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EXISTENCE AND UNIQUENES RESULTS
FOR SYSTEMS OF IMPULSIVE FUNCTIONAL
STOCHASTIC DIFFERENTIAL EQUATIONS
DRIVEN BY FRACTIONAL BROWNIAN MOTION
WITH MULTIPLE DELAY

MOHAMED FERHAT — TAYEB BLOUHI

ABSTRACT. We present some existence and uniqueness results on impulsive
functional differential equations with multiple delay with fractional Brown-
ian motion. Our approach is based on the Perov fixed point theorem and
a new version of Schaefer’s fixed point in generalized metric and Banach
spaces.

1. Introduction

Stochastic partial functional differential equations with finite delays driven
by fractional Brownian motion (SDEs) are very important as stochastic models
of biological, chemical, physical, and economical systems.

The study of impulsive stochastic functional differential equations is a new
research area. There are few publications in this theory. The existence of solu-
tions of impulsive differential equations was investigated, for example in [7], [9],
[17], [21], [23]-[25], [32], [38], [42], [46] the authors investigated the existence of
solutions of nonlinear stochastic differential equations by means of the Banach
fixed point theorem. Ouahab [30] obtained existence of solutions of functional

2010 Mathematics Subject Classification. Primary: 34A37, 60H99, 47H10.

Key words and phrases. Fractional Brownian motion; impulsive functional differential
equations; matrix convergent to zero, generalized Banach space; fixed point.

The first author was supported by CNEPRU Algeria under the Grant #B02120140099.

449



450 M. FERHAT — T. BLOUHI

differential equations by Kakutani’s fixed point theorem. It is also worth empha-
sizing that impulsive differential systems and evolution differential systems are
used to describe numerous models of real processes and phenomena appearing
in the applied sciences, for instance, in physics, related to chemical technology,
population dynamics, biotechnology and economics. Differential equations with
impulses were considered for the first time by Milman and Myshkis [27], with
impulsive effects and multiple delay, and are of active research which culminated
with the monograph by Halanay and Wexler [19]. Many phenomena and evolu-
tion processes in physics, chemical technology, population dynamics, and natural
sciences may change state abruptly or be subject to short-term perturbations.
These perturbations may be seen as impulses. Impulsive problems arise also
in various applications in communications, mechanics (jump discontinuities in
velocity), electrical engineering, medicine and biology. A comprehensive intro-
duction to the basic theory is well developed in the monographs by Benchohra
et al. [2], Graef et al. [17], Laskshmikantham et al. [20], Samoilenko and Peres-
tyuk [39].

Random differential and integral equations play an important role in char-
acterizing many social, physical, biological and engineering problems; see for
instance the monograph by Da Prato and Zabczyk [12], Gard [15], Gikhman and
Skorokhod [16], Sobczyk [40], Tsokos and Padgett [41], and references therein.
Recently, stability of stochastic differential equations with Markovian switch-
ing has received a lot of attention [22], [33], [45]. For example, a stochastic
model for drug distribution in a biological system was described by Tsokos and
Padgett [41] to a closed system with a simplified heat, one organ or capillary
bed, and re-circulation of a blood with a constant rate of flow, where the heart
is considered as a mixing chamber of constant volume. For the basic theory
concerning stochastic differential equations see the monographs by Bharucha—
Reid [3], Mao [25], Oksendal [31].

In this article, our main objective is to establish sufficient conditions for the
existence of solutions of the following first order stochastic impulsive functional
equation with multiple delay:

dx(t) = <Z z(t —T;) + g* (t, =, yt)) dt + f1(t)d° B (),
Z:l ted, t#t,
dy(t) = (Zya T+ 92<t,xt,yt>) dt + f2(6) B (1),
(1.1) =t ted, t+t,
Ax(t) = I (z(ty)), t=tp, k=1,2,...,m,
Ay(t) = T (y(ty)), t=t,k=1,2...,m,
x(t) = ¢(t) € Dx,, t € [-r0],
y(t) = 6(t) € Dx,, t € [-r0],
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where n, € {1,2,...}, r =  max T;, considered with respect to a complete
<i<n.

probability space (2, F, F;, P) furnished with a family of right continuous and
increasing o-algebras {F; : ¢ € J} satisfying F; C F. The impulse times tj
satisfy 0 = tp < t1 < ... <ty < T. As for y; we mean the segment solution
which is defined in the usual way, that is, if y(-, -): [-r,b] X Q@ — R™, then, for
any t >0, yi(-, - ): [-7r,0] x Q@ — R™ is given by

y(0,w) =yt +0,w), forfe[-r0], wel.

Here (- ) represents the history of the state from time ¢ — r, up to the present
time t. Before describing the properties fulfilled by the operators f¢,¢* and
Iy, I1., we need to introduce some notation and describe some spaces. Let Dz,
be the space defined by

Dz, = {¢: [-7,0] x @ — R™ is continuous everywhere except for a finite
number of points ¢(t; ) and ¢(t}) with ¢(t) = ¢(t; )}

endowed with the norm

|¢umpﬂ——</owun2ﬁ)”?

-r

Now, for a given b > 0, we define

Dr, = {y: [-7,b] X Q = R", y, € C(Jg,R") for k=1,...m, yo € Dx,,

and there exist y(t; ) and y(¢) with y(tx) = y(t; ), k=1,...,m,

0
and sup B(y(0F) <o, [ lo(0)Pdr < oo,
te[0,b] —r
endowed with the norm
IyllDs, = lI¢lDs, + sup (Elly(s)|*)"?,
0<s<b
where y; denotes the restriction of y to Jx = (tg—1,tx], & = 1,...,m, and

Jo = [—r,0].

We will consider an initial data ¢ € Dz, where J := [0,b]. Let f!, f2: J —
R™ be Carathéodory functions, g',g?: J x Dx, x D, — R", and B¥ = (BH+J :
j=1,...,d) be a cylindrical fractional Brownian motion with Hurst parameter
Hy,Hy € (1/2,1) defined in a complete probability space (2, F,P), | = 1,2,
I, I, € CRMR"), k = 1,...,m, and Az|—y, = z(t]) — z(t},), Ayl=t, =
y(t5) — y(t; ). The notations

y(ty) = lim y(te+h)  and  y(t) = lim y(te —h)

stand for the right and the left hand limits of the function y at ¢t = ¢, respectively.
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It is obvious that the system (1.1) can be seen as a fixed point problem:

dz(t) = (Z 2(t —T;) + g(t, zt)) dt + f(t)d° B (s),

(12) =t t 0,0, t#ty,
Az(t) = IF (2(t)), t=tp, k=1,2,....m,
2(t) = ¢(t) € Dx, x Dx,, te[-r0],

where

y(t) f2()
=[] s0= 5]

This paper is motivated by [18], [42] and we generalize the existence and
uniqueness of solution results to impulsive stochastic differential equations under
non-Lipschitz condition and Lipschitz condition. In Section 2, we introduce all
the background material used in this paper such as stochastic calculus and some
properties of generalized Banach spaces. In Section 3 we establish a version
of Perov’s fixed point theorem and prove another result on the existence of
solutions to problem (1.1). In Section 4 we prove some existence results based
on a nonlinear alternative of Leray—Schauder type theorem in generalized Banach
spaces. An example is provided in the last section to illustrate the theory.

