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SOME PROPERTIES OF SETS, FIXED POINT THEOREMS
IN ORDERED PRODUCT SPACES AND APPLICATIONS
TO A NONLINEAR SYSTEM
OF FRACTIONAL DIFFERENTIAL EQUATIONS

CHENGBO ZHAI — JING REN

ABSTRACT. We study a partial order in product spaces and then present
some new properties of sets via the partial order. Based on these proper-
ties and monotone iterative technique, we establish some new fixed point
theorems in product spaces. As an application, we utilize the main fixed
point theorem to study a nonlinear system of fractional differential equa-
tions. We get the existence-uniqueness of positive solutions for this system,
which complements the existing results of positive solutions for this non-
linear problem in the literature.

1. Introduction

During the past several decades, nonlinear functional analysis has been an
active area of research. As an important content of nonlinear functional analy-
sis, nonlinear operator theory has attracted much attention and has been widely
studied (see for example [1]-[3], [6], [7], [10], [16], [18], [27], [31]). As we know,
nonlinear operator theory is an important theoretical foundation and basic tool
of nonlinear sciences, and it is a research field of modern mathematics which
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has profound theories and extensive applications. Nonlinear operator theory has
been extensively used to study nonlinear differential equations, integral equa-
tions, matrix equations and boundary value problems, etc. In most cases, we
deal with these nonlinear problems by means of some fixed point theorems for
single operator. However, multiple operators in product spaces can be regarded
as an integration, this motivates to consider multiple operators and establish
some nonlinear operator theories in product spaces. Let us mention the fol-
lowing papers concerned with fixed point theorems in product spaces: Fora [9)],
Kuczumow [14], Tan and Xu [21], Ding et al. [8], Wisnicki [23], Kohlenbach and
Leustean [13]. These operators’ results have not been widely utilized to study
equation problems. The reason is that the conditions are difficult to verify for
particular operators.

In this article, we first study one partial order in product spaces, and then
present some properties of sets. Using these properties and monotone iterative
technique, we establish some new fixed point theorems in product spaces. Here
we mainly consider the following operator equation:

(1.1) (z,y) = (A(z,y), B(x,y)).

Motivated by our works [27], [31], we will establish some existence and uniqueness
results of positive solutions for operator equation (1.1), which extend the results
of [31] to some degree.

In the last section of this paper, we study a nonlinear system of fractional
differential equations. We give the existence-uniqueness of positive solutions for
this system, which complements the existence results of positive solutions for
this nonlinear problem. Moreover, we note that our main fixed point theorems
can be applied easily to many nonlinear problems.

2. Preliminaries and one partial order

Let E be a linear space on a scalar field K. Then the product space £ x E
is a linear space with
(@1, 91) + (@2, 92) = (21 + 22,91 + y2),
Mz, y) = Az, \y), A€ K.

If F is a Banach space with the norm || - || g, then the product space E x E is
also a Banach space with the norm

(2.1) [, 0)lexe = [lulle + vz, (4,v) € ExE;
or
(2.2) 1(w, )| x 2 = max{[lul|g, [v]e}, (u,v) € ExE.

Moreover, the norms (2.1) and (2.2) are equivalent.
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For convenience, we recall some definitions, notations and known results
which can be found in [1], [7], [10], [27], [31].

Let (E,|| - ||g) be a real Banach space, by 6 we denote the zero element of E.
A non-empty closed convex set P C E' is a cone if it satisfies

(i) if x € P, r > 0 then rz € P;

(ii) if z € P, —x € P then z = 6.

Then FE is partially ordered by P, ie. x <yifandonlyify—z € P. x <y or
y > x means that x <y and x # y.

Put int(P) = {xz € P : z is an interior point of P}. If int(P) is non-empty,
then the cone P is said to be solid. If there is a constant N > 0 such that, for
all z,y € E, § <z <y implies ||z||g < N|y|g, then P is called normal, in this
case N is the infimum of such constants and it is called the normality constant
of P. If x1,z9 € E, the set [x1,25] = {2z € E: 21 <z < x9} is called the order
interval between x; and xs.

For all x,y € E, the notation x ~ y means that there are A > 0 and u > 0
such that Az < y < pz. Evidently, ~ is an equivalence relation. Given h > 6
(i.e. h > 6 and h # 0), we define the set P, = {x € E : x ~ h}. It is easy to see
that P, C P.

2.1. One partial order. In this subsection we consider the product set
PxP={(z,y) : x>0,y >0}. First, P x P is a closed convex set in E x E.

LEMMA 2.1. Px P is a cone in E x E.

PRrROOF. We only need prove that

(i) if (z,y) € P x P, r >0 then r(z,y) € P X P;

(ii) if (x,y), —(z,y) € P x P then (x,y) = (6,0).
On the one hand, evidently, r(z,y) = (rx,ry). Since z,y > 0, we know that
re,ry > 0. So r(z,y) = (rz,ry) € P x P. On the other hand, if (z,y) € P x P
then 2,y € P and —(z,y) = (—z,—y) € P x P and then —z, —y € P. Since P is
a cone in FE, we get © =0, y = 0. That is, (z,y) = (0,0). Consequently, P x P
is a cone in E x E. O

REMARK 2.2. From Lemma 2.1, we obtain that E x E is partially ordered
by P x P. That is,

(z1,91) < (v2,92) & (22,92) — (w1,91) = (22 — 71,92 —y1) E P x P
S T2 > X1, Yo = Y1

We call this partial order partial-order-1I. Further, we can define monotone op-
erators on the product space E x E, we say that an operator A: E x E — F

is increasing (decreasing) if (z1,y1) < (x2,y2) implies A(z1,y1) < A(za,y2) (if
(21, 91) 2 (2, y2) implies A(z1,y1) > A(z2,y2)).
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LEMMA 2.3. P is normal if and only if P x P is normal; and their normality
constants coincide.

