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HARDY-SOBOLEV INEQUALITY
WITH SINGULARITY A CURVE

MOUHAMED MOUSTAPHA FALL — EL HADJI ABDOULAYE THIAM

ABSTRACT. We consider a bounded domain Q of RV, N > 3, and h a con-
tinuous function on Q. Let I' be a closed curve contained in €. We study
existence of positive solutions u € H{ (2) to the equation

—Au + hu = p;0u2:71 in Q,

where 2% := 2(N —0)/(N — 2), o € (0,2), and pr is the distance function
to I'. For N > 4, we find a sufficient condition, given by the local geom-
etry of the curve, for the existence of a ground-state solution. In the case
N = 3, we obtain existence of ground-state solution provided the trace of
the regular part of the Green of —A + h is positive at a point of the curve.

1. Introduction

For N >3, 0<k<N-1and o € [0,2), we consider the Hardy—Sobolev
inequality

2/2x
(1.1) / |Vo|? de > C(/ 2] 7 |v]? da:) for all v € DV2(RY),
RN RN

where z = (t,2) € RF xRN =% C = C(N,0,k) > 0and 2% :=2(N —0)/(N — 2).
Here the Sobolev space DV2(RY) is given by the completion of C°(RY) with
respect to the norm v — ([5n [Vo|? dz)/?. Tnequality (1.1) interpolates between
cylindrical Hardy inequality, which corresponds to the case 0 = 2 and k # N —2,
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and the Sobolev inequality which is the case 0 = 0. Moreover it is invariant under
scaling on RY and by translations in the t-direction. It is well known that in
the case of Hardy inequality, c = 2 and k # N — 2, there is no positive constant
C and v € DV2(RY) for which equality holds in (1.1). For o € [0,2), the best
positive constant C' in (1.1) is

(1.2) Sy :=inf {/ \Vo|2dz, v € DV*(RY) and / 2|~ v|?e dx = 1},
RN RN

In the case o = 0, Sy is achieved by the standard bubble cx (1 + |z|?)2~N)/2]
which is unique up to scaling and translations, e.g. Aubin [1] and Talenti [23].
For k =0, (1.1) is a particular case of the Caffarelli-Kohn—Nirenberg inequality,
see [6]. In this case, Lieb showed in [20] that only functions of the form ¢y (14
|2|2~7)(2=N)/(2=9) achieves Sy,, up to a scaling. When k = N — 1, Musina
proved in [21] that the support of the minimizer is contained in a half-space.
Therefore (1.1) becomes the Hardy—Sobolev inequality with singularity all the
boundary of the halfspace.

For1 <k < N-2ando € (0,2), Badiale and Tarentello proved the existence
of a minimizer w for (1.2) in their paper [3], where they were motivated by
questions from astrophysics. Moreover, Mancini, Fabbri and Sandeep showed
decay and symmetry properties of w in [10]. In particular, they prove that
w(t,z) = 0(|t],|z]), for some positive function . An interesting classification
result was also derived in [10] when o = 1, that every minimizer is of the form
en k(1 +12)% + [¢2)@=N)/2] up to scaling in RY and translations in the ¢-
direction.

Since in this paper we are interested with Hardy—Sobolev inequality with
weight singular at a given curve, our asymptotic energy level is given by Sy
with £k =1 and o € (0,2).

Let Q be a bounded domain in RY, N > 3, and h a continuous function
on 2. Let I' C Q be a smooth closed curve. In this paper, we are concerned with
the existence of minimizers for the infinimum

/|Vu|2dx+/hu2dx
inf Q Q _—
weHA @)\ {0} . \%
([ ot ac)
Q

where o € [0,2], 2% := 2(N —0)/(N —2) and pr(z) := dist(z,I"). Here and in
the following, we assume that —A + h defines a coercive bilinear form on H} (€2).

(1.3) pun (2, 1) =

We are interested with the effect of the geometry and/or the location of the curve
I on the existence of minimmizer for uy(Q2,T).

We not that for o = 0, (1.3) reduces to the famous Brezis-Nirenberg prob-
lem [5]. In this case, for N > 4 it is enough that h(yp) < 0 to get a minimizer,
whereas for N = 3, the problem is no more local and existence of minimizers
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is guaranteed by the positiveness of a certain mass — the trace of the regular
part of the Green function of the operator —A + h with zero Dirichlet data, see
Druet [9]. For ¢ = 2, the problem reduces to a linear eigenvalue problem with
Hardy potential, existence and nonexistence results were obtained by the second
author in [25].

Here, we deal with the case o € (0,2). Our results exhibit similar local/global
phenomenon as in [5] and [9], with the additional property that for N > 4, the
curvature of the curve at a point yo tells how much h(yg) should be negative,
while positive mass at a point yg € I' is enough in dimension N = 3.

Our first main result is the following

THEOREM 1.1. Let N > 4, 0 € (0,2) and Q be a bounded domain of RY.
Consider T' a smooth closed curve contained in §2. Let h be a continuous function
such that the linear operator —A + h is coercive. Then there exists a positive
constant Cn,,, only depending on N and o with the property that if there exists
yo € I' such that

(1.4) h(yo) < —Cn .|k (yo)|?

then pup(,T) < Sno, and pp(Q,T) is achieved by a positive function. Here
k: T = RN is the curvature vector of T.

Inequality (1.4) in Theorem 1.1 shows that the sign of the directional curva-
tures of I' is not important but the size of the curvature x at a point is.

For the explicit value of Cy , appearing in (1.4), we refer the reader to Propo-
sition 4.2 below. It is given by weighted integrals involving partial derivatives of
w, a minimizer for Sy . In the case N =4, we have Cy , = 3/2.

We now give a consequence of Theorem 1.1 in the case where h = A a constant
function. We denote by A;(£2) > 0 the first Dirichlet eigenvalue of —A in Q. It
is easy to see that —A + X is coercive for every A > —A1(Q). In our next result,
we will consider a curve I with curvature vanishing at a point. This is (trivially)
the case when I' contains a segment.

COROLLARY 1.2. Let N >4, o € (0,2) and Q be a bounded domain of RN.
Consider T' a smooth closed curve contained in ). Suppose that the curvature k of
T vanishes at a point. Then for every A € (—A1(€2),0), we have px(,T) < S0,
and py(Q,T) is achieved by a positive function.

We observe that if ' = S} a circle of radius R > 0 and h = A € R then
condition (1.4) translates into
Cn,o
R? -
Therefore, provided —A;(Q2) < —C,,/R?, we have that u(£2, S%) is achieved
for every A € (—=A1(Q), —Cn.»/R?). One is thus led to find domains for which

A< —
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-21(Q) < —Cpyo/R?. A particular example is given by the annulus Q. =
Bprie \ Br—e, which contains S}% for € > 0. It is well known from, e.g., the
Faber—Krahn inequality that A (€.) > ¢(N)/e?, so that for sufficiently small ¢,
one always has —\1(Q.) < —Cn,,/R?.

