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TOPOLOGICAL DEGREE
FOR A CLASS OF ELLIPTIC OPERATORS IN R"

CRISTELLE BARILLON — VITALY A. VOLPERT

Dedicated to the memory of Juliusz P. Schauder

ABSTRACT. A class of elliptic operators in R™ is considered. It is proved
that the operators are Fredholm and proper. The topological degree is con-
structed. Existence of solutions for a reaction-diffusion system is studied.

1. Introduction

Consider the elliptic operator

- ou

(1.1) A(u) = a(z)Au+ ; bi(@) g, + Fla,u),
where z = (z1,...,2,) € R”, u = (u1,...,up), F(z,u) = (Fi(z,u),..., Fp(z,u))
is a vector-valued function, a(z), b;(x) are p X p matrices, A denotes the Laplace
operator. Conditions on the matrices a(z), b;(x) and on the function F(x,u)
will be specified below.

The operator A is considered as acting from the weighted Holder space
C2H(R™) to the space C5(R™). The norm in the space CE+*(R™) where k
is an integer and 0 < § < lis defined by the equality

k+6 __
[l ;™ = llupllrrs-
1991 Mathematics Subject Classification. 35J60, 47TH11, 47TN20.
Key words and phrases. Elliptic operators, unbounded domains, reaction-diffusion equa-

tions, topological degree.

©1999 Juliusz Schauder Center for Nonlinear Studies

275



276 C. BARILLON V. A. VOLPERT

Here p(z) is a weight function and || - ||g+s is the usual Holder norm:
k
olls+s = ol + [lkss,  Nolle =D max [Dllo, [Jvllo = sup |o(@)],
=olel=i zER™

[v]k—i-é = sup |Dk”U(;L') B Dkv(y)‘
) z,yeR” |$ - y|6

alc
B 8x}f1 .. .(’9:52" ’

)

DF ki+...+k,=k.

The weight function p(z) is a sufficiently smooth positive function, u(z) — oo
as |z| — oo, such that the functions

i(r) = —— 1= n T :A,u(:lc)
e e

are bounded in C°(R") and tend to 0 as |x| — oo. As example we can take
p(x) =1+ |z

In this work we define the topological degree for the class of operators (1.1).
We note that construction of the topological degree for elliptic operators in un-
bounded domains is essentially different in comparison with the operators in
bounded domains. In the latter case the corresponding vector field can be re-
duced to a completely continuous one and the classical Leray—Schauder theory
[6] can be used. In the case of unbounded domains it cannot be done and other
approaches should be employed. In [3], [4], [11], [10] the degree is constructed
in the one-dimensional spatial case and in [12] for the elliptic operators in un-
bounded cylinders. This construction is based on the estimations of the operators
from below and on the approach developed in [9]. In [15] a wider class of elliptic
operators in cylinders is considered. In this case the construction uses the degree
theory for Fredholm operators [5]. In this work we apply the approach developed
in [15] to define the degreefor elliptic operators in R™ (see also [1]).

We recall that the choice of function spaces is important for the degree con-
struction. We use weighted spaces and we give an example when the degree
cannot be constructed in spaces without weight.

The contents of the paper are as follows. In Section 2 we study linear oper-
ators and discuss the Fredholm property and the index. In Section 3 we obtain
the conditions when the nonlinear operators are proper. The degree construction
for Fredholm and proper elliptic operators is discussed in Section 4. We study
existence of solutions for a reaction-diffusion system of equations in Section 5
and give the example where the degree cannot be defined in Section 6.
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2. Linear operators
In this section we consider the linear elliptic operator

(2.1) Lu = a(z)Au + Z bi(x) g;t + c(z)u,

acting from the space C?*°(R") to C°(R"). The matrices a(z), b;(z), and c(x)
belong to C°(R™) and the ellipticity condition

(a(x)§,§) 20 >0, [ =1

is supposed to be satisfied. We suppose moreover that the coefficients of the
operator have directional limits at infinity. To define the directional limits,
consider the unit sphere S in R™ and consider a(x) as a function of the variables
¢ € S and r > 0. Assume, that for any ¢ € S, there exists the limit

ag = lim a(r,9),
T7—00
and that this limit is a continuous function of ¢. Similarly we define b;, and cg

and assume that b;4; and ¢y are continuous functions of ¢.
We introduce the limiting operators

n
ou
Lyu = apAu + bis=—— + cou
which are operators with constant coefficients. The following conditions ensure
that they are Fredholm operators.

CoNDITION 1. For any ¢ € S the problem Lsu = 0 does not have nontrivial
solutions in C2+9(R™).

THEOREM 2.1. The operator L is normally solvable and has a finite dimen-
stonal kernel if and only if Condition 1 is satisfied.

The proof of this theorem is given in [7], [8] in a more general formulation.
Since the limiting operators Ly have constant coefficients, we can formulate
Condition 1 in an equivalent form.

