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BIFURCATION PROBLEMS FOR SUPERLINEAR
ELLIPTIC INDEFINITE EQUATIONS

ISABEAU BIRINDELLI — JACQUES GIACOMONI

ABSTRACT. In this paper, we are dealing with the following superlinear
elliptic problem:

—Au = Au+ h(z)u? in RV,
®) { (@)

u >0,

where h is a C2 function from RY to R changing sign such that QF := {z €
RN | h(z) > 0}, T := {z € RV | h(z) = 0} are bounded.

For 1 < p < (n+2)/(n—2) we prove the existence of global and
connected branches of solutions of (P) in R~ x H'(RM) and in Rx L™ (RN).
The proof is based upon a local approach.

1. Introduction
In this paper, we consider the following superlinear elliptic problem:

—Au = \u+ h(z)u? in RV,
u > 0.

(P)

2000 Mathematics Subject Classification. 35J60.

Key words and phrases. Global bifurcation, uniform a priori bounds, moving plane, Kelvin

transform, blow up analysis.

This work has partially been funded by the European research group TMR: “Viscosity
solutions and applications”, which provided a position to the second author to the Dipartimento
di Matematica of the University of Roma “La Sapienza”. Both authors would like to thank

Professor Italo Capuzzo Dolcetta for proposing the problem.

(©2000 Juliusz Schauder Center for Nonlinear Studies

17



18 I. BIRINDELLI J. GIACOMONI

We suppose that h satisfies the following assumptions:
(H1) h € C%2(RN,R), O := {x € RN | h(x) > 0} is bounded.
(H2) For all z € T := {z € RY | h(z) = 0}, Vh(x) # 0.
Clearly (H1) and (H2) imply that

I=0+tNQ- and it is bounded.

Our purpose is to prove the existence of solutions and to give the structure
of solutions set with respect to the bifurcation parameter A. The method we
use involves studying a “local problem”, (Pq,,), in a bounded domain Qg D Bpg
where Bpg is the ball centered at 0 and with radius R

—Au = u+ h(z)uP in Qp,
(PQR) {

u € HE(QR) u >0,

and then we pass to the limit when R goes to oo.

To our knowledge, this type of superlinear problems has mainly been inves-
tigated when h(z) is strictly positive, see e.g. ([12]) and ([11]). In this direction,
we can also cite [2] and [20]. In these two works, the authors consider the global

bifurcation problem:

—Au = \u+ h(z)u? in Q,
(Po)

u(z) =0 for all z € 02 w >0,

where ) is unbounded (precisely Q = R x [~7/2,7/2] in [2] and Q@ = RY in [20])
and h is strictly positive and it satisfies symmetric assumptions. They prove the
existence of a global connected branch which bifurcates from the essential spec-
trum in R~ x L7 (RY), with o depending on N, p and the asymptotic behaviour
of h; they use a local approach. The assumptions about symmetry of h yield
symmetric properties of solutions of (Pg). For the local problem the uniform
bounds had been proved by Gidas and Spruck in [14] while, using the symmetry,
the compactness of the solutions are obtained studying an ODE.

On the other hand when h(x) changes sign, the nature of the problem is
completely different and requires new tools. Let us mention for example the
papers of Alama and Tarantello [1] and of Ramos, Terracini and Troestler [19].
The nature of the problem studied in the present paper is closer to the work of
Berestycki, Capuzzo Dolcetta and Nirenberg [3]. They use a blow up technique
combined with some Liouville theorems in cones, to obtain uniform a priori
bounds and some existence results for equation (Pg) with € a bounded domains
for 1 <p < (n+2)/(n—1) and A = 0. In that paper they ask whether the
results were still true for all p subcritical. In [7] Chen and Li answer positively
to that question i.e. they obtain some a priori bounds for positive solutions when
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p is subcritical (i.e. p < (N +2)/(N — 2)). Precisely they consider the following
problem
—Au = h(z)uP in Q,
{ u € HHQ) u >0,

where h satisfies (H1), (H2) and I' C Q. They prove that every solution is
uniformly bounded and that the a priori bound depends only on the geometry
of Q, p and h. The very elegant proof of this result is carried out dividing the
domain in three regions and then solving the following steps:

(1) boundedness of solutions in the region where h(z) < —4, for a fixed
6 >0,

(2) boundedness of solutions in the region where |h(x)| is small,

(3) boundedness of solutions in the region where h(z) > 6.

Each step involves different techniques:

(1) In the region where h(x) is strictly negative, the uniform estimate is
obtained by an Harnack inequality and an integral estimate.

(2) In the region where |h(x)| is small, the a priori bound results from the
moving plane technique and from the above estimate.

(3) In the last region, a classical blow up analysis is used in each peak of
the solution.

