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MULTIPLICITY OF POSITIVE SOLUTIONS
FOR FRACTIONAL LAPLACIAN EQUATIONS
INVOLVING CRITICAL NONLINEARITY

JINGUO ZHANG — XIAOCHUN LiU — HONGYING JIAO

ABSTRACT. In this paper, we consider the following problem involving frac-
tional Laplacian operator

(=A)*u = A () |u|92u + \u|2:72u in Q, u=0 on 0%Q,

where 2 is a smooth bounded domain in RN, 0 < s < 1, 2 = 2N /(N — 2s),
and (—A)® is the fractional Laplacian. We will prove that there exists
A« > 0 such that the problem has at least two positive solutions for each
A € (0,\«). In addition, the concentration behavior of the solutions are
investigated.

1. Introduction

In this paper, we consider the following problem with the fractional Lapla-
cian:
(=A% u = Af(x)|u|?2u+ [u[®*2u  in Q,
u=20 on 0,

(1.1)

where Q is a smooth bounded domain in RY, N > 25, 0 <s< 1,1 < ¢ < 2,
A >0, 2% :=2N /(N — 2s) is the critical exponent in fractional Sobolev inequal-
ities, and f: Q — R is a continuous function with f(z) = max{f(z),0} # 0
on ), and f € LQZ/@:"])(Q). From the assumptions on f and ¢, we know that
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the problem (1.1) involving the concave-convex nonlinearities and sign-changing
weight function.

In a bounded domain 2 C RY, we define the operator (—A)* as follows. Let
{ Ak, pr 132 be the eigenvalues and eigenfunctions of the Laplacian operator —A
in Q with zero Dirichlet boundary values on 0€2 normalized by ||ox|[z2() = 1, i.e.

—App = Apor, in Q; o =0 on 9N.
For any u € L?(Q2), we may write

o0
u = E Uk, where ugy = / upy dx.
k=1 Q

We define the space

(1.2) H*(Q) = {u = Zukgok € L*(Q): Zui)\z < oo},
k=1

k=1
which is equipped with the norm

0o 1/2
He () = (Z Ui/\i) :
k=1

For any u € H*(Q), the spectral fractional Laplacian (—A)® is defined by

[[ul

(13) (—AYu =3 Nuos.
k=1

We wish to point out that a different notion of fractional Laplacian, available
in the literature, is given by
(1.4) (—A)*u(z) = ey P.V. /}R i W dy, forallz € Q,
where Q is bounded, cy s is a normalization constant and P.V. stands for the
principle value. This is also called the integral fractional Laplacian. This def-
inition, in bounded domains, is really different from the spectral one. In the
case of the integral notion, due to the strong nonlocal character of the operator,
the Dirichlet datum is given in RY \ © and not simply on 9Q. We point out
that we adopt in the paper the spectral definition of the fractional Laplacian
in a bounded domain based upon a Caffarelli-Silvestre type extension (see [3],
[8] and [7]), and not the integral definition. We shall refer to [21] for a nice
comparison between these two different notions.

With this definition (1.3), we see that problem (1.1) with f(z) = 1 and
q = 2 is the Brézis—Nirenberg type problem with the fractional Laplacian. Such
a problem involves the fractional critical Sobolev exponent 2% = 2N /(N — 2s)
for N > 2s, and it is well known that the Sobolev embedding H?*(Q) < L% () is
not compact even if Q is bounded. Hence, the associated functional of problem
(1.1) does not satisfy the Palais—Smale ((PS) for short) condition, and critical
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point theory cannot be applied directly to find solutions of this problem. How-
ever, for the classical Laplace problem, s = 1, Brézis—Nirenberg in [5] proved
that the functional satisfies the local (PS). condition for ¢ € (0, SV/2/N), where
S is the best Sobolev constant and S™/2/N is the least energy level at which
the (PS)-condition fails. So a solution can be found if the mountain pass value
is strictly less than SN/2 /N . Using this methods, Bréndle, Colorado, de Pablo
and Sénchez [3], [4] considered (1.1) with f(z) = 1, and the existence of non-
trivial solution was proved. In this paper, we will investigate the existence and
multiplicity of positive solutions for problem (1.1) with the concave-convex non-
linearities and sign-changing weight function.

Recently, Caffarelli and Silvestre [8] developed a local interpretation of the
fractional Laplacian given in RY by considering a Dirichlet to Neumann type op-
erator in the domain {(z,y) € R¥*!:y > 0}. A similar extension, in a bounded
domain with zero Dirichlet boundary condition, was established by Cabré ans
Tan [7], Tan [24], Bréandle, Colorado, de Pablo and Sanchez [3], [4]. For any
u € H*(12), the solution U € H&L(CQ) of

—div(y'=2*VU) =0 in Cq = Q x (0, 00),
(1.5) U=0 on 91,Cq = 9N x (0, 0),
U=u on Q x {0},

is called the s-harmonic extension U = F(u), and it belongs to the space

H&,L(CQ) = {U S L2(CQ) :U =0 on 0r.Cq and /

Ca

Yy B\ VU da dy < oo}.
It is proved [4] that
oU
B . 1-2s — (— s
b lim ' O (wg) = (<8)°u(e),

where k, = 2'7*T'(1 — 5)/T(s) is a normalization constant. Here Hj ;(Cq) is
a Hilbert space endowed with the norm

1/2
HUHH&L(CQ) = (ks/c y' 72| VU2 dxdy) .
Q

With this extension, the nonlocal problem (1.1) can be reformulated to the fol-
lowing local problem:

—div(y!=2VU) =0 in Cq,

U=0 on 97Cq,
(1.6) 125 OU -2 2% -2

k' 2 22 = A (@)U (2,0 2U @, 0) + U (w,0)[* 20 (2,0)

on €2,
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here the outward normal derivative should be understood as
1-2s 8£ — — lim y'2 8£
ov y—0+ dy
The energy functional I': H 1 (Ca) — R associated to problem (1.6) is defined
by
ks

A 1 .
1) =5 [ v vvpardy -2 [ @0 o - o [ w0 .

In view of the hypotheses on f, I is well-defined and I € C*(Hg ;(Ca),R). Its
derivative is given by

(rw),v) :kS/ y'=EVU - VV dx dy
Ca

—)\/ f(@)|U(z,0)]972U (2, 0)V (z,0) dx
Q

—/Q\U(a:,O)

for all U,V € H{ ;(Cq). Hence, the solutions of problem (1.6) are the critical
points of the energy functional I. By the argument as above, if U € H&L(Cg)

2720 (2,0)V (2, 0) d,

is a weak solution of problem (1.6), then u = U(x,0), defined in the sense of
traces, belong to the space H*(2) and it is a weak solution of original problem
(1.1). The converse is also right.

The main purpose of this paper is to generalize the partial results of [3] to the
problem involving sign-changing weight function. Using the variational methods
and the Nehari manifold decomposition, we first prove that the problem (1.6)
has at least two positive solutions for A sufficiently small.

The following existence result will be obtained.

THEOREM 1.1. There exists Ay > 0 such that for all X € (0, \.), the problem
(1.6) has at least two positive solutions.

For any function W defined on Rf“, z € RN, 6> 0, we define
proc(W) =N "22W (o(- — (,0))).

As for the asymptotic behavior of the solutions obtained in Theorem 1.1 as
A — 0, we have the following result.