CoONDITION 1’. The matrices

M($,6) = —[¢Pag +i Y &bj, +co

j=1
do not have zero eigenvalues for any ¢ € S and & = (&,...,&,) € R™

To obtain the equivalence of these conditions we should apply the generalized
Fourier transform to the differential problem. Condition 1’ is more convenient
and we use it below. For the degree construction we need not only Conditions 1
and 1’ but also more strong conditions:
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ConpITION 2. For any ¢ € S and A > 0 the problem Lyu — Au = 0 does not
have nontrivial solutions in C?+9(R™).

CoNDITION 2’. The matrices

M(6,€) = —[€[Pag +i ) &bj, +co — Ay
j=1
do not have zero eigenvalues for any ¢ € S, £ € R”, and A > 0. Here I, is the
identity matrix.

Under additional conditions on the operator, Condition 2’ follows from Con-
dition 1’. Indeed, suppose that for some positive A and £ € R™, det M, (¢, &) = 0.
We find additional conditions on the operators such that there exists n € R™ for
which

(2.2) Mx(9,8) = M(¢,n).

Comparing the real and imaginary parts of these matrices, we have

n

2 2
(2.3) (Inl* = 1€P)ag = Ay, Y (& —nj)bj, = 0.
j=1
From the first equality immediately follows that as = I, and |n|* # |£[%. The
second equality is satisfied if the matrices b; s are linearly dependent. In this
case the same vectors £ and 7 can be used to satisfy the first equality. We have
proved the following proposition.

PROPOSITION 2.2. If ag = I, and the matrices bj¢ are linearly dependent
for all ¢, then Condition 2" follows from Condition 1’.

COROLLARY 2.3. Let Condition 1’ be satisfied. If the matrices bj¢ are lin-
early dependent for all ¢ then the index of the operator L is zero.

Proor. Consider first the case where ag = I,,. To prove the corollary it is
sufficient to consider the homotopy L — 7A, 7 € [0,1]. For X sufficiently large
the operator L — ) is invertible and its index is zero. Since the homotopy takes
place in the class of normally solvable operators with finite dimensional kernel,
the index does not change.

It remains to note that the index of the operator a;l(x)L is the same as
the index of the operator L and that multiplication by the matrix a;l does not
change the linear dependence of the matrices b, & O

COROLLARY 2.4. If Condition 1’ is satisfied and one of the matrices b; is

zero, then the index of the operator L is zero.

The proof is obvious.
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We note that in the case n > p? the matrices b; s are linearly dependent and
the index of the operator is zero. In particular it is the case for the multidimen-
sional scalar equation n > 1, p = 1. In the one-dimensional case the index can
be different from zero [2]. It can also be equal to zero but Condition 2’ may not
be satisfied. It shows in particular that there exist different homotopy classes of
Fredholm operators with the same index.

We conclude this section with the conjecture that if n > 1 and Condition 1’
is satisfied, then the index of the operator L is zero.

3. Proper operators

In this section we show that the restriction of the operator (1.1) on every
bounded set is proper. It means that the intersection of the inverse image of any
compact set with a ball |Ju| < K, K > 0 is compact. For the degree construction
we need to consider the operators depending on a parameter. Along with the
operator (1.1), we consider also the operator

ou

(3.1) A(u,7) = a(z, 7)Au + Z bi(x,T)

where 7 € [0, 1] and the following hypothesis are satisfied:

(H1) a(z,7), bi(x,7) € C°(R™) for any 7 € [0,1] and F'(x,u,T) € C’i(R", ]
< M) for any 7 € [0,1] and 0 < M < o0;

(H2) |la(z,7) — a(x,10)|ls — 0, ||bi(x,7) — bi(z,70)||s — 0 as 7 — 79 and
|(F(x,u,T) — F(z,u,70))plls — 0 as 7 — 79 uniformly in u on every
bounded set;

(H3) a(x,7), bi(z,7) and ¢(z,7) = F),(x,0,7) have directional limits a(¢,7),
bi(¢,7) and (¢, 7), respectively. The matrix-functions a(¢, 1), b;(¢, 7)
and ¢(¢, 7) are continuous with respect to ¢;

(H4) Denote

a(¢7 T, T):a(va)a gi(d%n T):bi(xa’r)v
ﬁ;(qb,r,u,T):F;(%u,T), peSr>0.

Then
lim a(¢7 T, T) = a(¢07 T)a lim ’51((;57 T, T) = bi (¢)07 T)a
o =%
lim F' (¢, 7 u,7) = c(do, 7).
r—00
¢— o
u—0

We also introduce the following notations

Ey=C(R"), E{=E x[0,1, E,=CHR"),
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and consider the operator A(u,7) as acting from E} to Fs.