2. Preliminaries

In this section, we introduce some notations, and recall some definitions,
and preliminary facts which are used throughout this paper. Actually we will
borrow them from [6]. Although we could simply refer to this paper whenever
we need it, we prefer to include this summary in order to make our paper as
much self-contained as possible.

2.1. Some results on stochastic integrals. Let (Q, F,P) be a complete
probability space with a filtration (F = F;);>¢ satistying the usual conditions
(i.e., right continuity and Fy containing all P-null sets). For a stochastic process
(-, ) [0,T] x @ — R™ we will write z(¢) (or simply « when no confusion is
possible) instead of z(¢, w). SDEs with respect to fBm have been interpreted via
various stochastic integrals, such as the Wick integral, the Wiener integral, the
Skorohod integral, and path-wise integrals [10], [16], [28], [37].

DEFINITION 2.1. The fractional Brownian motion (B*(t)) with Hurst index
H is a centered self-similar Gaussian process B = BH(t), t € R, on (Q, F,P)
with the following properties:
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(a) BH(0) = 0;
(b) E(BY(t)) =0, teR";
(c) E(BH(t)BH (s)) = (|t|*" + [s]?H + |t — s|?H)/2, t,s € RT.

For H = 1/2, this is the usual Brownian motion.

We recall some stochastic integration with respect to the fractional Brownian
motion [14], [37]. Let f: RT — R™ be Borel measurable and 1/2 < H < 1. Let
¢: RT x RT — RT be given by

p(t,s) = H2H — 1)|t — s|* 72, t scRT.
Then we define

i={s:ik= [ [ ronets) dsa <o),

If we equip Li with the inner product

o= [ [ ARG dsar

then Li(Rﬂ becomes a separable Hilbert space. Let S be the set of smooth and
cylindrical random variables of the form
F=f(B (1), B (tn)),

where n > 1, f € Cp°(R™) (i.e., all partial derivatives of f are bounded), ¢; € H,
H is a Hilbert space [1]. The derivative operator D} of a smooth and cylindrical
random variable F' is defined as the H-valued random variable:

)
DHF = Z ag{« (B (), ..., B (¢)) .
i=1 "

Introduce the Malliavin ¢-derivative of F':
DYF = [ é(t,v)DEFdo.
R+
We refer to [4] for more details.

DEFINITION 2.2. Let u(t) be a stochastic process with integrable trajectories.
(a) The symmetric integral of u(t) with respect to B (t) is defined as the
limit in probability, as € tends to zero, of
1 (T
% u(s) (B (s+¢) — B (s —¢)) ds,
€Jo
provided it exists; we denote it by fOT u(s) d°BH(s).
(b) The forward integral of z(t) with respect to B is defined as the limit in
probability, as € tends to zero, of
1 /T ue B+ = B(s)
e Jo €
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provided it limit exists; we denote it by foT u(s)d=BH (s).
(c) The backward integral of u(t) with respect to B is defined as the limit
in probability, as € tends to zero, of

1T BH(s—¢)— BH(s)
5/0 u(s) . ds,

provided it exists; we denote it by fOT u(s)dtBH(s).

REMARK 2.3 ([4]). Let £4(0,T) be the family of stochastic processes u(t) on
[0, T] such that u(t) € L4(0,T) it E \u(t)|§5 < oo. Assume that u(t) is a stochastic
process in L(0,T') that satisfies

/ / IDHu(t)|[t — 5?2 ds dt < oo.
0,77 J[0,T]

Then the symmetric integral exists and the following relation holds:

T T T
(2.1) / u(s)d°BH (s) = / u(s) o dB (s) + / (D%u(t)) ds,
0 0 0

where ¢ denotes the Wick product, 1/2 < H < 1.

REMARK 2.4 ([4]). If u(t) € L£4(0,T), the definition of the forward and
backward integrals with respect to fBm is as follows:

(2.2) /0 u(s)d~ B (s) = /0 u(s) o dBT (s) + /0 (D%u(t)) ds,
T T T
(2.3) /0 u(s)dt B (s) = /0 u(s) o dBH (s) + /0 (D%u(t)) ds.

A detailed proof of Lemma 2.5 can be found in the authors’ previous work [43].

LEMMA 2.5. Suppose that Z(s) is a stochastic process in L4(0,T), and BH (t),
H > 1/2, is a fractional Brownian motion. For any 0 < T < oo, there exists
a constant C(H,T) such that the following inequality holds:

(2.4) IE(/OT Z(s) dOBH(s)>2

where C(H,T) = HT?%-1.

<2C(H, T)(/OTE|Z(3)2ds> +40T?,

2.2. Some results on fixed point theorems. In this section we define
vector metric spaces and generalized Banach spaces and prove some proper-
ties of them. If z,y € R", = (x1,...,2n), ¥ = (Y1,---,Yn), by < y we
mean x; < y; for all i = 1,...,n. Also |z| = (|1],...,|zs|) and max (z,y) =
max (max (21, Y1), ..., max (Tn,ys)). If ¢ € R, then x < ¢ means z; < ¢ for each

i=1,...,n. Forz e R" (z);=z;,i=1,...,n.

DEFINITION 2.6. Let E be a vector space on K = R or C. By a vector-valued
norm on E we mean a map | - ||: E — R’} with the following properties:
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(a) |lz|| >0 for all z € E; if ||z|| = 0 then z = 0;
(b) [[Az| = [A||jz|| for all z € E and A € K;
(©) llz +yll <] + [ly|| for all 2,y € E.

The pair (E,| - ||) is called a generalized normed space. If the generalized
metric generated by || - || (i.e., d(x,y) = ||z — y||) is complete then the space
(E, | - |) is called a generalized Banach space, where

Iz =yl
e —yll =
Iz = ylln
Notice that || - || is a generalized Banach space on E if and only if || - |;,
1=1,...,n, are norms on E.

REMARK 2.7. In generalized metric spaces in the sense of Perov, the nota-
tions of convergence sequence, Cauchy sequence, completeness, open subset and
closed subset are similar to those for usual metric spaces.

DEFINITION 2.8. A square matrix M of real numbers is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1. In other
words, this means that all the eigenvalues of M are in the open unit disc.

LEMMA 2.9 ([36]). Let M be a square matriz of nonnegative numbers. The
following assertions are equivalent:
(a) M is convergent to zero,

(b) the matriz I — M is non-singular and
(I-—M) ' =T+M+M+...+M'+.. |
(c) 1Al <1 for every A € C with det (M — XI) =0,

(d) I — M is non-singular and (I — M)~ has nonnegative elements.

DEFINITION 2.10. We say that a non-singular matrix A = (a;j)i<ij<n €
M xn(R) has the absolute value property if

ATHA| <1, where [A| = (|ai])1<ij<n € Mpxn(Ry).

