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INVARIANCE OF BIFURCATION EQUATIONS
FOR HIGH DEGENERACY BIFURCATIONS
OF NON-AUTONOMOUS PERIODIC MAPS

HENRIQUE M. OLIVEIRA

ABSTRACT. Bifurcations of the class A, in Arnold’s classification, in non-
autonomous p-periodic difference equations generated by parameter de-
pending families with p maps, are studied. It is proved that the condi-
tions of degeneracy, non-degeneracy and unfolding are invariant relatively
to cyclic order of compositions for any natural number . The main tool for
the proofs is the local topological conjugacy. Invariance results are essential
for proper definition of bifurcations of the class A, and associated lower
codimension bifurcations, using all possible cyclic compositions of fiber fam-
ilies of maps of the p-periodic difference equation. Finally, we present two
examples of the class A3 or swallowtail bifurcation occurring in period two
difference equations for which bifurcation conditions are invariant.

1. Introduction

1.1. Motivation. Our paper is motivated by recent papers [11], [28] which
develop bifurcation theory for non-autonomous dynamical systems. As is well-
known in this setting there are some difficulties to overcome, both in the case of
continuous and discrete time. As a starting point it is necessary to set a proper
definition of a dynamical system [6], [12], [22] and of an attractor and repeller [5].
It is also necessary to define clearly the concept of bifurcation. There is a good
set of research works on this subject, see e.g. [2], [16], [19]-[22], [26]-[31].
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In this paper we are concerned with the definition of bifurcation equations
for local bifurcations in one-dimensional p-periodic maps or p-periodic difference
equations. In particular, we focus our attention on the class A, of bifurcations,
in Arnold’s classification [3], [4], for a positive integer . The main result of
the paper is the invariance of A, bifurcation conditions in respect to the cyclic
order of maps in the iteration. Actually, we establish all results for alternating
maps, i.e. for p = 2 or two fiber maps, and for fixed points of composition maps.
This approach has an advantage of being simple in presentation, notation and
comfortable to the reader in comparison with the direct study of p compositions
and general k-periodic orbits. Next we generalize the results to periodic orbits of
p-periodic maps, that is only an exercise of composition and repeated application
of methods developed for alternating maps.

Bifurcations of the class A, occur in the autonomous case when one has
one real dynamic variable x, the parameter space is real p-dimensional and
the related family of mappings satisfies a set of degeneracy conditions. These
conditions provide topological equivalence to the unfolding of the germ x 4 2#*!
at the origin [4]. There are many different approaches in the literature, in this
work we follow the definitions of [4] concerning the germ, topological equivalence,
unfolding, codimension, and classification of singularities and bifurcations. We
suggest as an introduction to the general subject of bifurcations the book [23].
The class A, includes the fold, for u = 1, the cusp, for u = 2, the swallowtail,
for 1 = 3, and the butterfly, for u = 4 (see [4], [13], [35], [36]).

At the end of this paper we consider equations of the swallowtail bifurcation,
i.e. the A3 class, as an example for our results. In this case the bifurcation
set (1) in the parameter space is made up of three surfaces of fold bifurcations,
which meet in two lines of cusp bifurcations and one line of simultaneous double
fold, which in turn meet at a single swallowtail bifurcation point as we can see
in Figure 1. This bifurcation has codimension three [23], since one needs three
independent parameters to completely unfold the bifurcation.

On the subject of codimension see also [4], [8], [14], [17]; we note that the
definition of codimension in [14] is different from the one provided by [4] and
[23] but the results are basically the same, modulus personal gusto.

The p maps of a family can exhibit a plethora of geometrical behavior not
present when we study lower codimension bifurcation. For instance, for p = 3
and alternating maps the Schwarzian derivative cannot be simultaneously neg-
ative at the singularity for two maps, as we will see in the last section. The
negative Schwarzian condition restricts severely the geometry of families of map-
pings [10], [33]. Without the negative Schwarzian, we have in the unfolding of
this singularity a variety of dynamic phenomena not usually seen in most of the

(1) For the definition of bifurcation set see Definition 2.2.
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FI1GURE 1. The bifurcation set in the parameter space near the origin, the
most degenerate point where the A3 singularity occurs. The control space
is real three dimensional. The cut facing the observer is at a = 1.

works on one-dimensional discrete dynamics [7], [10]. Obviously, in this scenario
one does not benefit from Singer’s Theorem [34].

1.2. Overview. We organized this paper in four sections. In Section 2 we
introduce basic concepts including a brief recollection of A,, bifurcation equations
for families of autonomous real maps.