THEOREM 3.1. Suppose that hypothesis (H1)—(H4) are satisfied and the op-

erator
ou

L = A bi(x,
(Mu=a(z,7)Au + ; (x T)a
satisfies Condition 1 for any 7 € [0,1]. Then the restriction of the operator

+clz,
. c(z, T)u

A(u,7) on any bounded set in Ej is proper.

ProoF. Let Bg = {(u,7) € EY, ||u|lg, < R, 7 € [0,1]}, and D be a compact
set in Ey. We choose a sequence {uy, 7} € G = A71(D) N Br. We will show
that there exists a converging subsequence of the sequence {uy,7,}. Without
loss of generality we can assume that 7, — 79 as k — oo.

Since the sequence {u} is bounded in Fj, then there exists a subsequence
{ug, } converging to some limiting function ug € F; uniformly in C?(R™). We
should show that this convergence takes place in Fy. Let

A(uk,Tk) = fk e D.

Since D is compact then without loss of generality we can suppose that fr — fo
in Ey. Hence A(ug,79) = fo. Put

Vi = Uk, Vo = VoM, Wg = Vi — Vo, gk = fk?ua go = folu’
Then w;, satisfies the following equation

8wk

(3.2) a(x,10)Awy, + Z (bi(x,70) — 2pia(x, 70)) oz

i=1

n

+ (a(x,To)(2|ME2 —pa) = D bilw, )i + Bk($ﬁo)>wk = hi — ho,
i=1

where
1 n
Bu(e,m) = [ P uo(o) + tun(o) — wol@), o) dt, sl = Y- u
0 i=1

and
hi — ho = gk — go + (F (v, ug, 70) — F(@, ug, 7)) 0

.0
+(a(z,70) — a(@, 7)) (Avk + (2lus|? — pa)vr - ; 2/%82]:)

7

. (%k
+ > (bi(w,70) — bi(z, %)) — wivy ).
St (3 -0

To prove the theorem we should show that wy — 0 in C?+°(R™).
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We note first that hj, — ho in C°(R™). Indeed, we put hy — hg = gr — go +
G1 + Ga, where G1 = —(F(x,ug, 1) — F(x,ug, 70))pt and G2 contains all other
terms. By construction gx — go in C?(R™). By virtue of the conditions on F,
G1 — 0 in C2(R™). All other terms have the form gz, where yp — 0 and zj is
uniformly bounded in C°(R™).

From the inequalities

K
|uo(z)| < z)’

where K is a positive constant, we obtain the convergence
Bk(vaO) _)C¢07 r— 00, ¢_7¢0

Here x = (r, ¢). By virtue of the convergence u,, — 1y in C?(R"), w;, — 0 in C?
on every bounded set.

We show next that wy — 0 in C(R). If this convergence does not take place,
then there exists a sequence {2(®)} such that |wy(x*®))| > § > 0. This sequence
cannot be bounded because of the uniform convergence on every bounded set.
If we consider the corresponding spherical coordinates {r(k), ¢(k)}, then without
loss of generality we can assume that ¢*) — ¢ for some ¢y € S. The function
Wi (z) = wy(z + ) satisfies the equation

owy,
5‘:51-

(3.3) a(x + 2™ 70)Awy, + Z (bi(x + 2% 7)) = 2fa(x + 2, TQ))
i=1

(ot + 2 m) Qs ) = Db+ 2, ) )
i=1
+ Bi(z + z®), T0)Wr, = hi(z + x(k)) — ho(x + x(k)),

where [i;(z) = pi(z + 2®), fis(z) = ps(z + ™) and fia(z) = pa(z + ).
Passing to the limit in this equation on every bounded set, we obtain that the
equation Ly, (79)u = 0 has a nonzero solution. This contradicts Condition 1 and
proves the uniform convergence wy — 0.

Since the sequence {wy} is uniformly bounded in C?*°(R"), then wy — 0 in
C?(R™). To prove that this convergence takes place in C?T9(R"), we rewrite the
equation (3.2) in the form

n

0
aAwy, = — Z((bi(m,ﬁ)) —2p;a(x,19))) 81:]6 + pr,

i=1

where

n

DK = — <a(x,70)(2|p22 — pa) — Z bi(, 70)pi + Bi(, To))“’k + i — ho.
i=1
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The Schauder estimates give ||wk|245 < C(||pk|ls + ||wk|[145). It remains to note
that ||pglls — 0 as k — oo. O

The choice of function spaces plays an important role for properness of the
operators. Consider the following example. Let the operator A(u) = u" + F(u)
act from C?T%(R) to C?(R) and the function F(u) be sufficiently smooth and
satisfy the following conditions:

