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EXISTENCE, UNIQUENESS AND PROPERTIES
OF GLOBAL WEAK SOLUTIONS
TO INTERDIFFUSION WITH VEGARD RULE

LUCJAN SAPA — BOGUSLAW BOZEK — MAREK DANIELEWSKI

ABSTRACT. We consider the diffusional transport in an r-component solid
solution. The model is expressed by the nonlinear system of strongly cou-
pled parabolic differential equations with initial and nonlinear boundary
conditions. The techniques involved are the local mass conservation law
for fluxes, which are a sum of the diffusional and Darken drift terms, and
the Vegard rule. The considered boundary conditions allow the physical
system to be not only closed but also open. The theorems on existence,
uniqueness and properties of global weak solutions are proved. The main
tool used in the proof of the existence result is the Galerkin approxima-
tion method. The agreement between the theoretical results, numerical
simulations and experimental data is shown.

1. Introduction

Quantitative description of the diffuse mass transport is particularly essen-
tial for materials processing and hydrodynamics. It is important for the Navier—
Stokes problem, where it allows considering diffusion in multicomponent flu-
ids [15]. An inspiring effort dedicated to the rigorous mathematical treatment
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of the flows occurring in multicomponent systems has begun with the work of
Darken [11] on the modeling of diffusive flows. In the case of binary closed mix-
ture with constant concentration, ¢y + co = const, the Darken method allows to
transform the system of two partial differential equations modeling the process

(11) Oic; = —(996(—91'(61, Cz)axci + Cﬂ/D) fori=1,2
to one quasi-linear diffusion equation
(1.2) Bper = 0, (0(c1)dxc1)

with the initial and the simple boundary conditions (semi-infinite only), where
vP means a drift velocity. Equation (1.2) allows using the Boltzmann-Matano
transformation [3]. It introduces a similarity parameter A = (z — x¢)/v/t, where
xo is the position of the so-called Matano interface [18]. This ansatz transforms,
in a not equivalent way, the governing partial differential diffusion equation (1.2)
to a nonlinear ordinary differential equation. But in a multicomponent case
(almost three components, r > 3) such Darken reduction is not effective, because
it leads to a system of equations. Analogous procedure is used in the case
of the Onsager phenomenological equations, where the fluxes are coupled by
interdiffusion coefficients ©;(c1,...,¢i—1), i =1,...,7.

The drift velocity v” is concerned with the Kirkendall effect [22]. It is the
motion of the boundary layer between two metals that occurs as a consequence
of the difference in diffusion rates of the metal atoms. The effect can be ob-
served for example by placing insoluble markers at the interface between a pure
metal and an alloy containing that metal, and heating to a temperature where
atomic diffusion is possible; the boundary will move relative to the markers.
The Kirkendall effect has important practical consequences. One of these is the
prevention or suppression of voids formed at the boundary interface in various
kinds of alloy to metal bonding. These are referred to as Kirkendall voids.

The Darken method was extended for multicomponent systems in [17], [2].
Later it was proved that it is self-consistent with the Onsager phenomenological
description [4]. Several attempts to solve the problem in liquid mixtures were
not very effective due to arbitrary selection of the reference frame for diffusion.
The most fundamental approach is given in [5], where a volume transport is
considered.

The model studied in our paper is expressed by the one-dimensional nonlinear
system of strongly coupled parabolic differential equations

s

Q;0;(01,..,0r
(1.3) at@i8m<®i(91a---agr)amgigiz 19s(ex Q)amng(t)gi>

M.

=1 ’
fori =1,...,r, 0, = M;c;, with initial and nonlinear coupled boundary con-
ditions (see Section 2). It is obtained from the local mass conservation law for
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fluxes which are a sum of the diffusional and Darken drift terms, together with
the Vegard rule. This rule is a straight application of the Euler homogeneous
function theorem [14]. The strong coupling of the equations is caused by the drift
velocity v”. A detailed analysis of a concept of the drift velocity, a choice of
the reference frame, as well as other physical, mathematical and numerical con-
sequences of the proposed formalism can be found in [4], [9], [10], [13], [17], [21],
[23]-[25] and in references therein. In these papers concentration of a mixture
must be constant, while the Vegard rule used by us admits the overall concentra-
tion depending on time and space. We do not use the Darken reduction method
and the not equivalent Boltzmann—Matano substitution mentioned above. Let
us stress that such strongly coupled systems as (1.3) (i.e. by the second deriva-
tives) are still insufficiently explored, they are not studied for example in [6]-[8],
[12], [15], [16], [19], [20], [26].

The aim of this paper is to obtain existence, uniqueness, nonnegativity and
estimates of global in time weak solutions (in suitable Sobolev spaces) of the
nonlinear parabolic problem discussed above. Moreover, we show that if a phys-
ical system is closed, then an evolutional solution converges to the stationary
one as time goes to infinity. The main tool used in the proof of the existence
result is the Galerkin approximation method [26]. The existence, nonnegativity
and estimates of solutions are obtained with the use of the properties of some
family of automorphisms. We generalize the mathematical results for a similar
differential problem given in [10] in the following sense: the weak version has
a differential-integral form instead of the integral one, the regularity of the solu-
tion is much more stronger, the Galerkin system has a unique solution instead
of the maximal only, we use the Aubin—Lions compactness lemma to pass to the
limit which is a natural tool in the case of nonlinear problems and evolution
triples.

The paper is organized as follows. In Section 2 the initial-boundary differ-
ential problem is formulated, and in Section 3 its weak version is given together
with the assumptions that will be used in the further parts. Sections 4, 5 and 6
deal with existence, nonnegativity, estimates, uniqueness and asymptotic behav-
ior of global weak solutions of the problem, respectively. In Section 7 examples

of physical problems and numerical experiments are given.

2. Model of interdiffusion, a strong formulation

Let @ = [-A,A] C R, T > 0 and r € N\ {1} be fixed, and denote R} =
(0,00). The following data are given:

(1) M; = const € R, the molecular mass of the ith component of the

mixture, 1 =1,...,7r.
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(2) Q; = const € Ry, the partial molar volume of the ith component of the

mixture, t =1,...,7.
(3) ©;: [0, M1/] x ... x [0, M,./9,;] = Ry, the diffusion coefficient of the
tth component of the mixture, i =1,...,r.