THEOREM 1.2. Assume that a sequence {\,} satisfies A\, > 0 and

A — 0 asn — oo.

Then there exist a subsequence {\,} and two sequences {U; ,} C Hg 1(Ca) (i =
1,2) of positive solutions of problem (1.6) such that

(@) [Uinllag, cq) =0 asn — oo
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(b) There exist two sequence {x,} C Q, {o,} C (0,00) and a positive solu-
tion W € H&L(Rfﬂ) of critical problem

—div(y'=?VU) =0 in RY T,

1.7 :
(1.7) ksy1_2s ‘Z% = |U(x,0) 25_2U(x,0) on RV,

such that o,, — +00 as n — +o0o and

1U2,n — pzn,-,O’n(W)”Hé,L(Rerl) — 0 asn—oo.

Before concluding this introduction, we would like to mention some related
important results to fractional Laplace problem, such as in [3], [4], [6]-]8], [10],
[11], [19], [20], [22], [24], [28] and the references therein. Caffarelli and Sil-
vestre [8] gave a new formulation of the fractional Laplacian through Dirichlet—
Neumann maps. This is commonly used in the recent literature since it allows
us to write nonlocal problems in a local way and this permits us to use the vari-
ational methods for those kinds of problems. In [7], Cabré and Tan defined the
operator of the square root of Laplacian through the spectral decomposition of
the Laplacian operator on €2 with zero Dirichlet boundary conditions. With clas-
sical local techniques, they established existence of positive solutions for prob-
lems with subcritical nonlinearities, regularity and L°°-estimate of Brezis—Kato
type for weak solutions.

Chi, Kim and Lee [10] studied the asymptotic behavior of least energy solu-
tions and the existence of multiple bubbling solutions of nonlinear elliptic equa-
tions involving the fractional Laplacian and the critical exponents. Zhang and
Liu [28] have investigated the existence and multiplicity of solutions to the frac-
tional laplacian elliptic problem involving critical and supercritical Sobolev ex-
ponent. In [11], the authors took into account the singularly perturbed nonlinear
Schrédinger equation in RY. Employing the non-degeneracy result of [14], they
deduced the existence of various types of spike solution such that each of local
maxima concentrates on a critical points of V.

In [19], [20], the Brézis—Nirenberg problem is also considered when the frac-
tional Laplace operator is given by (1.4). In particular, Felmer, Quaas and Tan
in [13] show that: for every U € H&L(Rfﬂ), it holds that

(N—2s)/N
(1.8) S(s,N) / U (2, 0)2N/(N=29) < / y' "2 |VU | da dy.
RN Rﬁ“

The best constant takes the exact value

o () ()

ror (252 ) ww)y
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and can be achieved when U, = E(u.) takes the form
S(N—2s)/2
(1.9) ue(x) = EFNEDEEE e > 0.

The paper is organized as follows. In Section 2, we introduce the variational

setting of the problem and present some preliminary results. In Section 3, some
properties of the fractional operator are discussed, and we given the proof of
Theorem 1.1. Finally, the proof of Theorem 1.2 is given in Section 4.

In the end of this section, we fix some notations that will be used in the
sequel.

Notations.

o LP(Q)), 1 < p < o0, denote Lebesgue spaces with norm | - |,.
e The dual space of a Banach space E will be denoted by E~!.

|2] is the Lebesgue measure of Q. B,(x) is the ball at « with radius r.
on (1) denotes 0, (1) = 0 as n — oo.
C, C;, ¢; (i=1,2,...) will denote various positive constants which may

vary from line to line.

2. Preliminaries

In this section, we collect some preliminary facts in order to establish the
functional setting. We refer the reader to [1], [8], [6], [12], [17] and to the
reference therein.

For s > 0, H*(R") is defined as

H*(RY) = {u € L2(RY) : [¢["a(¢) € L*(RN)},
where @ denots the Fourier transform of «, with norm
ol ey = | (14 IE122)RE) | s

This norm is equivalent to

Ju(z) — u(y)? i
||U||HS(]RN) = ||UHL2(]RN) + <\/Rz}v dedy .

Given a smooth bounded domain  C RY and 0 < s < 1, the space H*(Q2)
is defined as the set of functions u € L?(Q) for which the following norm is finite

_ 2 1/2

Q |$ _ y|N+25

An equivalent construction consists of restrictions of functions in H*(RY). We
define Hg(92) as the closure of C§°(Q2) with respect to the norm || - || g+ (q). It is
well-known from that for 0 < s < 1/2, H§(2) = H*(Q2), which for 1/2 < s < 1
the inclusion H§(Q) C H*(Q) is strict.
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The space H*(Q2) define (1.2) is the interpolation space (HZ(£2),L?(Q))s .2,
see [1], [16]. It was shown in [16] that (HZ(S2), L*(Q))s.2 = HS(Q) for 0 < s < 1,
s # 1/2, while

(H3(), L2(2), 5., = Hy ()

where
U

1/2 1/2 (z)?
Hyly () = que H/*(Q): @) dr < +oop,
and d(z) = dist(x,00Q) for all z € Q.
An important feature of the operator (—A)® is its nonlocal character, which

is best seen by realizing the fractional Laplacian as the boundary operator of
suitable existence in the half-cylinder 2 x (0, +00). Such an interpretation was
demonstrated in [8] for the fractional Laplacian in RY. Their construction can
easily be extended to the case of bounded domains as described below.
Let us define
Co = Q x (0,+00), 9r.Cq = 9 x [0, +00).

We know from [4], see also [23], that for any u € Hg(S), letting U € H} ;(Cq)
be the extension of u defined in (1.5), then the mapping u +— U is an isometry
between Hg(Q2) and Hj 1 (Ca), that is,

lull s ) = ||U||Hé’L(CQ)7 for all u € H(Q2).

Now we are looking for the solutions of problem (1.6). First we consider the
Nehari minimization problem, i.e. for A > 0,

my =inf{I(U) : U € N}, where N = {U € H; ;(Ca)\{0} : (I'(U),U) =0}.
Define

V(U)=(I'(U),U) = k/ y' 72| VU |2 da dy
Ca

.
2% dx.

Y / @)U, 0))7 de — / U (z,0)
Q Q
Then, for any U € N,

(W'(U),U) =2k | y' = *|VU* dxdy
Ca

.
2% dx.

A [ F@IU@0) de~2; [ U0
Q Q
Similarly to the method used in [26] and [27], we split A into three parts:
NT ={UeN: (V' (U),U) >0}
N ={U e N : (V' (U),U) =0}
N~ ={UeN : (V' (U),U) < 0}.
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Then we have the following results.

LEMMA 2.1. Let 0 :=2%/(2% — q) and

* (2—9)/(25—9)
92— 2\ [ 2— : )@= | |
t=t= (kS (s, )=/ C1=2) |0

Then, for every U € H017L(CQ), U #0 and X € (0,)\1), there exist unique t™(U)
and t—(U) such that:

1/(2;-2)
2-q)ks [ y' "F|IVU|* dedy

(8) 0 <tT(U)< tmax = ‘o <t (U);
(2~ q) / U (,0)[% da

(b) t=(U)U e N~ and t*(U)U € N't;

U
(©) N- = {U € HY,(Ca)\ {0 : - () _ ||U||H5L<cn)};
10U #z , o) ’

(d) I(t7U) = max I(tU) and I(tTU) = min I(tU).

t>tmax te(0,t—]

Moreover, tT(U) > 0 if and only if
/ f(@)|U(z,0)|?dx > 0.
Q
PROOF. The proof is almost the same as that in [26]. We need only to define
o) =71k, [y HVOR dndy - 71 [ U,0)
Co Q

Thus, we omit the details here. O

2 dx.