We now turn to the 3-dimensional case. We let G(z,y) be the Dirichlet Green
function of the operator —A + h, with zero Dirichlet data. It satisfies

—A,G(z,y) + h(x)G(z,y) =0 for every x € Q\ {y},

(1.5)
G(z,y)=0 for every x € 0f).

In addition, for N = 3, there exists a continuous function m: 2 — R and
a positive constant ¢ > 0 such that

c
(1.6) G(z,y) = Tl +cm(y)+o(l) asz —y.
We call the function m: © — R the mass of —A + h in 2. We note that —m
is occasionally called the Robin function of —A + h in the literature. We now

state our second main result.

THEOREM 1.3. Let o € (0,2) and Q be a bounded domain of R3. Consider
' a smooth closed curve contained in ). Let h be a continuous function such
that the linear operator —A + h is coercive. If m(yg) > 0, for some yo € I, then
wn(,T) < S35, and pp (2, T) is achieved by a positive function.

Since the mass m is independent on the curve, Theorem 1.3 shows that the
location of the curve in the domain 2 — so that to intersect the positive part
of m — matters for the existence of solution in general. We note that there
are situations in which the mass is everywhere positive. This is the case of the
operator —A + A, provided A € (—=A1(B1),—A1(B1)/4), as observed in Brezis—
Nirenberg [5]. We therefore have

COROLLARY 1.4. Let By the unit ball of R and let T be any smooth closed
curve contained in By. If A € (=A\1(B1), —A1(B1)/4) then ux(2,T) < S3, and
ux(,T) is achieved by a positive function.

The effect of curvatures in the study of Hardy—Sobolev inequalities has been
intensively studied in the recent years. In each approach, the sign of the curva-
tures at the point of singularity plays important roles for the existence a solution.
The first paper in this direction, to our knowledge, is the one by Ghoussoub and
Kang [12] who considered the Hardy—Sobolev inequality with singularity at the
boundary. For more results, see Ghoussoub and Robert [16], [17], [15], [14], De-
myanov and Nazarov [8], Chern and Lin [7], Lin and Li [19], the authors and
Minlend [11] and the references there in. We point out that in the pure Hardy—
Sobolev case, o € (0,2), with singularity at the boundary, one has existence of
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minimizers for every dimension N > 3 as long as the mean curvature of the
boundary is negative at the point singularity, see [13].

The Hardy—Sobolev inequality with interior singularity on Riemannian man-
ifolds has been studied by Jaber [18] and Thiam [25]. Here also the impact of
the scalar curvature at the point singularity plays an important role for the ex-
istence of minimizers in higher dimensions N > 4. The paper [18] contains also
existence result under positive mass condition for N = 3.

We expect that the arguments in this paper can be generalized to the case
I' € Q, a k-dimensional closed submanifold, with 2 < k& < N — 2. Here we
believe that the norm of the second fundamental from of I'" will play a crucial
role for the existence of minimizers. Another problem of interest would be the
case I' C 99, a k-dimensional submanifold of 9Q with, 1 < k < N — 1. In this
situation, we suspect that the sign of the mean curvature of 99 at a point might
influence on the existence of minimizers. Finally we note that Ghoussoub and
Robert in [15] obtained several results for the case I' a subspace of dimension
k > 2, and among other results, if ' intersects 92 transversely, they obtained
existence results under certain negativity assumptions on the mean curvature.

The proofs of Theorems 1.1 and 1.3 rely on test function methods. Namely
on constructing appropriate test functions allowing to compare up,(2,T) and
SN,o. While it always holds that pp(Q2,T) < Sy, our main task is to find a
function for which p,(2,I') < Sny,. This then allows to recover compactness
and thus every minimizing sequence for pp,(€2,T') converges to a minimizer, up
to a subsequence. Building these approximating solutions requires to have sharp
decay estimates of a minimizer w for Sy, see Section 3. In Section 4, we treat
the case N = 4 in the spirit of Aubin [1]. Here we find a continuous family of test
functions (ue)e>0 concentrating at a point yo € I' which yields (2, T) < S0,
as € — 0, provided (1.4) holds. In Section 5, we consider the case N = 3, which
is more difficult. Here we use the argument of Schoen [22] to build our test
function. However we cannot adopt the method of [22] straightforwardly. In
fact, in contrast to the case N > 4, we could only find a discrete family of test
functions (¥, Jnen that leads to the inequality up(2,T') < Ss . This is due to
the fact that the (flat) ground-state w for Ss ,, o € (0, 2), is not known explicitly,
it is not radially symmetric, it is not smooth, and S5, is only invariant under
translations in the t-direction. As in [22], we use some global test functions.
These are similar to the test functions (u., )nen in dimension N > 4 near the
concentration point ¥y, but away from it they are substituted with the regular
part of the Green function G(x, yo), which leads to appearing of the mass m(y)
in its first order Taylor expansion, see (1.6).
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2. Geometric preliminaries

Let I' € RY be a smooth closed curve. Let (E1;...; Ex) be an orthonormal
basis of RY. For yo € I' and 7 > 0 small, we consider the curve v: (—r,7) — T,
parameterized by an arclength so that v(0) = yo. Up to a translation and a ro-
tation, we may assume that 4’(0) = E;. We choose a smooth orthonormal frame
field (E2(t);...; En(t)) on the normal bundle of T' such that (7/(¢); E2(t);. . .;
En(t)) is an oriented basis of RY for every t € (—r,7), with F;(0) = E;.

We fix the following notation, that will be used throughout the paper,

Qr = (—r,1) X Ben-1(0,7),

where Bpgx(0,7) denotes the ball in R* with radius 7 centered at the origin.
Provided r > 0 is small, the map F,,: Q, — £, given by

N
(t,2) = Fy(t,2) == () + Y _ zEi(t),
=2

is smooth and parameterizes a neighbourhood of yo = F,,(0,0). We consider
pr: I' = R, the distance function to the curve, given by

pr(y) = Inin ly =7l

In the above coordinates, we have
(2.1) pr(Fy, (z)) = |2| for every z = (t,2) € Q.

Clearly, for every t € (—r,r) and ¢ = 2,... N, there are real numbers ;(t) and
7/ (t) such that

N

(2.2) Ej(t) = mi(t)y'(t) + Y 7] () E5 ().

j=2

The quantity #;(t) is the curvature in the E;(t)-direction while 77 (t) is the torsion
from the osculating plane spanned by {7/(t); E;(t)} in the direction E;. We
J

note that provided r > 0 is small, x; and 7;

J are smooth functions on (—r,7r).

Moreover, it is easy to see that

(2.3) T (t) = —7i(t) fori,j=2,...,N.

N
The curvature vector k: I' — RY is defined as x(vy(t)) := > x;(t)E;(t) and its

norm is given by
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Next, we derive the expansion of the metric induced by the parameterization F,
defined above. For z = (¢, z) € Q,, we define

g11(x) = OuFy, () - OuFy, (),

91i(x) = O Fy, (x) - 0z, Fy, (),

gij(x) = 82]’ Fyy(z) - 0, Fyy ().
We have the following result.