(4) 00i: © — Ry, the initial density of the ith component of the mixture,
t=1,...,7.

(5) jiL,jdi,r: [0,T] — R, the evolution of a mass flow of the ith component
of the mixture through the left and right boundaries, respectively i =
1,...,7.

The following functions are unknown:

(1) 0;: [0,T] x Q — Ry, the density of the ith component of the mixture,
t=1,...,7.

(2) vP:[0,T] x Q — R, the drift velocity.

The total mass of the ith component of the mixture at the fixed moment ¢ € [0, T

is given by
(2.1) mi(t):/gi(t,x)da:, i=1,...,m7,
Q
while by
2.2 i(t) = — Q; =1,...
(22) m(t) = 55 [ 22 e =1

the average value of the local volume fraction §2;0;/M; is denoted. We assume
that each component of the mixture is a continuous medium, i.e., it satisfies the

local mass conservation low

(2.3) Oio; +0,J; =0, i=1,...,r,
where
(2.4) J; :—@i(g17...7gr)8xgi+givD, i=1,...,r

is a flux of the ith component of the mixture, and it is a sum of the diffusional
and Darken drift fluxes. Note that (2.4) is a generalization of the Fick flux
formula. Moreover, we postulate the Vegard rule

01 Or
2. QRS- NIRRT o J G
(2.5) L, et M,

where ¢; = p;/M; is the concentration of the ith component of the mixture.

Consider the initial condition on the concentrations

(2.6) 0i(0,z) = gpi(x) for x € Q,

and the boundary conditions

Ji(t,—A) =4, .(t) forte[0,T], i=1,...,r

(2.7)
Jz(t,A):jz7R(t) for t € [O,T], i:17...,T.
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Integrating (2.3) over the interval €2, using (2.1), and integrating once again
over the interval (0,t) we get

(2.8) mi(t) = / ooi() i + / (o (r) — jir(r) dr

fort € [0,T),i=1,...,r. Hence Ty, i = 1,...,r, defined by (2.2) are known
functions also.

Physical lows (2.3), (2.5) with the flux formula (2.4) lead to the nonlinear
differentially algebraical system

(2.9)

6tQi + 8I(_®1(Qla ey Q’r)azgz + inD) = 07 1= 17 s, Ty
=1

01 Or
tar, Tt

for (t,z) € [0,T] x  with the initial condition (2.6) and the coupled nonlinear
boundary conditions

(*@i(gl» ceey Qr)azgi + inD)(tv *A) = ji,L(t)

fOI"tE [O,T], Z: 1""7T7
(—Oi(01, .- -, 0,)0z0i + 0ivP)(t, A) = ji n(t)

fort€[0,T], i=1,...,r

(2.10)

Note that the boundary conditions (2.10) generalize the Robin type ones. It
remains to find the initial condition on the drift v” from the physical formalism
(2.3)—(2.7). It follows from (2.3), (2.5) that

" Q.
2.11 O ") (t,x) =0 for (t,x) €[0,T] x 9,
) (57 )en=0 or@acnn
and in consequence

r

(2.12) > gjw‘] (t,z) = K(t) for (t,z)€[0,T]xQ,

where K is an arbitrary function. By (2.7), we get the unique

T . T .
Qi (t) Qiji,r(t)
2.13 K(t) = AT AL AN
(2.13) (t) ; Y ; v
for t € [0,T]. The second equality in (2.13) can be treated also as an assumption
on the boundary evolutions j; 1, and j; g. On the other hand, (2.4), (2.5) imply

: Q’LJ’L : Q'Lez sy Ur
(2.14) Z 7 (t,z) = — Z (%9) azgl) (t,x) + vP(t,x)
i=1 ¢ i=1 ‘

for (t,z) € [0,T] x Q. Formulas (2.12)—(2.14), for (¢,z) € [0,T] x Q, give

(2.15) VP () = K(t) + Z <Q®(Ql") 8xgi> (t,z).

M;
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The solution to the problem of interdiffusion in the r-component solid so-
lution are the functions g;, i = 1,...,r, and v? which fulfill the differentially
algebraical system (2.9), the initial condition (2.6) together with the initial con-
dition

(2.16) vP(0,2) = K(0) + Z (Q"@"(Q‘”’ - Cor) @m) (x)

M;

and the boundary conditions (2.10). It is clear that this problem is equivalent to
the nonlinear strongly coupled (i.e. by the second derivatives) differential system

. Q:0;(01,...,0r
(2.17) at@i+a@.(—@i<gl,...,gr>axgimZ 195t Q)amgj)
J

j=1

i=1,...,r, for (¢t,z) € [0,T] x Q with the initial condition (2.6) and the bound-
ary conditions

(— Oi(01,--.,0r)0:0i

+ai(K0+ Z OB 5,0, ) ) 1<) = g

for t € [0,T],
(2.18) ort € [0,7]
(_ G)i(gla-- -797")6:in
~ Q;0;(01,-.-,00) .
Kt A ) ) ax . t.A) = i r(t
“’(“*; - o)) ) (t.4) = i alt
for ¢ € [0, 17,
i = 1,...,r, in which the unknowns are g;. We see that a diffusive matrix
D = [dy;]; j—, has the form

2:0;(01,...,0r)
M; ’

Q;0;(01,---,0r)
M;

dii = ©i(01,...,0r) — 0 dij = —0;
for i # j. This matrix is not symmetric but it can be transformed to a symmetric
(r —1) x (r — 1) matrix by a change of the reference frame with respect to the
rth component [4].

REMARK 2.1. It is assumed in [9], [10] that the concentration of the mixture
c=c+...4+¢, ¢ =0i/M;, i =1,...,r, is constant. The Vegard rule (2.5)
generalizes this condition, it is more physical (see [14]) and now the concentration
c can be a function of ¢ and =z.



