr (),
(b) for anye >0, 7 € R and D € D, there exist a positive constant M =
M (e, 13) and 7, = 71(, D) such that

max

/ u(t +0)[" <e
0€[=h.01 JQ(|u(t+6)|>M)

for any u(t) € D(1) and T < Ty.

Proor. We divide the proof into three steps.

Step 1. By Lemma 2.6, we first verify the process {U(¢,7)}:>- is pullback
D-asymptotically compact in Cprrq). Then it is sufficient to prove that for
any t € R, f?p € D, any sequence 7, — —oo and z, € B,(7,), the sequence
{U(t, mn)xn}52, is precompact in Crs(q), which is equivalent to prove that for
any € > 0, {U(t, 7)Tn 5y has a finite e-net in Crp(q).

In fact, from the assumption that {U(¢,7)}22, has a pullback D-attractor
in Cr2q), we know that there exists a 7o, which depends on ¢ and D such
that {U(t,7,,)z,| 7 < 72} has a finite (3M)3~P)/2(/2)P/%-net in Cr2(q). Let
T3 = min{ry, 72}, then from Lemma 2.10, we know that {U(t, 7,)x, : 7 < T3}
has a finite e-net in Cpr(q). Since 7, — —o0, we obtain that {U(t, 7,)xn 52,
has a finite e-net in Crr(), too. By the arbitrariness of e, we know that
{U(t, mn)xn}nr, is precompact in Cre(q).
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Step 2. Secondly, we prove the pullback D-attractor is invariant in Cpr(q).
Set

d(t) = JUGLNB(r) , forallteR,
s<t T<s
where A" denotes the closure of A with respect to the weak sequence. By the
above process of proof we know that <7 (t) is nonempty and compact.
Now, we claim that

(2.8) x € A/ (t) < there exist 7, - —oo and {x,} C B,(7,)
such that U(t, 7,)z, — 2.
In fact, for any = € &/(7), there exist 7, = —o0 and z,, € B,(7,,) such that
U(r,Tn)xn — 2.

On the other hand, from the proof process of Step 1, we know {U (7, 7,)z,}52 4
has a convergent subsequence {U(7, Ty, )Tn, }72, such that U(7, 7, )Tn, — .
Combining it with the norm-to-weak continuity of {U(t,7)}¢>-, we have

U(t, Ty, )Tn, = U@, T)U(T, Ty, )T, — UL, 7).

Then by (2.8), we know that U(t, 7)x € <7(t), which implies that
(2.9) Ut, 7)o (1) C A (t).
On the contrary, for any « € &7 (t), by (2.8) again, there exist 7, = —oo and x,, €
B,(7,) such that U(t, 7,)x, — x. By the proof process of Step 1 again, we know
that {U (7, 7,)x, } oo has a subsequence {U(7, T, )Zn, } 52, Which converges to
some point y in Crs(q), that is U(7, Ty, )2pn, — ¥y, which induces that y € /(7).
By the norm-to-weak continuity of the process {U(t,7)}>, again, we obtain

x = U(t,Tn,)&n, = U, T)U(T, Tn), ) Tn,, — U(t,7)y.
Therefore U(t, 7)y = x, which implies that
(2.10) ) CU(t, ) () for any t > .
Together with (2.9) and (2.10), we immediately obtain that

Ut, ) (1) = A (t).

Step 3. Finally, we will prove that &7(t) pullback attracts every sets DeD
of Crp(qy with the Cppq)-norm. In fact, since B, (7) pullback absorbs every sets
DeDof Crr(), we only need to verify that

dist(U(t,7)Bp(7), #/(t)) = 0 as T — —o0.

Assume on the contrary that this is not true, then there exist some g9 > 0,
Tn, = —00 and z,, € B,(7), such that

(2.11) dist(U (£, 7 ), o (£)) = 0.
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Thanks to the proof process of Step 1 again, we know that {U (¢, 7,,)z, 52, has
a subsequence {U (t, Ty, ) n, } 52, which satisfies U (t, T, )Zn, — @, and, by (2.8),
we know that © € &7(t), which contradicts (2.11). O

3. Pullback attractors for equation (1.1)

3.1. Existence and uniqueness results. In this subsection, we will show
the well-posedness of solutions for equation (1.1). We first define the weak solu-
tions, which is similar to that in [12], as follows.