LEMMA 2.2. There exists Ao > 0 such that N° = {0} for each X € (0, \2).

PROOF. Suppose the contrary, there exists a U € N\ {0}, such that
(2.1) (V'(U),U) = 0.
Then, we consider the following two cases.

Case 1. [, f(z)|U(x,0)|?dx = 0. Thus

(W (U),U) =2k, / Y2V da dy
Ca

2 dx

A [ F@U 0 s - 75 [ U0)

2N
N —2s

:2k5/ y' 7|\ VU|? da dy — k/ y' 72| VU|? da dy
CQ CQ

4s 9
= - N_2S||UHH3,L(CQ) <0.

So, in this case U € N ™.
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Case 2. [, f(x)|U(x,0)|%dz # 0. From (2.1), we get

0= 2% / y1_25|VU|2dxdy—)\q/f(x)|U(x,0)|qu—2:/ U (2, 0)[ da
Q Q

=(2— q)ks/ y1_23|VU|2dxdy — (2 - q)/ |U(x,0)|2: dz,
Ca Q

which implies that
)% d.

(2.2) ||U||§15’L(CQ) =3

Thus
/f(:c)|U(x,0)|qda::ks/ y1_25|VU|2da;dy—/ U (2, 0)[2 dae
Co Q

2_
k[ U dedy - Lk, [y |OUR dedy
Ca 25— Q

S

2 — 2

= 5o IU oy

Therefore, by (2.3) and the Holder inequality, we obtain

(2.4) ||U||H1 o) S A(ii)(k S(s,N))"92|fls.

Let K: N — R be given by

1/(2-27)
2( 2 —-1))/(2:-2 *
KO =ClolGE) = ([ we@opa) ] s ol

where
2% —2 2 —

(203

2-q)\2—¢

Then K(U) = 0 for all U € N°. Indeed, by (

1/(2 2% )
K(U) =Clu | 2 >(/ da:) A [ @0 ds
25— 2 2-¢q (25-1)/(2:-2) 2 —q 1/(25-2)
“\9_ q 2 — ¢ 5 _ ||UHH1 L(Ca)

9 _
) /Q @)U (@, 0" da

25 92
=5.— U ||H1 L(Ca) A f(x)|U(z,0)|?dx = 0.
2% o

> (25-1)/(2:-2)

2.2) and (2.3),
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On the other hand, from (2.3) and (2.4),

1/(2-23)
2(2F—1)/(2% -2 *
25 K@) =l e ([ o a)

> C(ks S(s, N))NF29)/(45) ( / U (z,0)
Q

— Al 16lU 2, 0|2,

g 1 2:_2 1/(2—q)
2 (7l \ 2 =g

(2 = )2/ (1§ (s, )V - (N+28) /(1) _ 1] .

§ 1/(23)
2% dx)

> Alflo|U (z,0)

This implies that there exists

2t -2 , , , ,
Ny 1= |f|§1 (2i — q) (2 — (1)(1\’—26)(2—@/(4&)(kS S(s, N))(45(q—1)+(N+25)(2—Q))/(45)
S

such that, for each A € (0, \2), we have K(U) > 0 for all U € N°\ {0}, which
yields a contradiction. Thus, we can conclude that N = {0} for all A € (0, \2).0

LEMMA 2.3. IfU € N7T, then
/ F@)|U(z,0)|% dz > 0.
Q
PROOF. From U € N, we have

ka/ y1*25|VU|2dxdy>/\q/ f(a:)|U(x,0)|qda:+2:/ U (2, 0)
Co Q Q

.
% dx

.
% de,

— gk [ Y EVUR dedy + (27 — q)/ U(z,0)
Ca Q

that is
2 *
k;/ VU da dy > 7‘1/ U (2, 0)% da.
Ca 2 — q Q

Then, we have

y 72|\ VU|? da dy —/ U (2,0)[% dx
Q

2*72/
> 2 U(zx,0
=2 [ 0o

This completes the proof. O

A /Q F@)U (@, 0)[7 dz = k, /C

Q

2 dz > 0.

The following lemma shows that the minimizers on N are actually the critical

points of functional I.
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LEMMA 24. For A € (0,\). IfU € H&L(CQ) is a local minimizer for
I on N, then I'(U) = 0 in H'(Cq), where H='(Cq) denotes the dual space
Of H&’L(CQ>
Proor. If Uy is a local minimizer of I on A/, then Uy is a nontrivial solution
of the optimization problem:
minimize I(U) subject to (I'(U),U) = 0.

Hence, by the theory of Lagrange multiplies, there exists § € R such that
I'(Uy) = V' (Up) in H~1, which implies that

(2.6) (I'(Uo), Uo) = 6{¥'(Uo), Uo)-
Then, by Lemma 2.2, for every Uy # 0, we have (¥/(Up), Uy) # 0 and so, by (2.6),
0 =0. U

LEMMA 2.5. The functional I is coercive and bounded from below on N .

PROOF. For U € N, we have

1 1 1 1
s Ca q s Q

s 27
NHUH?{&L(CQ) - )‘< ‘

Y]

—4q —q/2 q
) 7l S5, V)0 e

q/(2—q)
% (é\r) (AC)H(2-9),
s

Y]

where

2%
C = ( 52*q)|f|9k;q/2 S(s,N)~9/2,
q2;

This tell us that I is coercive and bounded from below on N O

In the end of this section, we will use the idea of [25] to get the property
of N.

LEMMA 2.6. Let A € (0,\2). For each U € N\ {0}, there exists r > 0 and
a differentiable functiont = (V) such that t(V') > 0 for allV € {U € H ;(Cq) :
”U”?*{(}‘L(cn) < e} satisfying

t(0)=1, t((VYU-V)eN and (t'(0),V)=

for allV € Hj 1 (Cq), where

AU, V) = 2k, /

y' "EVUVV do dy — q)\/ f(@)|U(x,0)|92U (x,0)V (2, 0) da
Ca Q

—2:/ U (2, 0)[% =20 (2, 0)V (x,0) d
Q
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and

2 dx.

B(U,U) = (2 - )k, /

Y2 VUR dedy — (2% — g) / U (z,0)
Co Q

PROOF. Define .Z: R x Hj ;(Co) — R as follows:
F (V) =({I'tU = V)), (U = V))

:tka/ Yy 7E|\V(U - V)2 da dy
Ca

.
% da,

-t [ F@IU@0) = V(w0 dz = [ 0G0~ V(z0)
Q Q
for all V € HE, (Co).
Since #(1,0) = (I'(U),U) = 0 and by Lemma 2.2, we obtain

F(1,0) =2k, | y'|VU|* dzdy
Ca

_/\q/ﬂf(m)|U(x,0)|qu_22/9|U(x’0)|2§ dx

=@2-qks | Yy FIVUPdedy — (25 —q) | |U(x,0)|* da #0.
Q

Ca

Applying the implicit function theorem at the point (1,0), we get that there
exist € > 0 small and a function ¢ = ¢(V') satisfying ¢(0) = 1 and
AU, V)
t' = <.
Moreover, there is a t(V) such that .Z (t(V),V) =0forall V € {U € Hj 1 (Ca) :
U113 ca) < e}, which is equivalent to (I'(¢(V)(U — V)),t(V)(U — V)) = 0,
0,L
that is, t(V)(U — V) € N. O

3. Proof of Theorem 1.1

Since the energy functional I associated with the problem (1.6) is not boun-
ded on H& 1(Cq), it is useful to consider the functional on the Nehari manifold

N ={U € H; 1(Ca) \ {0} : (I'(U),U) = 0}.