In Section 3, the core of this work, we study in detail the equations of bifur-
cation for alternating systems. We prove that when we perform a change in the
order of composition of maps the degeneracy conditions, non-degeneracy condi-
tions and transversality conditions remain invariant. These results imply that
this type of bifurcation is well-defined in the general case of alternating systems.
Finally we provide a straightforward generalization of these results to periodic
orbits of p-periodic maps.

In Section 4 we prove some conditions that override the possibility of As or
swallowtail bifurcation in the case of alternating maps, where p = 2. Finally, we
present two examples concerning alternating maps. These examples show that
this class of high degeneracy bifurcations occurs in simple applications without
the need of exotic constructions.

2. Preliminaries

2.1. Basic definitions and notation. Let a non-autonomous dynamical
system be defined as in [22]. Consider the non-autonomous iteration given by

(2.1) Tnt1 = fo(zn), on € I, withn € N,
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where I,, are real intervals (not necessarily compact and maybe R) which are
fibers of the non-autonomous dynamical system. The usual distance is defined
in I,,. The iteration starts at the initial condition xy € Iy. Each map f, is at
least continuous and defined so that

i In = Inaa, Zn > fr(Tn)

and fn(In) - In-‘rl'
The system is periodic of period p if

fn-‘r]? = fp and fn—&-p(In) - In,

for every n € N, where p is the minimal positive integer satisfying the above
conditions. When p = 2 with fibers Iy and Iy, such that

follo) €I and fi(l1) C Io,

we say that we have an alternating system.

In the sequel, by C(I) we denote the collection of all continuous maps with
domain I, by C!(I) the collection of all continuously differentiable elements of
C(I) and, in general, by C*(I), s > 1, the collection of all elements of C(I) having
continuous derivatives up to order s in I.

Let f € CY(I) and let ¢ be a periodic point of period m. Denoting the
derivative by D, q is called a hyperbolic attractor if |Df™(q)| < 1, a hyperbolic
repeller if |Df™(q)| > 1, and non-hyperbolic if |Df™(q)| = 1.

DEFINITION 2.1. We say that two continuous maps f: I — I and g: J — J
are topologically conjugate if there exists a homeomorphism h: I — J such that
ho f=goh. We call h the topological conjugacy of f and g.

We use A for a vector parameter in R¥.

DEFINITION 2.2. If fp is a family of maps, then the regular values A of
parameters are those which have the property that fz is topologically conjugate
to fa for all A in some open neighbourhood of A. If A is not a regular value, it
is called a bifurcation value. The collection of all bifurcation values is called the
bifurcation set, 0 C R¥, in the parameter space.

Let fa be a family of maps in C*(I). Let Ay be a particular vector parameter
and a € I be a fixed point of fa,, i.e.

a= on<a')7

the condition of a being non-hyperbolic is necessary for the existence of a local
bifurcation. The existence and nature of that bifurcation depends on other
symmetry and differentiability conditions that we will discuss below. If there
exists a local bifurcation we say that (a,Ao) is a bifurcation point (when there
is no risk of confusion, we say that a is a bifurcation point).
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NoTATION 2.3. For notational simplicity we consider the real vector param-
eter A as a standard variable along with the dynamic variable z, i.e., we write

fA(x) = f(va)’

keeping in mind that the compositions are always in the dynamic variable x.

When there is no danger of confusion and no operations regarding the pa-
rameter, we denote the evaluation of functions depending on the dynamic vari-
able and the parameter omitting the later, for instance fj(z) = f(x, A) will be
denoted by f(x) in order to avoid the complicated notation needed for compu-
tations of high order chain rules. Nevertheless, all maps in this paper depend
on the parameter as well on the dynamic variable, even when that dependence
is not visible in some formulas or expressions.

We denote the derivatives related to some variable y by 0,. Repeated
differentiation relatively to the same variable is denoted by Oy», for instance
Oyyy = Oys. When there is no danger of confusion, we denote strict partial
derivatives, i.e., not seeing composed functions, by a subscript. For instance, the
third partial derivative of f relatively to y is denoted by fy,, or fys.

This means, in particular, that when dealing with composition of real scalar
functions g(x,t) and f(x,t), such that g o f(z,t) = g(f(x,t),t), we have the
chain rules

8tg(f(xvt)vt) = gm(f(xvt)vt)ft(mvt) +gt(f(xvt)7t)v
0:9(f(x,1),t) = gu(f(2,1), 1) fu(2,1).