LEMMA 2.1. There exists r > 0, depending only on I' and N, such that for
every z = (t,2) € Q,,

N
911 = 1+QZ’Z’LKJZ +2tzzl’%;(0>
i:2N
-+ Z ZZ‘ZJ‘I@(O)HJ'(O) + Z Zizjﬁij(o) + O(|$|3),
(24) ” 2 17=2
e ZZJ 7! +tZz] 0) + O(lz[*),
ng(x) = 6ZJ7

N
where Bij(t) := > T} ()T (t).

1=2
Proor. To alleviate the notations, we will write F' = F,;. We have

(2.5) O F )+ Z zEi(t) and 0., F(z) = Ei(t).
Therefore
(2.6) 9ij(x) = Ei(t) - E;(t) = 6;5.

By (2.2) and (2.5), we have

N
(2.7) gz Z 2B(t) Ei(t) =Y z7(t)
Jj=2

(2.8) g11(z) =0, F(x) - O F —1+2222m

+ Z zizjki ()R, (£) + Z 2i2j (g:nl(t)%l-(t))

ij=2 =2 =2

By Taylor expansions, we get
Ki(t) = ki (0) + tr5(0) + O(t?) and 7F(t) = 7F(0) + t(7F)'(0) + O(t?).
Using these identities in (2.8) and (2.7), we get (2.4), thanks to (2.6). O
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As a consequence we have the following result.

LEMMA 2.2. There exists r > 0, depending only on I' and N, such that for
every x € Q,., we have

N N
(2.9) V]gl(z) = 1—|—szi(0)—|—tz Z 22;k:(0)k;(0) + O(|x[?),

where |g| stands for the determinant of g. Moreover, g~1(x), the matriz inverse
of g(x), has components given by

N N
Yo)y=1- 2szi(0) - ztzzm;(o)

+ 322@@/@ (0) + O(|z[*)

=2

N
(2.10) g (z) = - Z 275 (0) — tz 2 ()" (0)

+ ZZzlz]m 0) + O(|z]*),
97 (@) =6+ Y @z (0)75,(0) + O(|zf*).
Im=2

PrOOF. We write g(x) = id + H(z), where id denotes the identity matrix

on RN and H is a symmetric matrix with components for a, 3 =1,..., N, given
by
N N
Hy(z) =2 zri(0) +2t Y zir(0)
N N
+ > 2i2ki(0)k5(0) + Y 2i2iBi5(0) + O(|jf*),
(2.11) ij=2 ij=2
N .
Hyy(x) =Y 27} (0) + O(|z]),
j=2
Hij(x) =

We recall that, as |H| — 0,

I I 2 T 2
(2.12) \/@:\/det(I+H)=1+t2H+(t f) ! <f)+o(|H|3).
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Now, by (2.11), as || — 0, we have

tr H al N
pr— . . - /
(2.13) - = 272 ziki(0) + ¢ 272 zik;(0)

1 1 &
+ 3 Z 22k (0)K;(0) + 3 Z 22 3i5(0) + O(lz),

ij=2 ij=2

so that

(2.14)

Zzlzjm )+O(\x| ).

=2

Moreover, from (2.11), we deduce that

N N
tr(H?)(2) = > (H*(2))aa = Y Hap(z)Hpa(z)
a=1 apf=1
N
Z = H} (x )+22Hi21($)
af=1 =2

so that

ZZiZjFLi( Z 2127} )+O(\x| ).

=2 z_]l 2

215 -2 () __

Therefore plugging the expression from (2.13)—(2.15) in (2.12), we get

N N
a:):l—l—z,zmi(O)—i-tsz; Zzzzﬂﬁz (0) + O(|=|*).
i=2 i=2

132

The proof of (2.9) is thus finished.

By Lemma 2.1 we can write g(z) = id+ A(z) + B(z) + O(|z|), where A and
B are symmetric matrices with components (Ang) and (Bag), o, 5 =1,...,N,
given respectively by

N
(216) A11 = QZ Zz/{z Ail(l‘) = Z Z]TJZ(O) and AU(Z‘) =0
j=2

and

N
By (z) = QtZ 2k (0) + Z ziz;ki(0)k;(0) + Z 22§ Bi5(0)

(2.17) ij=2
= tsz '(0) and Bj;(z)=0.

We observe that, as |z| — 0, we have

g7 (@) =id — A(w) — B(x) + A%(z) + O(Jz]).
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We then deduce from (2.16) and (2.17) that

g™ (x) =1— Ay (z) — B (x +ZA )+ O (|z?)

N
:1—2§:%mmy—%§:%50

+3Z,2127:‘i1 +3 Z lejﬁl_] —|—O(|.%‘|3),
1j=2
] N
g (z) = — Ayi(z) = Byi(2) + Y AiaAra + O(|a])
a=1
N

= — Ayi(x) — Bri(z) + Air(z) A1 (z) + Z Ajij(2)Arj(x) + O(||*)

N N
= — szT;(O) - tsz (T;), (0)+2 Z 212;k1(0)75(0)
j=2 Jj=2 jl=2

and

9" (x) =6ij — Aij(2) — Bij() + (A%)i(2) + O(|=)

N
=0ij — Aij(x) — Bij(x) + AuAy + Y Au(x)Aj(z) + O(|zf)
=2
N . .
=i+ Y 2zmTin (0)77 (0) + O(|jaf?).
Im=2
This ends the proof. O

3. Some preliminary results

We consider the best constant for the cylindrical Hardy—Sobolev inequality

Sno = min{/ Vwldz : w € DM2RY), / 12~ [w|% da = 1}.
RN RN

As mentioned in the first section, it is attained by a positive function w €
DL2(RY), satisfying

(3.1) —Aw = Sy |z Cw* ! in RV,
see, e.g., [3]. Moreover, from [10], we have

(3.2) w(z) = w(t,z) =0(|t|,|z|) for a function : Ry x Ry — R
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Next we prove further decay properties of w involving its higher derivatives.

LEMMA 3.1. Let 0 be given by (3.2). Then we have the following properties.

(a) The function t — 0(t, p) is of class C*° with all its derivatives uniformly
bounded with respect to p.
(b) There exists a constant C > 0 such that for |(t,p)| < 1, we have

0,(t, p) + Oup(t, p) + pBy(t,p) < Cp' 7.

PRrROOF. For the proof of (a), see [10]. To prove (b), we first use polar
coordinates to deduce that

(3.3) P> N (PN T20,), + O = Snop 0% fort,p e Ry,

Integrating this identity in the p variable, we therefore get, for every p > 0,

-1 P 1 L .
0,(t,p) = PR / V720, (¢, r) dr + SN,UW / rN=2r=99% =1t r) dr.
0 0

Moreover, we have

1 P
O1p(t, p) = W/ N 720, (¢, ) dr
0

1 P .
+ SN N / rN 720 9,0(t, r)0% 2 (t, r) dr.
P 0

By (a) and the fact that 2 > 2, we obtain
10,(t,p)| + 100y (t, p)| < Cp+Cp'=7 < Cp'=7 for |(t,p)| < 1.