1
F(0)=0, F(u) <0, 0 <u <wug, F(u) >0, up <u<1, / F(u)du = 0.
0

Then it can be easily shown that there exists a solution u(z) of the problem
A(u) =0, wu(+o0) = 0. Moreover, this solution is invariant up to translation
in space, i.e. all functions u(x + h), —0o < h < oo are also solutions of this
problem. Hence the inverse image of 0 is bounded in the space C**9(R) but not
compact and the operator is not proper. If we consider Sobolev spaces instead
of the Holder spaces, the operator is not proper neither. The solution u(x)
decreases exponentially at infinity and it is integrable. The family of solutions
u(x 4+ h) is not compact. However if we consider the weighted spaces then the
norm |lu(x+h) Hff‘s goes to infinity as h — +o0o. An intersection of this family of
solutions with any closed bounded set is compact. It is important to emphasize
here that the growth of the weight function at infinity should be slower than
exponential. Otherwise solutions of the equation will not belong to the weighted
space.

4. Topological degree

We recall the definition of a topological degree. Let E; and Es be Banach
spaces. Suppose we are given a class ® of operators acting from E; to Ey and
a class H of homotopies, i.e. maps

(4.1) A(u,7): E1 x[0,1] = Ey, T€10,1], u € Ey

such that for any 7 € [0, 1] fixed, A(u,7) € ®. Suppose that for any bounded
open set D C E; and any operator A € ® such that A(u) # 0, uw € 9D (9D de-
notes the boundary of the set D) there is an integer (A, D) satisfying the
following conditions:

(i) (Normalization) There exists a linear bounded operator J : E; — Es
with a bounded inverse defined on the whole Es such that for any
bounded open set D C Ey,0€ D, v(J,D) =1

(ii) (Additivity) Let D, Dy, Do € Ej be domains in By, D; C D, i=1,2,
Dy N Dy = (. Suppose that A € ® and

(4.2) A(w) £0, we D\ (DyUDy).



ToPOLOGICAL DEGREE FOR A CLASS OF ELLIPTIC OPERATORS IN R" 283

Then (A, D) = ~v(A, D1) + v(A, D3).

(iii) (Homotopy invariance) Let A(u,7) € H and

(4.3) A(u,7) #0, wedD, 7e€][0,1].
Then v(A(-,0),D) =~(A(-,1), D).

The integer (A, D) is called topological degree.

We use here the construction of the degree for Fredholm and proper opera-
tors [5]. It concerns operators A acting from Ej into itself such that the operator
A + A is Fredholm for all A > 0, the operator g(w T) is proper as acting from
E; x [0,1] to E7 and has two derivatives withrespect to w and 7. The degree
in this form cannot be applied directly to the operators (3.1) acting in different
spaces and we need to reduce them to operators acting in the same spaces. We
use the approach similar to that in [15].

Let Ejy be an open bounded set in F;. Let further ® be the set of all proper
operators A acting from Ey to Es, which are continuous and have two Frechet
derivatives and such that A’ satisfies Condition 2. Denote Jyu = Au — ku,
k > 0. We consider Jj as operator acting from F; to Fs and denote ®j the set
of all operators of the form (1.1) such that the operator A(u) + oJyu satisfies
Condition 1 for all o > 0.

LEMMA 4.1. For any k > 0, ® = P

ProoF. Condition 2’ for an operator A € ® equivalent to Condition 2 has
the form:

n

det M(&,¢,p) # 0, M(& ¢, 1) = —[€PPap +1i ) &ibig + s — ply,
i=1
for any £ € RP, ¢ € S, u > 0. Condition 1’ for an operator A + oJ, € @, has
the form

det M(&,¢,0) #0, M(&,¢,0) = —|&Pag +i Y _ &ibig + ¢y + o(—[€]> = k)T,
i=1
for any £ e RP, ¢p € S, 0 > 0.

If for some &, ¢ and p, det M (€, ¢, ) = 0, then for the same & and ¢ we can
choose o > 0 such that M (£, ¢, pu) = M(& ¢, 0). Consequently det M(g, ¢,0)=0.
Inversely, if det M(f, ¢,0) = 0, then we can put p = o(|¢|> + k). Hence
det M (&, ¢, ) = 0. O

Consider now the operator A(u) = J'A(u) : By — Ey. By virtue of the
properties of the operator A, A + A is Fredholm for all A > 0 and Z(U,T) is
proper. Hence the degree v(A, D) is defined for any domain D C E; such that
A(u) #0, u € dD. If A(u) #0, u € OD, then A(u) # 0, u € D and we put by
definition v(A, D) = 'y(g, D). The normalization operator is Ji for a positive k.
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Thus the topological degree is defined (cf. [3], [4], [15]). The uniqueness of the
topological degree is proved in [15] under more general assumptions.

5. Application to a reaction-diffusion problem

In this section we consider the problem

(5.1) aw’ +ecw 4+ Flw,z) =0, lim =ws, wy <w_,.
r—+o0
Here w = (w1,... ,wp), F = (F1,...,Fp), a is a constant diagonal matrix with

positive diagonal elements a;, the inequality between the vectors is understood
component-wise. We assume that the vector-valued function F' is sufficiently
smooth.