DEFINITION 3.1. A weak solution of equation (1.1) is a function
u € C([r—h,T); L2(Q) N LA(7, T; HY(Q)) N LP (7, T; LP(R)), for all T > 7,
with u(t) = ¢(t—7) for all t € [T —h, 7] and for all p € H}(Q)NLP(Q), it satisfies

d

2 [((®), 0) + (Vu(t), Vo)l + (Vu(?), Vi)

= (f(u(t)), ) + (g(t,ue), @) + (k(t), ©),
almost everywhere in (7, +00).

The following theorem gives the existence and uniqueness of solutions, which
can be obtained by the Faedo—Galerkin methods (see [12]). Here we only state
the results.

LEMMA 3.2. Let f satisfy (1.2)—(1.3), g(t,u) subject to assumptions (1)—(III),
k()€ LE (R; H71(Q)) and ¢ € Cr2(q) given. Then, for any T € R and T > 7,
there exists a unique solution u(-) = u(-;7,®) for equation (1.1), which satisfies

we C([r — h,T); L*(Q)) N L2(7, T; Hy () N L (7, T3 LP (),
and the mapping ¢ — u(t) is continuous in Cr2(q).

By Lemma 3.2 we can define the process {U(t,7)}s>- in Cr2q) as
(3.1) Ut,7): U(t,7)p = u(t),

where u(t) is the solution of equation (1.1).

3.2. Some estimates. At first, we give the following estimates, which will
be helpful to prove the existence of the pullback attractors in Cr»(q).

LEMMA 3.3. Let f satisfy (1.2)—(1.3), g(t, us) subject to assumptions (I)—(I1I),
k() € L} (R, L*(Q)), 7 € R and ¢ € Cr2(q) gwen. Then, the weak solutions

loc

u(t) of equation (1.1) satisfies:

8o (t—
(3.2) Hut”%mm) < Mh—oa(t T)HUT”%Lz(Q)
2 Q )\1h )\1h t
. CO|6|€ +€6 67527:/ eéZSHk(S)H%dS,
2 2 — 0

for allt > 7, where o = A1 — Lge’\lh/2_
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ProOOF. Multiplying (1.1) by w(t) and integrating over x € ), we arrive at

1d

5£\\UII§ +IVull3 = (f(u),u) + (gt we), w) + (k(t), u).

Thanks to (1.3), assumption (III), the Holder and Young inequalities, we have

1d
§@IIuH§ + [IVull3 < ol = callullt + [lg(t, ue)ll2llullz + [1E(E)|l2]lull2
L? 1 01+ 6
_ P 9 2 - 2 1 2
< ol — eallully + G Nl )+ 5 IROIB + 75

Let 01 + 02 = Ay, we can get that

2

lull3-

d 2 2 Lg 2 1 2
(33)  Sllullz + Adllullz +2ezllullf < 2e0l2f + gHUtHcLz(m + ng‘(t)Hz-

Furthermore,
2

d 2 2 Lg 2 1 2
Ga) Gl Ml < 20l + il ,, + 5 RO

Multiplying (3.4) by e*? and integrating it in [r,t], we obtain

t
Mt} < Ml + 20l [ M ds

2

In particular, putting ¢ + € instead of ¢, we deduce that

t
+ 200|Q|e’\1h/ eMe ds

T

M, <Ml

L2(Q) — L2(Q)

26)\1h

g Fa 2 A 2
§ 18 18
2 [l s+ G [k s

By the Gronwall lemma, it yields

N T S R e G Y

L2(Q) — L2(Q)

t
2 A\h _L2eMhb
+ 2¢o|QfeM el t/‘;l/ ePi=Lge™ M /01)s g

r
Arh

2

t
e s [ 50 ()| s,
6 T

Lg K A1s 2 1 K A1s 2
Ll e O N I CO T
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Let 61 = LgeAlh/z, then d; = \; — Lge’\lh/Q, and