Now using this in (3.3), we get |6,,] < Cp~7, for |(t, p)| < 1. The proof of (b) is
completed. O

As a consequence we derive decay estimates of the derivatives of w up to
order two.

COROLLARY 3.2. Let w be a ground state for Sy, then there exist positive
constants Cp,Cy, depending only on N and o, such that

(a) For every x € RN

Cl CV2
4 — < < ———
(3.4) 14 [z|N-2 = w(z) < 14 |z[N-2
(b) For |z| = |(t,2)] < 1, [Vw(z)| + ||| D*w(z)| < Caf2|*~7.
(c) For |z| =|(t,2)] > 1, [Vw(@)| + |z]|D*w(z)| < C2max(L, |2]~7)|z[*~ .

PROOF. For the proof of (a), we refer to [10, Lemma 3.1]. The proof of (b) is
an immediate consequence of Lemma 3.1 (b), recalling that w(t, z) = 6(|t|, |z]).
Now (c) follows by Kelvin transform, using that the function v: RV — R, given
by v(t,z) = v(z) = 0(|t||z| 72, |2]|z|72)|z|>~Y, is also a ground-state for Sy,
thus it satisfies (b). O
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We close this section with the following result.

LEMMA 3.3. Let v € DY2(RYN), N > 3, satisfy v(t,2z) = 0(|t], |2|), for some
function 0: Ry x R, — R. Then for 0 < r < R, we have

k(wo)|?
/ |Vv|£2]\/|g\dm :/ |Vo|? do + %/ |2|%|0,v|? dx
QR\QT Q QR\QT

R\Qr

2
+M/ z|2|Vv|2dx—|—O</ |x|3Vv|2dx>.
2(N=1) Jorae. QR\Q-
PROOF. It is easy to see that
(3.5) / |Vv|!2]\/|g|dx: / |Vo|? dx
Qr\Qr Qr\Qr
+/ (|Vv|§—|Vv|2)\/|g\d:c+/ Vo2 (V/|g] — 1) da.
Qr\Qr Qr\Qr
We recall that
N
IVola(@) = [Vol*(z) = > [9°7(2) = 0ap) 0, v(2) 0z, 0(2).
af=1

It then follows that

N
(3.6) / (Vo2 — [VoP]Jglde = 3 / (g7 — 6,;10:,00., 0\/]g] da
Qr\Qr Qr\Qr

ij=2
N

+Z/QR\QT g" (8tvaziv)\/de+/ [g"! = 1](8v)%\/]g] da.

i=2 R\Qr
We first use Lemma 2.2 and (2.3), to get
N

60 Y [ o7 05)0.00, 0V Il do
57/ QRrR\Qr

ij=

N N ‘ 9
=>. > T&(O)Tf(o)/ ZiZjZlZmWZZ' dz
S Pl Qr\@r |2]

o(/ x|3|Vzv|2dx> _ 0(/ |x|3|VZw2dx>.
Qr\Qr Qr\Qr

Next, we observe that

+

N N
Z/ g (O - Ov)\/|g| da = Z/ Y(|t], |2])tzig" da,
1=2 QR\QT i=2 QR\Qr

where T(|t],|2]) = 0:(|t], |2])0,(|t], |2])/(|t||z]). In addition, from (2.3), we see

that
N

N
Z 77(0)22) = Z(Tf(O))’zizj =0.

ij=2
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Consequently, from (2.9) and (2.10), we obtain

N N
(3.8) Z/Q @ gﬂ(?tvaziv\/|g|da::/ . Y[t 12> zig™ Vgl dtdz
i=2 Y QRr\@r r =2

Qr
N .
-y T;(O)/ Y(t], |2]) tzz; dt dz
ij=2 Qr\Qr
N .
- Z(T;)/(o)/ T(t], |2]) 222 dt dz
ij=2 Qr\Qr
N .
+2 Z /11(0)7'2-](0)/ Y(|t],|2]) tzizjz dt dz
ijl=2 QRr\Qr
N .
— Z I{/(O)T;(O)/ Y(|t], |2]) z12:2;t dt d=
ijl:2 R\Qv-
N .
-y T;(O)RI(O)/ Y(|t), |2]) 2122t dt d=
ijl=2 Qr\Qr

—I—O(/ 23| Vo]? dx) = O(/ |x|3|Vv|2dx).
QRrR\Qr Qr\Qr

By (2.9) and (2.10), we have

/ 00Plg" — 1]l de
Qr\Qr

_ (o) ?

ﬁ/ z|2|8tv|2dx+0</ |x|38tv|2dx>.
Qr\Qr Qr\Qr

Using this, (3.7) and (3.8) in (3.6), we then deduce that

(3.9) /Q v = 9ol

2
= [5(z0)] / z|2|8tv|2dx—|—0</ |x|3Vv|2dx>.
N=1 Jorna, Qr\@-

Now, by (2.9) and (2.10), we also have that

[ el - e
Qr\Qr

|n(y0)|2 / 2 2 3 2
= |z|*|Vv]* dz + O |z|?| Vol dzx |.
2(N = 1) Jon\e. n

This with (3.9) and (3.5) give the desired result. O
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4. Existence of minimzers for y,(2,T") in dimension N > 4

We consider €2, a bounded domain of RN, N > 3, and I C €, a smooth
closed curve. For u € H}(Q) \ {0}, we define the ratio

/|Vu|2dy+/hu2dy
— Jo Q

2/2; °
(/ pr?lul* dy)
Q

We let n € C°(Fy,(Qar)) be such that 0 <n <1and n=1in Q,. For ¢ > 0,
we consider u.:  — R given by

(4.1) J(u)

(4.2) us(y) = ey (F ) we Fy (y).
In particular, for every x = (t,2) € R x R¥~! we have
(4.3) ue(Fyy (2)) := =N 2n(2)0(|t] /2, |2 /).

It is clear that u. € Hg(£2). We have the following

LEMMA 4.1. For J given by (4.1) and u. given by (4.2), as e — 0, we have

2
(44)  J(ue) = Sy + 20 / ERERE
N -1 Qe

|"f(170)|2 / 2 2
42 n L 22| Vw|? do
2(N —-1) Q

r/e
? [k(yo)? .