The classical Banach contraction principle was extended for contractive maps
on spaces endowed with vector-valued metric by Perov in 1964 [34], Perov and
Precup [35]. For a version of Schauder fixed point, see Cristescu [11]. The
purpose of this section is to present a version of Schaefer’s fixed point theorem
and nonlinear alternative of Leary—Schauder type in generalized Banach spaces.

THEOREM 2.11 ([34]). Let (X, d) be a complete generalized metric space with
d: X x X -5 R" and let N: X — X be such that d(N(z), N(y)) < Md(x,y), for
all x,y € X and some square matriz M of nonnegative numbers. If the matriz
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M is convergent to zero, that is M* — 0 as k — oo, then N has a unique fived
point x, € X

d(N*(z0),2,) < M*(I — M)~ Yd(N(x0),20), for every zo € X and k > 1.

THEOREM 2.12 ([11]). Let E be a generalized Banach space, C C E be
a nonempty closed convex subset of E and N: C — C be a continuous oper-
ator with relatively compact range. Then N has a fixed point in C.

As a consequence of the Schauder fixed point theorem we present a version of
Schaefer’s fixed point theorem and a nonlinear alternative Leary—Schauder type
theorem in generalized Banach space [6].

THEOREM 2.13. Let (E, || - ||) be a generalized Banach space and N: E — E
be a continuous compact mapping. Moreover, assume that the set

A={zx € E:x=AN(x) for some X € (0,1)},
is bounded. Then N has a fixed point.

DEFINITION 2.14. The map f: JxDx, — R" is said to be L2-Carathéodory if

(a) t+— f(t,v) is measurable for each v € Dx;
(b) v f(t,v) is continuous for almost all ¢ € J;
(c) for each g > 0, there exists o, € L*(J,RT) such that

E|f(t,v)]* < ay(t), for all ||UH%F0 < g and for a.e. t € J.
The following result is known as the Gronwall-Bihari Theorem.

LEMMA 2.15 ([5]). Let u,g: J — R be positive real continuous functions.
Assume there exist ¢ > 0 and a continuous nondecreasing function h: R —
(0, +00) such that

u(t) <c+ /tg(s)h(u(s)) ds, forallte J
Then
u(t) < H! (/ g(s) ds), forallt € J,

/c+°°hcg) >/abg(s)ds.

Here H™' refers to the inverse of the function

provided

H(u):/p ) foru>c.
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3. Existence result

Let us start by defining what we mean by a solution of problem (1.1).
AC*(J,R™) is the space of functions y: J — R", i times differentiable, whose
i-th derivative, y, is absolutely continuous.

LEMMA 3.1. Let g': Dy, x Dy, — R" and f':J — R", i = 1,2, be
a continuous function. Let Iy, I, € C(R",R") for each k = 1,...,m and let
2,y € Dy, N ACY be a classical solution of the problem

dx(t) = (Z z(t —Tp) +gl(xt,yt)) dt 4+ f(t) d° B (t),
- ted, t#ty,
0= (Sut-T)+ o)) i+ P20 2 B50),
(3.1) =t teJ, t+#t,
Ax(t):fk(l'(tk)), t:tk, kzl,?,...,m,
Ay(t) = Ti(y(tr)),
ZL’(t) = d)(t) S D]:m [—T, 0}7
y(t) = &(t) € D]:o’ [_T7 )

where r = 1glgx T; if and only if z is a solution of the impulsive integral func-
<7y

tional differential equation

l‘(t) = ¢(t) € D]:o? te [77”7 0}7

+Z/¢ ds+2/

(3.2)
/ f dOBHl (s) + / (ms7ys )ds + Z I (z(ty)),
0<t,<t
forte J and a.e. w € §,
and
y(t) = ¢(t) € Dx,, te[-r0],
Ny 0 T t—T;
W) =30+ [ s)ds + y(s)ds
. WY
/ J3(s) d° B (5) + / 2o y)ds+ S Tuly(te)),
0<t,<t
forte J and a.e. w € Q.
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PROOF. Let (x,y) be a possible solution of the problem (3.1). Then z|[_, ¢, =
(#|[=rt1], Yl[=rty]) is @ solution to

T

dx(t) = (Z z(t —Tp) +gl(a:t,yt)) dt + fL(t)d°BH(t), te J:=10,b].

i=1
Assume that ¢ < t < tgy1, kK = 1,...,m. Integration of the above inequality
yields

o) =00 =Y [Cats-myast [ P@aE 0+ [ s

o) —a0) =3 [ alsyds+ [ r@esn e [ o ds

i=17 T
to to
o) — — d doBHl ! sy Ys da
o(ty) - a(t}) / (s )8+t1f() ”+/t19(”)8
-\ - _ - t2 d
2(t3) — alty) = (ot >>+Z/tl | als)ds
/ FH(s)d°BH (s) + / g1 (e, 95) ds.
By recurrence,
o te
o(t) ot ) =Y [ als—Tds
i=1"tk—1
[ Py aBm(s) + / " g () ds,
te_1 th—1
w(ty) — o(tp_y) = Ie(2(te) +Z/tk -~ T,
+ P B () + [ g e, e) ds,
g;/tk—l /tk—lg Y
O
x(t) — a(ty) = Ly(x(ty)) + ;/t_T x(s)ds

t t
+ [ sy a B (s) + / ¢ (2,9) ds.
tr

t

Adding these together, we get

=1 =T
t t
+ / Fi(s) d° B (s) + / 0" (e, y) ds,
0 0
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W) =60+ Y LGt + Y /_ als)ds

0<t, <t
Ny ot—T; t t
W3 [ e@ds s [ FOEB 0+ [ o) ds
— Jo 0 0
If z satisfies the integral equation (3.2), then x is a solution of the problem (3.1).
Let t € [0,b] \ {t1,...,tm} and

T 0
w0 =60+ 3 L)+ / 6(s) ds
0<t, <t i=17~Ti

T

oy e ds ¢ / P EBT() + / G (o) ds.

=1

Similarly,

v =30+ 3 Twe)+Y. [ Fe)ds

0<t, <t
Ny t—T; t t
w3 [ weds s [ Poeste + [ Peads O
= Jo 0 0

This lemma leads to the definition of a solution.