GLOBAL WEAK SOLUTIONS TO INTERDIFFUSION 429

3. Assumptions and a weak formulation

We introduce new variables as follows. The local deviation of volume fraction
from its average value is

QiQi(tvx) J—
T
for (t,x) € [0,T]x€ (see (2.2)). Denote w = (w1, ..., w,) andm = (Ty, ..., M;).
Note that

(3.2) mi(t) =1, w;(t,z) =0, w;(t,z)de =0

for (t,2) €[0,T] x Q,i=1,...,r.
Let
(33) ={=(&,.. &) ER & +... +& =0},

stands for the vector space orthogonal to the vector subspace {al : o € R},
where 1 = (1,...,1) € R". Define the Sobolev spaces

(3.1) w;(t,x) =

= = 2 OE i(x)de =0, 1=1,...,r
(3.4) H{f(fl,...,fr)eL (Q,1 )./Qfl( )dx = 0, 1,..., }
(3.5) V={feH Q1) fecH}.

The norm in V' is generated by the scalar product

(3.6) (f.9)v = /Q Dof - Doy da

for f,g € V, while in H by the scalar product

(3.7) (frg)e = /ﬂf~gdw

for f,g € H. Then V C H C V* constitute an evolutional triple with the
embeddings being dense, continuous and compact [26], [1].
Let

(38) K={k=(k1y.-sbr) ER k1 +...+ K =1, k;>0,i=1,...,7},

O(w + ) := ©(p). Define the family of linear operators
(3.9) A 1E 1t A8 =Y B(k)&es — (B(r) - r
i=1
for k € K, where £ € 1+, ¢; = (0,...,0,1,0,...,0) with 1 in the ith entry,
i=1,...,7.

REMARK 3.1. It follows from (3.1), (3.2) that w(¢,z) +m(t) € K if and only
if (2.5) holds and o(t,z) > 0. Moreover, if (2.5) holds and o(t,z) > 0, then
0i(t,x) € [0, M; /], i =1,...,r.
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REMARK 3.2. If we assume that w(t,z)+m(t) € IC, then the linear operator
A (t,2)+m(¢) can be written in the matrix form

Aw(t,w)Jrﬁ(t)g = E(’LU(t, Qf) + m(t))ga § € 1J—7

where D is the diffusive matrix in the variables (3.1) (compare with D in Sec-
tion 2).

We assume the following conditions.

ASSUMPTIONS 3.3.
(Ho) oo(x) = (001(x),...,00r(x)) > 0 and

. QZ 7
25‘041@_1 forzeQi=1,.. r

(H1) /ng(a:) da +/O (o (T) — jir(T))dr >0 for t € [0,T), i =1,...,7.

(Ha) Z;QJML(” - z;w for t € [0, 7).

(Hz) 00 € L*(Q).

(H4) ji,L;ji,R S LOO(O,T), i=1,...,7.

(Hs) ©;, ¢ = 1,...,r, fulfill the Lipschitz condition in [0, M7/Q] X ... X
[07 MT/QT]'

(Hg) The following generalized parabolicity condition holds:

(3.10) /Q (Ag0uf) - 0uf do = pllfI% — vIfI%

for some > 0, v >0 and for all f €V, g = (g1,...,9.) € H'(Q,R"),
g+...+g.=19,>20,1=1,...,r.

REMARK 3.4. Note that (Hp) implies that go;(z) € [0, M;/Q], i =1,...,7r,
and wo(z) +m(0) € K, where wog € H means gg in the variables (3.1).

Let us observe that the generalized parabolicity condition (3.10) for all f €
H'(Q,R") is not usually fulfilled, because there is g = (g1,...,9:), e.g. g1 = 1,
g2 = ... = g, = 0, such that a suitable r X r matrix has one zero on the diagonal.
We give a criterion on (3.10) to be true for f € V. HY(Q,R"), where V is our
natural space defined by (3.5). It was formulated for less general problems in
[17], [9], [10]. This criterion works if ©;, i =1,...,r are not too dispersed. It is
true in most physical examples (see Section 7).

LEMMA 3.5 (criterion of parabolicity). Let ©;, i = 1,...,r, be continuous
and let 6 = nllin 0,
i=1,...,r

m = if ©=...=0, or r=2,
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otherwise

- ; —Day, — 1
mmin{x<0: Jje{l,...,r}4r+ Z o + (r = 1o 0},
: ap —
k=1, k#j

where a; = (©; —(5)/(275(@;C —5)), i=1,...,r. Ifo+m i(@k—é) > 0, then
k=1 k=1

the generalized parabolicity condition (3.10) is fulfilled with p = 6+m > (O} —6)
k=1

and v = 0. Moreover,

r—1 1
11 > — _Z
(3.11) = ( o 2)’
and if r = 3, then
1 1
(3.12) m = — (\/3 — 2) max{al,ag,ag}.

To prove the above lemma it is sufficient to show that m is a conditional
minimum of a suitable polynomial of 2r variables.
Denote the functions

QiJiL

Ly p(t) = K(t)m(t) — A i=1,...,m
Pon(t) = KOm(0) ~ S92 o,
=010, Trr)s
I'rn=~T1gr,--.,TrR),
T = (07, Tr),

for t € [0,7]. For any w = (w1, ...,w,) € L%(0,T;V) the symbol (-, -)y«xyv
means a linear continuous functional of the form

r

(3.13) (W' (), 0)vexy = Y (w(t), vi),
i=1
where (-, -) is a linear continuous functional acting on L?(0,T; H'(Q,R)), t €
(0,7), v=(v1,...,v.) € V. Analogously, (-, - )v=xy, is defined.
The original initial-boundary value problem (2.17), (2.6), (2.18) has the fol-
lowing weak version.

PROBLEM 3.6. Find w € L?(0,T;V) such that w' € L?(0,7;V*) and for
almost every t € (0,T)

(3.14)  {(w'(t),v)vexy + L(Aw(t)+m(t)8$w(t)) - Opvdr — K(t) /Q w(t) - Ozv dx

=Tr(t) - v(A) = TL(t) - v(=A)
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for each v € V, and the initial condition holds
(3.15) w(0) = wy.