- SN,U/ |2|2 w3 dx + h(yo) / w? dz
25 (N —-1) 0 Qr)e

4 0(52 /QT/E IW(F,, (1)) — h(yo) [ dx> +O(eN-2),

r/e

Proor. To simplify the notations, we will write F' in the place of F,,. Re-
calling (4.2), we write

ue(y) = e®N2(F~ (y))We(y), where W.(y) = “’(Fa(y))

Then |Vu:|? = e N(n?|[VW|? + VW, |> + VW2 - Vn?/2). Integrating by
parts, we have

(4.5) /|vu€\2dy = EQ_N/ VW dy
Q F(Q27‘)

1
+ EQ‘N/ Wf(IVnF - = Ang) dy
F(Qar)\F(Qr) 2

=62‘N/ VW, |* dy — EQ‘N/ WZ2nAn dy
F(Q20) F(Qa)\F(Qr)

:EQ—N/ n2|VW5|2dy+O(52_N/ w2 dy>.
F(Qzr) F(Qar)\F(Qr)
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By the change of variable y = F(z)/e and (4.3), we can apply Lemma 3.3, to get

/Q|Vua|2dy:/Q Vul? /g da
r/e

+O<52/ dem—l—/ |Vwl? dac)
Q2r/\Qr/e Q2r/\Qr/e

2
:/ |Vw|2dx+€2%/ 127|002 dr
RN -

r/e

2(N

+O<53/ \J;|3|Vw|2dx+62/ lw|? dz
Qr/s Q27‘/5\Q7‘/e

+/ |Vwl|? dm+52/ |z|2|Vw|2dx)
RN\Q,/ Q277 \Qr /e

3 2
:sN,(,Jrg?i'“(yO)'/ |22V w|? da
QZr/a

2
+€2 |/€(y0)| / |z|2|Vw|2 dx
- 1) Qrye

2(N —1)

+O<s3/ |3 | Vw|? dx+52/ |w|? da:).
Qr/e Qar/c\Qr/e

Using Corollary 3.2, we find that

P 2
/|vu€\2dy:5N,c,+s2%/ 2 9w? da
; ~

r/e

2
+e? JZ(VyO_”l) / 2| Vw[? d + O(eN72).

r/e

By the change of variable y = F(z)/e, (3.2), (2.1) and (2.9), we get

/p1:0'|u€|22 dy :/ |z|_sw2:,/|ga|d$+0(/
Q Qr/e Qar/c\Qr /e
- * |’i(y0)‘2 2—0, 2%
= |2|Tw? da + 2 N |2|*~w? dx
/Q,./e 2(N 1) Jq, .

+O<53/ |z[?|z| T w? dx+/ |2~ w? dx)
Qrye Q2r/\Qr/e

2
=1+¢? JZE;/O_) |1) /Q |z w? dx

ey o)

r

r/e

+O(€3/ |||~ w2 dx
Q

r/e

—|—/ ||~ w3 dx—i—/ ||~ 7w dac).
RN\Q, /. Qar/e\Qr/e
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Using (3.4), we have
= [
Q

|z [3] 2|~ w?s dx—i—/ 2]~ 7w da

r/e RN\Q./c
+/ 2|~ w3 dz = O(eN 7).
Q2T‘/E\Q7‘/E

Hence by Taylor expansion, we get

2/2%
</ p1:0|u6|2; dx) & =1+ i |I<L(y0)|2 / ‘Z|2—a 2% dSC—I—O(EN_U).
0 2; (N=1) Jg,,.

Finally, by (4.5), we conclude that

K 2 K 2
J(ue) =S8N0 + € 7|]\§yf>l /Q,./a |2 0w]? da + &2 2|(]E[yo)|1) /Q,,./E 2| Vw|? dz

2 Jinlyo) :
v SN o / |2~ w? da + EQh(yo)/ w? dx
2:‘ (N - 1) Q‘['/a Qr/s

+ 0 <€2 / |h(F,, (ex) — h(yo)|w? d:c) +0(EN2).
Qr/e
We thus get the desired result. O

PROPOSITION 4.2. For N > 5, we define

1
Ay, = ﬁ/RN |2|%|0w|? dx

11\ 1 s 1 ,
L I Vol dz + — da > 0
+(2 25;>N—1/RN|Z|| wl x+2;/RNw >

Bn,o ;:/ w? dz.
]RN

Assume that, for some yy € T', there holds

and

Ao
h(yo) < =5~ Iw(yo)* for N 25,
N,o

s

3
h(yo) < —§|/€(yo)\2 for N = 4.
Then pp(2,T) < Syo-
ProoF. We claim that

(4.6) Sy.o / |22~ w? dx
Q7~/5

:/ |22 Vw|? dx — (N—l)/ w? dx + O(eN72),
Qrye Qr/e
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To prove this claim, we let 7.(z) = n(ex). We multiply (3.1) by |z|*n.w and

integrate by parts to get
Swa [ ndefruttde= [ Vu Vi) ds
Qar/e Qar/e
:/ ne|z* | Vw|? d
2r/e

1
sy [ Ve VP [l
2 Qar/e Qar/e

1
— f/ w2A(|z|2n5) dx
2 Q27-/E

z/ ne|z*|Vw|? dz — (N — 1)/ w?n. dx

Q27‘/5 QZT‘/E
1
= - 7/ w?(|2|>An. + 4V, - 2) da.
2 JQs/\Qu )

We then deduce that

SN,U/ |2~ w? dx:/
Q'r/e Qr/e
+O</ 2|2~ w? dx
Qor/e\Qr/e

Jr/ |z|2\Vw\2d:L’+/ wzdx>
Qar/c\Qr /e Q2r/e\Qr /e

27| VwPdz — (N — 1)/ w? da
Q'r/s

—|—O<€/ |z|\Vw\dx—|—€2/ |z|2w2dx>.
Q2r/5\Qr/5 Q2r/5\Qr/5

Thanks to Corollary 3.2, we get (4.6) as claimed.
Next, by the continuity of h, for § > 0, we can find r5 > 0 such that

(4.7) |h(y) — h(yo)| <& for every y € F(Qr,) -

CASE N > 5. Using (4.6) and (4.7) in (4.4), we obtain, for every r € (0,75),

2
J(u) = Sy + 22 % /RN 12?02 de

1 1 |I€(y0)|2/
2 2 2
2= - — 22 Vw!|? d

2
+i*|"€(yo)|2/ w2dw+€2h(yo)/ w? dx
20 RN RN

+0<5252/ w2dx> +0(eN72),
RN
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where we have used Corollary 3.2 to get the estimates

/ |2|? | Vw|? dx—i—/ w? dr = O(e).
RN\Q, /.

RN\Q, /e
It follows that, for every r € (0,75),
J(ue) = Sn.o + 2 {An.o |k (y0)|> + Bn.oh(y0)} + O(0e* Bn.») + O(e?).

Suppose now that Ay ,|k(yo)|*+Bn.oh(yo) < 0. We can thus choose respectively
d > Osmall and € > 0 small so that J(u:) < Sy, Hence we get up, (2,T) < Sy

CASE N = 4. From (4.4) and (4.7), we estimate, for every r € (0,75),

3 2
T (ue) < S+ M/ |22 V]2 d

r/e

e? |k(yo)? .
SNG/ |2|>~7w? da
2* (N -1) Q).

+€2h(y0)/ w? dx+0<625/ w? da:) +0@EN2).
Qrye Qrye
This with (4.6) yield

J(ue) < S+ '(N( ”)SNU | Pu s
QT/E
= Jnlyo)

SN,O/ |22~ 2 dx
2* (N —-1) Q).

wet (Gl ) ) [ wtas

+ 0(525/ w? dac) +0(@EN?).
Qrye

/ 2o dr = O(1),
Qr/e

Since, by (3.4),

we therefore have

J(ue) < Sy + &2 (W + h(yo)) /Q w? dz

r/e

+ O (52(5 w? dx) + Ce?,
Qv/a

for some positive constant C' independent of €. By (3.4), we have that

C? C?
/ 712d$§/ w2dx§/ G
Q.. L+ |zl Q. Q.. L+ [zl
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so that
2
&

02
(4.8) / — 1 dr < / w?de < / 2
By (0.r/e) (1+[2])? Q Bya(0,2r0/2) (1+]2[%)?