DEFINITION 3.2. Given ¢,¢ € Dx,, an R"-valued stochastic process z =
(x,y) and {z(t) : t € [-rb]} is said to be a solution of the problem (1.1) if
2(t) is measurable and F;-adapted, for each t > 0, (z(t),y(t)) = (¢(t), d(t)) on
[—7,0], Azlmr, = (Ii(2(ty), Ir(z(ty))), k = 1,...,m, the restriction of z(-, -)

to [0,b) \ {t1,...,tm} is continuous, z satisfies the integral equation
x(t) = ¢(t) € Dx,, t e [-r0],
[ 0
()= 90) +3 ] ote)ds
N —T; t
+§_;/O z(s)ds +/0 F(s) d° B (s)
t
+ | g (smeys)ds + > I(x(te), te[0,b],
0 0<t,<t
y(t) = é(t) € Dx,, t € [—r,0],
Ny 0
v =30+ ], e ds
n. Ty t
3 | st [ Peoeste
t
+ [ Paen)ds+ 3 ). el
0 0<tp<t
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First, we will list the following hypotheses which will be imposed in our main
theorem. Throughout this section:

(Hy) The function f%: J — R™ satisfies

b
/Hfi(t)||2dt<oo forallt e J.
0

(Hy) There exist functions «;, 8; € L1([0,b],RT) and R > 0 such that
Elgi(ta,1) — gL 79)P < stz — 1, + B0y - 1B,

for all z,y,7,y € Dz, with ||x||%ﬁ07 ||E||%TO < R and almost every t
in [0, b].
(H3) There exist constants dy > 0 and dy > 0, k = 1,...,m, such that

I(x) — (@) < dplz —Z° and  [Tp(y) — Te (@) < dily — 7

for all ,y, 7,7 € R™ and almost every t € [0, b].

For our main considerations on the problem (1.1), a Preov fixed point is used
to investigate the existence and uniqueness of solutions for systems of impulsive
stochastic differential equations.

THEOREM 3.3. Assume that (Hy)—(Hsz) are satisfied and consider the matriz

where T is sufficiently large. If M converges to zero, then the problem (1.1) has
a unique solution on [—r,D].

ProoF. Consider the operator N: Dr, X Dr, — D, X Dr, defined by

N(m,y) = (Nl(x7y)7N2(-Tvy))7 (a;y) € be X D]:b7

where
¢(t) € Dx,, t € [-r,0],
Mx 0
00+ [ ol)as
i=1"7"41
(3.4) Ni(z,y)(t) = ne o pt—T; t
! S [ aast [ Po@sn
) 9" (s, s,ys) ds + Y I(x(ty)), te€0,b],
0<trp<t
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and
a(t) S D]—'o’ te [_Tv 0]7
Ty 0
50)+ Y [ as)ds
i=1YTi
(3.5) Na(w,9)(t) = e o
+i_1/0 vdst [ P en)
Jr/ QQ(S,Is,ys)dSﬁL Z Tk(y(t;))’ tE[O,b].
0 0<tp<t

The operator in (3.4) and (3.5) is well defined given (x,y) € Dx, x Dr,. We shall
use Theorem 2.11 to prove that N has a fixed point. Indeed, let (z,y), (T,7) €
Dz, X Dx,, then for each t € [—r,b] we have

[N1(x(t), y(t)) — Na(@(1), 5(t))?

s pt—T; t
S [ et [ g+ 3 D)

0<trp<t

Ty t—T; t
_Z/O ﬂs)ds—/o 9'(5, 70 T ds — Y Iu(@(ty))

0<tp<t

2

By the inequality (Lemma 2.5), we get
E[N1(x(t),y(t)) — N (@(2),5(t)

t
§3b/ E |91(57$57y3) - gl(s7TS,ys)|2ds
0

+3m ZE [T (z(tr)) — Te(Z(te))|* + Sn*b/ E|z(s) — Z(s)|* ds.
k=1 0

Therefore, by conditions (H;)—(Hs),

E|Ni(z(t), y(t) — Nu((1), 5(t))|?
<3b | (au(s)Ela(s) = Z(s)]* + Bu(s) Ely(s) — §(s)[) ds
+3m i dyE |z (ty) — T(te)|> + 3n*b/t E|z(s) — 7(s)[* ds
k=1 0

< /0 (3bas(s) + 3n,b) E|z(s) — Z(s)|*ds

+ / (3b81(5)) Ey(s) — 5(5)* ds + 3m S dylE|a(ts) — T(te)

k=1
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and therefore, since (x(s),y(s)) = (T(s),¥y(s)) over the interval [—r, 0], by taking
supremum in the above inequality,

hsel[lff]E IN1(z(h),y(h)) — Ni(z(h),5(h))|?

¢
S/ a(s)e™ e gup E|z(0) — z(0))? ds
0 0€][0,s]

t
+/ a(s)eTa(s)e_Ta(s) sup E\y(ﬁ)—ﬂ(&ﬂzds
0 0€l0,s]

+ 3m Z dkeTa(‘g)e_Ta(s)E \x(tk) — f(t}g)|2
k=1

t t
< [ a)e ™ dsllo~ 3l + [ als)e™ dsfly - 32
0 0

+3m Y dpem e IR [w(ty) — T(ty)|?
. k=1
1 PO
<2 [ dsfe — ]
T Jo
1t ik ~
b2 [ asly - g2 + 3m 3 duer™ o 2
0

T
k=1

1 m R 1 ~
< < + 3mzdk>em@nx 72+ 2 eSOy g2
T T
k=1
We deduce

e e hsel[l(}ot] E |Ny(z(h),y(h)) — N1 (z(h),5(h))|?

1 - _ 1 _
< (Lram>oa)le—aiz+ 2y -vi,
k=1

where ||z||? is the Bielecki-type norm on Dz, defined by
lz]2 = sup Elz(h, )P 70,
hel0,t]
where

0 for t € [—r,0],

a(s) = max {3bay (s) + 3n,b,3bp1(s)}  for ¢ € [0,0]

and

¢
a(t) :/ a(s)ds, te€[-rb].
0
This yields

o 1 = _ 1 _
[N1(z,y) — N1(Z,9)||7 < (T + 3mde> lz—zZ||2 + —lly = yl2.
k=1
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Using the fact that for all a,b > 0 we have vVa+b < /a+ Vb, we conclude that

o 1 _ _ 1
(3.6) [[N1(z,y) — Ni(Z, )|« < ;+3m§:% |z =% + —=

ly =7l
k=1 \ﬁ

Similar computations for Ny yield

1 T
3.7) |IN M@, < S 3mSd | -7l
(3.7) || Na(2,y) — No(@ Pl < —+3m Y _di | |y -7l

k=1

l =zl +

1
\/,7_
Now, (3.6), (3.7) can be put together and be rewritten as

o N (1@ = M@,
ING.y) ~ NE.D)]l. QM@@MWMM>

IN

[ =]
ly =7l

Hence

IN@.y) — N@p)|. < (1777
ly — 3l

where

We choose 7 sufficiently large so that the matrix ||M]| < 1. Then M is nonnega-
tive, I — M is nonsingular and (I — M)~' =1+ M + M? + ... From Lemma 2.9
we obtain that M converges to zero. As a consequence of Perov’s fixed point the-
orem, N has a unique fixed point (x,y) € Dz, x Dr, which is a unique solution
of the problem (1.1). The result follows from Perov’s fixed point theorem. O

For the next result we can prove the a priori estimates of solution for problem
(1.1) by similar arguments to those used to prove Theorem 3.3.