Let {v1,va, ...} be an orthogonal basis in V', and let (w,g) be a sequence with
Wpo € Vi, := span{vy,...,v,} for all n € N. In order to formulate the Galerkin
method, we assume that w,g — wp in H. In practice, {v1, ve, ...} is additionally
an orthonormal basis in H, and then w,q is usually the orthogonal projection

n

of wg onto V,, in H and wyy = > (vi, wo)mv;. The basis can be constructed
i=1

for example with the use of the eigenfunctions of the operator —A in V' (see

Section 7).

PROBLEM 3.7. Find w,, € L*(0,T;V,) absolutely continuous on [0,7) of the
form w,(t) = > dux(t)vg for t € [0,T) such that w), € L?(0,T;V*) and for
k=1
almost every t € (0,7,

(3.16) (w:l (t), 'Uj>V; <V, T+ /Q(Awn(t)er(t)(’)wwn (t)) . 811}j dx

= K(0) [ walt) 0,05 do = Ta(®)- 03(A) = T (0) - vy(-A),
Q
for j =1,...,n, and the initial condition holds

(3.17) wp(0) = Wno-

4. Existence, nonnegativity and estimates of weak solutions

In this section a weak solution to Problem 3.6 will be constructed using the
Galerkin approximation in V' (see Problem 3.7).

REMARK 4.1. It follows immediately from the definition (3.9) that each ope-
rator A, k € K, is linear, continuous and

[AcllLasy < 2vr0()].
Define the mapping
(4.1) A: K3k A, € L),

LEMMA 4.2. If ©;,i=1,...,r, satisfy the Lipschitz condition, then
(a) A is bounded and

(4.2) [A4G0)|z1s) < Ao 1= 2vFsup [B(E)| - for s € K.
KE

(b) A satisfies the Lipschitz condition

(4.3) |A(k1) — A(k2)llLary < Lallky — k2|l for k1, k2 € K.
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PrOOF. The boundness of A is implied by continuity of ©;, compactness of }C
and Remark 4.1. After simple computations we obtain for any fixed k1, ke € K
and each & € 1+

1(Ar, = Awy)ENl < (Lallrr = ra2])IIE],
where Ly =2 > L; ++/rM, M = max |©(k)|| and L; is the Lipschitz constant
i=1 KE
for ©,. Hence we get (4.3). O

LEMMA 4.3. Let A: (f,g) — Ag0.f € L2(Q,11) for (f,9) € V x {g =
(g91,---59,) E HY QR :g1+...4+g9-=1,9:>0,i=1,...,7}. Then

(a) 4902 fll12(,m7) < Acclls fllz2(omry for (f.g) in the domain of A,
(b) A satisfies the Lipschitz condition on each bounded set.

PROOF. To argument (a) it is enough to observe that Remark 4.1 and
Lemma 4.2 imply that for each k € K we have

| AREIl < Accllé]l for € € 1+,
In consequence

/ 140, |2 d < A2, / 10, £1P do
Q Q

for (f,g) belonging to the domain of A, and (a) is true.
To prove (b) we note firstly that for any ki, ke € K

(A, = Awy)Ell < Lallry — walll|€]] - for & € 17,
by Lemma 4.2. Hence
[(Agy — Ag,) 0z fllL2rry < Lallgr — g2l )02 fll L2 (.7

for (f,g) belonging to the domain of A. Using this inequality, (a) and the
continuous imbedding H'(Q,R") C C(Q,R") we obtain

|Ag102 f1 — Ag20. fa|lL2 (k)
<1Ag10:(f1 — fo)llL2(rry + [(Agy — Ag,)0u fall L2 (0 k)
S A0 (f1 — f2)llz2rr) + Lallgr — gall e @.r) 102 f2ll L2 (0,r7)

< max {Aso, Lav/2A/3|| follv } (IIfr = follv + l91 — g2l 2 (0.r7))
for any (f1,91), (f2, g2) from the domain of ﬁ, and the proof is complete. O

Let Y be a Banach space and let F: [0,7) XY — Y, yo € Y be given.

Consider the initial problem
(4.4) y'(t) = F(t,y(t)) forae. te (0,7),
y(0) = yo.

We formulate a lemma on existence and uniqueness of absolutely continuous
solutions to (4.4). They are called solutions in the extended sense, see [8, p.42].
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LEMMA 4.4. Suppose that
(a) F is strongly measurable (i.e. in the Bochner sense) in t for all y,
(b) F fulfills the local Lipschitz condition in y for almost every t € (0,T),
(c) there exists a € L _(0,T) such that for almost every t € (0,T) and each
yey,
IEE )y < a®)@+ llylly)-

Then there exists a unique global absolutely continuous solution to (4.4), i.e.
on [0,T).

PROOF. Note that absolute continuous solutions to (4.4) are strong ones
(the Carathéodory solutions) by assumption (c). Hence they have an integral

representation

(4.5) y(t) = yo +/0 F(s,y(s))ds fortel0,T).

It follows from the classical Picard theorem and the Kuratowski—Zorn lemma
that there exists an absolutely continuous maximal solution to (4.4) on [0,T).
Uniqueness is implied by the Gronwall lemma. O

Let Y C V be a subspace of H which has a finite dimension. Obviously Y
is a Hilbert space. For any f € L?(0,T;R") we define a linear and continuous
functional Bf € Y* by the formula

(4.6) (Bf,v)y=xy = (f,0:0)2qrry forvey.

It follows from the Riesz—Fréchet theorem that for any f € L2(0,T;R") there
exists the only vector b(f) € Y such that

(4.7) (Bf,v)yxy = (b(f)aU)L?'(O,T;RT) forveY.

Next, for any v = (v, vr) € R" xR” we define a linear and continuous functional
G~ € Y* by the formula

(4.8) (Gv,V)y*xy =R -V(A) — v -v(—A) forveY.