It is clear that all critical points of I must lie on A and, as the results in Section 2,
local minimizers on A are actually critical points of I.

3.1. The minimizer solution on N *. Let
(31) )\* = min{)\l, )\2}

By Lemmas 2.2 and 2.5, for A € (0, \,), we know that "= NTUN™ and T is
bounded from below on A and so on N'*, N/~. Therefore, we may define

my =inf{I(U):U e N'},
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mT =inf{I(U):UeNT}, m =inf{I(U):UecN }.

In this subsection, we will show that problem (1.6) has a position solution if
A < A4, which is the minimizer of I on N'7T.
Now we consider the following auxiliary equation:

—diV(y1_2st) -0 in Cq,
(3.2) U=0 on 01,Cq,
fegyl—2s 8£ = M (2)|U(2,0)[9"2U(x,0) on Q.

ov

In this case, we use the notation F' and M respectively, for the energy functional
and the natural constrain, namely,

ks _ A
FU) = 7/0 y 23|VU|2dxdy—E/Qf(x)|U(:c,0)|qd:v,

2
M = {U € Hg,1(Co) \ {0} : (F'(U), U) = 0}
Setting my = inf{F(U) : U € M} we have the following result.

THEOREM 3.1. For each A > 0, problem (3.2) has a positive solution Uy such
that F'(Up) =my < 0.

PRrROOF. We start by showing that F' is coercive, bounded from below on M
and my < 0. Indeed, for any U € M, we have

(3.3) k/ y1_23|VU|2dxdy:)\/f(gc)|U(:v,O)|qu
Ca Q

< Alflo (kS (s, N)™2[Ull%s | ey

This implies

1 1 —q/2
FU) 2 5 101 0y = = Mok N) 0%

and therefore, we easily derive the coerciveness for 1 < ¢ < 2. Moreover, (3.3)
implies

_ 1/(2—
(3.4) 103 , ey < (Al Flo(keS(s, N))=0/2) /@79,

Hence, for all U € M,we have

1 1

2—q — 2/(2—q)
FO) = (5= 1015 e = ~ 5L Ol o, )00

So F'is bounded from below on M and m) < 0.
Let {U,} C H(%,L(CQ) be a minimizing sequence of F' on M. Then, by (3.4)
and the compact imbedding theorem, there exists a subsequence of {U,}, still
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denoted by {U,}, and Uy such that
U, = U weakly in H&7L(CQ);
(3.5) Un(-,0) = Up(-,0) strongly in LP(Q) for 1 < p < 2;
U.(-,0) = Up(-,0) a.e. in Q.
Now, we claim that
/ F@)|Uo(a,0)[2 dz > 0,
If not, by (3.5) we obtain !

/f(a:)\Uo(a:,O)de:O and /f(x)|Un(x,O)\qda:—>O as n — 0o.
Q Q

Hence

/ y 7|\ VU, P dedy — 0 and F(U,) —0 asn — oo
Ca
which contradicts F(U,) — my < 0 as n — oco. Therefore, we have

/ f(@)|Uo(x,0)|? dz > 0.
Q

In particular Uy # 0 in .
Next, we prove U, — Uy strongly in H&ﬁ . (Ca). Let us suppose on the
contrary that

1Uollsy , (coy < Uminf [|Unllgy ) asn— 00

and
/f(x)|Un(x,O)|qd:v—>/f(m)|U0(x,0)|qdm 88 1 — 00.
Q Q

So

3:6) Vol oy = A [ F@Un(a. 0 da

<timint (101, o)~ A [ F@OIU .07 d2) =0,

On the other hand, from [, f(x)|Uo(z,0)|? dz > 0 and (3.6), we known that the
function

t2
F(tUp) = 5 k/

At?
YT de dy — / £(@)[Us(x,0)|7 d
Ca q Jo

is initially decreasing and eventually increasing on ¢ with a single turning point
to # 1 such that toUy € M. Thus, from tyU,, — toUy and (3.6) we get that
F(tOUO) < F(Uo) < lim inf F(Un) = mx
n—oo
which is a contradiction. Hence U, — Uy strongly in Hg ;(Co). This implies

Up € M and F(Uy) = my. Moreover, it follows from F(Uy) = F(|Uy|) and
|Uo| € M that Uy is a nonnegative weak solution to (3.2). Then, by the strong
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maximum principle [23], we have Uy > 0 in Cq, that is, Uy is a positive solution
of problem (3.2). O

Now, we establish the existence of a minimum for I on N't.

PROPOSITION 3.2. For each A € (0, \.), the functional I has a minimizer Uy

in N.

PRrROOF. From Lemma 2.5, it is easily derived the coerciveness and the lower
boundedness of I on N. Clearly, by the Ekeland’s variational principle apply-
ing for the minimization problem i}\lff I(U), there exists a minimizing sequence

{Un} C N such that
1
(3.7) I(U,) <mr+ -
1
(3.8) IW) 2 1(U) = — [Un = Wy, ey for all W € .

Let Uy be a positive solution of (3.2) satisfying F'(Up) = my < 0. Then

ks _
my = F(Uy) = 5/ y' 2| Uo|? da dy
Ca
A 1 1
_ a /Q f(@)|Uo(x,0)|?dx = (2 — q) HUOH%I&L(CQ)’
that is,
3.9 Uo| )2 . 0
(3.9) | 0||H5‘L(CQ)*Q_2m>‘> :

By Lemma 2.5 in [26], for Uy, there exists a positive constant t; such that
t1Ug € N+, i.e.

. 2
2% dy < 1 k:/ Y 22|V (4, Up) 2 da dy.
25—q  Jeg

S

(3.10) /Q 42Uz, 0)

Then, from (3.9) and (3.10),

*

-9 2% _
I(t UO):qqus/ Y2 |V (4 Up) |2 da dy + = q/ t,Up(,0)
Q

o
s dx
Ca q2;

1 1\qg—2 9 8 q—2 45 2q 28
<(3-2) 2 10000y, ey = ¢ T2 2 = T s <0,

This yields
(3.11) m; <mt <0.

So (3.7), (3.11) and the coerciveness of I imply that the minimizer sequence {U, }
is bounded, and so there exists a subsequence of {U,}, still denoted by {U,},
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and U; such that
U, - U weakly in H017L(CQ);
Un(-,0) = Uy(-,0) strongly in LP(Q) for 1 < p < 27;
Un(-,0) = Uy(-,0) a.e.in Q.
Now, we claim that U; #Z 0. In fact, suppose on the contrary that U; = 0. Since

U, € N, we deduce

ks
mngéy“MWMMMy
Q

—5/fmma@m

IIU I, ca) )|Un(z,0)|* dz

>—ki¥/ﬂmmwwwm
q2$ Q

which and (3.7) implies that

q2; q23 1
/Qf(x”Un(m?O)'qu > _mI(Un) > —)\(2*_q)(m1 + TL> >0

as n — 0o, which clearly shows that U; # 0.