Suppose that the following conditions are satisfied:
(C1) If F;(ug, o) = 0 for some wy < ug < w—, xg € R, then

aFl (UOa Z‘O)
8Uj

8Fi(u07 xo)

(5.2) o

>0, j=1,....p, j#1i, <0.
In this case we call the system (5.1) locally monotone. This class of
systems was introduced in [10] for the case where the nonlinearity F'
did not depend on x explicitly,
(C2) F(wg,x) =0, x € R and there exist the limits
(5.3) FE(u)= lim F(u,z), F* (u)= lim F,(u,z)

r—to0 r—+o0

uniform with respect to u,
(C3) If F (ug) = 0 (F (ug) = 0), wy < up < w_, then there exists such N
that
OF;(u, )
Oz
Here U(up) is a neighbourhood of the point uo,
(C4) For all u € R?

<0, ueU(u)N{wy <ug<w-}, x >N (z <-=N).

aFii (u)

(5.5) s

>07 i?j::l?"')p?j#i'

All eigenvalues of the matrices F*l(wi) and F*,(wi) lie in the left-half plane,
the functions F*(u) and F~(u) have finite numbers of zeros in the interval
wy < u < w_, the matrices F+ and F~ taken at these zeros are invertible and
their principal eigenvalues are positive.

Consider the problems

(5.6) aw’ 4w’ + FF(w) =0, w(00) = we,
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and
(5.7) aw’ +cw' + F~(w) =0, w(+00) = ws.

We recall that if (C4) is satisfied then there exists unique values ¢ = ¢4 and
¢ = c¢_ such that the problems (5.5) and (5.6), respectively, have monotone
solutions [10], [16]. For each of these problems the monotone solution is unique
up to translation in space and

cy+ = inf supm = sup inf M,

PEK g —P; pEK Tt —P;
where K is the set of twice continuously differentiable monotically decreasing
functions p(x) = (p1(x), ..., pn(x)) with the limits p(+oo) = w4.
The main result of this section is given by the following theorem.

THEOREM 5.1. Suppose that conditions (C1)—(C4) are satisfied. If cx < ¢ <
c_, then there exists a monotonically decreasing solution of the problem (5.1).

The particular case of this theorem where the inequalities (5.2) are satisfied
for all up € RP and zg € R is proved in [13]. In this case the system is called
monotone and it is the class of systems for which comparison theorems are valid.
For locally monotone systemsthey are not applicable and we cannot use them
to prove existence of solutions as it is done in [13]. To prove Theorem 5.1 we
use the topological degree and the Leray—Schauder method. We will construct
a homotopy to reduce the locally monotone system to a monotone system and
we will obtain a priori estimates of solutions. Together with the results of [13]
it will prove existence of solutions for (5.1).

The remaining part of this section is devoted to the proof of Theorem 5.1.

To define the operators corresponding to the problem (5.1) we introduce
a sufficiently smooth function ¢ (x) such that ¥(x) = w_ for z < —1 and ¢(x) =
wy for x > 1. We put

A(u) = a(u+9)" + c(u+9) + Flu+ ,z).

We assume that all conditions of Sections 2 and 3 are satisfied and consider this
operator as acting from C’fﬁ‘s to C’I‘j. Then the topological degree can be defined
for it.

5.1. Model system. Let F'(u,z) satisfy condition (C1). Consider the first
component Fi(u,z). For each us,...,u, and z fixed, zero line of the function
F} is a single valued smooth function us = ¢1(uy). We have

Fy <OifUQ<¢)(’U,1), Fy >0if’LL2>¢(U1).
To show the dependence of ¢ on us, ... ,u, and x we write it also as

ug = ¢1(ug,us,. .. 7Up’33)-
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By virtue of (5.2),

991 . 991
8uj<0, 71=3,...,p, 8a:>0'

We define @4 (u, z) as
Py (u, ) = b1(u2 — d1(ur, us, ..., up, ), by > 0.

Then 5% 5%
1 . 1

— >0, =2,...,p, — <0.
Ou; J LA

Similarly we define ®; for i = 2,... ,p. Consider the problem
aw” +cw' + ®(w,x) =0, w(+oo) =wy.

This system is monotone and it has a unique monotonically decreasing solution
wo(z) [13]. Moreover the eigenvalue problem

au’ + cu' + O, (wo(z), x)w = I, u(£oo) =0

has all spectrum in the left half-plane. It allows us to conclude that the index
of this solution considered as a stationary point of the corresponding operator
equals 1.