Chen and Li had already used a similar technique to treat the critical case,
see [6].

In the present work, we prove the existence of global connected branches of
solutions of (P) in R x H*(RY) and in R x L>(RY).

Before describing our results let us mention that to our knowledge global
bifurcation in unbounded domains with indefinite non-linearity has only been
treated by Cingolani and Gamez in [8] where they consider the following problem:

—Au = Mhy(2)u + ho(z)uP in RV,
u € DV(RY) u >0,

where hy, ho change sign and among other hypothesis they are in some L? spaces
which ensure the existence of two isolated eigenvalues for the above problem and
hence they can use a local approach and prove the existence of a global branch
bounded and connected in R x DV2(RN) bifurcating from the two eigenvalues.
Let us mention that since they use the result of Berestycki, Capuzzo Dolcetta
and Nirenberg the range of p is bounded by (n + 2)/(n — 1).

Here we consider the branches Cg of solutions of the problem (Pq,) and we
want to study their behaviour as R tends to co. The existence of Cr is obtained
by the global bifurcation theory of Rabinowitz (see [18]). To give the behaviour
of Cr, we need some uniform a priori estimates. Using the main ingredients of [7],
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we prove that every solution of (Pg,) is bounded and the bound is uniform if
A is bounded, which is an extension of the result in [7]. Precisely, concerning
(Pqy,), we show the following main results:

PROPOSITION 1.1. Suppose that (H1), (H2) are satisfied, that 1 < p < (N +

2)/(N —2) and that Qg is large enough that T C Qgr. Let A\ (Q7T) be the first
eigenvalue to —A in QY. Then,

(i) if A > X\ (QT), there are no non trivial solutions of (Pgq,,),
(ii) for any Mg < A\ (QT), there is a constant C (= C(\g)) such that if (\, u)
is a solution of (Pq,) and A > Ay then

ull g e < C
and C' depends only on \g, Qg and h.

Consider ¢ > 0 an eigenfunction associated to the first eigenvalue A1 (Qg)
which satisfies:
—A¢r = Mi(Qr)or i Qp,
¢ =0,

and let IIgx denote the projection onto R.

THEOREM 1.2. Assume that the conditions of Proposition 1.1 are satisfied.
Then, there is a global branch of nontrivial solutions of (Pqy), Cr, connected in
R x H* N L>(QRr), bifurcating from (A1 (2g),0) such that

(i) HgCr = ]—00, Ag] with A1 (2F) > X\g > A (Qr). Moreover,

if h(z)pr? < 0, then Ao > A1(QR).
Qr
(i) Let (An,un) € Cr such that A\, — —oc0 as n — oo. Then, up to subse-
quences, ||up| g1 Lo — 00.

Passing to the limit the branches Cg,, with lim, .. R, = 0o, converge to C
a global branch of nontrivial solutions of (P) connected in R~ x H*(R™). This
process uses the results of Whyburn (see [21]) which ensure that the connected-
ness of the branches Cr, are preserved at the limit when R,, — oo:

DEFINITION 1.1 (Whyburn). Let be G any infinite collection of point sets.
The set of all points = such that every neighbourhood of x contains points of
infinitely many sets of G is called the superior limit of G (limsup G).

The set of all points y such that every neighbourhood of y contains points of
all but a finite number of sets of G is called the inferior limit of G (liminf G).
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THEOREM 1.3 (Whyburn). Let {A,}
sets such that

nen be a sequence of connected closed

liminf{A4,} £ 0.
Then, if the set |, . An is relatively compact, limsup{A,} is a closed, con-

nected set.

neN

We apply Theorem 1.3 as follows: Set A < 0 and let A,, be the connected
component (not necessary unique) in

{A<A<1/A} x HYRN)NCp,

such that IIg A,, = [A, 1/A].

Proving that (J, oy
Theorem 1.3, we obtain that lim sup,, ,., A» = Ca is a connected set of nontrivial
solutions of (P) in R x H'(R¥Y). Passing to the limit A — —oco, we prove that
C :=limp_,_ Cyp is a global branch of nontrivial solutions of (P).

A, is relatively compact in R x HY(RY) and applying

The important step in this process is to prove that the a priori bound, proved
in Proposition 1.2, for solutions of (Pq, ) does not depend on Qg, .
The main results are the following:

THEOREM 1.4. Assume that (H1), (H2) are satisfied. Then, there exists C,
a global branch of nontrivial solutions of (P), connected in R~ x HY(RY) such
that
(i) HgC = ]—00,0[, C C R~ x L=(RN).
(i) Taking (An,un) € C such that A, — 0, then, up to subsequences, u, —
u in DY2(RY) where (0,u) is a solution of (P). Consequently, C is
connected and closed in R x DV2(RYN) and it is still imbedded in R x
L (RY).
(iii) If (A, ux) € C and X — —oo then ||ux|| g1 peo — 00.