Next, we will show that || I'(U,)|| — 0 as n — co. Exactly the same as in
Lemma 2.6 we may apply suitable function t,,: B.(0) — R* for some & > 0 small
such that

tn(V)(Un = V) €N, forall Ve Hg 1 (Co) with [Vl (o) < e
Set n, = t,(V)(Up, — V). Since n,, € N, we deduce from (3.8) that
1
I(nn) = 1(Un) > - 17 = Unllmg | (co)-
By the mean value theorem, we have
(3-12)  (I'(Un); i = Un) = —— ||77n = Unllm , o) +0llnn = Unllag , ca))-
Thus, from n, — U, = (t,(V) — )(Un — V)=V and (3.12), we get

(3.13) (I'(Un), V) + (tn(V) — 1)([’(U ), Un = V)

2 —— H%-U Iz, o) +0llnn = Unllaz , ca))-
Let V =7 U /|| U1 Loy 0<T <e Substituting into (3.13), we have

U
(3.14) <I/(Un), U1> ||77n - Uy ||H1L(CQ
ULl , (ca)

1 (ta(V) — 1)
+ - o([lnn — Un”Hé,L(CQ)) + % r
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Since
(3.15) 170 — UT’/HH(}’L(CQ) =[[(tn(V) = 1) Un — ta(V) V||Hé1L(CQ)
<eltnW) + [t (V) = UllUnll a3, o)
and
(V) =1 [0V
g16) g Iy TOTN ) e,

If we let » — 0 in the right hand of (3.14) for a fixed n, then by (3.15), (3.16)
and the boundedness of U,,, we can find a constant C' > 0 such that

(3.17) <I’(Un) 4!

C
i) S (80 .
|U1||H3,L(Cn)> Tl( HO,L(CQ))

We are done once we show that ||}, (0)[|z2 | (cq) 18 uniformly bounded in n. Since

(0,00).V) =

we have by the boundness of U,

Ci
(3.18) £ ()12, cay < ‘

@ - QU2 - (2 —q>/Q|Un<x,o>|2? de

i

for some suitable positive constant C;. We next only need to show that

319 |- 0l e - 2 -0 [ 060

for some ¢ > 0 and n large enough. Arguing by contradiction, assume that there

.
2 dx

>c>0

exists a subsequence {U,} such that

320) =0Vl e~ 2= 0) [ Wn(0)

Then

%dr =0 asn— oo.

. x . 2—gq
(3.21) i [ UG 00 do = tim =L G0 B

n—oo
2—q 2
2 5 10y, ca) > O

Therefore, we can find a constant Cy > 0 such that

(3.22) /Q |Un(x,0)

for n large enough. In addition, (3.20) and the fact that U, € N also give as

)\/Qf(x)|Un(m,0)\qd:c: HUnH?{éyL(cQ) */Q\Un(x,())

4s
“ V2@ 9 /Q [Un(z,0)

2 dx > Cq

2 dx

% da + o(1)
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and

25 —q)(N —2s _ 9
(3.23)  [[Unllug , (cor < {A( )4(5 ) |l 5N/ (N-29) L o(1).

]1/(2—Q)

This implies K(U,) = o(1), where K is given in Section 2. However, by (3.22),
(3.23), similar to the calculation of (2.5), for each A € (0, \), there is a C3 > 0
such that K(U,) > Cs, which is impossible. Hence, from (3.17)—(3.19),

(100 g )<
1013, (ca) n

for some C > 0. Taking n — oo, we get HI/(Un)”H&L(CQ) — 0. This shows that
{U,} is a (PS) sequence of functional I.

Finally, we prove that U,, — U strongly in H&’ .(Cq). Since U,, — Uy weakly
in Hj 1 (Ca), it follows that

1 A 1 .
my <I(Ur) = §||U1||?131L(c9) - EAf($)|U1(X7O)\qd$ T /Q Uy (2, 0)[? da

1, A
=510l e = 5 [ @0 da

1
- Q*(Ulnzm) - / IO (x.0)1ds

S 2
SN0y o~ A2 [ @I 0 de < i 10,) =y

Consequently, U,, — U; strongly in Hé’ 1 (Ca) and I(Uy) = my. O

THEOREM 3.3. For each A € (0,\.), the problem (1.6) admits a positive
solution in N't.

ProoOF. From Proposition 3.2, we have that U; is a nontrivial solution of
problem (1.6). Moreover, we have U; € N'*. In fact, if U; € N—, by Lemma 2.1,
there exists a unique ¢t~ (Uy) > 0, t7(U;) > 0 such that ¢t~ (U;) Uy € N, then
we have t~(U;) = 1 and tT(Uy) < 1. Since [(t1(U1)Ur) = min  I(tU;), we

te[0,t— (Ur)]
can find a to € (t*(Uy),t(Uy)) such that
I(tJr(Ul)Ul) < I(toUl) < I(ti(Ul) Ul) = I(l . Ul) =my,

which implies that U; € NT. Since I(U;) = I(|Uy]) and |U;| € N T, we can
take U; > 0. By the strong maximum principle [23], we get U; > 0 in H&7L(CQ).
Hence, U, is a positive solution of problem (1.6) and I(U;) = m™. O
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REMARK 3.4. For U; € N'*, by the Holder inequality and the Young in-
equality, we have

S

2% —
0>I(U1):N/ y172s|VU1|2dxdy_)\ s q
Ca

q2;

/ F(@)\Uh (2, 0)[7 de
Q

S 2:‘ _yq . /2
> N ||U1HiI(%,L(CQ) - A g2 |flo (kSS(&N)) q ”Ulanéi(cn)
2_ —
'\ q(|f|a kJsS(s,N)*q/2>2/(2 q).

- q25
So, we deduce that I(U;) — 0 as A — 0.
3.2. The minimizer solution on N ~. In the following, we prove that

problem (1.6) has a solution in N'~. Since I is coercive and bounded from below
on N7, there exists a minimizing sequence {U,} C N~ such that

(3.24) I(U,) »m~ asn— oo.
First, we establish the following result.
LEMMA 3.5. The set N~ is closed.

PROOF. Suppose that there are some U, € N~ and U,, — Uy € N, then
Up € NV = {0}. For U,, € N~, we have
0<(2— q)ks/

VU dady < (20~ 0) [ [Un(a,0)% do
Ca Q
This implies that

lim ks [ v 2|VU,|*dzdy = 0.

n—oo

Ca
Note that if U, € N7, then ||Upllga , (cq) = 7 for a suitable v > 0. This is
a contradiction. Hence we have Uy € N ~, and so N~ is closed. O

Next, we will use the trace inequality (1.8) to the family of minimizers U, =
E;(uc), where u, is given in (1.9). Note that f is a indefinite continuous function
on Q and f* # 0, where f™ = max{f(z),0}, then the set ¥ := {z € Q : f(z)
> 0} C Q is an open set with positive measure. Without loss of generality, we
may assume that 3 is a domain.