5.2. Separation of monotone solutions. Consider the problem
(5.8) aw’ +cw + Fr(w,z) =0, w(+o0) = wy

depending on a parameter 7 € [0,1]. We suppose that conditions (C1)-(C4) are
satisfied for each 7 € [0, 1] and N in (C3) can be chosen independently of 7. The
homotopy considered below will satisfy this condition.

Suppose that there are two sequences of solutions {wlgl)} and {w,(f)}, where
the first one corresponds to the values 7 = T,El) of the parameter and consists
of vector-valued functions each component of which is monotonically decreasing.
The second sequence corresponds to 7 = 7',52) and for each function there is
a nonmonotone component. We show that these two sequences are separated in

Cﬁ""s(R), i.e. there is a positive constant esuch that

(€]

lw,” — wf?”cua >e, forall k, m.
I

Suppose that it is not so. Then for some subsequences, the norm of the difference
converges to 0. Without loss of generality, we can assume that the subsequences
coincide with the original sequences,

(5.9) lwg” = w | gars — 0, k= oo.

We will show below that the monotone solutions are uniformly bounded in the
norm C’i+5(R). Hence without loss of generality we can assume that the sequence
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{w,(cl)} converges in C'(R) to some limiting function wg(z). Obviously, it is a
solution of the problem (5.8) for some 7.
LEmMMA 5.3. If Hw,(;) — wol|er — 0, then wy(x) <0, = € R.

PROOF. Since wo(z) is a limit of monotone functions, then wg(z) < 0. Sup-
pose that for some i and g, wéi (x9) = 0. Then wgi (z9) = 0 and from (5.8)
F: i(wo(zo), o) = 0. Differentiate the i-th equation in (5.8) with respect to z:

From the definition of the local monotonicity and since u); < 0, we obtain

w; (xo) > 0. This contradiction proves the lemma. O
We use also the following lemma ([16, p. 209]).

LEMMA 5.4. Let b(x) be a matriz with positive off-diagonal elements, by =
lim, o0 b(z), ¢ > 0 be a vector such that

bx)g<0, xz>r, byg<O
for some r. If the vector-valued function u satisfies the inequality
au + cu' + b(z)u <0
forx >r and u(r) > 0, then u(x) >0 for x > r.

From the convergence of the monotone solutions to wp(x) and from (5.9), it
follows

(5.10) lw —woller — 0, k — oo.

Without loss of generality we can assume that 7, — 79 for some 7y € [0, 1], that
the first component of the vector valued function w,(f) (x) is not monotone in a
neighborhood of a point x; and x; — oo as k — oo.

Since wo(x) — wy as x — oo and Fj" (w,) = 0, then there exist ¢ > 0 and

N such that
aF"r,l

Owj

8-F'r,l
Oz
for wy —oe < w < wy, x > N. Here e = (1,...,1) and N can be chosen

>0, 7=2,...,p,

<0,

independently of 7 for 7 sufficiently close to 7.
On the other hand, by virtue of convergence (5.10) w](f) (r9) < 0 for any
zo and k sufficiently large. This contradicts Lemma 5.4. Indeed, let u(z) =

—w,(f)/ (). Then

_OF, (w) 2)

0
ox <

au’ +cu + FT/k (w,(f), x)u
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and u(r) > 0 for some k and r sufficiently large. Existence of the vector ¢ follows
from the fact that the principal eigenvalue of the matrix FT/0 (w4) is negative.
Hence w,(f)/(x) < 0 for > max(N,r). This contradicts the assumption that the

(2)
k

functions w, ’ are not monotone.

5.3. A priori estimates of monotone solutions. It can be easily verified
that monotone solutions of the problem (5.8) are uniformly bounded in C?*9(R).
A priori estimates of solutions in the space Cﬁ""s (R) are reduced to check that
the functions (w — ©)u are also uniformly bounded. Each of them is certainly
bounded uniformly in = because w — 1 decreases exponentially at infinity. So by
the uniform boundedness we mean that

|(w—1)ul <M

with the same M constant for all solutions.

Denote U (w4 ) neighbourhoods of the points wy where the solutions behave
exponentially. More precisely, we can choose positive constants K and ¢ such
that

() —wy] < Kexp™=®,  w(z) —w_| < K exp®
if w(z) € U(ws). Let 27 and z~ be such that w(z™) € U (wy), w(z™) €
OU(w_). Tt remains to estimate |x¥| and |z~ | uniformly for all solutions (see
[16] for more details).

Suppose that there is a sequence of solutions {wy} such that wy(z;) €
OU(wy) and x — —oco. Then z;, — —oo. The functions uy(z) = wi(x + xy)
satisfy the equation

au; + cu;C + Flug,z + x) = 0.
Passing to the limit as k — oo, we obtain a solution u™(x) of the equation
(5.11) au’ +cu' + F~(u) = 0.