A1h —d2(t—7) 2
£2(Q) <ettle ||¢HCL2(Q)

(3-5) el

t
+2c0|Q\e>‘1h6752t/ %% ds

T

eMih t
et [ e s s
02 -
Ah—682(t—7) 2
el 1 .
2 Q Alh )\1h t
4 2oolle™” e e—éﬁ/ e*|[k(s))3 ds. 0
D) P oo
Here we will assume that
(3.6) 0g = A\ — LyeM2 >0,
t
(3.7) / %25 || k(s) |3 ds < oo.
—00

REMARK 3.4. In (3.7), due to the test function is |u|P~2?u (see Theorem 3.7),
we suppose that
/ " k()3 ds < oo
rather than
/t ||k (s)[|7-1 (0 ds < oo,

which is different from that in [12].
Now, we give the following definition.

DEFINITION 3.5. For any d2 > 0, we will denote by Ds, the class of all
families of nonempty subsets D = {D(t) : t € R} C P(Cr2(q)) such that

. ST 2 _
im (e uesg%) Hu||CL2<Q>> =0

Moreover, we have the following lemma (see [12] for details), which gives the
existence of pullback attractors in Crz2(q).

LEMMA 3.6. Let f satisfy (1.2)—(1.3), g(t, us) subject to assumptions (I)—(III),
k(-) € LL (R,H™'(Q)), 7 € R, and ¢ € Crzq) given. {U(t,7)}i>- is the
process defined by (3.1). Then {U(t,7)}s>- has a pullback attractor in Cpz(q),
which is compact in Crzq) and pullback attracts every set D e Ds, with the

Cr2(q)-norm.
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3.3. Pullback attractors in Crrq). In this subsection, we will establish
the existence of the pullback attractors in Cpp(q).

At first, we give the asymptotic a priori estimate of the process {U(t,7)}i>~
with respect to Cr»(q)-norm, which plays a crucial role in the proof of the exis-
tence of the pullback attractors in Crs(q)

THEOREM 3.7. For any € > 0, 7 € R and De D, there exists a positive
constant M = M(E, D) and 11 =T (57 D) such that
(3.8) max /
O€[=h.0] JQ(|u(t+0)|>M)

for any u(7) € D(T) and T < 11, where the constant C is independent of M, 1
and €.

lu(t 4+ 0)|P < Ce

PROOF. Multiplying (1.1) by |(u — Mi)4|P~2(u — M;)4 and integrating
over (), we arrive at

(3.9) 1dHu—M1>+H” p—1) / IV (u— My) 4 [Pl(u— My) 4 P2 da

/f — M5 1dx+/ (t,ut)(u—Ml)i‘ld:H/k(t)(u—Ml)Tldx,

Q
where (u — M7)4 denotes the positive part of u — M, that is

u— My for u> My,

u— M =
( D+ 0 for u < M.

In view of (1.3), for M = M/(co, co,p) large enough, we can deduce that
Fw) < =™ for u> M.
In consequence,
(310)  f(u)(u = M) < =l (= M)
e - e

<~ Y 2 P

Moreover, by assumption (IIT), the Holder and Young inequalities, we have
p—1 2L3 2 C2 2p—2
1) [ gt M) e < 2l = M5
_ 2 c _
(3.12) /Qk’(t)(u — M) dr < gl“f(t)llg + f\l(u — M)+ ll3575.