Throughout this paper we deal with p-periodic sequences of maps fo, ..., fp—1
on a real dynamic variable x and depending on a real vector parameter A, such
that

fjinX@%Ijﬁ»l, ({E,A)'—)fo(fﬂ,A)

for j =0,...,p—1. The fibers I; for the dynamic variable are intervals of R and
© C R* is the parameter set, f; € C*T1(1;) and f; € C}(©), with p a positive
integer. Moreover, the property

Ji(L;; A) € Iit1(moap) holds for all A € ©.

In this paper we use the convention that capital letters are used for compositions
of maps in the dynamic variable. Capital F' and G will be always used for the
direct and reverse composition of alternating maps

F=fiofy and G=fyo f1.
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Consider the set of indexes j = 0,...,p — 1 for the p-periodic system. We set
the following notation for the p compositions:

Fo=fp-10...0fo,
F1:f00fp710~~~0f17

Fp—l = fp—2 0...0 fO o fp—1~

The repeated composition (always in the dynamic variable) is denoted by

fF=(fo...0f),
k

where k is a positive integer.

2.2. Conditions for the class A, of bifurcations in autonomous sys-
tems. In this paragraph, we recall briefly the conditions for the class A, of
local bifurcations, in Arnold classification, as explained in Theorem on page 20
in Arnold et al. [4]. For the iteration of maps, the normalized germ of the class
A, is zx#*1 and has the following principal family [4], also called the prototype
polynomial or normal form [23]:

x+ Pt 4 +...+)\Mx“_1,

where A;, j =1,...,u, are real parameters.

Given an autonomous discrete dynamical system generated by the iteration
of f, in order to compute the bifurcation points of the class A, one has to solve
the following bifurcation equations [23]:

2.2) flz,A) =2z (fixed point equation),
2.2
fz(z,A) =1 (non-hyperbolicity condition).
The simplest of such local bifurcations is the saddle node bifurcation, i.e. A;.
One assumes, in this case, the generic non-degeneracy condition

(2.3) faa(2,X) #0
and the transversality condition [23]
(2.4) falz,X) #0, with A e R.

We set generically that A € R, since one needs only one parameter to locally
unfold this singularity [1], [4], [8], [14], [15], [23]. The normalized germ of this
bifurcation is x4+ x2, with principal family z 422+ )\, which is weak topologically
conjugate to any other family [4], [23] satisfying the bifurcation conditions.

Adding degeneracy conditions, one obtains higher degeneracy local bifurca-
tions.
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Therefore, the equations for the occurrence of the A, class of bifurcations
for a general positive integer u are

with the solution (a,Ap). It is easy to see that these conditions are satisfied
by the normalized germ z 4 z#*! at the origin. One has the non-degeneracy

condition

(26) fz“‘*‘l (av AO) # 0,

for ;. = 2 we have the cusp, for p = 3 the swallowtail and for p = 4 the butterfly
[4], [8], [9], [14], [15], [23]. The transversality condition (see pages 66, 297, 298
and 303 of [23]) at the solution of the above conditions is given by the condi-
tion of non-singularity of the Jacobian matrix of the map (f, fu, fows- -y fon-1)
relatively to parameters at the bifurcation point

fala,do) o fa(a,Ao)

(2.7) det £0,

fm“*l)\l (Cl,Ao) fm“*l)\“ (aaAO)

and it assures that the vector parameter is enough to unfold the local bifurca-
tion [23]. This happens since condition (2.7) assures that the u lower order terms
in the Taylor polynomial of f depend uniquely on the p components of A, i.e.
Ay Ap

3. A, class of bifurcation in families of p-periodic maps

3.1. Invariance of bifurcation conditions.

8.1.1. On invariance of degeneracy and non-degeneracy conditions for alter-
nating systems. In this paragraph, we study invariance of degeneracy conditions
of alternating families of maps for all singularities of the class A, using topo-
logical conjugacy.

Given an initial condition xy € Ij, the alternating system is given by the
iteration

(31) Tn+1 = fn(mod 2) (.IJ»,“A), Tn € In(mod 2)-

If there is a pair (a, Ip) such that after two iterations the iteration returns to
(a, Iy) we say that a is a periodic point in the fiber Iy with period 2. We note
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that the point b = fy(a, A) is also a periodic point in the fiber I; with period 2.
Consider the compositions F' and G, we have

a=F(a,A) and b=G(bA).