It is easy to verify that u(z) — wy as # — oco. If uT(—00) = w_, we obtain
a contradiction since the problem

au’ + cu' + F7(u) =0, u(foo)=wy

does not have monotone solutions with ¢ # c_.

If ut(—o0) # w_, then it is an unstable intermediate zero of the function
F~(u). Hence ¢ < 0 (see Lemma 5.5 below). We consider then the functions
vg(x) = wi(z + x,; ) and proceeding as above, we obtain a solution v~ () of the
equation (5.11) such that v~ (—o0) = w_, v~ (00) # w4. Hence ¢ > 0. This
contradiction shows that x: cannot converge to —oo.

We used here the following lemma, [16].
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LEMMA 5.5. Ifu(x) is a monotone solution of (5.11) such that u(—o0) = w_
and u(00) # wy, then ¢ > 0. If u(co) = wy and u(—00) # w_, then ¢ < 0.

For what follows we need also a generalization of this result for the case
where F' depends explicitly on z.

LEMMA 5.6. Let u(z) be a monotone solution of the equation
(5.12) av” +ecu + F(u,z) =0

such that u(—o0) = w_, u(co) # wy. Then ¢ > 0. If u(co) = wy and u(—o0) #
w_, then ¢ < 0.

PROOF. Suppose that u(—o0) = w_ and u(c0) = ug # wy. Then FT(ug) =
0 and the principal eigenvalue of the matrix F+/(u0) is positive. Then there
exists a vector p > 0 such that pF +/(uo) > 0. We have for z sufficiently large

(p,F(u,J])) = (p,F(ch) - F(UO,JJ)) + (p’F(anx» > (p,B(x)(u - UO)) > 0.

Here B(z fo ' (tu+ (1 — t)ug, z) dt. Multiplying (5.12) by p and integrating
from zq to 00, we obtaln

oo

(' (20)) + elprun — u(eo)) + [ (0, F () do =0,

Zo

Since u(x) is monotonically decreasing, then ¢ > 0.

The second case can be considered similarly. O

Suppose now that the sequence {xk} remains bounded and z,; — —oo.
Passing to the limit as above, we obtain that there exists a solution u(x) of the
equation (5.11) such that u(—o00) = w_, u(c0) # w4. From Lemma 5.6 it follows
that ¢ > 0. On the other hand there exists a solution v(z) of the equation (5.12)
such that v(c0) = wy, v(—00) # w_. Hence ¢ < 0. We obtain a contradiction.

Similarly we consider all other cases and show that both sequences {z} } and
{z}, } remain bounded. This gives a priori estimates of solutions.

5.4. Homotopy. We prove Theorem 5.1 by the Leray—Schauder method.
For this we need to construct a homotopy of the system (5.1) to a model system
such that the corresponding operator A, (u) : E; — F5 satisfies the following
properties:

1. There exists a domain D C FE; such that the operator A;(7) corre-
sponding to the model system has a nonzero degree y(A;, D) ,
2. There are a priori estimates of solutions during the homotopy,

A-(u) #0, wedD,Te]|0,1].
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Then the properties of the topological degree allow us to conclude that there is
a solution of the equation Ag(u) =0 in D.

This general scheme should be modified in the case under consideration be-
cause we obtain a priori estimates only for monotone solutions. On the other
hand we prove also that monotone and nonmonotone solutions are separated in
the function space. Hence we can construct a domain D, 7 € [0, 1] in Cﬁ*‘s(R)
depending on the parameter and such that it contains all solutions uy; = wy; —
of the equation A, (u) = 0 and does not contain solutions uy = wy—1. Here wy,
denotes monotone solutions of the problem (5.8) and wy nonmonotone solutions.

Consider a ball Bgr(ups) with the center ups and the radius R. If R is
sufficiently small, then for each 7 fixed, the union of all these balls,

D, = | Br(uu)
[15Y;
does not contain the functions ux. Moreover, since the operator A(u) is proper
and all solutions uy; are uniformly bounded, then the set {ups} is compact.
Hence, we can consider only a union of a finite number of balls.
Consider the problem

(5.13) aw” +ew' +70% 4 (1—7)F" =0, w(doo) = wy,

where the function ® is defined in Section 5.1. For 7 € [0,1] it is monotone and
the nonlinearity G = 7®* 4 (1 — 7) F* has the same zeros as F'*. Hence there
exists a unique monotone solution of (5.13) with ¢ = ¢t (7).

Similarly a monotone solution of the problem

(5.14) aw’ +ew 478 +(1—7)F~ =0, w(+oo)=ws
exists for ¢ = ¢ (7). Let us first define F as
F,=Q1-7)F+ 9.

Then the system (5.5) is locally monotone. To apply the results of Sections 5.2
and 5.3 we should verify that

(5.15) c(t)>ct(r), 7€l0,1].