Substituting (3.10)—(3.12) into (3.9), we obtain that
2

1d Co 2L 2
el Py p—=1¢. p—1 - 2 “ 2
dtH(u M) | + i /Q\u| (u—M)E < - ||ut||cL2(m . |E(t)]5-
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Notice that u > M7 and u > u — My, we can get that
d c
(3.13) =)l + L ar? [ e
Q

2pL£27

2p
< ||ut||?;L2(m + ng‘(t)H%-

On the other hand, taking |(u + M;)_|[P=2(u + M;)_ instead of |(u — M), [P~2
(u — M) 4 in the preceding proof, we deduce similarly that

d
(314) Zll(u+ M) [l + CQp MP™ 2/(u+M1)11
Q

2pL§

2p

2 2
< L0l + 2RO
where (u + M7)_ denotes the negative part of u + M, that is

’LL+M1 if’LLS—Ml,

(u+ M) =
0 if u > —M;.

Combining with (3.13) and (3.14), we obtain that
d Czp
(3.15)  —ll(lu(®)] = My)+ 7 + ==M7" 2/9(|u(t)| — ML

2
< 2pL;

2p
2 2
[uill&, g, + ng‘(t)H2~

Setting o = cszf_Q/él, B8 = 2pL§/02, ~ = 2p/ca, then applying Lemma 2.7 to
(3.15) with » = 1, we deduce that

t+1/2
16) (fu(t+ )] =)l < e [ [ (uts) = 2% dads

t+1 t+1
0  [ o, ds e [ e s
£ L2(Q) t

In the following, we will estimate each term on the right hand of (3.16). At
first, we have

t41/2 1
(3.17) I < e=/29p+l (/ u(s)|b ds + 3 Mf|Q>
t

Integrating (3.3) with respect to t from ¢ to ¢ + 1/2, we have

t+1/2 el
18) [ lulpds < DU+ L uto)l

t+31 1 t+1/2 )
b [l ot g [ GRS
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Moreover, thanks to (3.5), from (3.17) and (3.18), we know that there ex-
ists a constant No = No (A1, h, 61,02, co, 2, 9], |0 ]|& ftH/z |k(s)[|3 ds) such

that pe
a
—a/29p+1 Loy Cap | p2
(3.19) I <e 2 No—i-iMl\Q ,  where a = TMl )
Therefore, for any given & > 0, let My = M;(e) large enough, we can get that
€
(3.20) n<<.

Secondly, from (3.5) we know that
t+1
(321) I :5e*a<t+1>/t e usll?, ., ds

t+1 Ah
Sﬁefa(thl)/ s (6A1h62(37)”¢|% i 260|Q‘€ 1 > ds
t

L2(9) 0o
t+1 1 s
+567Q(t+1)/ e’ <62€/\1h525/ 65251||/€(31)||§d81> ds
t —00
2CO|§2| —a i as
Sﬁ(|¢||%L2<m+ ol n e [ o
t
3 t+1 t+1
+$ehhe*a<t+1>/ e<a*52>8d5/ e ||k(s)|3 ds.
t —00
Obviously,
t+1 1 1
2 ot [ gy Latn atesn oy < 1
‘ « «
and

_ 1 ¢ 02(141) = (@=82) (141) (gla=62) (14+1) _ (o)t

(1—52

1
o — 52
Combining with (3.21)—(3.23), for the given £ > 0 (as that in (3.20)), we can let
My = M, (e) large enough, such that

t+1 t+1
(3.23) e—a(t+1)/ e(oe—éz)s ds = 6—62(t+1)e—(o¢—62)(t+1)/ e((x—(SQ)s ds
t t
<

6—52(t+1) .

(3.24) I <

RS

Finally, we can take any ¢ € (0, 1) such that
t+1
(3.25) I = e o(t+D) / e|lk(s)|I3 ds
t

t+1—-4 t+1
= et [ e () s e [ i) s
t t+1-4

t+1—6 t+1
<yt / (00205359 () [3 ds + / 1k (s)]3 ds
t t+1-45
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t+1-6 t+1

< e P02 (H1-9) / e [k(s) |3 ds + / 1k (s)]2 ds
t t+1-6

6 o é 2 o 2
e [ e s ds 4y [ k(o) s
—0o0 t+1—0

From (3.25), we can choose ¢ € (0,1) small enough such that

t+1 ) e
v [ kIR < 2,
t+1-6

then for the given ¢ € (0, 1) above, let M7 = M () large enough such that
s [ 5 2 €
veres [ e r)lEds < 5.