Working in R x L>®(R¥Y), we add the following assumption concerning the
asymptotic behaviour of h:

(H3) h(x) — —oo when |z| — oo.
Then, we prove the existence of a global branch unbounded and connected in
R x L>(RY), bifurcating to the right from the bottom of the essential spectrum:

THEOREM 1.5. Assume that (H1)—(H3) are satisfied. Then, there exists C,
a global branch of nontrivial solutions of (P), connected in R x L>®(RY™) and
bifurcating from the bottom of the essential spectrum (i.e. from (0,0)) such that
(i) TrC = ]—o00, Ao] with 0 < Ao < AL (QF).
(ii) If (A\,ux) € C with A < 0 (resp. X < 0) then uy € HY(RYN) (resp.
uy € DL2(RY)).
(ili) ||ua| g, — 00 when X — —oo.
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REMARK. The previous results still hold true if we replace the non linear
term h(z)uP of equations (P) and (Pgq,) with a more general nonlinearity such
as h(x)g(u) under the following hypothesis on g(u)

(G1) gisin CY(R,RT).

(G2) There exists 1 < p < (N +2)/(N —2) such that lim, .o g(u)/uP =

C>0.

(G3) There exists a constant Cy such that liminf, .o g(u)/u? = C; > 0.

(G4) 0 < ¢'(s) < pg(s) for any s € RT.

The proofs need only be slightly modified, but for the sake of simplicity we
have decided to write them for u? (which is the standard example of a function
satisfying (G1)—(G4)).

The outline of the paper is the following: In Section 2, we study the local
problem and prove Proposition 1.1 and Theorem 1.2. In Section 3, we deal
with Problem (P), passing to the limit the branches Cg, in R™ x H'(R"Y) (resp.
R~ x L>®(RY)) we prove Theorem 1.4 (resp. Theorem 1.5).

2. Local problem

In this section, we are dealing with the following local problem:
—Au = Au+ h(z)u? in Qg,

{uEH&(QR) u=>0,

where h satisfies (H1)—-(H2).

REMARK. The result of this section holds for any regular bounded domain
Q, we have called it Qg (with the hypothesis that it contains a ball of radius R)
to emphasize the fact that the result in the local problem will be used in the
next section to obtain result in the global problem (P).

Our goal is to prove the existence of a global branch of nontrivial solutions
of (Pg,) connected in RXH¢ N L>°(Qr) and bifurcating from the first eigen-
value A\ (Qr) = inf,e g1 (ap) [ [V0|?/ [ |v]* and give the global behaviour of the
branch. For this, we use the global bifurcation theory of Rabinowitz recalled
below, which ensures that the branch of positive solutions bifurcates from the
first eigenvalue \1(Qg) and is unbounded:

THEOREM 2.1 (Rabinowitz, 1971). Let E be a real Banach space with norm
|| - || and consider G(X, -) = AL - +H(A\, -) where L is a compact linear map
on E and H(\, -) is compact and it satisfies limy,—o [|[H (X, w)||/||ull = 0. If
r(L) ={p € R|1/p is an eigenvalue of L with odd multiplicity} and p € r(L),
then

S={(M\u) e Rx E|(\u) is a nontrivial solution of u= G(\,u)}
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possesses a mazimal continuum (i.e. connected branch) of solutions, C,, such
that (u,0) € C,, and either

(i) C, meets infinity in R x E, or

(ii) C, meets (1i,0) where p # pi € r(L).

To give information concerning the global behaviour of the branch, we need
some a priori estimates about solutions of (Pq ). This is done in Proposition 1.1.
The following proof follows the main steps of [7]:

PROOF OF PROPOSITION 1.1. First, we prove (i). We use a standard ar-
gument for superlinear elliptic problems. Consider ¢+ a positive eigenfunction
associated to A\1(Q1): Multiply (Pg,) by ¢g+ and integrate by parts in QF, we
obtain:

n 0o+ »
(2.1) A1(27) upo+ + U= h(z)uP pa+ + X UG+ .
Q+ oo+ On Q+ Q+

From (2.1) and Hopf lemma:
(@) - [

Q

uPq+ Z/ h(z)uPpo+ >0
+ Q-+

which implies that A < A;(Q7).

Now, let us prove the (ii). Since from standard regularity results the L*°
bound implies an H' bound, it is enough to prove that the L> bound is inde-
pendent of u. As in [7], we divide the domain Qg in three regions:

(1) Q5 g = Qg N{z,dist(z,I') > 5 > 0}.
(2) {x/dist(z,T) <6}
(3) QfF =0 n{z,dist(2,T) >3 > 0}.
To prove (ii), we will show that in each region the solution is uniformly bounded.