By assumption ¢~ (0) > ¢*(0). By construction of the function ®, &~ (w) >
Ot (w) for wy < w < w—. Hence ¢ (1) > ¢*(1). However (5.15) may be not
satisfied for some 7 € (0,1). Without loss of generality we can assume that
¢ (1) >0, 7 € [0,1]. Otherwise we could modify the nonlinearity in such a way
that this condition holds (see [14]).

To obtain the required inequality we modify the homotopy F: to the form
F; = s;(x)[(1 — 7)F + 7®], where s,(x) is a positive twice continuously differ-
entiable with respect to = and 7 function such that s, (z) = s*(7) for z > 1 and
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sr(x) = s (1) for z < —1 for some values s*(7) and s~ (7). It is easy to verify
that the system (5.5) remains locally monotone and the systems (5.13) and (5.14)
are monotone. The values ¢*(7) of the velocity are replaced by /s%(7)c* (1) in
this case. We can choose s*(7) such that

s=(T)e (1) > /st (r)ct (1), T€]0,1]

and s*(0) = s*(1) = 1.

It remains to note that (C3) is satisfied for N independent of 7 since F. and
F have the same zeros, Fy, = s,[(1 — 7)F +7®] and s, (z) = 0 for |z| > 1.

The model system with Fj(w,z) is monotone and it has a monotone so-
lution [13]. As it was pointed out above the index of this solution equals
1. From the global stability of the solution follows its uniqueness [13]. Thus
v(A1, D) = 1.

From a priori estimates of monotone solutions and by construction of the
domain D, we have

A-(u) #0, u€dD;,.
Hence v(Ag, Dg) = v(A1,D1) = 1. This proves existence of monotone solutions
of the problem (5.1).

6. Nonexistence of the degree

We cousider the scalar equation (5.1) (p = 1) and put ¢ = 0, wy =0, w_ = 1.
Suppose that

1 1
/ F~(w)dw > 0, / F*(w)dw < 0.
0 0

Then there exists a monotonically decreasing solution w(x) of this problem [13].
The principal eigenvalue of the problem

0"+ F(w(z),z)v = M, v(xoo) =0
is negative. Indeed, —w’(z) is a positive solution of the inequality
v+ F'(w(z),z)v < 0.

Hence all eigenvalues lie in the left-half plane [13]. Thus w(x) is a unique mono-
tonically decreasing solution of the problem

(6.1) w' + F(w,z) =0, w(oo)=0, w(—o0)=1.

It is easy to construct a continuous deformation F,(w,x), 7 € [0,1] such that
Fo(w,z) = F(w,z), 0F; /0x < 0, and both integrals

/ P (w) du
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are positive. During this deformation the monotone solution of the problem
(6.2) w' + Fr(w,z) =0, w(—00)=1, w(cc)=0

disappears [13].

Consider the operator A(u) defined above as acting from C2*° to C3. Here
the subscript 0 denotes the subspace of functions converging to 0 at infinity. If the
functions F(w, x) and w// are Holder continuous, then the operator A is bounded
and continuous. Denote uy; and uy the functions such that w = up;+1 and w =
upy + ¥ are monotone and nonmonotone, respectively. As we discussed above,
monotone and nonmonotone solutions of the equation A(u) = 0 are separated
in the function space. It means that |up — un|| > € for some positive € and for
any monotone and nonmonotone solutions. As in the previous section we can
construct a domain D, depending on the parameter 7, containing all monotone
solutions and which does not contain nonmonotone solutions. A priori estimates
of monotone solutions in Cg+6 are obvious. Hence the degree (4., D;) does
not depend on 7. It remains to note that v(Ag, Do) = 1 because the linearized
operator Af(w) has all eigenvalues in the left-half plane, y(A;, D1) = 0 because
there are no monotone solutions of the equation A;(u) = 0. This contradiction
shows that the degree cannot be constructed with this choice of spaces.

Denote 7. the value of the parameter 7 for which

1
(6.3) / FT. (w)dw=0.
0
Consider the problem
(6.4) w +Ft (w) =0, w(—o0)=1, w(co)=0.

It has a monotone solution w.(z). Let w,(x) be a solution of (5.1) for 7 < 7.
Then

(6.5) wr(z) ~we(x — h(7)), T— T¢

and h(7) — oo as 7 — 7. The asymptotic (6.5) shows how the solution disap-
pears being bounded in the norm Cg”. It occurs because the limiting problem
(6.4) has a solution. If we impose additional conditions such that the limiting
problem does not have solutions, the degree can be defined (cf. [3]).

The situation is different if we consider the weighted spaces. The norm of the
solution w,(x) — 1 (x) goes to infinity in the space Cﬁ*‘; as 7 — T.. Hence the
condition A(u,7) # 0, u € 0D, cannot be satisfied (D, is uniformly bounded)
and disappearance of the solution does not contradict the homotopy invariance.
The degree can be defined.
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