In other words, a (resp. b) is a periodic point with period 2 in the fiber I
(resp. I1) of alternating system (3.1) if and only if a (resp. b) is a fixed point
of F (resp. G). Below we give bifurcation equations with u — 1 degeneracy
conditions on derivatives on x for F' and G, they are exactly the same as in the
non-autonomous case:

F(z,A) ==, G(z,A) =z,

F.(x,A) =1, Gz(z,A) =1,
(32) sz(xv A) = Oa and Gmm(xa A) = 0,

qu((L‘,A) = O7 Gg;u(.’L',A) = 0

These equations have different solutions for the dynamic variable z, depending
on the fiber we choose. At the solutions of (3.2), the non-degeneracy conditions
are

(3.3) qu+1 (a, Ao) 75 0 and Gmu+1 (b, Ao) 75 0.

A natural question arises: Are the solutions in the parameter space equal for
different compositions F and G?

A similar question was posed in [9], [11] and it was positively solved in
particular cases of degeneracy conditions until the cusp, i.e. yu = 2.

In this section we show that the answer to the above question is positive in
general case. We prove that if a parameter vector satisfies equations (3.2) for F
then it is a solution of the system for G. The next lemma will be used to solve
the general problem of the symmetry of bifurcation equations with respect to
the order of composition.

LEMMA 3.1. Let ¢ > 1 and let h and f be real functions satisfying the
following conditions:

(a) there exists a such that f(a) = a and f is a Lipschitz homeomorphism
i some open interval I containing a;

(b) h is a Lipschitz homeomorphism with Lipschitz constant L in an open
neighbourhood I, of a, and there exists an open neighbourhood Jy of
h(a) = b such that its inverse h™1 is also Lipschitz continuous with
Lipschitz constant M,

()

|f(x) — x| |f(z) — =

lim ———— =0 and lim ————— > 0.
z—a |z —alt z—a |x7a|l‘+1
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Then g, the conjugate of f by the homeomorphism h,

g=hofoh™!
satisfies
l9(y) — \ _ \9( ) —

PrROOF. We first compute the domain J, where y ranges, when we compute
limit (3.4). Of course, we take J to be an open interval containing b such that
J C h(I}). The limit has meaning if J also satisfies

(3.5) WU ST, f(hN) C I

As both f and h~! are homeomorphisms we can choose the open interval J
small enough just to satisfy conditions (3.5). We note that a € h=1(J) and

a€ f(h™'(J)).

Let us consider limit (3.4). We have

9@) =yl _ . N(he foh™)(y) — (hoh™)(y)|

0< g S = iy ly— bl

< L 1020~ 1 )
y—b ly — b|»

e (oY) — A )] () —af )"

=L T () —ap ( 0] )

e 1o ) A )] ()~ A )

=L T ) —ap < 0] >
w10 ) — b))

S LM T ) —a

As lirr%) h=1(y) = a, if we set h=1(y) = =, it follows that
Yy—r
o< 9D =8l @)
y—b |y—b|ﬂ r—a |x—a|ﬂ :
As limy o |f(2) — 2| /|2 — a\““ > 0, we apply a similar reasoning to f to get

z—>a|x |H+1 - y_>b|y _ b|H+1 ’
therefore
i 9@ =9l
y—b ‘y — b‘qul
as desired. O

Using the previous lemma we can easily prove the next result.

THEOREM 3.2. Let o > 2 and let there be an alternating family of maps with
individual mappings fo € C*T1(Iy), f1 € CHTY(I1) in the dynamic variable and
the compositions F' = f1 o fo and G = fy o f1 such that:
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(a) There exist a,b, fized points of Fand G respectively,
a = F(a,N), b= G(b,A).
(b) The non-hyperbolicity condition for F
0. F(x,N)|,_, = 0xf1(x,A)|,_p Oxfo(z,N)],_, =1
holds.
(c) Higher degeneracy conditions for F
Opi F(x,N)|p=a =0, forevery2<i<upu
hold.
(d) The non-degeneracy condition for F
8x“+1F(xaA)|$:a #0
holds.
Then 0, G(x, A)|z=p = 0, for every 2 <i < p and Oput1 G(x, A)|z=p # 0.
PROOF. Properties (3.2) and (3.2) imply that fy, fi are diffeomorphisms
in suitable neighbourhoods of a and b, respectively. Therefore, we can define
local inverses. Being local diffeomorphisms, fy and f; are also local Lipschitz
continuous and so are their inverses. In particular, fo(a) = b and f; *(b) = a.
We apply Lemma 3.1 to ' and G making the identification f = F', g = G and
h = fo. By (3.2) and (3.2),

o [F@ —al (@) —2) - (F(@) +a)

T—a |x — a|“ T—a |x — a|”

=0.