Step 1. A priori bound in € p.

As in [7], the argument is based upon an integral estimate. First consider
1 > ¢ > 0 an eigenfunction associated to the first eigenvalue A\ (£2r) which
satisfies:

—A¢ =\ (Qr)¢ in Qg,
L2
Then, multiplying the equation in (Pg,) by ¢*|h(z)|* " h(z), we obtain:

(2.2) /Q (—Au)ge|hoh = /Q VuV (6% b h) = — /Q T )

R
< Cla, §, V1) / Ih|*~2¢° 0.,
o

From (2.2) we have

(2.3) | un@unerinen<o [ neze

R
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From which it follows:

/ B[ 6P < C(A, h) / |22
Qr

Qr
p—1/p
< CO(), h)</ |h|p(a2)¢aup)1/p</ ¢a2p/(1p)) )
Now, choosing a =1+ 2p/(p —1) > 2, i.e. p(av — 2) = a + 1 we obtain
/ ™ guP < C(\ b, 6).
Qr
For any y € RY such that Ba.(y) C Q5  for a e > 0, then we obtain
(2.4) / uP < C:=C(6,h, ¢, N).
ng(y)

Observe that (2.4) can be obtained similarly for Bo.(y) C Q.
At this point, we have two possibilities either —Au(z) > 0 or —Au(x) < 0.
In the first case, we have just to remark that we have

‘)\| 1/(]7 1)
2.:3 _A - + P > () = <

and since inf [h[ > 0 in Q5 5, we get the a priori bound.
Now, if the second case occurs, we use the following lemma (Lemma 9.20
in [15]).

LEMMA 2.2. Let u € W2™(Q) with Lu > f where L is a strictly elliptic
second order operator and f € L™(Q). For all B = Ba.(y) C Q and p > 0, we

have:

1 €
2.6 sup u < C(n, —/ u+”)—|— )
2 swu<con (g [007) il

Now, combining (2.4) and (2.6) with f = 0 and L = A we get the a priori
bound in the second case. Finally, by (2.4)—(2.6), we have:

supu < m:=m(J,h,A\,Qr) in Qs -

Step 2. A priori bound in a neighbourhood of T'.
First, fix ¢ € I'. Since T is compact, it is sufficient to give an a priori bound
in a neighbourhood of xg. The sketch of the proof is the following:

(1) First, through some transformations letting the equation invariant, we
construct a convex neighbourhood of zg.

(2) Applying in this domain the moving plane method to an auxiliary func-
tion (similar to [7]), we show a “Harnack inequality” satisfied by « in
a cone with zy as vertex. Combining this inequality with the same
integral estimate (2.4), we get the a priori bound.
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A strict convex neighbourhood of xo. Up to some rotation or translation, we
can suppose that xp = 0 and that I' is tangent to the hyperplane z; = 0. Doing
a Kelvin transform (take the center of the inversion on the zi-axis such that
the sphere is tangent to z; = 0), we can suppose that I is strictly convex in a
neighbourhood of z¢ and Q7 is at the left of I'. Let

1 =(y), yeRN!

be an equation of I" in a neighbourhood of 0. Consider D the domain (containing
xp) enclosed by the surfaces 9'D := {x | 1 = ®(y) + ¢} and 9*D = {z | 21 =
—2¢}. We choose e small enough to ensure

(a) %(w) < —pfp for all z € D,

(b) —Ad(y) < —fo.
for some positive constant Gy. But, contrary to the case of [6], the equation is
not preserved by Kelvin transform. Indeed, define u(z) = |x — yo|™ ~2u(yo +
lyo|(z — v0)/|z — yo|?) where yq is the center of the inversion. Then u satisfies
the following equation
(2.7) —Au = |x:\1;0|4 + h(x)a?
where h(x) = |z —yo| V2PN =2 h(yo + |yo| (x — yo) /& — yo|?). Since yo > 0 and
the origin is invariant by this Kelvin transform, for notation convenience, we will
denote h by h. Observe that in a neighbourhood of 0, the equation in (2.7) is
not singular.

Using the results in Step 1, and since 9'D C Q_ g let

(2.8) m =m(e,Qr, h,A) :=supu
oD
and let © be a continuation of v on all D such that © < Cm.
We are now ready to apply the moving plane method to some auxiliary
function.
Mowing plane method and Harnack Inequality. We consider the function w
solution of

Aw= g BT W)
(2.9) |z — yol |z — ol

w=1u for x € 0D,

in D,

where Cy is a constant to be fixed later and m is defined in (2.8). We introduce
the auxiliary function v:

(2.10) v=u—w+ Com(e + ®(y) —x1) +m(e + (y) — x1)>.
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From (2.10), one can see that v satisfies:

Av+ 2 () + f(.0) =0 in D,

(2.11) |z —
v(xz) =0 on O'D,
where
P(y) = ComAD(y) — A(m(e + D(y))?) — 2m
and
R )

+h(@)(v +w = Com(e + D(y) — @1) — m(e + (y) — z1)*)".