PROOF. Suppose that P is normal and N is the normality constant of P.
For (z1,y1) <(z2,y2), we have 29 > 1, y2 > y1. Then |z1||g < N| 22| &,
lly1lle < Nlly2|le. Thus

Iz, y)llexe = lleille + lyillz < N(lz2llz + lv2lle) = Nll(22, y2)ll 2x 55

or

[(z1,91)llExe = max{||z1]|g, [|y1ll} < max {N|za||, Nyl £}
= N max {||z2] g, [|y2lle} = Nll(z2, y2)|| ExE-

So, P x P is normal.

Conversely, suppose that P x P is normal and N; is the normality constant.
From the above argument and the definition of normality, we have N > N;. For
any x; < 2o, we have (x1,0) < (x2,0), and then ||(21,0)||pxe < Ni||(22,0)||px5-
That is,

lz1lle + 10z < Nillz2ll + 6]l 2)-

Thus, ||21]|5 < Nill@z|lp; or max{||z1|[g, |0]| g} < N1 max{[|lz2| e, [|f]|z}. Thus,
lz1]|e < Ni||z2||g. So P is normal and Ny > N. Moreover, we have Ny = N.OJ

2.2. Some properties of sets by partial-order-I. Given hél),hgf) >0
with h{Y # 6, h?) £ 0. Let ho (h(” h$?), then ho € P x P. Define the set
0—{x,y 'xEPhél)’ye (2)} (1)>< (2).

LEMMA 2.4.

13;; = {(z,y) : there exist A\, ;1 > 0 such that
ARG 6 £ (2, y) < (g 16},
where X\ and p depend on x and y.

PROOF. Set

D = {(z,y) : there exist A,z > 0 such that
2 1) (2
AR BD) < (2, y) £ (g hE) Y.
For (z,y) Eﬁ;, we know that z€ P, ), y€ P, 2. Then there exist A1, Az, pi1, p2
0 0

> 0 such that )qhél) <z < ulh(()l) and )\gh(()2) <y< /J/QhéQ).
Let A = min {\1, A2}, p = max {p1, po}. Then

MBS BE) = (AR AR £ (2, y)
< (uh” pah§?) < () uh$) = p(h ), h$).
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That is, (z,y) € D and thus 13;; C D. Conversely, if (z,y) € D, then

AR hED) = (AR AR < (2, y) < p(BSY B) = (uhlD, uh ).

So we have )\hél) <zx< uhél), )\h(()2) <y< ,uhéQ). That is, xz € Ph<1>, Yy € Ph(z).
0 8]

Hence, (z,y) € ﬁ; Consequently, D C ﬁ; Therefore, ﬁ;; =D = {(:r,y) :
there exist A, u > 0 such that )\(h(()l)7 héz)) < (w,y) < u(h(()l), h(()Q))}. O

REMARK 2.5. P,, C P x P and APy, C Py, for all A > 0.

LEMMA 2.6. Let int(P x P) be the set of all interior points of P x P. Then
int(P x P) = int(P) X int(P).

PROOF. Suppose My(xo,yo) € int(P x P), then there exists r > 0 such that

B(Mo,r) = {(x,y) : [[(z,y) — (x0,%0)l|Exe < r} C P x P. For any (v,y) €
B(My,r), we have ||(z,y) — (z0,y0)||lExe < 7. That is,

(@ =20,y = yo)llexe = |z — 2ollz + [ly — yolle < 7;
or
(& =20,y — o)l px e = max{[|z — ol &, [ly — yollz} <1

Thus, ||z — 2ol|lg < 7, |ly — vollg < r. Hence, B(xg,r) C P, B(yo,r) C P. So,
xo € int(P), yo € int(P) and thus (zg,yo) € int(P) x int(P).

Conversely, for any My (zg, yo) € int(P) x int(P), we know that x¢ € int(P),
Yo € int(P). Then there exist B(xg,r1), B(yo,r2) C P. Let r = min {ry, 3}, for
any (z,y) € B(My,r), we obtain ||(z,y) — (20, yo)||Exe < r, that is, ||z — zo||g +
ly — ol < or max{llz - zollm, Iy — wolls} < 7. So & — wolls < 7 < m,
ly = vollg <7 <re. Hence, x € B(xg,m1) C P,y € B(xg,72) C P. Then we get
B(My,r) C P x P. Consequently, (zo,yo) is an interior point of P x P, that is,
(x0,y0) € int(P x P). O

REMARK 2.7. If hg € int(P x P), then P,, = int(P x P).

3. Fixed point theorems by partial-order-I
In this section we present some new results for operator equation (1.1).

THEOREM 3.1. Let P be a normal cone in a Banach space E and hy =
(WY 1PY € P x P with h§Y (P # 6. Let operators A,B: P x P — P be
increasing and satisfy the following conditions:

(Hy) for xz,y € P, there exist ¢1,¢2: (0,1) — (0,1) such that
A(tfﬂ,ty) > $1 (t)A((ﬂ, y)> B(tfﬂ,ty) > @2(t)B(may)a

where p;(t) > t, t € (0,1), i =1,2;
(Hz) there exists (e1,ez2) € Pp, such that A(ey,ez) € Ph((]m, Ble,eq) € thf)‘
Then:
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(a) A: ﬁ; — Phg”’ B: 13;; — Phéz) and there exist uél),v(()l) c Phél)’
ul o € Py, v € (0,1) such that
0
D@y (1) @y (1) (2
r?,o6?) £ (g u?) £ (o),

WP < A, o) <o, o) < B, ofP) < o

(b) operator equation (1.1) has a unique solution (x*,y*) in F;:O In addition,
for any given point (zg,yo) € Phy, if

(x’rwyn) = (A(xn—hyn—l)?B(xn—l)yn—l))7 n = 17 27 ey
then ||zn, — 2*||g = 0, ||yn — ¥*||E = 0 as n — 0.