THEOREM 3.4. Assume hypotheses in Theorem 3.3 hold, with (Hz) replaced
by:
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(Hy) There exist positive constants d;, Ei, 1 =1,2, such that
Elg'(t,z,y) — ¢'(t,2,9) [ < Qllz — (|3, + Billy —7l5,, .

for all z,y, T,y € Dr, and almost every t € [0,b]. Consider the matriz
M, — Ay Ag, 7
As Ay
where

Ay =, |3ba1 +3n.b+3m Y di, Ay =1/3bBr,

k=1

m

Ay =/3by,  Ay=|3bB2+3nb+3m Y di.

k=1

If M, converges to zero, then the problem (1.1) has a unique solution.

4. Existence results

In this section we present the existence result under a nonlinearity ¢%, i = 1, 2,
satisfying a Nagumo-type growth conditions:

(Hy) There exist functions A; € L'(J,RT), i = 1,2, such that

supE |f/(1)]? < Ai(t) forall t € J.
teJ

(Hs) There exist a function p; € L'(J,RT) and a continuous nondecreasing
function v;: [0,00) — (0,00), i = 1,2, such that

Elg*(ta,9) < pr(Own (e, + ]2, ).
Elg?(t,z,9)[? < pa(tWe (|3, + ], ).

/U(t) L _ /bm(s) ds < /oo L
vy $+2(s) ~ Jo w(0) 5+ @(s)’
where

2 2
p(t)=> pi(t) and &= ¢i(t), Alt) =) Ai(t),
i=1 =1 A

with

and v(0) =bC + (1 — bC4)(H¢||%fo + ||5H2Df0) Let
C1 = 6(E|6(0)]> + E [6(0)]2) + 6n.r([6]13,, + 1615, )

+ 6m(z x4 ch) +48CT? +12C(H,, T)||A(t)]| 11,
k=1 k=1
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Cy = 6b, Cy = 6n,, m(t) = max {bCyp(t),Cs}, and
C(H,,T) = max {C(H,,T),C(Hy,T)},

for all z,y € Dx,.
(Hg) There exist positive constants ¢, ¢k, k = 1,...,m, such that

E|li(xr)? < ek, ETp(ye)® <@ forall z,y € R™

THEOREM 4.1. Assume that (Hy)—(Hg) hold. Then (1.1) possesses at least

one solution on [—r,b].

PrROOF. Transform the problem (1.1) into a fixed point problem. Consider
the operator N defined in Theorem 3.3. In order to apply Theorem (2.13), we
first show that N is completely continuous. The proof will be given in several

steps.

Step 1. N = (N1, Ny) is continuous. Let (x,,y,) be a sequence such that
(@n,yn) = (x,y) € Dx, X Dx, as n — co. Then

[N @0 (0 5 (1)) — Na((0), (1))
S [ adss [ g e)) wds+ Y Lla)

=1 0<trp<t
Uzs t—T; t

Y[ e [ maas— 3 nie)]|
i=170 0 0<tr<t

Hence,
E N1 (20 (), yn (t)) — N (z(t), y(1))”

<3E] / ). (gn)s) — 9 (5, 0, ) ds

+3mZE|Ik T (tr)) — In(x(ty) \2+3Z/ E |2 (s) — x(s)|? ds.

k=1
From Lemma 2.5 and thanks to (Hy)—(Hg) we obtain that for any ¢ € [0, b],
]E|N1(In(t) Yn(t)) = Nu(a(t), y(1))]?

2
<3b E|g (®n)s)s (Yn)s)) _91(575337y(s)| ds
0

—|—3mZE|Ik Ty tk I}c tk |2+3Z/ E|l‘n —$n(8)‘2d8.



466 M. FERHAT — T. BLOUHI

Since ¢’ is a Carathéodory function, i = 1,2, I, I are continuous functions, by
the Lebesgue dominated convergence theorem, we get
SupE | N1 (2 (t), yn (1) — Ni(a(t),y(1))|* < bE ||g" (-, 2, yn) — 9" (-, 2, y)|7

tedJ
t—T;

+3mZ]E|Ik T (tr)) — Ix(z(tr) |2+32/ E |z, (s) — z(s)|*ds — 0

as n — o0o. Similarly,

SUPE [N (n (£), yn () = Na((2), y()[* < 3E (g% (-, xn,yn) — (- 2,y) |22

+3mZE|Ik Yn () — T (y(ts) |2+3Z/ E [yn(s) — y(s)|*ds — 0

as n — oco. Thus N is continuous.

Step 2. N maps bounded sets into bounded sets in Dy, X Dy,. Indeed, it is
enough to show that for any ¢ > 0 there exists a positive constant [ such that
for each (2,9) € B, = {(#,1) € D7, x s, : o, <. Iol}3,, < a}. we have

IN(@ ), <l=(l2).

Then, for each t € J,

[

E [N ((t), y(£)) > < 6E (0 |2+62/ E|¢(—s)[* ds

+6Z/ E|z(s |2ds+61E

+6b/ E|g' (s, zs,ys)|* ds 4 6m Z E |1 ((t;)|*.

0<tp<t

2
() B (5)

This implies by (H4)—(Hg) and Lemma 2.5 that for each t € J,

Ty T;
E [N (2(t), y(£))[2 <6E[6(0)2 + 63 / E|¢(—s)|? ds
=1
Ths —T;
+6Z/ E |o(s)|2 ds + 12 C(Hy, T)|[ A | 1
i=1 70

+ 6b||p1]l 191 (29) + 6mz ek + 24CT2.
=1

Therefore

E[N1(2(t),y(t))]> <6E[¢(0)[* + 6n.r||g|lp,, + 6n.gb+12C(Hy, T)[[ A1 1

+ 6b||psl| 211 (2q)d + 6m > cx + 24CT? =1
k=1
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Similarly, we have
E[Na(z(t), y(1)[* <6E[6(0)* + 6n.r(|9||D,, + 6n.qb+ 12 C(Ha, T)|| Azl

+ 6] Azl 102(29) + 6m Y @ + 24CT? := Iy,
k=1

Step 8. N maps bounded sets into equicontinuous sets of Dy, X Dr,. Let B,
be a bounded set in Dr, x Dz, asin Step 2. Let 7,72 € J, 71 < 72, and u € By
Thus we have

E N1 (2(2),y(12)) = Ni(z(11),y(m0))[?
To—T; To
<4Z/ IE|x |2ds+4(72—72)/ E|g' (s, zs, ys)|? ds

T1
2

+4m Y E|L((t)

T1<tp<T2

+ 4E

/T 11(s) d° B (s)

<4Z/ E|x (5)[2ds + SC(H, )/ E |f(s)2 ds + 16 C(r — 71)°

T1

+4b/ Elg' (s, ze,ys)?ds +4m Y E|L(z(t))
1 T1<t <T2
T2

<Adn,(me —71)q + SC(Hl,T)/ Ai(s)ds +16C(1a — 11)?

T1

+ 4b1 (2q) /T2 p1(s)ds +4m Z

1 T1<tRp<T2

Similarly,

E [Ny (x(72),y(72)) — Na(z(r1),y(1))|?

§4TL*(T2—Tl)q+8C(H27T)/ AQ(S) ds

T2

+ 4b¢2(QQ)/ pa(s)ds+4m Y &G +16C(ra —71)°

1 T1<tp<T2

The right-hand term tends to zero as |72 — 71| — 0. As a consequence of Steps 1—
3 together with the Arzeld-Ascoli theorem, we conclude that N maps B, into
a precompact set in Dg, X Dg,.