It follows from the Riesz—Fréchet theorem that for any v = (y5,vr) € R” x R”
there exists the only vector g() € Y such that

(4.9) (Gy,v)y=xy = (9(7)7U)L2(07T;RT) forveY.

The continuity of the functionals B f and G~ follows from the equivalence of the
norms | - ||v, || - ||z in the finite dimensional space Y, the Schwartz inequality
and the continuous imbedding Y C C'(2,R").

Define also the linear operators B: L2(€,R") — Y and G: R" x R" — Y
which assign b(f) € Y to each f € L?(2,R") and g(v) € Y toeachy = (y1,Vr) €
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R"™ x R”, respectively. These operators are continuous due to the inequalities
I1Bflly = 6(H)lly = I1Bflly= < Cillfll L2k,
1GYly = gDy = [IGlly+ < Calllrell + vzl

for each f € L2(Q,R") and v = (y1,vr) € R" x R", where C;, Cy are some
constants.

LEMMA 4.5. Let Y C V has finite dimension. If Assumption 3.3 is satisfied,
then the variational Cauchy problem

<y/(t)aU>Y*><Y + /Q(Ay(t)+m(t)amy(t)) - Ogvdx

(4.10) —K(t) /Q y(t) - dpvdr =Tr(t) - v(A) — Tr(t) - v(—A)
for each v €Y and for a.e. t € (0,T),

y(0) = wo,
and the Cauchy problem

Y (1) = —B(Ay@)4mm ey (1) + KO B(y(t)) + G(L(1))
(4.11) for a.e. t € (0,T),
y(0) = o,

where yo € Y is arbitrary, are equivalent in the class of absolutely continuous
functions y: [0,T) = Y. Moreover,

(a) the problem (4.11) has a unique global absolutely continuous solution

y: [0,T) =Y,
(b) for eacht €0,T),
(4.12) ly(®)II < C,
(4.13) ”yH%2(O,T;V) < Ch,
(4.14) 191720, 71y < Coa,
where

4A 1
= (mn% + (IRl + |FL||%2<0,T>)) exp (M +1 ||K||%2<0,T>),
1 SA 1
ci-1 <|yo||%1 + (Il o) + 1P o) + 20<VT .1 ||K||%2(0,T>)),

8A
Cy = 2C1 (Ao + || K| L (0,1))? + ?(HFRH%Q(O,T) +ITLll720,7))5
(c) y € C([0,T], H).
PrOOF. Firstly we will show the equivalence of (4.10) and (4.11). Note that

W' (), v)yyxy = (¥ (t),v)g forveY,
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because Y has finite dimension. Let y: [0,7) — Y be an absolutely continuous
solution to (4.10). Then y solves the variational equation

(' (1) + B(Ay(ty 1m0y () — K()B(y(1)) — G(T(1)),v) ;; = 0

for each v € Y and almost every ¢t € (0,7, and hence it solves (4.11). On the
other hand, if y: [0,7) — Y is an absolutely continuous solution to (4.11), then

(=B(Ay(e)m0=y(t) + K()B(y(t)) + G(L(1)), )
= —/Q(Ay(t)m(t)axy(t)) - Opv do

+K(t)/9y(t)-8mvd:c+l“3(t)-v(A)—FL(t)~v(—A)

for each v € Y and for almost every ¢ € (0,7). This implies that y solves (4.10).
To prove (a) we will apply Lemma 4.4. Define F: [0,7) x Y — Y by the
formula

F(t,y) = —=B(Ayymndey) + K(0)B(y) + G(T(1))

for (t,y) € [0,T)xY. It is clear that F is strongly measurable in ¢. The following
estimate holds:

1F(ty1) — F(t,y2)llv < (2max { Ao, Lav/2A/3]ly2(lv } + K (t)])

2 ||B||L(L2(Q,Rr),y)||y1 —yallv

for any (t,y1), (t,y2) € [0,T) x Y. Therefore F is locally a Lipschitz function
in y. The grow condition is also satisfied

IEEy)llv < (Aoo + [K@ODIBl L2z IYllv + |Gl L@ xer ) [T @]

for all (t,y) € [0,T) x Y. It follows from Lemma 4.4 that the Cauchy problem
(4.11) has a unique global absolutely continuous solution.

The a priori estimates (4.12) and (4.13) can be proved with the use of
the Gronwall lemma, analogously as in [10]. We will show (4.14). Let ¥ =
span{vy,...,v,}. Fix any v € V. Since H is a Hilbert space, we can write
v = v! + v2, where v} € Y and (v?,vx)g = 0, k = 1,...,n. Note that
lvtlv < |Jv|lv, because the basis {vq,vs,...} is orthogonal in V. Moreover,
from (2.13) and under (Hy), K € L*>°(0,T). We will use the continuous embed-
ding Y € C(Q,R"). Taking into account Lemma 4.2, the following estimate is
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true:

(4.15) (v (8)0)v=xv| = (' (1), )| = (¥ (1), 0") m|
<Ay )1 0=y ()| L2 (k) 1020 | 20 Ry
+ KOyl L20,rr)
+Cr@ " (W) + [T @)l (=M
< [(Ase + 1Kl 0.0 Iy @) IV + V2073 (L) + ITL (O] [[0]lv

for almost every t € (0,T). Hence

(4.16) [ly'®)llv- < (Ao + [ Kl Lo 0,0 ly(Bllv + V2A/3 (TR + ITLE)])

for almost every t € (0,T). In consequence

317)1 ||L2(Q,R7')

T
Ao + | K|z~ 0.1)? / Ly dt

52 [ + o) a

The inequalities (4.17) and (4.13) imply (4.14).
Point (c) follows from [26, Proposition 23.23], because y € L?(0,7;V) and
y' € L?(0,T;V*) by (b). O

(4.17) / I ()12 dt <

THEOREM 4.6. If Assumption 3.3 is satisfied, then Problem 3.6 has a solution
w such that w(t,z) +m(t) € K.