PrOOF. From (Hy), for any a,y € P, t € (0,1), we have
1
’ty )
1
ty )

1 1 1 1 1 1
(31) A(twvty) < (Pl(t) A(x,y), B(tx’ty> < 902(15) B(x,y)

Since e; € P, e € P, A(er,eq) € P, B(ey,eq2) € P, ), we can choose
0 0 0 0
sufficiently small numbers ¢; € (0,1) (: = 1,2,3,4) such that

M) = A1 at 1y) 2 o041 o
:Z:,
t

and thus

1
B

0 >

1
th$? <ey < = nlY, toh$? <ey< =

t t
(32) 1 1 1 .« 2 i 1
tgh(()) SA(€1,€2>§Fhé)7 t4h(()) SB(el,eg)St—hg).
3 4

Also, for u € P, ), v € P, 2, there exist 1, pi2 € (0,1) such that
[0} 0

1 1
—nV ehl? <v< —nlP.

3.3 Y <y <
(3:3) frfto = T 2

Let p = min{u1, 2}, to = min{t1,¢2}, then p,to € (0,1). From (H;) and
(3.1)-(3.3), we have

Alu,v) > A, oY) > A(uh, uh§?)
> SDl(M)A(hél)» héz)) > p1(w)A(tier, taes)
> o1 (1) A(toer, toes) > o1 (1)1 (to) Aler, e2) > o1 () on (to)toh",
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1 1 1 1
Alu,v) < A( I hg")) < A( - hg2>)
o

H1 2 1
1 1) @) 1 (1 1 >
< A(hy ', h < Al —e,—e
Rz (ho s ho™) 1) 151 ! o 2
11 1 1 )
Al —e,—e | < ——— Ale1,e0) < ———————— hy /.
= o1(p) (to Yt 2) ©1(p)e1(to) (e1, ¢2) o1(p)pr(to)ts °

From (Hy), ¢1(p)e1(to)ts > ptots > 0 and thus A(u,v) € P, ). Hence, we have
o 0
A: P, ) X P,y = P, . That is, A: P, — P . Similarly, we can prove that
0 0 0 0
B: Py, — P, ». Since ho = (h{", h")) € Py,, we obtain
0
1) (2 1) (2
Ahg = ALYV n{?) € P,  Bho= B({”,hP) e P
So there are t5,t¢ € (0,1) such that
1 1
34)  tsh) <Al hP) < . pV thl? < B(SY m(P) < . h?.
5 6

Set 19 = min {¢5, %6}, then 79 € (0,1). Note 79 < ¢i(10) < 1, i = 1,2, so we can
choose a positive integer k such that

k k
1 1
(3.5) <901(T0)) > <802(TO)) > L
70 70 70 70
Let u(()l) = Té“h(()l), u(()z) = T(’fhéz), vél) = Té“hél)/réc, v(()z) = Té“h(()?')/ﬁ’f. Clearly,

uél),vél) € Ph(()l), u((f),v((f) € Ph(()z) and

u(()l) = Tgkvél) < v(()l), u(()z) = TgkvéQ) < v(()g).

Take any r € (0,75%], then r € (0,1) and u(()l) > rv(()l), uéz) > rvé2). By (Hy),
(3.1), (3.4), (3.5), we have

A(ugl),ugm) :A(Té“h(()l),'rghgm) = A(TOTéf_lh(()l),ToTéc_lhég))
> o1 (1) A(re T A TR > L > (o1 (o) R AR D)

> (p1(70))* 858" > (1(70))Prohl" > 7R = ulV,

1 1 1 1 1 1
A (1)7 @)y _ 4 h(1)7 RGN Y h(l),— 30
(vo "5 vp ) 77'(? 0 77'(? 0 To T§_1 0 Té“_l 0

1 1 1 1 9 1 1 2
< )A<Tk_1 h(g),Tk_l hé)> g...g(iA(hg%hg))
0

¢1(7o . ¢1(10))*
< # h(l) < ; h(l) < i h(l) U(l)
“(e1(mo))fts 0 T (pr(mo))Fro O T g ’

Similarly, we can prove that

B ui) > ul®, B, u?) <o
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Let ug = (u(()l)mgf)), vy = (vél),véz)), p(t) = min{¢1(t), p2(t)}. From the

above, we have

uo,vo € Pryy () € (1,1), uo <vo, Aug >ul?,  Avy <oV,

BUO > ué)Z)v BUO < v(()Z)a
ug = (u(()l)7 u(()2)) > (rvél), rv(()2)) = r(v(()l), véz)) = rup.