Let n € C§°(Cx), 0 < n <1 (for all (z,y) € ¥x(0,00)), be a positive function
satisfying

(supprr x {y > O}) N{(z,y) €Cs :n =1} #£0.
Moreover, for small fixed p > 0,

1 if (x,y) € pr
0 if (1'7y) gg?p»

where B, = {(z,y) : |(z,y)| < p, y > 0, x € ¥}. We take p small enough such
that Bs, C Cx. Note that nU. € Hj 1 (Ca).

n(w,y) =
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Let Ay > 0 be as in (3.1). Then for A € (0, \,) we have the following result.

LEMMA 3.6. Let Uy be the local minimum in Proposition 3.2. Then, fore >0

small enough,

sup I(Uy +tnU:) < my + 5 (ksS(s,N))N/(QS).
>0 N

PRrOOF. First, we have
ks
(3.25)  I(Uy +tnU.) :E/ Y12V (U, + tnU,)|? da dy
Ca

A q
_ g/Qf(x)\(Ul + tnU.) (x,0)|*dz

25 dx

1

- 50 [ 10+ v0)
s JQ

1 9 t? 9

D) ||U1||H5’L(cﬂ) + D) ||77Us||H37L(cQ) + (U1, nU¢)

A

-2 [ @I + ) 2,017 da

Q

2 dx.

1
- 50 [ 1w+ v o)
s JQ
It follows from U is a solution of problem (1.6) that

.
% de,

Lo B A oo 1
3:26) 31Vl o = T00+3 [ f@I @0 dot - [ 01(.0)
and

(3.27) t<U1,77U8>:t)\/Qf(x)|U1(x,0)|q71nU€($,0)dx

L1 Ul(x,0) da.

+t/Q|U1(:c,O)

Moreover, by direct computation, we get that

25 dx

(3.28) /Q\(UlthnUg)(x,O) % dx:/Q|U1(x,())

2:*2U1(x, 0)nU:(z,0) dx

Lot / U (2, 0)
Q

2 dx

+1% / InU-(z,0)
Q

2:*277U5(-T, O)Ul ((L’7 O) dx + 0(€(N72S)/2)’

+257 [ j(a,0)
Q
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and
(329) [ J((U+ 0,0 = U300 + s ) 40 (5,0))
tnU. (x,0)
~af f+<x>( [ o o p@ort) dT) dx

tnU(x,0)
Zq/ fH(x) (/ (UL (2, 0)+ 7|97 + |Uy (,0)|717) dT) dx > 0.
b 0

Substituting (3.26)—(3.29) in (3.25) and using the fact that n € C§°(Cx), we
obtain

I(Ul +t77U£)
— 1oy -2 / @) (T3 (,0) + tn U (2, 0) |7 — | (x,0)[)
qJa

LU (x,0) dx

U0 U —t/ U1 (,0)
Q

2 dx

t2 ) 12
+ 5 HnUEHHé,L(CQ) - 2:/9 |77 UE(I7O)

g /Q nU.(z,0)

zgflwl dz + 0(€(N72s)/2)

=I(Uh) - 2/Ef($)(|U1($70) +tnUe(z,0)" — U (z, 0)[*

25 dx

_ 2 121
+ 0tV @0 U 0)) do+ 5 0 Uy ey = 5 | InUe(e.0

— %l /Q InU.(z,0)[% U, (x,0) dz + 0(6<N—25V2)

t2 £ .
gI(U1)+§||nU€||§Iol‘L(CQ)—2—§/9|77U5(a:,0)|25 dx
_t2;—1/ \nUa(m,O)FZ_lUl(x,O)dx+0(6(N_25)/2).
Q

Since

| vtz.0

_92g N+2s N—2s
S nE(N 2s)/2 ( )/( )dw
0 L (€2 + |z2)V-25)/2

€(N+2S)/2
= EN dz
RN 5N+28(1 + |Z|2)(N+28)/2

+o0o

1
_ o (N=2s)/2 < (1 (N=29)/2
Ce /0 1+ r2)(N+29)/2 = Ce ;

and from [3] and [22], we have

||77Ue||§qéyL(cQ) = ||UE||%(31L(CQ) + O(EN_QS)a



172 J. ZuanGc — X. Liv — H. Jiao

N
* €
/Q|77U5(x,0) % de = /RN <€2-l—|x|2> dz + O(eN).

Thus

t2 12: .
330) (U +0n0) < T(0) + 5 Wl oy = 57 [ 1Vl 0 da

L OEN) = CeN-29)/2 O(G(NfZS)/2).
Let
2 dx, forallt>0.

ht) = & o2 e Ue(x,0
0= 510Ny, o~ 5 [ 106620
Since h(t) — —oo ast — +oo, sup h(t) is achieved at some ¢t > 0 with h/(t.) = 0.
>0
That is

2% 2 *
0= U-B o) — £ /Q\Us(:c,o) 2 dz.

Therefore,
—2/(2-2)
1 1 2* 2*72 * s
330 10 <1t = (5 - 52 )G ET ([ wawopan)
On the other hand, since U, are minimizers of the trace inequality of (1.8), we

have that
2/(25)
(3.32) ||U5||§131L(RN+1) =k, S(s,N)(/R |U.(,0)|% d:c) .

N

Hence, as from [3] and (3.30)—(3.32), we obtain

I(Uy +tU.) < I(UY) + %(ks S(s, NV 1 0(eN)

_ Ce(N-25)/2 +0(5(1\7—4)/2) <my+ %(ks S(S,N))N/(28)7

for € > 0 sufficiently small. O

The following proposition provides a precise description of the (PS)-sequence
of I.

PROPOSITION 3.7. If every minimizing sequence {U,} of I on N~ satisfies
my < 1(Un) < my + (ke §)N/@),
then {U,} satisfies the (PS)-condition on N'~.
Proor. By (3.24) and {U,} C N, it is easy to prove that the sequence

{U,} is bounded in Hé, 1 (Cq). Them we can extract a subsequence, still denoted
by {Up}, and Uy € N~ such that, as n — oo,

U, — U, weakly in Hé’L(CQ);
(3.33) Un(+,0) = Ua(-,0) strongly in LP(Q2), for all 1 < p < 2};
U.(-,0) = Us(-,0) a.e. in Q.
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Since {U,} C N~ is a minimizing sequence, by the Lagrange multiplier
method, we get that I'(U,,) — 0 as n — oo. Consequently, by (3.33) we have

(I'(Us),®) = 0, forall ® € Hj(Cq).

Then Uy is a solution in Hy ; (Cq) for problem (1.6), and I(Uz) > mj.
First, we claim that Us # 0. If not, by (3.33) we have

/ f(@)|Usz(x,0)|7dx — 0 as n — oo.

Q

Thus, from I'(U,) — 0, we obtain that

(3.34) k/ Y 2|2 da dy = / U (2, 0% da + on(1).
Ca Q

and

ks

= / y' 72| VU, |? dz dy
Ca

I(U,) = 2

2 dx

-2 [ @i o - & [ o)
=2 /Q U, 0)% e < g+ - (s, N)) N/ 29
< %(ks S(s, N))N/ @) (since m; < 0).
So, we get
(3.35) /Q U (2, 0% dar < (ko S(s, N))N/ 2.
On the other hand, from (3.34) and (1.8), we have that
/Q U, 0)[2 d > (kyS(s, N))N/ 29,
This contradicts (3.35). Then Uz # 0 and I(Usz) > my.