Therefore, h = fy and F satisfy the hypotheses of Lemma 3.1, and hence the
thesis with G(2) = (fo o F o f;')(x). Thus, we obtain

71 o _
o oo Fo i@ —al _ | |G@)—al _,
Tz—b |.13—b|” r—b |Z‘—b‘p‘
and .
i (o0 Fo fi)(@) —al _ . 16la) —al

z—b |z — b|utl ©aob o — bjutL
that is, the first u derivatives of G(x) — x are zero at b and the non-degeneracy
condition holds as well. (|

3.1.2. Example using the Fad di Bruno formula. Although seeming needless
after the previous results, the next example will be important to deduce prop-
erties on the geometrical behavior of the composition of maps related to the
swallowtail bifurcation at the beginning of Section 4. On the other hand, it is
interesting to recover the Faa di Bruno formula [18], [24], since we will use it to
prove the invariance of the transversality conditions. We think that it is pos-
sible to establish combinatorial results, using this theorem on both ends of the
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general formula for the derivatives of the compositions. This is an interesting
open line of research for readers interested in Bell polynomials and other relevant
combinatorial quantities associated with the Faa di Bruno formula, see [18], [25]
and [32].

EXAMPLE 3.3 (Alternating maps). Given two real maps f and g defined in
real intervals Iy and I;, we prove directly that if the second derivative relatively
to the dynamic variable of any of the two maps g o f and f o g is zero, then
the other one must be zero as well, disregarding the order of composition. The
same holds for the third derivatives. We do this directly, using the chain rule for
computing the derivatives of composed maps and its generalization, the Fad di
Bruno formula [18].

Let f and g be C? functions satisfying the following conditions:

(1) (go f)(a) =a and (f o g)(b) = b, which is f(a) = b and g(b) =

@ D0 —ymyr@=1

dx r—a

¢ Tl

Let us recall the formula of Faa di Bruno for the derivatives of composition

d™(go (J)
I O Hﬂ'(f ) |

]'

=0 for m =2, 3.

r=a

where the sum is over all different solutions 3; in nonnegative integers 31, ..., fm
of the linear Diophantine equations

Zjb’j =m and n:zZﬁj.
=1 =1

To avoid overload with indexes we use the notation used in [32]:

f():f(a)7 flzf/(x)|z:a""’ fm:f(m)(x)}z:a’
90=90), g =0@],_p  Im=9"@)_,
d™(go f) dm(fog)

@ =Ghm B @] =

r=b
With this notation, and taking into account hypotheses (1)—(3), Faa di Bruno’s

formula gives

m ] ,8]-
(3.7) (9/)m =mlzgnﬂé(ﬁ) ,
. L ()"

(3 o =325 11 (%)
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Condition (2) in this notation is

(3.9) figr =1

Let us consider the first two cases: m = 2 and m = 3, the cusp and swal-
lowtail. Let m = 2. We shall use formula (3.6), therefore we have to solve the
equation 1 + 282 = 2 for all possible values of the vector (81, 32) in N x N.
The only solutions are (81, 32) = (0, 1), which gives n = 1, and (81, 82) = (2,0),
which gives n = 2. So we have

s o =a(ad (5)'5(8) b (8 B8 -

= g1fa+ gof} 291f2+g—2 =0
1

and

a\’1 (g2\' 1\ 1 (92"
(3.11) (f9)2—2'(f1 < ,) 1,(2,> +f22!<1!> 0,<2,> )
=f192+f29%=%+f29%

We solve the system with equations (3.9) and (3.10) for gz, to obtain

(3.12) i f2) =~ 33,
i
By substituting g1 = 1/f1 and ga2(f1, f2) in (3.11), we get
(fg)2 = f1f3 +f2f
i

Let m = 3. By Faa di Bruno’s formula and taking into account the hypothe-
ses, we obtain

3
92 f2 4 9% —0.
91

(3.13) (9f)s = g1f3 + 3g2f1.f2 + g3f7 = g1.f3 +

We solve the system with equations (3.9), (3.10) and (3.13) for g3, keeping in
mind that g; and go have been computed earlier. Hence, we get

(3.14) g 43 3CR/MNL 315 1

1t f? R
By replacing g1, g2 and g3 by the previously obtained solutions, we find

(3.15) (f9)s = f193 + 3f29192 + f34;

_ 3f§_fa> 1( f2> fs _
_fl(fi” ja) Ep )t =l
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3.1.3. On invariance of degeneracy and non-degeneracy conditions for peri-
odic orbits of p-periodic systems. What we have shown in the previous paragraph
is the invariance of bifurcation equations with respect to interchange in the com-
position of alternating maps. In this paragraph we generalize these to general

p-periodic non-autonomous systems.