Now, let us define an operator T: £ x E — E x E by

T(l‘,y) = (A(J,‘,y), B(x’y))

Due to monotonicity of operators A, B, we know that T: P x P — P x P is
increasing. Further, for any (x,y) € P x P, t € (0,1), we have

(3.6) T(tw,ty) = (A(ta, ty), B(ta, ty)) > (p1(H) Az, 1), ¢2() B(z,y))
> ((t) Az, y), o(t) B(a,y)) = ¢(t)T (2, y).
Moreover,
Tuy = (Aug, Bug) > (uél),uEf ) = wo,
Tvg = (Avg, Bug) < (v(()l), 1162)) = vy,
Tuy = (Aug, Bug) < (Avg, Buvg) = Ty,
Tuo = (Aug, Bug) > (A(rvg), B(rvg))
> (p1(r) Avo, p2(r) Buo) > ((r) Avo, ¢(r) Buo) = o(7)Tvp.
Consider the following sequences:
uy =Tug, «ooy Up =TUp—1,..., vi=Tv, ..., Uy =Tvp_1,...
Then, {u,},{v,} C P x P. In a usual way, we obtain
(3.7) W< < oo <up < oo <oy < L < <.
Note that ug > v, thus u, > g > rug > rvn, n =1,2,... Define
th =sup{t > 0:u, >tv,}, n=12,...
It is clear that w, >t,v,, n =1,2,..., and thus
Up41 >, > tnUn étnvn_,_l, n=12,...

So, tpt1 > tn, that is, {t,} is increasing with {¢,} C (0,1]. Let ¢, — t*
as n — oo, then t* = 1. Otherwise, 0 < t* < 1, then from (H;), (3.6) and
t,/t* <1, we easily obtain
: R N A S
Unt1 = Ty >T(tyv,) = T<t” t vn> > t—” T(t*v,) > t—" o(t*)Top,.
It follows from the definition of t,, that ¢,41 > t,(t*)/t*. Letting n — oo, we
get t* > p(t*) > t*, this is a contradiction. So, lim ¢, = 1.
n—oo
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Next we prove that {u,}, {v,} are Cauchy sequences. For any given natural
number p, we have

(9; 9) éuner — Un S Up — Un S Un — tnvn = (1 - tn)vn S (1 - tn)UOa
(0,0) <, — Ungp <y — up < (1 —t,)vo.
As P is normal, from Lemma 2.3, we know that P x P is normal. Let n — oo,
then
Hun—i-p - UnHEXE < N(l - tn)HUOHExE — 0,
”Un - 'Un-i-pHEXE < N(l - tn)HUOHExE — 0,
where N is the normality constant of P. So, {u,}, {v,} are Cauchy sequences in
E x E. Since E x E is complete, there exist u*,v* € E x E such that u,, — u*,
v, — v* as n — co. By (3.7), we have u, <wu* <v* <wv, with u*,v* € Py, and
(0,0) <v* —u* <wv, —u, < (1 —t,)ve. Further, we get

v —u*|lexe < N(I —tn)|lvollexe = 0, n — oo,
which shows that ©v* = v*. So we obtain
Unyr = Tup <Tu* < Ty, = Vg1

Also, we get u* = Tu* as n — oo. That is, u* is a fixed point of T in IDhVO Let
u* = (x*,y*), then

(2% y") =T(x"y") = (A", y"), B(z™,y7)).

This implies that (z*,y*) is a positive solution of operator equation (1.1).

In the sequel, we show that u* = (z*,y*) is the unique positive solution of
operator equation (1.1) in 13\;; Suppose @ is any positive solution of operator
equation (1.1) in I/tho . It is easy to see that u*, u are fixed points of the operator
T. Since u*,u € Fh/o, there exist positive numbers p1, pia, A1, A2 > 0 such that

prho <u* < Atho, p2ho < < Aghy.

Then we obtain > poho > pou®*/A;. Let t = sup {t >0:u > tu*}. We get
0 << oo, u>tu*. Next we prove that £ > 1. If 0 < £ < 1, then

U=Tu>T(tu*) > o(t)Tu* = p(t)u*.

Note that gp(%v) > ¢, this contradicts the definition of ¢. Hence, ¢ > 1 and we get
U > tu* >w*. Similarly, we can show that u* > @, thus & = w*. Therefore, T
has a unique fixed point «* in 13:0 . That is to say, operator equation (1.1) has
a unique solution in /13;;

Now we construct successively the sequence

(xnayn) = (A(-Tn717yn71)7 B(-Tnfhynfl)% n = 17 27 ceey
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for any given point (xg, o) € Fh; Since (zo,yo) € ]?h/g, we can choose a suffi-
ciently small number g € (0,1) such that

. 1
(38) No(hg”, hi”) £ (A(wo,90), Blo, o) £ 3- (16" ).
Since A\ < ¢(Ag) < 1, there is a positive integer m such that
m
(@(Ao)) > i
Ao Ao

Let uo = Ag"(zo,50) = (Ag'0, Ag'%0)s Do = (0,%0)/A5" = (20/AG", 40/ AG")-
Clearly, uwp,vg € Pho and ﬂoé(l?o,yo) éfo. bPut w, = Tu,_1, v, = Tv,,_1,

n = 1,2,... Similarly to the above proof, it follows that there exists ©* € ]3;;

such that 7u* = u*. Due to uniqueness of fixed points of the operator 1" in Py,
we get u* = u*. By induction, @, <T"(x0,y0) <Tn, n = 1,2,... Since the cone
P x P is normal, we have T"(xg,yo) — u* as n — oo. That is,

(xnvyn) = (A(mn—lzyn—l)a B(mn—lvyn—l» — (x*,y*) as n — 0.

Evidently, ||z, — 2*||lg = 0, |lyn — ¥*||E — 0 as n — oo. O
From the proof of Theorem 3.1, it is ease to obtain the following conclusion.