We write Uy, = U, — Uy with U, — 0 weakly in H{} ; (Cq). By the Brezis-Lieb
Lemma, we have

/Q ’ﬁn(xﬂ)

2 dx

% dx:/ U, (,0) — Us(z,0)
Q

:/Q|Un(;v,0) % dx—/Q|U2($>0)

% dx + on(1).
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Hence, for n large enough, we can conclude that
mr + %(kSS(s, NYN/@) > [(Uy + T,,)

k

s =5 1 -~ :
:I(U2)+—/ yl_Qs‘VUn’2dxdy——*/ U (2,0)|** da + 0, (1)
2 Ca 23 Q

% dx + on(1),

gt [ VO Pdedy - o [ (0G0
2 Jeg 25 Ja

this is,

ks ~ 1 [~ .
(3.36) 7/ yl—QS\VUny2dxdy—7/ U, (,0)|* d
2 Co 25 Q

< %(kss(& N))N/(zs) + 0n(1).
Since I'(U,) — 0 as n — oo, {U,} is uniformly bounded and Us is a solution of
(1.6), it follows

On(l) = <Il(Un>7 Un)

=1I'(Up) + ks /

Ca

% dz + on(1)

y1*25|Vﬁn|2 dx dy — / |ﬁn(x, 0)
Q

2:d:c+0n(1),

:ks/ y1*25|Vl/jn|2dxdy—/ U, (2,0)
Ca Q
we obtain

(3.37) k‘s/ yl_QSIVﬁnfdxdy:/|l7n(x,0)|2*sda:+on(1) as n — oo.
Ca Q

We claim that (3.36) and (3.37) can hold simultaneously only if {ﬁn} admits

a subsequence which converges strongly to zero. If not, then HfjnH 1 is
H} ,(Ca)
bounded away from zero, that is, HU”HHl o) > ¢> 0. From (3.37) and (1.8)
0,L

then it follows
(3.38) / 1T (2, 0)[2¥ dr > (koS (5, M)/ @) 4 0, (1),
Q

On the other hand, by (3.36)—(3.38), for n large enough, we have

S

N/2s < S 77 23
= (kS (s, NN < N/Q\Un(a:,o) dz + on(1)

% dr + on(1)

ks _ ~ 1 ~
:7/ Yt 2s|vUn|2dxdy——*/ }Un(x,o)
2 Co 25 Q
< (k. S(s, NN/,

which is a contradiction. Consequently, U, — Us strongly in H&) .(Cqa) and
Uy e N O

Next, we establish the existence of a local minimum for I on N ~.
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PROPOSITION 3.8. For any A € (0,\.), the functional I has a minimizer
Uy € N~ such that

I({Us) =m™ <mg+ — (k S(s, N))N/(@9),

ProoF. For every U € H&L(CQ), by Lemma 2.1, we can find a unique
t=(U) > 0 such that t~(U)U € N'~. Define

U
le{U:U:OOrt_()>||U| ; },
1011, o o6

U
wzz{yzf()<HUul }.
10112, ca Ho,1(C)

Then N~ disconnects Hg ;(Cq) in two connected components Wy and Wy, and
Hj 1 (Ca) \ N~ =W, UWs,.
For each U € ', there exist unique

e ) >0 () >0
1074, co 10T, co

such that
U U
t+ () < tmax < 7 ()
1Uzg , ca) Ul &2 | (ca)
U U
tt ( ) eNT;
10Ul az oy / NUNEL (o)
and

U U
t- ( ) eN™.
10Ul az , oy / NUNEL (o)

Since U € N'*, we have

t+( v ) 1 =1
1Ok oy / N0 oy

(Wteen) < ()
0T, o [Tl em /)

- )
t > [|U]| 7
(U”H&L(CQ) Ho,1(Ca)

and then Nt C W;. In particular, U; € W; is the minimizer of I in N'T.
Now, we claim that there exists lo > 0 such that Uy + lonU. € Wsy. First, we
find a constant ¢ > 0 such that

By the fact that

we get

l
(3.39) 0< t( IRRULE ) < c¢ foreach!>0.
10y + InUellmg | (o)
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Otherwise, there exists a sequence {l,} such that l,, — co and

_< U1+ln77U6

— 00 as n — oQ.
HUI +lnn UE”H(%,L(CQ))

Let U, = (U + LnUs.)/(|Us + LynU- ||H1 (Ce))- By Lemma 2.1, we obtain
t~(Un)U, € N~, and

1

.-
_ - /|(U1+lnnUE)(x,O) o
UL+ lnn UEH;;&L(C 2
1 U 2
S -
||U1 n e Q n

L(Co)

—/\nUfEO)

sdr >0

as n — oo. Thus

@) =2 (@] [ |00 d
(0.1
2;

)Q:dx%foo

as n — o0o. This contradicts that I is bounded below on N. Let

STl

1M Uellry , ca)

lo =

It follows that Uy is a nontrivial solution of (1.6) and from the definition of 7,

we have
(3.40) (Ur,mU2) = A /Q F@)|UL (2, 0)7 n(, 0)U. (x, 0) da
+/Q\U1($,0)|2:_177(x,0)U5(x,0)dm

=\ f(@)|Us(2,0)|7  n(z,0)U.(x, 0) dx
8200{1/:0}

+/ |U1(sc,O)|2§_177(:E,O)U5(x,0) dz
ngﬁ{y 0}

2/ U, (,0) >~ U (,0) dz > 0.
B,n{y=0}
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Then, from (3.39) and (3.40), we obtain
U1 + lon UsH%{&’L(cQ) = HU1||§131L(CQ) + 13l Ue”?qé’L(cQ) + 2lo(Ur,n Ue)
> 01l | oy +1€* = 10T , ol + 20 (U1, n Ue)

> HUlH?{é,L(C“) + |C2 _ HU1||§I§,L(CQ)|

2 [t( Ui +1lonUe )]2
- 10y + lon Uell g, ca)

that is, Uy + lonU: € Ws. Now, we define

— inf I(~(t
B inf, max (v(t))s

where T' = {~v € C([0, 1}7H&L(CQ)) :7(0) = Uy and ¥(1) = Uy + lonU.}.
Define a path v(t) = Uy + tlgnU. for t € [0,1], and we have v(0) € Wy,

~v(1) € Wy. Then there exists tg € (0,1) such that (o) € N ™, and we have
B > m~. Therefore, by Lemma 3.6, we get

m™ < B <my+ ~ (keS(s, M),

Analogously to the proof of Proposition 3.2, one can show that Ekeland’s
variational principle gives a sequence {U,} € N'~ which satisfies

I(U,) —m~ and I'(U,) =0 asn— oo.

Since m~ < my + s(ksS(s,N))N/(2%) /N, by Proposition 3.7 and Lemma 3.5,
there exist a subsequence {U,, } and Us such that U,, — Us strongly in H&L(CQ),
Uy e N~ and I(Uz) =m™.