We claim that v > 0. From (2.11), it is sufficient to prove that dv/0x; < 0in D.
Clearly, by the definition of v,

v 3u ow

We are going to estimate Qw/dx; in D. For this, using Theorem 1.3 in [4] which
extends the Alexandrov-Bakelman estimate (see also [5]) for narrow domains
and since 0 < —x1 + ®(y) + & < &, we can prove that

(2.13) |w|| = < supw + K|D|Com < C(m + Come?)
aD

In order to apply Theorem 1.3 in [4] we will choose € small enough that A;(D) >
sup,cp A/|z — yo|*. From (2.13) and Theorem 8.33 in [15] and eventually taking
€ smaller, we have:

(2.14) + C(m + Come?) < Cm(Coe? +1).

H@xl L=(D) 9D

Let us first suppose that € D, := {z | —z1+ ®(y) + & < ¢/2} then = € Qo R
Therefore, by the estimates obtained in the previous step and by standard elliptic
estimates, we have:

(2.15) sup |—| < Cm.
zeD,. | 0T1
From (2.14) and (2.15), it follows that:
v
(2.16) p < Cm+ Cm(Coe® 4+ 1) — Com < 0

for Cy large enough. Combining (2.16) with v = 0 for x in ' D, we obtain v > 0.
On the other hand, if —x; + ®(y) + & > ¢/2, then

v > —w+ Come/2 > —(Cm +*Com) + Come /2 > —Cm + Com(e/2 — %) > 0,

choosing € < 1/2 and Cy large enough. This proves that v > 0 in D.
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Since v > 0 and v = 0 in ' D, we can apply the moving plane method. Let
us define

Yy={zeD|xi>pn}, T,={xeD|z=p}

and let z,, be the reflected point by T}, of z and v, (z) = v(z,). We want to show
that v(z,) > v(z) for x € £, and p > —e; with 0 < &1 < e. This is obviously
satisfied for p = €. Therefore, we decrease p and we move the plane T}, towards
the left.

A standard argument (see for instance [16]) can prove that this moving planes
procedure can be carried on provided

(2.17) flz,v(x)) < fa*,v(x)) for x = (z1,y) € D, x1 > p > —e1.

It is easy to see that (2.17) holds if
of

——(z,v) <0 forallz e {z|xz > -2} ND.
81'1

A simple computation yields:

of 0 oh ou

—— =2mAd Am— D(y) — x1)? Pl h(z)— |.
oL — () + e+ 00) — 20+l (G () o)
Choosing ¢ small enough, we have that A®(y) + A\d(e + ®(y) — x1)?/0z1 <
—B0/2. We consider now two cases.

First, h(z) < 0. In this case, since Oh/0x; < 0in D, it suffices to prove that
Ou/dx1 > 0. Choosing Cy large enough and taking into account (2.14), we have
that 5 5

u w
—=—+C d(y) — > 0.
(91'1 (91'1 + 0m+€m(€+ (y> J/']) =
Now, let us consider the case where h(x) > 0. Suppose, that v > 1. To control
Of /0x1, we use the term Oh/dx1u < —Fou and the fact:

(2.18) h(z) < Ce; for —e <2 <0.

Indeed, from (2.18) and (2.14), one can prove

of _ [ oh oh \ ..
R s o p
or1 — (aﬂhu—’_ph(x) 0x1 U)’LL

0
< yPl ( — Bo + pCey (w + Com + 2m50>)
81‘1
< uP7YH (=B + pCe1(Cm(Coe? + 1) 4+ Com + 2meC)) <0
for &1 small enough. Finally, if u < 1, we use

Am(ail(a + D(y) — x1)2> + mAd(y) < —BOTm
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from which, together with (2.18),

af 507” —1 8u ﬂO”L
< p < <
o < 5 —+ ph(a:)u T < B + ])0(6, 00)61 < 0

for €1 small enough. Therefore,
(2.19) v(z,) >v(r) for —eg <p<e.

At this point, we conclude as in [7] (Section 3, Step 4: deriving the a priori
bound). Let us just sketch the proof.

Inequality (2.19) implies that the function v is monotone decreasing in the
x1 direction. Clearly this is still true if we rotate the zi-axis by a small angle.
Therefore, for any zy € I', there exists, A, , a cone of vertex z, and staying to
the left of zg such that

(2.20) v(x) > v(xg) for x € A,,.
From (2.20) we obtain
(2.21) u(z) + C > u(xg) for x € Agy.