COROLLARY 3.2. Let P be a normal cone in a Banach space E and h(()l) epP
with hél) # 0. Let the operator A: P x P — P be increasing and satisfy (Hy).
Let there exist eq € P,y such that Aleg, eg) € P, ay. Then:

0 0

(a) A: Ph(()l) X Ph(()l) — th)l) and there are uél),vél) € Ph(()l) and r € (0,1)
such that
ol <o <o, o < A ) < A ) < o

(b) the operator equation A(z,z) = x has a unique solution x* in P, «).
0
In addition, for any given point xy € Phg”’ if ©n = A(Tp-1,%Tn-1),

n=12,..., then ||z, — z*||g = 0 as n = oc.

THEOREM 3.3. Let P be a normal cone in a Banach space E and hg = (h(()l),
h(()Q)) € P x P with hél), héz) # 0. Let operators A, B,C: Px P — P be increasing
and satisfy the following conditions:

(Hs) there exist o € (0,1), § > 0 such that, for x,y € P, t € (0,1),
Alta,ty) 2 17 A(z,y),  Bltz,ty) 2 tB(x,y),  Alz,y) 2 6B(z,y);
(Hy) forx,y € P, t e (0,1), there exists p3(t) € (t,1) such that
Clta,ty) = ¢3(t)C(2,y);
(Hs) there exists (e1,e2) € Pp, such that

A(el,eg) S Ph(()l), B(€17€2) S Ph(()l), 0(61,62) S Phég).
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Then:
(a) there exist ugl),vél) € th)”’ uéZ),v(()Q) € thf)’ r € (0,1) such that
) (@2, 2) 2 2
rug08”) £ (g ug?) £ (0", 057,
1) (2 1) (2 1
(uy) ) + Blug, ug”) < vf?),

uél)gA
ué) <C

0 1) < 2
(b) the operator equation
(3.9) (z,y) = (A(z,y) + B(x,9), C(z,y))
has a umq/u\e/ solution (z*,y*) in Fh; In addition, for any given point
(20, Y0) € Phy, if
(@n,yn) = (A(@n-1,Yn-1) + B(@n-1,Yn-1), C(¥n-1,Yn-1)), n=12,...,
then ||xn, — 2*|g = 0, |lyn — ¥*||lE = 0 as n — oco.

PROOF. Define an operator F': P x P — P by F(z,y) = A(x,y) + B(z,y).
From Theorem 3.1, we only need to prove that F satisfies conditions (Hy), (Hz).
As A, B are increasing, we know that F' is increasing. From (Hs), F'(e1,es) =
A(ey,e2)+Bler,eq) € Ph(()l). In the sequel, we show that there exists ¢(t) € (¢, 1),
t € (0,1), such that

F(tx,ty) > o(t)F(z,y), forall z,y € P.

Consider the following function:

P —t
f(t7ﬁ):m7 t€(031)7 Be(gal)'

One can easily prove that f(t,[) is increasing in ¢ € (0, 1) for fixed € (o,1),

and 15
lim f(t,8) =0 lim f(t,5) = —=.
Jim f(t8) =0, lim f(t,5) = F—
Further, for fixed ¢ € (0,1), we get
lim f(t,8) = lim 7§ﬁi_t—o
1= gna-to — 8

So there is By(t) € (o,1) depending on ¢ such that
tho(t) — ¢

Hence, from (Hj3) we get
tBo(t) _ ¢
A(z,y) > 6B(x,y) > o 0 B(z,y), forallte (0,1), z,y € P.

Then
t7 Az, y) + tB(z,y) > tPO[A(z,y) + B(x,y)], forallte (0,1), z,y € P.
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Consequently, for any ¢t € (0,1) and z,y € P,

F(tz,ty) = A(te, ty) + B(tx, ty) > 17 Az, y) + tB(x,y)
> tPW[A(z,y) + Blz,y)] = t* O F(z,y).
Set p(t) = tF®) t € (0,1). Then ¢(t) € (¢,1) and F(tx,ty) > (t)F(x,y) for

any ¢t € (0,1) and x,y € P. Hence condition (H;) in Theorem 3.1 is satisfied.

By Theorem 3.1, we have the following conclusions:

(i) there exist ugl),vél) € th)”’ uéz),v((f) € th)’“)’ r € (0,1) such that

1 2 . 1 2 - 1 2
r(of, i) < (WS, ul?) < (u§”, o),

WP < P ) <o, ol < Ol ) <ol

(ii) the operator equation (z,y) = (F(z,y),C(z,y)) has a unique solution
(z*,y*) in Pp,. Moreover, for any (zo, yo) € Py, if
(xnvyn) = (F(xnflyynfl)y C(-rnfh ynfl))a n = 1; 27 ey
then ||z, — 2*||g = 0, |lyn — ¥*[|z = 0 as n — oo. That is, the conclusion of

Theorem 3.3 holds. O

THEOREM 3.4. Assume that all conditions of Theorem 3.1 hold. Then, for
any given \, u > 0, the operator equation

(310) (xvy) = (/\A(x’y)7/’LB(x7y))

has a umgzi? solution (23 .3 ,) in ]3;; In addition, for any given point
(33073/0) € Ph07 Zf

(xnvyn) = ()\A(irnflvynfl)u,U/B(xnfluynfl))a n=12...,
then ||z, — 23 e = 0, lyn — y3 ullE — 0 as n — occ.