Moreover, since I(Us) = I(|Uz|) and |Us| € N, we can always take Uz > 0.
By the maximum principle [23], we get Uy > 0 in Hj;(Co). Hence, Uy is
a positive solution of problem (1.6). O

PRrROOF OF THEOREM 1.1. By Theorem 3.3 and Proposition 3.8, the equation
(1.6) has two positive solutions U; and U, such that Uy € N7 and Uy € N~
Since NT NN~ = ). This implies that problem (1.6) has at least two positive
solutions. O

4. Concentration behavior

In this section, we give the proof of Theorem 1.2. For every p > 0, we define

ke [ o
JM<U>:5/ Y 28|VU|2dmdy—2%/ U (x,0)
Ca s JQ

0, ={U € Hj [(Ca) : U # 0 and (J,,(U),U) = 0}.

.
2 da;

We have the following lemmas.
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LEMMA 4.1. For every U € N, there is a unique t(U) > 0 such that
t({HU € 01 and

2t — g )(2211)/(2:2)
So(2 —q)

<20y <1 +)\|fo(

(41) 1- AIfo(

25 —¢q
So(2—1q)

) (2:—9)/(2:-2)
where Sy = ksS(s,N).
PROOF. For each U € N, we have

(4.2) k;/ y1_25|VU|2dxdy—/\/ f(x)|U(x,o)\qu—/|U(x,o)\22 dz =0
Q

and

.
2% dx.

(13)  0<@-qk [ g ENURdedy < (2 - ) [ [UG0)
Ca Q

Thus, from (4.3), the functional

JL(tU) = t? i % da

s 12
ks / YBVUR ddy — L / U(z,0)
2 Jeq 2% Ja

with respect to t is initially increasing and eventually decreasing and with a single
turning point ¢(U) such that ¢(U)U € O;. So

(4.4) (ks |y 2|VU? dady = t3 (U)
Ca

Then, from (4.2), (4.4) and the Hoélder inequality

k/ y' 72| VU|? da dy
Ca

/\U(x,O)Z: dx

Q

<1+ A[flo|U(z,0)

(4.5) 1= Alflo [U(z,0)5% 7 <%-2(U) =

/f )U(x,0)|? dx

/|U:100\2 dx

On the other hand, by (1.8) and (4.3), we get
2 —

—(2;—q)
2% .

U (2,0))% do > —— k y' 2| VU2 dx dy
Q 2 —q Ca
. oo
> 274 kSS(s,N)( )% dz) ,
2 —q Q
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that is
2 — q)k,S(s, N)\ /7
(4.6) U (x,0)]2; > <( Dka5s, )> .
E 25 _ q
Hence, from (4.6) and (4.5), we obtain (4.1). O

REMARK 4.2. From (4.1), it is easy to see that t(U) — 1 as A — 0.

PROOF THE THEOREM 1.2. Suppose that {\,} is a sequence of positive
number such that A\, — 0 as n — +oo. Let Uy,, € N and Us,, € N~ are
position solutions of equation (1.6) corresponding to A = A,. We have two
following results:

(a) By Remark 3.4, for every U, € N, we can conclude that
HUL””H&L(CQ) — 0 as n — oQ.

(b) By Lemma 4.1 and Remark 4.2, for every Us,, € N, there is a unique
t(Ua,n) > 0 such that

t(Uzn) Uz € Oy and ¢(Uzp) =1 asn — oo.

For case (b). For each U, € N7, let

.
% da,

ks _ .
g(t):JH(tUg,n):z@—/ y' 72|\ VUy |2 do dy — t2 'Li/|U2’n(x,O)
2 Co 2@ Q

for all t > 0. Since g(t) — —oc as t — 400, sup g(t) is achieved at some ¢ > 0
>0

with h'(t) = 0, which is

W (t) = ?<|U2,n||§,5¢(c“) T /Q Uy (2, 0) % dx) =0.

Let

’i’: ( ||U27n||?{é,L(CQ) )1/(2:2)
ﬂfQ |U2,n(,0) % dx

Then ftngyn € O, and

”LQ n||2 1 (N—-2s)/2
~ S s H (CQ)
4.7 supJ,(tUs ) = J,(tUs,,) = — A >
1) tzg u(tUzn) n(tUzn) N(,qu|U27n(:v,0) 25 dx

On the other hand, by Holder inequality and Young inequality, for u € (0,1), we

. q/2;
% d;v)

have

[ @it 0] do < f|e< [ a0

q

—q/2~
S |f|9(ks S(S7N)) ! tqHU2,n H(%L(CQ)
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24 L2/ 45 2/
< S (Flo (ks S5, N) )= 2) 770 (U2 )™

2-0 g/~ L2/ | B 2
= =5 17 (floks (s, N2 4 S E Uz |y

where 6 = 2% /(2% — ¢). Then we get

(48)  I(iUs0) = |

g 2
t 3 U2,n HH[%,L(CQ)

- 1 ~ -
—5/f(x)|tU2,n(x,o)|de—7/ TUsn (2, 0% da
qJa 25 Q

1= Apy+ 2
2 HtUz’"HHé,L(cm

A2 — o o .
f%u q/(2 q)(|f|0(kS S(S,N)) a/ )2/(2 @)

>

1 ~ .
— 7/ [t Us (0, 0)|% da
23 Q
1 =) [
=(1—Ap) (QHtUQ’"H?‘Ié,L(CQ) T /(; [t Uz p(x,0)

N2 —=¢q) _ o ) )
_(2q)u q/(2 4)(|f|0(k85(3’]\])) q/2)2/(2 @)

= (1= M) Jrjaoan (EU2,0)

MN2—=q) _ o ) )
_(2q)u q/(2 4)(|f|9(k85(3’]\]>) q/2)2/(2 @)

= (1= ) g (70

% dm)

A2 — o ) )
_(2qq),u a/(2 q)(|f|o(/€SS(S,N)) q/2)2/(2 q)'

Therefore, corresponding to A = \,,, from (4.8), Remark 4.2 and the fact
I(Usn) < my + (koS (s, NN/,

we obtain

1 )(N—2s+2)/2

Ji(tUs,) <
T

: [I(?Uz,n) + )‘”(zq_q) Mc—q/(Q—q)(|f|0(ks S(s, N))—q/2)2/(2—Q)]

1 (N—25+2)/2 5 s
— N 2s
< (1 - Anu) {mz + 7 (kS (s, V)

i 2200 ), 5,0 072) 70|

Since m; — 0, t — 1 as n — oo, it is easy to see that

limsup J1(Us,,,) < %(ksS(s,N))N/(ZS).

n—roo
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This and (4.7) tell us

lim Jy(Uz,n) = ~ (ko S(s, )N/,

n—oo

We can conclude that {Us,,} is a minimizing sequence for J; in O;. Then

and

Zdr — 0

k/ yI*QS\VU27n|2dxdy—/ |Uz.n (2, 0)
Ca Q

J1(Uz,n) — %(kSS(S,N))N/(%)

as n — oo. This implies that {Us,} is a (PS).-sequence for J; at level ¢ =
s(ksS(s, N))N/(28) /N . Clearly, {Us,,} is bounded, and then there exists a sub-
sequence {Uz ,} and Uy € Hj 1 (Cq) such that Uy, — Uy weakly in Hj  (Cq).
Since 2 is bounded, we have Uy = 0. Moreover, by the concentration-compact-

ness principle (see [17] or [18]), there exist two sequence {z,, } C 2, {o,,} C (0, 0)

such that o,, — oo and ||Us,,, — pz, 0., (W)”Hé,L(RfH) — 0 as n — oo, where W

is a positive solution of (1.7). g
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