PRrROOF. It follows from Lemma 4.5 that Problem 3.7 has a unique solution w,
and w, € C([0,T], H), n € N. Moreover, there exists a constant C; independent
of n such that ||wy|z2(0,7,v) < Ch1, for n € N, since wy,o — wo in H as n — oo.
It follows from the Banach—Alaoglu theorem that there exists a subsequence, not
renumbered w,, — w weakly in L?(0,T;V) as n — oo.

Fix any real function ¢ € C1([0,7T]) with ¢(7") = 0. Multiplying the Galerkin
equation (3.16) by ¢ and using intergration by parts, we obtain the integral
identity

T
(418)  —(wnouwy)ne(0) — /<wn<t> o)) (t) dt

+/0T (/Q oty a1 ))-amvjdx)go(t)dt
/0T<K 9 %dw)go( ) dt

T
- / (T r(t) - v (A)) () d / (To(t) - vy (— D)) (t) d,
0 0
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for j = 1,...,n. Integration by parts is admitted since w, € C([0,T], H). We
want to pass to the limit in (4.18). Observe that the Aubin-Lions compactness
lemma implies existence of a subsequence, which we denote again by w,,, strongly
converging in L?(0,7T; H) to w as n — oo. Applying the strong limit w,o — wq
in H, the weak limit w,, — w in L?(0,7;V) and the strong limit w, — w in
L2(0,T; H) as n — 0o to equation (4.18), for j € N we get

(419)  —(wow)mp(0) - / (w(t), o) ' (1) dt

+/OT (/ (AueysmeoOxw(t)) - av; dx)(p(t) dt

Q

_/OT (K(t)/ﬁw(t)-&pvj dx)w(t) dt

- / (TR (t) - vy (A))p(t) dit — / (TLt) - v;(—A)) (1) dt.

In order to justify this limit we will first consider the nonlinear integral with
O,wy, (t) on the left in (4.18). Note that the space H?(Q2,1+) NV is dense in
V. Hence there are sequences vy; € H2(Q, 1) NV, j =1,...,n, vy — v, as
k — oo strongly in V. We see that

(4.20) /O ' ( /Q (A (t) 40y Own (£)) ~8kajdx>gp(t) dt
- /0 ! ( /Q (2 O (wn(t) +m(t))azwm(t)ei) - Oy Ukj dm) o(t) dt

_ /0 [/Q[@(wn(t) + (1)) - Opwy (t)] [(wy (t) +T(t)) - Opvr] dx} (1) dt.

We shall study the second integral on the right in (4.20) only, as an idea with
the first one is very similar. The following inequality holds

azy || ' | [ Bl 4 m) - 0,0,

X ((wn(t) + m(t)) - Opvk;) d:c] o(t) dt

_ /OT Uﬂ(@(w(t) +m(t)) - Dpw(t))

T
< ||<P||Lf>o(o,T)/0
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T
+ el o) /

[ a0 = w0 - 2101

x [O(w(t) + m(t)) - Dpwn(t)] dx| dt

T
+ ||80||Loo(o,T)/0

/Q[(E)g:wn(t) — yw(t)) - O(w(t) + m(t))]

Further, we have the estimates

(4.22) /0 '

/Q [(B(wn(t) + (1)) — B(uw(t) + m(1))) - Dutwn(t)]

X [(wn(t) +m(t)) - Opvi;| da| dt

< crl|Opvig v lwnll L2 0, 73v) lwn — w|| L2 (0,75,
T
|

where ¢y, co are some constants. Moreover, the integral

/Q[(wn(t) —w(t)) - Opvi;] [O(w(t) +M(t)) - Opyw, (t)] da| dt

< C2||3zvkj ||VHwnHL2(O,T;V) l|lwn — wHL2(O,T;H)7

[ [ [orate)- Btwto) + me)] (o) + m(0) -0y o

represents a linear continuous functional in the space L2?(0,7T;V) with respect
to w,. Indeed, we have that

(4.23) A '

where c3 is some constant. From (4.21)—(4.23) we get

dt

/Q [D0a (£) - B(w(t) + 7(1))] [(w(t) + T(2) - Dy d

< e3l|Ozvrsllv [wnll 220, 7;v)

420 [ [ @) + 00 da(0) (n0) + 1) i) o)
— /0 [/Q<9(w(t) +m(t) - Opw(t)) (w(t) +m(t)) - Opvry) daz] o(t) dt

as n — 0o. To pass to the limit with £ — oo note that the integral

T p—
/ {/ (O(w(t) +m(t)) - Opw(t))(w(t) + m(t)) - Opv) d:c} p(t)dt
0 Q
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represents a linear continuous functional in the space V' with respect to v. It is
implied immediately by the estimate

(4.95) ‘ /O ' [ /Q (B(w(t) + m(1)) - dew(t)) ((w(t) + T(1)) - 0,0) dx}p(t) dt‘
< cqllwl 20,00y vl v,

where ¢4 is some constant.

Note that the first and third integrals on the left in (4.18) represent linear
continuous functionals in the space L2(0,7T;V) with respect to w,. Indeed, we
have that

T
\ | . 0me' 0 dt\ < esllosllvllwall oz,
0

(4.26) .
\ / (K(t) [ un®)-010, dw)so(t) dt\ < collos v lwnll 20 01,
0

where cs5, cg are some constants.