Step 4. (N(Bg)(t) is precompact in R™ x R™. As a consequence of Steps 2
and 3, together with the Arzeld—Ascoli theorem, it suffices to show that N maps
B, into a precompact set in R" x R™. Let 0 < t < b be fixed and let ¢ be a real
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number satisfying 0 < ¢ < t. For (z,y) € B, we define

N¢ = (0 [ d o~ [ d
M%w—ﬂ)+;;1nﬂﬁs+ggé 2(s) ds
t—e t—e
-+ fl(S) doBHl (S) +/ 91(8796572/5) ds + Z Ik(‘r(tl:))7
0 0 O<tp<t—e
and
NE i 0 % 0 o d T t—e—T; d
2<x,y>¢<>+;/ﬂ¢<s> +Z/ y(s) ds
t—e t—e _
+ f2(s)d°B™(s) + / 95,2y ds+ Y Te(y(ty)):
0 0 O<tp<t—e

The set H. = {N°(z,y)(t) = (N (2, y)(t), N5 (z,y)(t)) : (z,y) € By}, is precom-
pact in R™ x R” for every € and 0 < ¢ < t. Moreover, for every (z,y) € By, we
have

t
B ||Ny(z,y) — Ni(z,y)||* <4n.eq+ SC(Hl,T)/ Ai(s)ds
t—e

t
+ 4b¢1(2(J)/ p1(s)ds+4m Z ek + 16 CT?e.
t—e

t—e<tp<t

Similarly,

t
E || Na(z,y) — N3 (2, 9)|> <dn.eq + 8C(Ha, T) / As(s) ds
t—e

t
Habia(20) [ pa(s)ds +am Y @+ 16CT%
t—e

t—e<tp<t
Therefore, there are precompact sets arbitrarily close to the set H.. Hence, the
set H={N(z,y)(t) = (Ni(z,y)(t), Na(z,y)(t)) : (z,y) € By} is precompact in
R™ x R™ and the right-hand term tends to 0 uniformly in ¢ as ¢ — 0%. Hence
the relative compactness of N(B,)(t) for ¢ > 0 follows. By the Arzela—Ascoli
theorem, we conclude that N: Dx, xDr, — D, x Dr, is completely continuous.

Step 4. A priori bounds. Now it remains to show that the set
A={(z,y) € Dr, x Dg, : (x,y) = AN(z,y), A € (0,1)}

is bounded. Let (x,y) € A. Then x = AN;(x,y) and y = ANz (z,y) for some
0 < A< 1. Thus, for t € J, we have

(1) :A(QS(O) +§ /_ OT 6(s) ds +§ /O T (s ds

+/Otf1(s)d°BH1(s)—&-/(:91(873657115)(13"‘ > Ik(w(fk)>7

0<trp<t
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and ¢(t) € Dg, for t € [—r,0]. This implies, by (H4)—(Hg) and Lemma 2.5, that,
for each t € J,

Ela(t)|* <6E[p(0)[* + 6n.r¢lD,,

¢ ¢
+6n*/ E|z(s)|? ds+12C(H1,T)/ Ai(s)ds
0 0

t m
#2407 46 [ i) (o, + i, ) s+ 6m Y
k=1

and
E|y(t)]* <6E[¢(0)]* + 6n.r¢]5,,

¢ ¢
+6n*/ E|y(s)|? ds + 12 C(HQ,T)/ As(s)ds
0 0

t m
+24OT2—|—6b/ Pa() 02 (|75 l1D, + 1YslD, ) ds +6m Y e
0

k=1
Consider functions pu, iz defined on J by
u(t) = sup {Ela(s)[?:0< s <t}, tel,
f(t) = sup{Ely(s)* : 0< s <}, te
Since
0 s
loilb,, = [ Elats+0)Pdo= [ Ela(o)? .
—r —r+s
then
0 s 0
ol < [ El@F s+ [ Ep@Pdo< [ Bla@) a0+ buct),
—r 0 —r
and
0
ol < [ EluO)F a0+ bt
Hence

laslidy, < 1613, +bu(t) and yl,, < 8], + ba().

Then, for t € J, we have
p(t) <6E[H(0) + 6n.r|6llp,,

t t
+ 6n. / wu(s)ds+12C(Hy,T) / A1 (s)ds + 24CT?
0 0

t m
460 [ p1(5)01 (161, + b(0) + (31, + V7)) s+ 6m Y
k=1
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Similarly,
fi(t) <6E[H(0)[* + 6n.r|]5,,

t t
+ Gn*/ 7i(s)ds + 12 C’(HQ,T)/ Ay (s) ds + 24CT?
0 0

+ m
+6b / P2()02 (1813, + bia(t) + B3, + ba()) ds + 6m Y .

k=1

Thus, we have

u(t) + T(t) <6(E SO +E[BO)P) + 6n.r(6]3,, + 9115, )

m

+ 6m (Z cr + Z ck> +48CT? + 6n., /Ot(M(S) + 7(s)) ds

+ GbZ / P (1911, + bra(t) + 118115, + bE(1)) ds

2
+12C(H,,T) Z Ai(s
=1 0

where C'(H,,T) = max{C(H,,T),C(H2,T)}. We denote

(t) = Zpi(t) and @ = Z%(t)’ At) = ZAi(t)'
We have

)+ <1+ Ca [ u(s) Fa(s) ) ds

e / p(8)®(b(u(s) + 7i(5)) + 13135, + 1l1%,, ) ds
Put

Oy =6(E |$(0) +E[GO)P) + 6n.r (615, + 911%,,)

+6m (Z cr + ch) +48CT? + 12C(H,, T)||A(t)]| 2

k=1 k=1
and C, = 6b, Cy = 6n,. Thus, we have

b(u(t) + 7(t) + |6l + (113,
<0C1 + (1 =0Ca) (|19l + [9115,,)

0l [ 6 + T + W, + 51, )

el / + () + 13113, + 6113, ) ds
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Denote the right-hand side of the above inequality as v(¢). Then we have
v(0) = bC1 + (1= 1) (615, + 1313, )
b(u(t) +at) + 9l5,, + e, <v(t)  foraeted

and

v'(t) = bC.p(t) @ (b(u(t) + (1) + |0lB,, + 015,,)
+ Ca(b(u(t) + 7)) + 1613, + 161, )-
Using the increasing character of ® we obtain
V' (t) < bC.p(t)®(v(t)) + Cyv(t) < m(t)(v(t) + (v(t))) for ae. t e J,

where m(t) = max {bC,p(t), Cs}. This implies that, for each ¢ € [0, b],

/“”ds - /bm(s> ds < /°° _ds
w(o) S+ ®(s) T Jo w(0) 8+ ®(s)

Consequently, there exists a constant K such that
b(u(t) + Fi(t)) + 613, + 615, <v(t) <K foreach teJ.

Now from the definition of p, i it follows that

for each t € J.