PRrROOF. Let Ay = AA, B, = uB for A, i > 0. Then operators Ay, B, satisfy
(H1), (H2). From Theorem 3.1, the operator equation (z,y) = (Ax(z, y), Bu(x,v))
}Ea unique solution (xj{)u, yf\u) in Pp,. Moreover, for any initial point (zg,yo) €
Py, constructing successively the sequence (2., yn) = (Ax(@n-1, Yn—1), Bu(@n_1,
Yn-1)), n=12,..., we have |z, — 23 g —= 0, [y —y3 ./l = 0 as n — oco.
That is, the operator equation (z,y) = (MA(z,y), pB(z,y)) has a unique so-

lution (23 ,,93 ) in Ph,. Further, for any (xo,y0) € Pp,, constructing the
sequence (Z'n, yn) = (AA('TTL—Ia yn—l)a ,LLB(In_l, yn—l))a n = 17 2a <. WE have
||a:nf$§’u\|E%O, ||ynfy;,u||E%Oasn%oo. O

From Remark 2.7 and Lemma 2.6, we the following conclusions which are
similar to Theorem 3.1, Corollary 3.2, Theorems 3.3 and 3.4 can be established.
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THEOREM 3.5. Let P be a normal cone in a Banach space E. Let operators
A,B: int(P x P) — int(P) be increasing and satisfy (Hy) for x,y € int(P),
€ (0,1). Then:

(a) there exist u(() ),vé1)7u82),v(()2) € int(P), r € (0,1) such that

r(of”, o) £ (s u?) < (Wi u§?)

) < Alug” ug?) <o, u? < Blug? ug?) < v
(b) operator equation (1.1) has a unique solution (x*,y*) in int(P x P). In
addition, for any given point (xg,yo) € int(P x P), if
(wrn yn) = (A(xnfla ynfl), B(xnfla ynfl))v n=12...,

then ||z, — 2*||g = 0, |lyn — ¥*|lE = 0 as n — oc.

THEOREM 3.6. Let P be a normal cone in a Banach space E. Let the operator
A: int(P x P) — int(P) be increasing and satisfy (Hy). Then:

(a) there are ugl),vél) € int(P) and r1 € (0,1) such that
1 1 1 1 o NI 1
o) <up) <o, ug? < Alug,ug) < A wt) < ogs

(b) the operator equation A(x,x) = x has a unique solution z* in int(P).
In addition, for any given point o € int(P), if v, = A(Tp—1,Tn-1),
n=12,..., then ||z, — 2*||g — 0 as n — oo.

THEOREM 3.7. Let P be a normal cone in a Banach space E. Let operators
A,B,C: int(P x P) — int(P) be increasing and satisfy (Hs), (Hy) for z,y €
int(P), t € (0,1). Then:

(a) there exist u((J ),vé1)7u62),v(()2) € int(P), r € (0,1) such that

1) (2 1 2
rg” op) < (ug”, ug?) £ (057 u”),
< A(UO , (2)) +B( (1)7,“82)) S ’U(()l), (2) < C( (2)) S ’U(()Q);
(b) the operator equation

(x,y) = (A(:E7y) + B(xv y)7 C(I,y))

has a unique solution (x*,y*) in int(P x P). In addition, for any given
point (zo,yo) € int(P x P), if

(l‘n, Yn) = (A(Tn—1,Yn—1) + B(xn—lvyn—l)v C(xn—lvyn—l))v n=12...,
then ||z, — 2*||g = 0, |yn — ¥*|lE — 0 as n — 0.

THEOREM 3.8. Assume that all conditions of Theorem 3.5 hold. Then, for
any given A\, p > 0, the operator equation (z,y) = (AA(z,y), uB(z,y)) has a
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unique solution (xj’ﬂ,y:{)u) in int(P x P). In addition, for any given point
(£C07y(]) c mt(P X P), ’Lf

(xnayn) = (/\A(xn—layn—l)a,UfB(xn—layn—l))a n=12...,
then ||z, — $§M||E =0, |lyn — y}*\#HE — 0 asn — oo.

REMARK 3.9. As we know, the condition of upper-lower solutions is difficult
to verify for particular operators. So the condition was required directly in many
known results. Here we do not suppose the condition and we give the iterative
forms. Moreover, the existence of a unique solution for (1.1) has not been studied
in literature.

4. Applications

Many problems that arise from differential equations, integral equations, non-
linear matrix equations and boundary value problems, etc., have been studied via
various operator equations but none results were obtained via operator equation
(1.1). In this section, we apply the main result of Section 3 to study a nonlinear
system of fractional differential equations. Let Dg, be the Riemann-Liouville
fractional derivative of order o > 0, defined by

D5yl = s () [ -1t

where n = [a] + 1, [o] denotes the integer part of the number «, see [20].
We study the existence-uniqueness of positive solutions for the following sys-
tem of nonlinear fractional differential equations:

—Dyi(t) = f(tyi(t), ya(t)),
—Dg2ya(t) = g(t,31(1), y2(1)),

where t € (0,1), v1,v2 € (n—1,n] for n > 3 and n € N, subject to a couple of

(4.1)

boundary conditions
(4.2) yi”(0) =0 =4"(0), 0<i<n-—2
(4.3) (D& y1(B)ir =0 = [Dgya (Bt 1<a<n—2.

In the recent years, many fractional differential equations that arise from
physics, mechanics, chemistry, engineering and biological sciences (see [12], [17],
[19]) have been studied (see the papers [5], [11], [15], [20], [22], [24] and the
references therein). In many papers, the authors have investigated the existence
of positive solutions for nonlinear fractional differential equation boundary value
problems. In addition, the uniqueness of positive solutions for nonlinear frac-
tional differential equation boundary value problems has been considered by sev-
eral authors, see [25]-[30] for example. However, there are few papers concerned
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with the uniqueness of positive solutions for systems of nonlinear fractional dif-
ferential equations. In this section, we apply Theorem 3.1 to study the system of
nonlinear fractional differential equations (4.1) with boundary conditions (4.2)
and (4.3).