In order to finish our argument let v € V. Then there exists a sequence
pn — v strongly in V' as n — oo, where each p,, is a finite linear combination
of certain basis elements v;. Letting n — oo we get that equation (4.19) is also
valid if we replace v; with v. This gives

T
(4.27)  —(wo,0)u0(0) / (wl(t), ) s (8) dt

+/0T (L(Aw(t)+m(t)3zw(t)) ‘3xvdw> p(t) dt

/OT (K(t)/ﬁw(t)-azvdx)<ﬁ(t) dt

T T
- / (T r(t) - o(A))p(t) dt — / (CL(t) - v(—A))p(t) dt
0 0

for all v € V and all ¢ € C1([0,T]) with ¢(T) = 0. To justify this limit we need
the fact that the terms in (4.19) represent linear continuous functionals in the
space V with respect to v;. This follows from (4.26) and

T
] / ( [ Cuy s dua(0) - 010 dw)w) at| < erlloyllvlwn 0.,
0

T
\ [ mo-vi e < el

| @0 o) de | <l

0

where c7, cg, cg are some constants, by Lemma 4.3 and the continuous imbedding
V., C C(Q,R").
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Now we will prove that w satisfies (3.14). For each ¢ € [0, T] such that w(t)
exists, we define operators B and b by the formulas

(B(t), vhy-ry — / (AwitysmieyDew(t)) - dov da — K (1) / w(t) - Oyv da,
Q Q
(O(t), v)vexv =Tr(t) - v(A) = T(t) - v(=A),

where v € V. Let us show that they are well defined. The linearity of B(t) and
b(t) is obvious. Moreover, B(t),b(t) € V* because

[1B#)llv- < (Aoe + [[K]|zoe0,0) [0 (@) v,
[b@ v+ < V2A/3(I[Cr@)] + T O)])-

From (4.27) we obtain that

(4.28)

< - /OT w(t)e'(t) dt + /OT(B(t) — b(t))p(t) dt, v> —0

V*xV
for all v € V and all ¢ € C§°(0,T"). Hence

—/O w(t)gp’(t)dt—s—/o (B(E) — b(t))e(t) dt = 0

for all ¢ € C§°(0,T). This shows that w has a generalized derivative on (0,7)
and fulfills the equation

(4.29) w'(t)+ B(t) =b(t) for a.e. t €(0,T).

The inequalities (4.28) imply that B € L?(0,T;V*) and b € L?(0,T; V*). Hence
w' € L?(0,T;V*) and (3.14) holds.

It remains to show that w fulfills the initial condition (3.15). Since by [26,
Proposition 23.23], w € C([0,T], H) we can apply the integration by parts for-
mula. This yields

(w(T), (T)v) sz — (w(0), (0)v)
:/0 ((w' (1), e(t)v)vexv + (@ (E)v, w(t))vexv) dt

for all ¢ € C1([0,T]) and all v € V. In particular, if ¢(0) = 1 and p(T) = 0, the
equation (4.27) along with (4.29) yields

(4.30) (w(0) —wo,v)g =0 forall veV.
Since V is dense in H, we get (3.15). O

REMARK 4.7. In [10] it is assumed that j;1,j;r € L?(0,7) instead of
JiL,Ji,r € L>=(0,T) (see (Hy4)). But under that assumption we are not able
to prove that w € L?(0,7;V) and w’ € L*(0,T; V*).
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5. Uniqueness of weak solutions

In this section we prove that Problem 3.6 cannot have more than one weak
solution. However, we can do it in the stronger space L*(0,T;V). It is a type
of the weak-strong uniqueness valid also for the incompressible Navier—Stokes
system [15].

THEOREM 5.1. If Assumption 3.3 is satisfied, then Problem 3.6 has at most
one solution in L*(0,T; V)N {w: [0,T] x Q — R" : w(t,z) + m(t) € K}.

PROOF. Suppose that Problem 3.6 has two solutions w1, ws € L*(0,T;V) N
{w: [0,T] x Q@ = R" : w(t,z) + m(t) € £}. We will show that they are equal.
By putting v = w; — we in (3.14) we get for almost every ¢ € (0,7T),

(61) gl —w)Ol

+ /Q(Awl(th(t)aw(wl —w2)(t)) - O (w1 — wa)(t) dx
+ /Q [(Aw, &) 4m(t) — Aws () mm(8) ) Owa (1)] - O (w1 — w2)(t) da
0 /Q(w1 — wo)(t) - By (w1 — wa)(t) dz = 0.

We will estimate each integral term. By assumption (Hg) we obtain for almost
every t € (0,7,

(5.2) /Q(Awl(t)_,_m(t)ax(wl —wa)(t)) - Op(wy — wo)(t) dx
> pll (w1 = w2) ()} = [l (w1 — w2) ()]

It follows from the Hélder inequality that, for almost every ¢t € (0,7T),

63 | [ [ = Austyem)2r1a(0)] - 0~ w)0) o
< Slelg {||Aw1(t,m)+ﬁ(t) - sz(t@)-‘rﬁ(t) HL(H)}
X | 0zwa ()] L2(,11) 102 (w1 — w2) () || L2(02,11)-

Lemma 4.2 implies that for x € Q and a.e. t € (0,7,

(5.4) | Aw, (t,2)+m(6) — Aws(t,2)+m@) I L(1L)
< Laflwi(t, x) —wa(t,z)|| < Lal[(wr —w2) ()L~ (-

Note that the interpolating inequality holds for almost every ¢ € (0,7,

(5.5) (w1 — w2)(t) | e () < V2 [ (w1 — w2) () 13/ ][ (w1 — w2) ()11
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(see [26, p.285]). Using (5.3)—(5.5) we have for almost every t € (0,7,

(5.6) ’/Q[(Awl(t)wn(t) - sz(t)+m(t))6zw2(t)] O (w1 — wo)(t) dx

< (V2Lall(wi — w2) @)1 5 wa ()| ) | (wi — w2) (D)3

Applying the Young inequality with 4 and 4/3 to the right-hand side of (5.6) we
get for almost every ¢ € (0,7T),

(5.7) ’/Q[(Am(th(t) — Ay (i) (1)) Ozw2 ()] - O (w1 — wo)(t) d

< Clwa @)1y [l (wr = w2) (17 + ell(wi — wa) ()5

The Holder inequality and the Young inequality with 2 and 2 yield for almost
every ¢t € (0,T),

(5.8) ‘K(t) /Q (101 — w2) () - O (w1 — w2) (1) dax
< (IKO[(w1 = w2) () m) (w1 — w2) (B) [l
< C(K () |(wr — wa) () |I7 + el (w1 — w2) ()3

We take e = /2 in the estimates (5.7), (5.8), and using these estimates together
with (5.2) in (5.1) we get for almost every ¢ € (0,7),

(5.9) (w1 = w2)()|F < 2w+ C([wa(D)]y + (K (1)) (wr — w2) (1)1

|

Hence the Gronwall lemma implies that for all ¢ € [0, 77,
(5.10) (w1 = w2) (B)][7 =0,
and in consequence wi = ws. O

6. Asymptotic behavior

THEOREM 6.1. Let w: [0,00) — H be a solution to Problem 3.6 on each
interval [0,T] for T € Ry such that w(t,z) +m(t) € K. If Assumption 3.3
is satisfied with j; (t) = jir = 0, t € [0,00), ¢ = 1,...,r and v = 0 in
(3.10), then w € L?(0,00; V) N L>(0,00; H), w' € L?(0,00;V*), the function
[0,00) Dt ||w(t)||% is nonincreasing and tlgglo lw(t)||% = 0.