E ()] +Ey(t)* < u(t) + 7t) < %

Consequently, ||a:||%yb < K/band Hy||%$b < K/b. This shows that A is bounded.
As a consequence of Theorem 2.13 we deduce that N has a fixed point (z,y)
which is a solution to the problem (1.1). O
5. Some examples
In this, section we give examples to illustrate usefulness of our main results.
EXAMPLE 5.1. Consider the system

(z¢ + yr)?

de(t) = — 7Y ¢ t—2)dt d°BH1(¢
ae teJ = [O,b] \ {tl,t27...},
2
dy(t) = CEI DT 9y dt + o0 d B (1),

O+ D(E+2)
(5.1) a.e. t € J:=10,b]\ {t1,¢2,...},

a(th) —z(ty) =ma(ty), k=1,...,m,
y(th) —y(ty) =biy(ty), k=1,...,m,
z(t) = ¢(t), te[-2,0],
y(t) = o(1), te[-2,0],
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where b > 1/2 and o1, 09,d1, b are positive constants,

st~ 10 if ¢ =0, P L if ¢ =0,
= an =
t—1/2 ifte[-2,0), t—1/3 ifte[-2,0),

where

1 _ (z+y)p? 1y _ _

g (taxvy)_m7 f (t)_o.lv Il(‘r)_alxa

2
92(t5$7y) = m7 fz(t) = 02, Tl(y) :Bly

t+1)(t+2)

Let R >0 and z,7,y,y € Dr, be such that

o (t2) = 0 (D) < gy (o =71+ v =7,
#22.) = (D) < Gy (2 =71+ y =T,
So
9"t y) — " (L F T < 2((t+f‘)ﬁ+2))z<|x — a4 ly— 7).
g2t 2, ) — g2t 7. 7)? < a(mﬂx — T+ ly— 7).
Let
<<t+18>i+2>>2’ ((tfigimy € L(0.0.RY)

with ||:c||%f07 ||§||%F0 < R. It is clear that
_ _ _ - F o= 72 _
[1(2) = L(@)? <aile -7, [Li(y) - @) < bily -7

Thanks to these assumptions, it is straightforward to check that (H;)—(Hs) hold.

Let
1 1
\/= + 3mas —
Arb _ T \/F

1 1 -2
— —+3mb
VT T +omhy
where 7 is sufficiently large. If M}, converges to zero, then the assumptions in
Theorem 3.3 are fulfilled and we can conclude that the system (5.1) has a unique

solution.
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ExXAMPLE 5.2. Consider the system
ATty o pH
1-— ———— |dt+z(t —2)dt + 01 d°B"(t),
(0= (1= gm0 = T2 Yt ot = 2) e+ oy B
a.e. t € J:=[0,b] \ {1/2},
( )dt+y(t — 2)dt + g9d° B2 (1),
ae. te€J:=10,0]\{1/2},

Roxiys

Tt + DYt

(5.2)
z((1/2)%) = x((1/2)7) = ax((1/2)7),
x((1/2)) —2((1/2)7) = biz((1/2)7),
z(t) = ¢(t), € [-2,0],
(t) = o(t), te[-2,0]

where b > 1/2 and ¢, a, p, 01,02, Ry, a1, by are positive constants,

0 if t =0, _ 0 if t =0,
o(t) = , and  ¢(t) = ,
t—1/2 ifte[-2,0), t—1/3, ifte[-2,0),
where
1 ary 1
tr,y) =1—qr—y— , t,x,y) =01, Ii(z)=az,
g (t,z,y) @wsy- fHtzy) =01, Li(z)=a
Rox _
2 0LY 2
t,rx,y) = —— —v, t,x,y) =09, I = b1y.
g°(t,z,y) iy Y fA(tx,y) =02, Ii(y) =biy
for x,7,y,y € Dr,. We have
1 1/ — — _ _ axY azy
tx,y) — t, T, <gqlr—7Z|+ |y —y|l + o —
lg" (tz,y) — 97 (1,7, 9)| < g |+ [y -7l ’:pr x+py‘

_ _ ]
<qlz-Z[+|y—7l+a ( ) ‘

yy(z — X) ‘
(z +py)(T + pY)

(z + py)(T + py)

_ a+p _
S(q+a)lx—w|+7|y—y\7

and
Rozy  RoTy
r+py T+py

_ _ . Ry _
9°(t, 2, y)— g (£, T, 9)| < ly—7|+ ‘ < (1+Ro)\y—y|+?2 |z —.

So
z,7 +p _
|91(t,$7y)_91(t,$,y)|2SZ(q-‘,— ) |x_m|2+2( p > |y_y|27
2 2 2 9 9 R% )
9°(t,29) = (7)< 20+ Ro)*ly = 91 + 22 o —

Thanks to these assumptions, it is straightforward to check that (Hy), (Hz) and

(H3) hold. Set
M, =2 B1 B»
Bs B
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where

By =+/6b(g+a)®+3b+3a;, By= @%,

R
Bs = V12b—, By = \/6b(1 + Ro)? + 3b + 3b;.
p

If M, converges to zero, then the assumptions in Theorem 3.4 are fulfilled, and
we can conclude that the system (5.2) has a unique solution.
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mous referees for their careful reading and valuable comments on this work.

REFERENCES

[1] E. ALos AND D. NUALART, Stochastic calculus with respect to the fractional Brownian
motion, Ann. Probab. 29 (2001), 766-801.

M. BENCHOHRA, J. HENDERSON AND S.K. NTOUYAS, Impulsive Differential Equations and
Inclusions, Vol. 2, Hindawi Publishing Corporation, New York, 2006.

[3] A.T. BHARUCHA-REID, Random Integral Equations, Academic Press, New York, 1972.

[4] F. Biacini, Y. Hu, B. OKSENDAL AND T. ZHANG, Stochastic Calculus for Fractional

)

Brownian Motion and Applications, Springer, London, UK, 2008.

I. BIHARI, A generalisation of a lemma of Bellman and its application to uniqueness
problems of differential equations, Acta Math. Acad. Sci. Hungar. 7 (1956), 81-94.

[6] T. BLounl, T. CARABALLO AND A. OUAHAB, Existence and stability results for semilinear

=

systems of impulsive stochastic differential equations with fractional Brownian motion,
Stoch. Anal. Appl. 34 (2016), no. 5, 792-834.

[7] A. Boupaoul, T. CARABALLO AND A. OUAHAB, Ezistence of mild solutions to stochastic

delay evolution equations with a fractional Brownian motion and impulses, Stoch. Anal.
Appl. 33 (2015), 244-258.

[8] J. Ca0, R. MAHESWARI AND A. CHANDRASEKAR, Ezponential Hoo filtering analysis for

discrete-time switched neural networks with random delays using sojourn probabilities,

Sci. China. Tech. Sci. 59 (2016), no. 3, 387-402.

J. Cao, Q. YANG, Z. HUANG AND Q. Liu, Asymptotically almost periodic solutions of

stochastic functional differential equations, Appl. Math. Comput. 218 (2011), 1499-1511.