LEMMA 4.1 (see [11]). If g € C[0,1], then the solution for the problem
—D¥, y(t) = g(t) with boundary conditions y(0) = 0 = [DS,y(t)]s=1. where
1<a<n—-2and0<i<n-—2,is

where
tufl _ o\w—a—1 _ _ o\v—1
(1-13s) (t—s) C0<s<i<l
L'(v)
G(t,S) = tV—l(l _ S)V—a—l
0<t<s,<1

T'(v) ’ - =7

is the Green function for this problem.

LEMMA 4.2 (see [11], [28]). Let G be as given in the statement of Lemma 4.1.
Then:

(a) G is a continuous function on the unit square [0, 1] x [0,1];
(b) G(t,s) >0 for every (t,s) € [0,1] x [0,1] and, fort,s € [0,1],

[1—(1—-9)(1—s) > <TW)G(t,s) < (1 —s) L

In the following, set E = C]0, 1], the Banach space of continuous functions
on [0,1] with the norm |ly|| = max {|y(¢t)| : t € [0,1]}. Let P = {y € C[0,1] :
y(t) > 0, t € [0,1]}. Then P is a normal cone with the normality constant 1. The
partial ordering defined by P is given by z < y < z(t) < y(t) for all ¢t € [0, 1].

THEOREM 4.3. Assume that:
(D1) f,9 € C([0,1] x [0,400) X [0, 400), [0, 4+00)) and f(t,0,0),g(t,0,0) # 0;
(Do) f(t,ui,v1) < f(t,ug,v2), glt,ur,v1) < g(t,ug,ve), for any t € [0,1],
ug > up 20, v2 > vy > 0;
(D3) for any A € (0,1), there exist p;(A) € (A, 1), i = 1,2, such that

f(tv )‘ua )\’U) 2 Qal()‘)f(ta Uu, ’U), g(ta )\U, )\"U) Z 902(>‘)g(t7 U, 1})
fort €0,1], u,v € [0, +00).

Then:
(a) there exist mél),y(()l) € Py-1, xéz),y(()z) € Puy-1 and 1 € (0,1) such that

(s ) < (@8, 28) < (s, u5?) and

5! (t) < / Gi(ts)f(s,28" (s), 2 (s)) ds < y§P(s), te[0,1],
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1
221 < / Ga(t, $)g(s, 20 (5), 22 (s)) ds < yP(s), t e [0,1],
0

where G;, i = 1,2, are the Green functions of Lemma 4.1 with v replaced
byv;, i =1,2;

(b) problem (4.1)—(4.3) has a unique positive solution (z*,y*) in ?’hvo, where
ho(t) = (¢ 1 tv2=1) ¢ € [0,1];

(c) for any given point (xg,y0) € Pry, if

Ty (L) :/0 G1(t,8)f(s,2n(8),yn(s))ds, n=1,2,...,

Ynt+1(t) = /0 Gao(t,s)g(s,xn(s),yn(s))ds, n=1,2,...,
then x,(t) = *(t), yn(t) = y*(t) as n = oc.

PRrROOF. We work in the product space E x E = C[0,1] x C[0,1] with the
partial-order-I. Define two operators A, B: P x P — E by

1
Al y)(t) = / Ga(t, )£ (s, (), y(s)) ds,
Bz, y)(t) = / Ga(t, 8)g(s,2(s), y(s)) ds,

where G;, i = 1,2, are the Green functions of Lemma 4.1 with v replaced by
vi, © = 1,2. From [11], we know that a pair of functions (z,y) € F x E is a
solution of problem (4.1)—(4.3) if and only if (x,y) is a solution of the operator
equation (x,y) = (A(x,y), B(z,y)). From Lemma 4.2 and (D;), we know that
A,B: P x P — P. In the sequel, we check that A, B satisfy all assumptions of
Theorem 3.1.

Firstly, we prove that A, B are increasing. Indeed, for x;,y; € P, i = 1,2,
with z1 < 2, y1 < Y2, we know that z1(t) < za(t), y1(t) < y2(¢), t € [0,1], and
by (D) and Lemma 4.2,

1
Aler, (1) = / Gt 5)f (5,21(s), 31 (5)) ds
< / G (£, 5)f (5, 22(5). y2(5)) ds = A2, 92)(8),
Blar,y)(t) = / Ga(t, $)9(5,21(5), 11 (s)) ds

< / Galt, $)9(5, 22(5), y2(5)) ds = B2, y2)(1).
0

That is, A(z1,y1) < A(z2,y2) and B(z1,y1) < B(z2,92).
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Further, we prove that A, B satisfy condition (H;) of Theorem 3.1. For any
A€ (0,1) and z,y € P, by (D3) we have

Al M)t / G (1.5 (5. Aa(s), Ay(s)) ds
> 1) / G (t,8) (5. 2(5), y(s)) ds = 1 (N Alw, ) (D),
B(Az, \y)(t / Gl 5)g(s, Aa(s), Ay(s)) ds
> s / Gat, $)g(s, 2(s),y(5)) ds = pa(N B, y)(2),
0
That is, A()\(E, Ay) > QDl(A)A(iL',y), B()\(E, )‘y) 2 SDZ(A)B(%Z/) for any A € (07 1)3
z,y € P.
Let ho = (hiY, n{?), where h§” (t) = #1-1, n{P (t) = t*2=1, ¢ € [0,1]. Then
(A", 1Y) € Pyy. Next we show that A(hS",h§?) € Py, B(h{",hiP) € P, .
0 0
On the one hand, from (D3) and Lemma 4.2, for any ¢ € [0, 1], we have

AR 82y ( / Gi(t,s) 1 g2~y ds

>

o M0 / 1= (1= 5)°](1 = 5}~ £(5,0,0) ds.