By a similar argument, one can prove that (2.21) is true for any point z in
a small neighbourhood of I'. Remarking that the intersection of A, with the
set {z | h(x) > 0y > 0} has a positive measure, and combining with the integral
estimate (2.4) we get the a priori bound in the neighbourhood of T'.

Step 3. The a priori bound in the region where h(z) > ¢ > 0. In this region,
the a priori bound is obtained by a technique of blow up introduced in [14] and
used in [3], [7]. Since the linear term (i.e. Au) vanishes in the blow-up analysis
(See [3] for more details), the proof is as in [7] (see particularly p. 339-340). The
proof of Proposition 1.1 is now completed. O

REMARK. The a priori bound for solutions of (Pg,,), obtained in Proposi-
tion 1.1, depends only on A, Qg, h.

We give now the proof of Theorem 1.2 which follows from Proposition 1.1
and Theorem 2.1.

Proor or THEOREM 1.2. The existence of Cq, follows immediately from
Theorem 2.1 and assertion (i) of Proposition 1.1. The fact that there is only one
bifurcation point for positive solutions excludes (ii) of Theorem 2.1.(ii) on the
other hand implies that Cq,, meets infinity only for A going to minus infinity.

The fact that fQR h(x)pr? < 0 implies that A\g > A1 (Q2g) is proved in [17],
see also [1].

Let us prove (ii). Letting A\, — —o0o, we have

(2.22) / \Vun|2+|)\n|/ |un|2:/ h(a:)uffl.
QR QR QR
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By Sobolev embedding and the boundedness of 7, it follows that
2 2 +1
CH“nHLP+1(QR) g/Q |vun‘ < Hh||L°°(Q+)||U’nHZL),p+1(QR)7
R
which implies that

(2.23) llun|l Lo+ > C >0

Therefore, if ||uy||pe g1 < C which implies ||uy| r+1 < C, then, from (2.22)
and by Holder inequality,

lwn L2, [|un] Lr+1 — 0 when n — oo

which contradicts (2.23). The proof of Theorem 1.2 is now completed. O

3. Global bifurcation for problem (P)

3.1. A priori pound independent of ;. In this section, we prove The-
orems 1.4 and 1.5. For this, we need uniform a priori estimates which do not
depend on the domain Qg. This is proved in the following result for A < 0:

PROPOSITION 3.1. Assume the (H1)—(H3) are satisfied. Let
Q, :=Qpr, a sequence of domains such that R, — co when n — oo.

Let {(An, tun) }nen solutions respectively of (Pq, ) such that A < A, <0 for some
A < 0. Then,
|t Loomry < C(A)

where C does not depend on €2,

PROOF OF PROPOSITION 3.1. Let M, such that |uy|p~ = M,. Then,
there exists x,, such that u,(z,) = M,, and —Au,(z,) > 0. Since \,, <0,

(3.24) r, € QT UT.

Since the bound in QE”,J can be obtained exactly as in the proof of Propo-
sition 1.1 we just have to prove that u, remains bounded in a neighbourhood of
I when n — oo this can be done using an approach similar to Proposition 1.1
since I' is compact.

But observe that the uniform bound in a neighbourhood of I" requires to have
an a priori bound on Q, 5 := Q. N {x | dist(x,I) > ¢} since it will imply that
m and hence €1 constructed in the second step are bounded. To estimate u,, in
Q; 5> let us consider € > 0 and ¢, non trivial solution of:

—A¢ = A(e)¢p in By,
=0 in dBy., ¢ > 0,
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where By, is the ball centered in 0 with radius 4e. Consider now zq such that
Byc(xo) C {z | h(z) < =dp} for a g > 0. Let ¢y e = Ty Pe, we still denote ¢..
Multiply the equation in (Pq,) by |h|* 1h¢2 for some o > 2 that will be fixed
later, we obtain (since o > 1):

829 [ sun ey = [ ua(ae o)

Bae(xg)

<C ulh|* g2 2.
Bic(ag)

Fixing in (3.25) @ = 1+ 2p/(p — 1) > 2 for which a/p < a — 2, we have from
(3.25) and the equation in (Pg,, ):

(3.26) [ emprenice [ se
Bye (o) B

4e(xzq)

Therefore, from (3.25) and Hélder inequality, we have:
(3.27) / ¢ h|oFuPtt < CP/ P B |.
Bye(z0)

Then, since By (xo) C {h(z) < —do},

(3.28) / uf < C'%ﬂ
Bac(20) 60

where C depends on ¢, N, and A. From (3.28) and since —Au < 0 we can apply

Lemma 2.2 (i.e. Lemma 9.20 in [15]), we obtain:

(3.29) sup u <C<1/ up> <C’M
. e = ) = T EN(5) e
ie.
(3.30) sup u, < C(4,A).
Qn,s

Then, we can proceed as in Proposition 1.1 and the proof of Proposition 3.1 is
now complete. O

REMARK. Proposition 3.1 only concerns the case where A < 0 (this ensures
that the point where the maximum is attained can be chosen in a bounded
domain: QT UT).