Using polar coordinates and a change of variable, for R > 0, we have
dx R t3
——_dx = |53 / ———dt
/BR4(O,R) (1+ =) (1+12)
R
|53|/ ds =15 |(1og(1+f) VR )

1+st 2 1+VR

Therefore, there exist numerical constants ¢,¢ > 0 such that for every ¢ > 0

r/e

small, we have
(4.9) clloge| < / w? dr < ¢|logel.
Qr/e

Now we assume that 3|r(yo)|?/2+h(yo) < 0. Therefore by Lemma 4.1 and (4.9),
we get

) < Suat o 3 1)+ o) ) ol + 0% o + C%

Then, choosing § > 0 small and e small, respectively, we deduce that uy (2,T) <
J(’U,E) < 5470. O

PROOF OF THEOREM 1.1 (completed). By a classical partition of unity (see,
e.g., [2, Section 2.27]), we have that for every r > 0, there exist positive constants
¢, > 0, depending only on ,T', N,o and r, such that for every u € H}(Q),
(4.10)

2/2; 2/2"
sN,g( [ o lul dy) <) [ Valdy+ e+ ( [P dy) .
Q Q Q

By this and Proposition 4.2, the proof of Theorem 1.1 is completed, since if
ur(2,T) < Sy, then every minimizing sequence for pp(£2,T") converges, up to
a subsequence, to a minimizer in H{(£2), which is positive. O

5. Existence of minimizer for p;(2,I') in dimension three
We consider the function R: R3\ {0} — R, defined by z — R(z) = 1/||
which satisfies
(5.1) ~AR =0 inR3\{0}.
We denote by G the solution to the equation

(52) Gy, -)=0 on 09,
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and satisfying
(5.3) Glz,y) =R(z—y)+O(1) forz,y € Qand z # y.

We note that G is proportional to the Green function of —A + h with zero
Dirichlet data.

We let x € C°(—2,2) with x =1 on (=1,1) and 0 < x < 1. For r > 0, we
consider the cylindrical symmetric cut-off function

t
(5.4) ne(t, z) = X<|+|Z|) for every (t,z) € R x R?.
r
It is clear that
— . 1 C . 3

n-=1 inQ, nr € Hy(Q2r), |V, < s in R”.
For yo € Q, we let 79 € (0, 1) such that
(55) Yo + Q2ro - Q
We define the function My, : Q2,, — R given by

1
(5.6) My, (z) == G(yo, x + yo) — nr(x) Tl for every x € Qay,-
It follows from (5.3) that M,, € L*°(Qy,). By (5.2) and (5.1),
C
| — AMy, (z) + h(z)My,(x)| < Tl =CR(z) forevery z € Qp,,
x

whereas R € LP(Q,,) for every p € (1,3). Hence by elliptic regularity theory,
My, € WQ’I’(QTO/Q) for every p € (1,3). Therefore by Morrey’s embedding
theorem, we deduce that
(5.7) 1My, llcreq,,,.) < C for every o € (0,1).
In view of (1.6), the mass of the operator —A + h in Q at the point yo € € is
given by
(5.8) m(yo) = My, (0).

We recall that the positive ground state solution w satisfies

(5.9) —Aw = S34]2| 7w ! in R?, / 2|~ w?de =1,
R3

where x = (t,2) € R x R?. In addition by (3.4), we have

C C
CRRNRR
x| 1+ |z

(5.10) for every = € R,

The following result will be crucial for the rest of this section.



HARDY—-SOBOLEV INEQUALITY WITH SINGULARITY A CURVE 171

LEMMA 5.1. Consider the function v.: R3\ {0} — R given by
_ x
ve(z) = e tw (g) .
Then there exist a constant ¢ > 0 and a sequence (e,)nen (still denoted by €)
such that
ve(x) — ﬁ and Vve(r) = —c % for all most every x € R?,
x x
and

(5.11) v (x) — ﬁ and Vove(r) — —c ﬁ for every x € R*\ {z = 0}.

PROOF. By Corollary 3.2, we have that (v.) is bounded in C2 _(R3\{z = 0}).

loc
Therefore by Arzeld—Ascoli’s theorem v. converges to v in C_(R?\ {z = 0}).

In particular,
ve >v and Vv, — Vv almost every where on R3.

It is plain, from (5.10), that

(5.12) 0< 6 fl|$ <w(x) < 6 SQM for almost every z € R3.
By (5.9), we have

(5.13) —Av.(z) =e*f.(z) inR?,

where

fe(z) = Sg,,g\zr"v?;_l(x) < Clz|7%)x|75%27  for almost every x = (t,2) € R3.

We let ¢ € C2°(R3\ {0}). We multiply (5.13) by ¢ and integrate by parts to get
f/ v Apdr =277 | fo(x)p(x)d.
R3 R3

By (5.12) and the dominated convergence theorem, we can pass to the limit in
the above identity and deduce that Av = 0 in D'(R3 \ {0}). In particular v
is equivalent to a function of class C> (R*\ {0}) which is still denoted by wv.
Thanks to (5.12), by Bocher’s theorem, there exists a constant ¢ > 0 such that
v(x) = ¢/|z|. The proof of the lemma is thus finished. O

We start by recording some useful estimates.

LEMMA 5.2. There exists a constant C > 0 such that for every e,r €
(0,70/2), we have

(5.14) / |Vw|? de < C'max (1, E), / |w|? dz < C max (1, T),
Qr/s r Qr/a &

(5.15) /Q

w|Vw|dz < C'max <1, log T),
€

r/e
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(5.16) / |Vw|dr < C'max (1, r>, /
Q7‘/5 € Q

and

(5.17) 62/ 2] 77 || 2w?e dx+€/ |z~ w? ~t dx
Qrye Quarc\Qr/e

+/ 2]~ 7w dae < Cro =337,
R3\Q, /e

2
|w| dz < C' max (1, g)
€

r/e

PROOF. The proof of this lemma is not difficult and uses only the estimates
in Corollary 3.2. We therefore skip the details. O

5.1. Proof of Theorem 1.3. Given iy € I' C Q C R3, we let r¢ as defined
in (5.5). For r € (0,79/2), we consider F,,: @, — € (see Section 2) parame-
terizing a neighbourhood of yy in 2, with the property that Fy, (0) = yo. For
€ > 0, we consider u.:  — R given by

)

I3

We can now define the test function ¥.: 2 — R by
(5.18) Ve(y) = uely) + e Pem (Fy (1) My, (Fy ()
It is plain that ¥, € HJ () and
U_(F, () = e V2. (2)w (Z) + eY2ena,(x) My, (z)  for every x € RV,
The main result of this section is contained in the following