[10] P. CARMONA, L. CouTIN AND G. MONTSENY, Stochastic integration with respect to frac-
tional Brownian motion, Ann. Inst. H. Poincaré B Probabilités et Statistiques 39 (2003),
27-68.

[11] R. CrisTESCU, Order Structures in Normed Vector Spaces, Editura Stiintificd si Enciclo-

[9

pedicd, Bucuresti, 1983 (in Romanian).

[12] G. DA PRATO AND J. ZABCZYK, Stochastic Equations in Infinite Dimensions, Cambridge
University Press, Cambridge, 1992.

[13] B. Davis, On the integrability of the martingale square function, Israel J. Math. 8 (1970),
187-190.

[14] T.E. DUNCAN, Y. HU AND B. PASIK-DUNCAN, Stochastic calculus for fractional Brownian
motion, J. Cont. Optim. 38 (2000), no. 2, 582-612.

[15] T.C. GARD, Introduction to Stochastic Differential Equations, Marcel Dekker, New York,
1988.

[16] I.I. GIKHMAN AND A. SKOROKHOD, Stochastic Differential Equations, Springer—Verlag,
1972.



(17)

(18]
(19]
20]

21]

[22]
23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
(32

(33]

(34]

(35]
(36]

37)
(38]
(39]

[40]

IMPULSIVE FUNCTIONAL STOCHASTIC DIFFERENTIAL EQUATIONS 475

J.R. GRAEF, J. HENDERSON AND A. OUAHAB, Impulsive differential inclusions. A fized
point approach, De Gruyter Ser. in Nonlinear Anal. Appl., Vol. 20, de Gruyter, Berlin,
2013.

C. GUILAN AND H. KA1, On a type of stochastic differential equations driven by countably
many Brownian motions, J. Funct. Anal. 203 (2003), 262-285.

A. HALANAY AND D. WEXLER, Teoria Calitativa a Sistemelor Impulsuri, Editura Acade-
miei Republicii Socialiste Roménia, Bucharest, 1968 (in Romanian).

V. LAKSHMIKANTHAM, D.D. BAINOV AND P.S. SIMEONOV, Theory of Impulsive Differential
Equations, World Scientific, Singapore, 1989.

C. L1, J. SHI AND J. SUN, Stability of impulsive stochastic differential delay systems and
its application to impulsive stochastic neural networks, Nonlinear Anal. 74 (2011), 3099—
3111.

B. Liu, X. Liu, K. TEO AND K.Q. WANG, Razumikhin-type theorems on exponential
stability of impulsive delay systems, IMA J. Appl. Math. 71 (2006), 47-61.

J. Liu, X. Liv AND W.-C. XIE, Ezistence and uniqueness results for impulsive hybrid
stochastic delay systems, Commun. Appl. Nonl. Anal. 17 (2010), 37-54.

M. Liv AND K. WANG, On a stochastic logistic equation with impulsive perturbations,
Comput. Math. Appl. 63 (2012), 871-886.

X. MAO, Stochastic Differential Equations and Applications, Horwood, Chichester, 1997.
P. MILLAR, Warwick martingale integrals, Trans. Amer. Math. Soc. 133 (1968), 145-166.
V.D. MiLMAN AND A.A. MYSHKIS, On the stability of motion in the presence of impulses,
Sib. Math. J. 1 (1960), 233-237. (in Russian)

Y. MISHURA, Stochastic calculus for fractional Brownian motion and related processes,
Springer Science Business Media, 2008.

A.A. Novikov, The moment inequalities for stochastic integrals, Teor. Verojatnost. Pri-
menen. 16 (1971), 548-551. (in Russian)

A. OuAHAB, Local and global ezistence and uniqueness results for impulsive functional
differential equations with multiple delay, J. Math. Anal. Appl. 323 (2006), 456-472.

B. OKSENDAL, Stochastic Differential Equations: An Introduction with Applications, 4th
ed., Springer, Berlin, 1995.

L. PAN AND J. Ca0, Exzponential stability of impulsive stochastic functional differential
equations, J. Math. Anal. Appl. 382 (2011), 672-685.

L. PAN AND J. CA0, Ezponential stability of stochastic functional differential equations
with Markovian switching and delayed impulses via Razumikhin method, Adv. Differential
Equations 61 (2012).

A.1. PEROV, On the Cauchy problem for a system of ordinary differential equations, Pri-
blizhen. Met. Reshen. Differ. Uravn. 2 (1964), 115-134. (in Russian).

R. PrRECUP, Methods Nonlinear Integral Equations, Kluwer, Dordrecht, 2000.

I.A. Rus, The theory of a metrical fized point theorem: theoretical and applicative rele-
vances, Fixed Point Theory 9 (2008), 541-559.

F. Russo aAND P. VALLois, Forward, backward and symmetric stochastic integration,
Probab. Theory Related Fields 97 (1993), no. 3, 403—421.

R. SAKTHIVEL AND J. Luo, Asymptotic stability of nonlinear impulsive stochastic differ-
ential equations, Statist. Probab. Lett. 79 (2009), 1219-1223.

A.M. SAMOILENKO AND N.A. PERESTYUK, Impulsive Differential Equations, World Scien-
tific, Singapore, 1995.

H. SoBCzYK, Stochastic Differential Equations with Applications to Physics and Engi-

neering, Kluwer Academic Publishers, London, 1991.



476
[41]
42]

(43]

[44]

(45]

[46]

M. FERHAT — T. BLOUHI

C.P. Tsokos AND W.J. PADGETT, Random Integral Equations with Applications to Life
Sciences and Engineering, Academic Press, New York, 1974.

S.J. Wu, X.L. Guo AND S.Q. LIN, Ezistence and uniqueness of solutions to random
impulsive differential systems, Acta. Math. Appl. Sinica 22 (2006), 595-600.

Y. Xu, R. Guo, D. Liu, H. ZHANG AND J. DUAN, Stochastic averaging principle for
dynamical systems with fractional Brownian motion, Discrete Contin. Dyn. Syst. Ser. B
19 (2014), 1197-1212.

F. Yao, J. Cao, P. CHENG AND LI. QIu, Generalized average dwell time approach to
stability and input-to-state stability of hybrid impulsive stochastic differential systems,
Nonlinear Anal. Hybrid Syst. 22 (2016), 147-160.

F. Yao, J. Cao, L. Qiu AND P.CHENG, Ezponential stability analysis for stochastic delayed
differential systems with impulsive effects: Average impulsive interval approach, Asian J.
Control 19 (2017), 74-86.

Q. ZHU AND B. SONG, Ezponential stability for impulsive nonlinear stochastic differential
equations with mized delays, Nonlinear Anal. 12 (2011), 2851-2860.

Manuscript received May 9, 2017
accepted February 27, 2018

MoHAMED FERHAT AND TAYEB BLOUHI
Department of Mathematics

Usto University

Oran, 31000, ALGERIA

E-mail address: ferhat22@hotmail.fr, blouhitayeb@yahoo.com

TMNA : VOLUME 52 — 2018 — N°2