In the case where A > 0, some a priori estimates independent on the domain
can be obtained if we impose some asymptotic behaviour to h. Precisely, we
prove:
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PROPOSITION 3.2. Assume the same conditions of Proposition 3.1 and now
suppose that A, > 0. Assume in addition that h satisfies:

(3.31) limsup h(z) < 0.

|| —o0
Then, un |~ < C(A).
ProOF OoF PROPOSITION 3.2. In the case where A\, > 0,
r, €QTUTU{x € Q,, | \uuy, + h(x)ul > 0}.

If limsup,,_, ., |Zn| < 00, then the proof is similar as for Proposition 3.1. Now,
suppose that up to a subsequence,

|€n] — 400 and A, — A >0 when n — oo.

Then, from (3.31),

Antin (2n) + h(xn)un ()P > 0 = up(z,) < ‘

and the proof is now complete. O

3.2. Connected branch of solutions of (P) in R~ x H'(RY). We give
now the proof of Theorem 1.4.

ProoF OoF THEOREM 1.4. Let Q, := Qg where R, — oo when n — oo
and C,, the corresponding branch see Theorem 1.2. For any large negative A, let
A2 be a connected component of C,, in {A < X\ < 1/A} x H'(R") such that

e Ay = [A,1/A]

(the existence of A2 follows from the connectedness of C,, and IIgC,, D ]—oc,0]).

Using Theorem 1.3, we are going to prove that

(3.32) C:= lim limsup A%}

——X n—ooo

satisfies the assertions of Theorem 1.4. To do this, we have to prove that | J,, oy AL
is relatively compact. Therefore, take

(Anyun) € Aﬁ which implies A < X, <1/A <0.
From Proposition 3.1 we have that
(3.33) [un|L < C(A).

Therefore, by a bootstrap argument and up to subsequences, when n — oo the
following holds:

(3.34) Ay — A<0 and  u, — uin LS (RY)
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where (), u) is a solution of (P). From (3.33), u € L>(RY). Let us show that
(3.35) Ay tin) — (\u)  in R x HY(RY) when n — oo.

First, since (A, uy) is a solution of (Pq, ) and from (3.33), one can remark that

Qp Q, Q

Since A, — A < 0, it follows that

h(z)uP ™t < / h(x)ub™ < C.
O+

n

(3.37) [tnllri@yy < C and  u, — u weakly in H'(RY)

which implies (by Sobolev embedding):

(3.38) / h(z)ub™t — h(z)uP*™  when n — oo.
Qt Qt+

Therefore,

(3.39) /|vu\2+\A|/|u|2 gnmmf/ |Vun\2+|)\n|/ |2
n—oo Jo Q,

glimsup/ |Vun\2+|>\n|/ |t |?
n—oo Qn Q,

:limsup/ h(z)ub™t
Qy

n— oo

= h(z)uP 4 lim sup/ h(z)ul™t
Q, /0t

O+ n— oo
= / h(z)uP ™ — liminf |h(2)|ub
ot n—o Jq, /0t

< / h(z)ut / () [+
Q+ RN /Q+

:/ h(z)uP*! :/|VU|2+|)\|/|u|2.
RN
From which, it follows

(3.40) lim \Vun|2+|)\n|/ |un|2:/ |Vu|2+|)\|/ 2.
n—oo Jo Qn RN RN

Therefore, (3.35) is proved and |J,,oy A5 is relatively compact in R~ x H*(RY).
Furthermore, w is not trivial. Indeed, by Theorem 1.2, since z, (defined in
Propositions 3.1 and 3.2) is uniformly bounded and from (3.33), we obtain:

Al 1/(p—1)
(341) 0 < K <C(\y) = (| . ) < up(zy) — u(z) and u £ 0.

|2l oo (4 ur)

Now, using Theorem 1.3, we see that

Cp := limsup A%

n—oo
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is connected. Furthermore, the connectedness of C := limp_,_, Cp is proved in
the same way (i.e. the proof of the compactness of | JCy when A — —oo can be
proved as above). This completes the proof of (i).

Observe that since the convergence for \,, — 0~ of the above sequence u,, is
not established, C is not necessarily closed in R~ x H'(RY). But C is closed in
R~ x DL2(RY). To prove this, let

(A, un) €C such that A, — 07.