PROPOSITION 5.3. Let (¢,)nen and ¢ be the sequence and the number given
by Lemma 5.1. Then there exist ro,ng > 0 such that, for every r € (0,7¢) and
n 2 No,

/ V., Py + / W, > dy
= 40 Q =S

2/2% 3,0 — €n7r2m(y0)c2 + Or(en),
(/ el e, 2 dy)
Q

for some numbers O,.(e,,) satisfying lim lim ¢,10,(g,) = 0.
r—0n—oo

J(Pe)

The proof of this proposition will be separated into two steps given by Lem-
mas 5.4 and 5.5 below. To alleviate the notations, we will write ¢ instead of &,
and we will remove the subscript 3o, by writing M and F in the place of M,
and F,, respectively. We define

me(y) = (F (), Vely) :==v(F'(y))
Mo, (y) = 12, (F 7 (y)) M(F (1)),
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where v.(z) = e tw(z/e). With these notations, (5.18) becomes
(5.19) U (y) = ue(y) +£'/%e Mo, (y) = €72 Ve(y) + £'/%¢ Mo, (y).
We first consider the numerator in (5.3).

LEMMA 5.4. We have

(5.20) / V. |? dy + / hVZdy = Sz, — em(yo)cz/ IR do(x) + O.(g),
Q Q Q. ov

where v is the unit outer normal of Q.

PRrROOF. Recalling (5.19), direct computations give

CERI vy~ [ IV )2 dy
F(Q2-)\F(Qr) F(Q2-)\F(Qr)
+ec? / |V My, |? dy
F(Q2-)\F(Qr)
+ 251/2c/ V(rue) - V]T/fgr dy
F(QZT)\F(QT‘)
—/ V@V dy
F(Q2T)\F(Q7‘)

+ec? / |VM2T|2 dy
F(Q2)\F(Qy)

+ 2¢ec / V(i V) - VMo, dy.
F(Q2)\F(Qr)

By (5.4), n,ve = n.e tw(-/e) is cylindrically symmetric. Therefore by the
change variable y = F(z) and using Lemma 3.3, we get

(5.22) 5/ |V(17TV€)|2dy:g/ IV (n,ve) /9 dz
F(QZT‘)\F(QT) 2

r r

= 5/ IV (n,ve)|? dx+0(5r2/ |V(nrv€)|2dx>.
QQT\QT QZT\QT

By computing, we find that

5/ |V (nve)|? dx < 5/ |V, |? dx
Q2-\Qr Q2-\Qr
Jr&?/ v?\Vnr\zdz+2€/ Ve | Ve ||V, | dz
Q2-\Qr Q2-\Qr
C C
Sa/ \Vu€‘2da:+—25/ vgdx—i——e/ Ve |V | de
Q2r\Qr ™ JQ2\Qr " JQ2\Qn
z/ |Vwl|? d
QQT/E\QT/E

C
JrC%/ w2dx+—€/ w|Vw| dz.
T J Qo \Qrye r Q2r/e\Qr /e
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From this and (5.14) and (5.15), we get

o<sr2/Q . |V(nrv6)|2dm> — 0,(e).

We replace this in (5.22) to have

(5.23) ¢ / VG Ve) P dy = / IV (1,00)[? d + O, (e).
F(Q2-)\F(Q+) Q2-\Qr

We have the following estimates:
0<w. <Clz|™! for x € R®\ {0},
5.24
(5:24) |Vve(z)| <Clz|™2 for |z| > ¢,

which easily follow from (5.10) and Corollary 3.2. By these estimates, Lemma 2.2
and (5.7) together with the change of variable y = F'(x), we have

5/ V(@3 Ve) - V My, dy
F(Q2-)\F(Qr)

:5/ V(nrv8)~Vde+O<5/ |Vvs|dx+§/ vsdx)
Qa2 \Qr Q2-\Qr T JQz\Q-
= 5/ V(nve) - VM dz + O, (¢).
Q2-\Qr

This with (5.23), (5.7) and (5.21) give

VU dy =< / IV () 2 da

/F(er)\F(Qr) Q2r\Qr

+ ec? / |V (12, M)|? dx + 25c/ V(nve) - VM dz + O, (¢).
Q2-\Qr Q2-\Qr

Thanks to Lemma 5.1 and (5.24), we can thus use the dominated convergence
theorem to deduce that, as ¢ — 0,

(5.25) / IV (nve) | do = c2/ V(7. R)|? dz + o(1).
QZ’I‘\QT Q27*\Qr
Similarly, we easily see that
/ V(nve) - VM dx = c/ V(nR)-VMdx+o(l)
Q2-\Qr Q2-\Qr
as € — 0. This and (5.25), then give

(5.26) V.2 dy = ec? / V(. R)[2 da

Q2T\Qr
+ec? / |VM|? da + 2ec? / V(n,R)- VM dx+ O,(e)
Q27‘\Q7‘ QQT\QT

/F(er)\F(Qr)

:gc2/ V(. R+ M)|>dz + O,(¢).
Q’h‘\QT
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Since the support of ¥, is contained in (4, while the one of 7, is in Qs,, it is
easy to deduce from (5.7) that

/ VW2 dy = =c? / |V Mo, 2y = O,(¢)
Q\F(er) F(Q47‘)\F(Q2r)

and from Lemma 5.2, that

/ h|W.|? dy:5c2/ hln, Ve + My |2 dy = O, ().
A\F(Qr) F(Qar)\F(Qr)

Therefore, by (5.26), we conclude that

[ vwpars [ by
Q\F(Qr) O\F(Qr)

= 5c2/ |V(nrR+M)|2dm+602/ h( - +yo) [ R+M|* dz+O,(¢).
Q2-\Qr Q2-\Qr

Recall that G(x+yo, yo) = n-(2)R(z)+M (z) for every x € Qo, and that by (5.2),
—8:G(x +yo,y0) + Mx + yo)G(x + yo, yo) = 0

for every x € Q2 \ Q. Therefore, by integration by parts, we find that

[ wwpas [ vy
Q\F(Q,) AF(Qr)

e / (R + 2) 2R 40,0,
9(Q2\@r) ov

where 7 is the exterior normal vectorfield to Q2,\ @,. Thanks to (5.7), we finally
get

(5.27) / |v\115\2dy+/ B2 dy
O\F(Qr) OF

r

= —ec? R IR do(z) — ec? M IR do(z) + O, (e),
Q. ov 8Q, ov

where v is the exterior normal vectorfield to Q.
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Next we make the expansion of fF(Q,,) |VW_|2 dy for r and € small. First, we
observe that, by Lemma 5.2 and (5.7), we have

/ |V, | dy = /
F(Qr) F(Q,

+€c2/ |VM\2dy+2sl/2c/ Vue - VMa, dy
F(Qr) F(Qr)

:/ |Vwl|? dx
Qr/e

+ O<e2/
Qr/s

:/ |Vw|? dz + O,(¢).
Qr/e

|V |* dy
)

22Vl da + <2 /

|[Vw]| dx) + O, (g)
QT‘/E

By integration by parts and using (5.17), we deduce that

(5.28) / V|2 dy = Sg,g/ 2|~ w?e dx + / w ow do(z) + O, (e)
F(Qr)

Qe 0Q,,. v

v,
= 5370- + 5/6Q’r' Ve 5 dO’(iL’) + OT(€).