PRrROOF. The following inequalities follow from (3.10):
57 le®IE < —ullw®l,

¢
()1 + 2#/0 lw(m)[} dr < [lwoll

for t€[0, 00). Hence we L?(0, 00; V)N L>(0, 00; H). Moreover, w’ € L2(0, 00; V*)
because B € L?(0,00;V*) and b(t) = 0 for t € [0,00) in (4.29). It is clear that
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w € O([0,00), H). Note that the function [0,00) > t + [Jw(#)||% is continuous,
nonnegative, nonincreasing and

oo
(6.1) / lw(®)|2 dt < o.
0
The integral criterion for series implies

lim [w(t)|% = 0. O

t—o0

The above theorem is consistent with the physical properties of a mixture.
Since w(t) is the local deviation of the volume fraction of the mixture compo-
nents, consequently |[w(t)||% is the random deviation of this volume fraction.
Thus, the random deviation in a closed system is monotonically decreasing to
zero if time ¢ goes to infinity. It means that for long times the mixture becomes
homogeneous.

7. Examples and numerical experiments

To illustrate a class of problems which can be treated with our method, we
consider an example of ternary mixture of nickel (Ni), copper (Cu) and iron (Fe)
with constants ©;, i = 1,2,3. The examples with ©; depending on densities g;
(the dependence is of a polynomial type) are given in [23]. All the assumptions
of our theorems are fulfilled. To solve Problem 3.7 we will use the finite element
method (FEM). Set

s 1<
(7.1) €s =1/ (Zei—es+1>, s=1,...,r—1.
s+1 5 —

Observe that {€1,...,€._1} is an orthonormal basis in 1+. Let N € N be fixed
and define nodal points zx, = —A + kh on Q, k =0,..., N, where h = 2A/N is
a step. Define functions ¢: Q@ — R, k = 1,...,r, as affine functions on each

interval [Z,—1, 2], m=1,...,N, and @i (x;) = 01, k,1=0,...,N.

N
REMARK 7.1. If f € span{yy : k=0,...,N}, then f = > f(ar)pr. More-
k=0

over, o € H(Q,R), k = 0,...,N, and |J span{pxcs : k= 0,...,N, s =
NeN
1,...,7—1} is dense in V.

Define the subspace
V. =span{prés : k=0,....,N, s=1,...,r—1}

of dimension n = (N + 1)(r — 1) of the Sobolev space V. We look for a solution

to Problem 3.7 in the form
N r—1

(72) wnt) = 32 3" Ak (H)r-

k=0p=1
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—=0.03 -0.02 -0.01 0.01  0.02 0.03 X =0.03 -0.02 -0.01 0.01  0.02 0.03

X

—-0.03 —0.02 -0.01 0.01  0.02 0.03 —-0.03 -0.02 -0.01

0.01  0.02 0.03

X

. . . . . . . . . . . .
-0.03 —-0.02 -0.01 0.01  0.02 0.03 -0.03 -0.02 -0.01 0.01  0.02 0.03

FIGURE 1. Distributions of density: p1 (light gray), p2 (dark gray), ps (black).

REMARK 7.2. If f € V,,, then

N N r—1
f= Z flzw)eor = Z Z(f(fk) *€p)Prep.
k=0 k=0p=1

An optimal element for f € V with respect to the subspace V,, is the spline

N r—1

Fo= 32N (Fan) - 8)ene

Hence
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In the special case if wg € V, then

N r—1
ZZ ’LUQ Z‘k ep kep Zwo J)k
k=0 p=1
Moreover, A\pkp(t) = wy (t xy) - €p and putting wyg := wp, in Problem 3.7 we
have A\pgp(0) = wo(zr) - €
Now put
Oks = \/IK COSI;—A(x+A)eg, keN,s=1,...,r— 1.

The set {prs : K €N, s=1,...,7—1} is an orthogonal basis in V' and orthonor-
mal one in H. Define the subspace

Vi, =span{pgs : k=1,...,N, s=1,...,r—1}

of dimension n = N(r — 1) of the Sobolev space V. We look for a solution to
Problem 3.7 in the form

N r—1
= Z Ankp(ﬂ‘ﬂkp-
k=1p=1
REMARK 7.3. If wg € H, then
co r—1
wo =D (Pkps W0) H Prp:
k=1p=1

where the right-hand side is a sum of the Fourier series of wqy with respect to the

basis given. Putting
N r—1

Wno = Z Z(‘Pkpv wO)H‘Pkp

k=1p=1
in Problem 3.7 we have Aip(0) = (@rp, wo) &-

Let the physical data be given:
r=3, Ni—Cu — Fe, A =0.035,

(M, My, Ms) = (58.7,63.5, 55.8),

(Q1,Q,Q3) = (6.5,7.0,7.1),

(01,02,03) = (1.58 -10713,5.73-10712,2.99 - 10~ 11),
(001, 002, 003) = (4.1,3.0,1.68377) for z < 0,

(Q()l, 002, ,Q03) = (0.0, 3.0, 5.25185) for z > 0.

For the times 0, 1, 3, 7, 14 and 28 days we obtain with approximation (7.2) the
results displayed in Figure 1.

Acknowledgements. The authors are grateful to prof. Wojciech Kryszew-
ski for the discussion on Lemma 4.4.
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