On the other hand, also from (D5) and Lemma 4.2, for any ¢ € [0, 1], we obtain

A(h / Gi(t vl g2l ds

IN

W [ S
F(Vl)h ()/O (1—s)" f(s,1,1)ds.
From (D3), we have f(s,1,1) > f(s,0,0) > 0. Since f(¢,0,0) £ 0, we get
[1—(1—=1t)*)(1 =)~ >"1f(£,0,0) Z 0, (1—t)" L f(t,1,1) £0.

Note that ;1 —a — 1 > 0, so we have

1 ! « vi—a—1

I = F(Vl)/o 1T—(1-=9)(1-29) f(s,0,0)ds > 0,
1 ! vi—a—1

ly == F(Vl)/o (1—29) f(s,1,1)ds > 0.

So 1h§P () < AMEY, P (t) < 1,hP(4), t € [0,1]; and hence AWV, m{P) €
Ph(l) Similarly, we can prove that B(h(()1 ,h(2 e P )
Finally, by Theorem 3.1, we have the following conclusmns
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there exist z! ),y(l) € P, -1, x(Q),y( ) e P,u,—1 and r € (0,1) such that
0 0 Yo

. 2
<%”w§h_<é%x$>s@8%%%

V<A@ ) <u”, w0 < B e?) <w?,

)

that is

/Glts (5,20(s), 22 (s)) ds < gV (s), t € [0,1],

/ Ga(t,s)g(s 950 ():v((f)( ))ds<y(2)( ), te][0,1];

(2) the * operator equation (x,y) (z,y), B(x,y)) has a unique solution

= (4
(z*,y*) in Pho, that is, problem (4.1)—(4.3) has a unique positive solution (z*, y*)

in th
(3) for any (anyO) € DPhy, if (wnayn) = (A(xnfl,ynfl)a B(xnflaynfl));
n=12,... then |z, — 2*||g = 0, ||lyn — v*||lg — 0 as n — oo. That is, for
1
Tpt1(t) = / Gi(t,s)f(s,zn(8),yn(s))ds, n=1,2,...,
0
1
Y (1) :/ Galt, 5)g(5, 2n(s) yn(s)) ds, n=1,2,...,
0
we have x,,(t) = z*(t), yn(t) = y*(t) as n — oco. O

EXAMPLE 4.4. Let us consider the following system:

D2y (t) = [y (0] + [y (0] (), e (0,1),
—DEys () = [ ()] + [y2 ()] + v2(t), t € (0,1),

subject to a couple of boundary conditions

(4.4)

(4.5) ! (0)=0=1"0), 0<i<2,
(4.6) (D5 (D)1 = 0= (D5 ya (D))=,
where 71,72 € (0,1), ¢1,19: [0,1] — [0, 4+00) are continuous with t; Z 0. Let
fltu,v) =u™ + o™ + 4y (t), gt u,v) = u™ + 0™ + ha(t).
Take n = 4, vy = 7/2, vo = 10/3, @ = 3/2. Then vi,vy € (3,4], « € [0,2].
Obviously, f,g € C(]0,1] x [0, +00) X [0, +00), [0, +00)) and
f(£,0,0) =4(t),  g(t,0,0) = oa(t) #0.

Note that 2™, ¢ = 1,2, are increasing in [0, +00), f(t,u,v), g(t,u,v) are increas-
ing in w,v for any ¢ € [0,1]. Moreover, set ¢1(A) = A™, pa(A) = A2, A € (0,1).
Then ¢1(A), p2(A) € (A, 1) and

FE A u, o) = AT u™ + 0T ] + 9 (8) > A u™ + o™ 4+ AT (8) = AT f(E u, v).
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Similarly, g(t, Au, \v) > A\2g(t,u,v) for t € [0,1], u,v € [0,+00). Hence, all
conditions of Theorem 4.3 are satisfied. Application of Theorem 4.3 implies
that problem (4.4)—(4.6) has a unique positive solution (z*,y*) in Py,, where
ho(t) = (t°/2,¢7/3), t € [0,1], and for any given point (o, yo) € ﬁ;, if

1
Tnt1(t) :/0 Gi(t, 8) {[zn(8)]™ + [yn()]™ +1(s)} ds, n=1,2,...,

Ui (1) = / Galt, 5) {[m ()] + [yn(5)]™ + o)} ds, n=1,2,...,

then x,(t) — x*(t), yn(t) = y*(t) as n — oo, where

ts/z(l—s)—(ﬁ—s)5/27 <s<i<l,
Gi(t,s) = £5/2(1 _2%7/2)

W, O<t§5<1,

t7/3(1 _ 3)5/6 _ (t _ 8)7/3 P
Ga(t,s) = t7/3(1 _ (5(5}?/3) ’ et

W, 0<t<s<1

REMARK 4.5. If in Example 4.4 we replace f,g by f =T(7/2), g =T(10/3),
then problem (4.4)-(4.6) has a unique solution (z*,y*), where z*(t) = (1/2 —
2t/ T)t5/2, y* (t) = (6/11 — 3t/10)t7/3, t € [0,1]. We can obtain that

3

1 27 6
ﬁﬁ/2 < z*(t) < §t5/27 mt”?’ <yr(t) < ﬁt”?’, t € [0,1].

So the unique solution is a positive solution and (z*,y*) € ﬁ(t5/27t7/3).
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