Hence,

(3.26) I3 <

N ™

Combining with (3.20), (3.24) and (3.26), we conclude that
I(Ju(t + D] - Mr)+ | < <.
In particular, replacing ¢t + 1 by t, we get
[(lu(®)| = M1) 4|} < e.

Therefore,

(3.27) / ()P dz = / ((Ju(t)] — My) + My )P da
Q(|u(t)|>2M1) Q(|u(t)|>2M)

g2p(/ (Ju(t)] — Ma)P dx—l—/ Mf)

Q(|u(t)|>2M7) Q(|u(t)|>2M;)

< 2p+1/ (|u(t)| — My)P do < 2PHe
Q(ju(t)|>20,)

as |u(t)| — My > M for |u(t)| > 2M;. Setting M = 2M;, C = 2P*1 and putting
t + 0 instead of ¢, we can deduce that

max lu(t 4+ 0)|P dx < Ce,

0€[—h,0] /Q(|u(t+0)|>M)
which complete the proof. O

Then, we have the following theorem, which states the existence of the pull-
back attractors in Crr(q)-

THEOREM 3.8. Let f satisfy (1.2)—(1.3), g(t,us) subject to assumptions
(D)—(I), k() € LE (R, L*(Q)), 7 € R, and ¢ € Cr2(q) given. {U(t,7)}e>r
is the process defined by (3.1). Then {U(t,7)}>- has a pullback attractor in
Crr(), which is compact in Crpqy and pullback attracts every set De Ds, with

the Crp(q)-norm.
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PrOOF. Firstly, we check that the process {U (¢, 7)}+>- is norm-to-weak con-
tinuous in Cpr(q). In fact, by Lemma 2.5, it is sufficient to show that {U (¢, 7)}i>-
maps compact sets of Cr»(q) into bounded sets of Crp(q)-

Let B, = {Bi1(t) : t € R} be a family of compact sets of Crr(q). By the
continuity of {U(t,7)}s>- in Cp2q), we know that U(t,7)Bi(7) is a bounded
set in Cr2(q). Then, for any ¢t > 7, u(r) € By(r), and M; as in Theorem 3.7,
combining with (3.27), (3.16)—(3.19), (3.24) and (3.26), we immediately get that

/ Ut +1,7)u(r)P do
Q

lu(t + 1)|”daﬁ+/ lu(t +1)P dz

- /ﬂ<|u(t+1)|szM1> Q(ju(t41)[>2M,)

< (2M1)?|Q| +2p+1/ (Ju(t +1)| — My)P dx
Q(lu(t+1)|>2M)

1
< @anyiol + 272N+ 3 aatiel)
therefore, putting ¢ + 6 instead of ¢ + 1, we can deduce that

P _
lue@c,s o = 2pax, | lult + )" dz

< max

/ lu(t + 0)|P dx
O€[—h,0] JQ(|u(t+0)|<2M;)

+ max / |u(t + 0)|P dx
0€[=h.0l JQ(ju(t+0)|>2M)
1
< anyrlo + 2+ (o + L apia)).
which complete the proof of the norm-to-weak continuity.
Secondly, from

O, = o, [ lult+ 0P o

max

6€[—h,0] /@(|u(t+9)>M)

IN

|u(t + 0)|P dx

lu(t + 0)[P dz < Ce + MP|Q,

+ max /

OE[=h0l J(|u(t+60)|<M)
we know that the process {U(¢,7)}i>, has a pullback D-absorbing sets Ep
in Cpr(q). Together with Lemma 3.6 and (3.8) in Theorem 3.7, we know that
the conditions in Theorem 2.12 are all satisfied, and immediately obtain the exis-
tence of the pullback D-attractors &7 in Cps(q); that is, &/ is compact in Cpr»(q)
and pullback attracts every set De Ds, with the Cpr(qg)-norm. O
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