Then, repeating the argument in (3.39) with A = 0, we are done. Moreover u
cannot be trivial. Indeed, let 1/¢=1— (p+ 1)(IN —2)/(2N) and remark that

(3.42) / Viun 2 + A / fun? < / Byt
RN RN O+

1/q (p+1)(N—2)/(2N)
< (/ h(x)Q> </|un|2N/(N—2)) )
O+

From (3.42), it follows:

+1
Hun”%ﬁN/(N—?)(RN) < CHun”izN/(N—Q)(RN)

from which we obtain (since p > 1):
(343) ||Un||L2N/(N—2)(RN) Z C.

This completes the proof of (ii).
Let us prove (iii). To this purpose, we argue by contradiction. Suppose that
there exists a sequence (A, u,) € C such that:

Ap — =00 and |lug | g eyy < C.

From (3.36) and by interpolation, we obtain that passing to the limit as n — oo,
(3.4 funllzamy = 0. [ bt —o,
O+

(3.42) and (3.44) imply that |[u,| g1 @~y — 0, which contradicts (3.43). Hence,
lltn || 51 (rvy — 00. Now, ||t oo myy — oo follows from (3.43) and (3.44). This
completes the proof of (iii) and Theorem 1.4. O

(1) C is connected in R~ x HY(R™) but not necessarily in R~ x L>(RY).
Notice that we do not impose any asymptotic behaviour of h at infinity.

(2) From (ii), it follows that bifurcation from essential spectrum towards
the left cannot occur.
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3.3. Bifurcation from essential spectrum in R x L>°(R"). In this sub-
section, assuming in addition (H4), we deal with the convergence of branches
Cq, in R x L*(RM). To this purpose, we proceed as in the previous subsection.
But, here the a priori bounds independent of €2,, follow from Proposition 3.2.

PRrROOF OF THEOREM 1.5. In view of Theorem 1.3, we define for some large
negative A, the connected component A2 of

(3.45) {(\u) €Cq, | A > A}

which contains (A;(€2,,),0) and where €, is as in the previous subsection. By
Theorem 1.2 and Proposition 3.2 we have:

(a) AY C [A, A (Q1)] x L=®(RY) and it is bounded,

(b) (M(25),0) € AL and TIr AL O [A, A1(Q)],

() limy, 00 (A1(22,),0) = (0,0) € liminf, ., A%
Our next goal is to prove that |J,,cy A% is relatively compact in R x L>(RY).
For this, take a sequence (\,,u,) € A2. By Proposition 3.2 and a bootstrap
argument in the equation of (Pg,, ), one can prove that up to a subsequence there
exists (\,u) solution of (P) such that u € L>(RY) and (passing to the limit as
n — oo)

Ap = A< A (QT) and w, — uin Lﬁ;’c(]RN).

To prove that u,, — u in L>(RY), it is sufficient to show that
(3.46) tun(x) — 0 uniformly when |z| — co.

Using similar arguments to those in Proposition 3.1 and choosing such that
Byc(xo) C {x | |z| > M} with M large, we see that (3.27) holds (for ? this just
take e small enough such that A\j(Bsc) > A1 (271)). From (3.27) we obtain:

By
(3.47) / w <o ABil
Bae lnfB4a(zo) ‘h(z)|

From (3.47) and from (H4), for all 6 > 0, there exists M large enough such that
(3.48) / ub <6 if Bac(xo) C{z | |z| > M}.

BQE(‘tO)
Using Lemma 9.20 in [15] together with (3.48) we obtain

Vo > 0, 3M > 0 such that |z| > 2M = u,(z) <§ Vn

from which (3.46) follows. This proves that |
R x L>=(RY). Now take

nen AL is relatively compact in

C:= lim limsup A2

— =X n—oo
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From Theorem 1.3 we see that C is connected in R x L (R") and it bifurcates

from the essential spectrum. So, to prove (i), we just have to prove that
Ao :==sup{A | (A\,u) € C} > 0.

Recalling that from Theorem 1.4, for A < 0, u € DY2(RY) and that there’s no
bifurcation towards the left from the essential spectrum in R x DV2(RY), we are
done.

Now, (ii) follows from the same arguments proving (ii) and (iii) of Theo-
rem 1.4. This completes the proof of Theorem 1.5. g

REMARKS.

1. It would be interesting to understand what happens when
p=(N+2)/(N—2) (critical case).

2. It is worth to notice that Theorem 1.5 proves that the bifurcation from
essential spectrum occurs towards the right (which implies the existence
of nontrivial solutions for A > 0 in L>(RY)).

3. It would be interesting to extend Theorem 1.5 in the case where

lim sup h(z) < 0.

|z|— 00
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