Now (5.24), (5.11) and the dominated convergence theorem yield, for fixed r > 0
and € — 0,

(5.29) / v. 2% do(a) = / / Ve (t, 2)Ve(t, ) - — do(z) dt
0, Ov 0B2,(0,r) J—r |2|

+2 / Ve (1, 2) Opve (1, 2) dz
B

2
R2

— / R(t, 2)VR(E, 2) - — do(z) dt
aB2,(0,r) J—r |2

+ 2¢? R(r,z) 0:R(r, z)dz + o(1)

2
Bu@

R
:c2/ R —do(x) + o(1).
[ Ry o) +ol)

Moreover, (5.16) implies that
/ W2 dy = O, (¢).
F(Qr)

From this together with (5.28) and (5.29), we obtain

OR
/ V|2 dy + / h¥Zdy = Sz, + c’e R —— do(x) + O,.(e).
F(@r) F o, v

r
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Combining this with (5.27), we then have

(5.30) / |V\I'E|2dy—|—/ hV2dy = S, —ec? Ma—R do(x)+ O, (g) +o(e).
Q Q Q) v

Since (recalling (5.8)) M(y) = M(0) + O(r) = m(yo) + O(r) in Q2,, we get

equation (5.20). O

The following result together with the previous lemma provides the proof of
Proposition 5.3.

LEMMA 5.5. We have

2/2%

* 7 2 OR

(/ pr7|e[* d?/) =1- g Em(yo)Cz/ — do(z) + O, (e).
Q 3,0 -

PROOF. Since 2% > 2, there exists a positive constant C'(o) such that

||a+b2; — |a|? — 2%abla

2:_2| < C(o)(|a>72b> + |b|?7) for all a,b € R.

As a consequence, we obtain

(5.31) / P72 dy = / pr? e + V2N, % dy
Q F(Qr)
+ / p® W + V20, P dy
F(Qur)\F(Qr)
— [ty 2pee? [ gt M dy
F(Q-) F(Qr)

+0</ pr? e 2o~ (Y2 Ma,)? dy
F(Qékr)

+/ pFa|€1/2M2T‘2; dy>

F(Qar)

o [ e % dy
F(Qur)\F(Qr)

+2§c51/2/ p1?0|u5|2;_1]\72r dy).
F(Q4r)\F(Q7‘)

By Hoélder’s inequality and (2.9), we have

630 [ A by
F 4r
25 -2 A7 12
SEHUE”LQ;(F(Q47v);p‘”)HJW%HLQ?’(F(Qm«);pl?")

_ 2,2 'YARIE
B E”w”m(@m\zwm> 1Mz 225 ((Quyin )

<e(t 4 ONIMar Iz (4, ) = Or(E):
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recalling that [[wl| 25 gs,|,--) = 1. Furthermore, since 23 > 2, by (5.7), we
easily get

(5.33) /| o PRy = ofe).
4r

Moreover, by change of variables and (5.17), we also have

/ pr lue|?= dy + 2208”2/ P |uc|* ™ My, dy
F(Qar)\F(Qr) F(Qar)\F(Qr)
<c 12~ |2 dx—i—Cs/ 121~ |2~ d = ofe).
Q41’/5\Q7-/e Q47'/E\Q’V'/E

By this, (5.31), (5.33) and (5.32), it results

[ oeotwiay= [ priuaay
) F(Q

T

+ 22061/2 /F(Q )p1:g|u£‘2;_lﬁ2r dy + O, (e).

We define B.(z) := M(ex)+/|ge|(x) = M(ex)+/|g|(ex). Then by the change of
variable y = F'(x)/e in the above identity and recalling (2.9), by oddness, we
have

| peowel dy
Q

:/ |z|~° 23\/|g€\dm+2;€c/ 2|~ |w|? "' B. dz + O, (¢)
Qrye ,

Qr-/s

z/ |z| "7 w?s dx + 2;50/ |2| 7w
Qr/s Qr/s

+ 0(62/ 2|~z |Pw? dx)
QT'/E

:1—|—2:§€c/ |2) =7 |w|?* "' B. dz

r/e

+O(/ |2| w2 dm+52/ |27 |z 2w?e dx) + O.(g).
RI\Q,./& Qr/e

Therefore by (5.17) we then have

r

271B. da + O, (e)

2/2;
(5.34) (/ pr |0, % dy) =1+ 2€c/ 12|77 |w|? " B.(z) da + O, (¢).
Q Qrye
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Multiply (5.9) by B. € C!(Q,) and integrate by parts to get
ow

53’(,/ 2|~ |w|?> !B, dz = Vw - VB, dr — / B. — do(z)
Quje Qrye 0Q,,. OV
v,
= Vw - VB.dz — B do(z).
Qe oQ, v

Since |VB| < Ce, by Lemma 5.1 and (5.7), we then have

£ Vw~VBsde(52/
Qr/e Q

Consequently, on the one hand,

|Vw|dx> = 0,(e).

r/e

" 0
sg,ge/ 7w Bode = —¢ | B2 do(x) + O.(c).
Qr/s 8@7‘ al/
On the other hand by Lemma 5.1, (5.7) and the dominated convergence theorem,
we get
v, OR
B d = By —d 1
[ B =e | Bt +ot)
OR
=cM(0) / —do(z)+ O(r) + o(1),
0Q, Ov
so that
. 1 OR
sc/ |2| 77 |w|?* !B, dz = —ec? —— M(0) — do(z) + O, (e).
Qr/e 3,0 Q.. ov
It then follows from (5.34) that
2/2;
. o 2 IR
</ pr W% dy> =1- sczM(O)/ —do(z) + O, (e).
Q Sg,o- Q. 31/
Since M (0) = m(yo), see (5.8), the proof of the lemma is thus finished. O

PROOF OF PROPOSITION 5.3 (completed). By Lemmas 5.4 and 5.5, we have

(5.35) J(U.) = 83, —ec’*m(yo) /BQ %—75 do(z) + O, (e).

Finally, recalling that R(z) = 1/|z|, we can compute

8—Rax:— x-z/(x)aw
/BQT 3Vd() /BQT |z[3 do (@)

-9 r 3
:/ 7rdz—27r/ L it =—r2(1+12).
B,

22 (0,7) r2 + |Z|2 —_r 7'2 + t2

From this and (5.35), we then have

J(U.) =55, — er?c®m(yo) + O, (e). (]
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PROOF OF THEOREM 1.3 (completed). By Lemma 5.3, if m(yo) > 0 for some
yo € I', then pp(2,T) < S3,. This with (4.10) (which holds for N > 3) imply
that every minimizing sequence for u,(€,T') converges, up to a subsequence, to

a minimizer which is positive. U
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