THEOREM 3.4. Let p > 2 and let there be a p-periodic family of maps with
individual mappings fo, ..., fp—1 with f; € CHT(I;) for a fived j € {0,...,p—1},
and a periodic point a; € I; with period p, i.e. a fized point of F;, such that:

a) There exist ag,...,a,_1, fired points of Fy, ..., F,_1, respectively, that is
P P
Fo(ao) = agp, .- -, Fj(aj) = Qj,... ,Fp_l(ap_l) = Qp—1-

(b) The non-hyperbolicity condition

p—1
aij(x)L:aj =[] 0:fi(aj) =1
1=0

holds.
(¢) Higher degeneracy conditions

0$7Fj(m)‘ =0, forevery2<i<uyu

Tr=a;
hold.
(d) The non-degeneracy condition

8as”+1Fj ((E) |x:a]- 7& 0
holds.
Then, all compositions F,,, 0 <m < p — 1, satisfy

Oyi Frn ()| =0, forevery2<i<yp, and Opu+Fy(z)|

T=0am

£0.

PrOOF. Without loss of generality we assume that j = 0, what can be

T=0am

done re-indexing maps of the p-periodic system. We now apply Theorem 3.2
to the alternating system fo, fp—1 0...0 fi with compositions F' = Fj and
G=F,=fyoFo fal, making a = ag, b = a3, and getting the result for j = 1.
Applying the same argument repeatedly, the result follows immediately for all
cyclic compositions F,,,, 0 <m < p—1. O

REMARK 3.5. The same result holds for k-periodic points of compositions Fj},
i.e. k X p-periodic points of the alternating system, since in that case we apply
Theorem 3.2 to the alternating system with compositions F' = F} and G = Ff =

foo FRo fit.

Now we can choose the composition order that makes the bifurcation equa-

tions easier to solve.
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3.1.4. Invariance of transversality conditions. In this paragraph we prove
the symmetry for the transversality conditions concerning cyclic compositions
of maps. We follow the same technique of proving the result as for alternating
maps (?) f and g and generalizing it to periodic points of p-periodic systems.
Suppose that there exists a solution Ag in the parameter space of bifurcation
equations (3.2), that the non-degeneracy condition (3.3) holds at Ag, and that a
solution coexists with fixed points ¢ and b for compositions F' and G.

Consider the map F = (F, F,, ..., Fyu-1) with the derivatives of the compo-
sition F' and the Jacobian determinant of F, now as a function of A. It is the
determinant

F)\l(‘TaA) FA,L(:E’A)
(3.16) JaF(x,A) = det : .
qu—l)\l(x,A) qu—l)\u(.T,A)

Consider similar definitions for G(z,A) and JrG(z) relatively to the composi-
tion G.

LEMMA 3.6. The Jacobians JaF(x,A) and JaG(x,A) computed at the solu-
tions of the bifurcation conditions (3.2) and (3.3) satisfy the equality

(3.17) IAF(a, No) = (fala, Ag))BH#/2 1, G(b, Ag).

PRrROOF. The proof rests on the fact that we can obtain the lines of the Jaco-
bian matrix [JaF (a, Ag)] of F using the Gaussian manipulation of the Jacobian
matrix [JaG(b, Ag)] of G. Consider

Ly
[IaF(a, o)l = | ¢ |,

L,

where L; denotes the i-th line of the matrix. We have to prove that

a1l
a1 Ly + oo Lls

[JAg(bv AU)] = : )

m
E au;Lj
=1

(2) Notation that we adopt in this paragraph to simplify the presentation of the next results
and proofs. We replace fo by f and f1 by g. The compositions are FF=go f and G = fog.
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i.e.
a1 0 0 Ll
21 (22 0 '
IAG (b, Ao)] = , s
L
Qu1l Qu2 Qup !
which is
[JAg(b7 AO)] =A [JA‘F(aa AO)] ’
where
a1 0 e 0
Qg1 g -+ 0
A =
Qui Cpz2 o Qup

We also prove that det A is different from 0.
The fact that for general u > 1 the matrix A is a lower triangular matrix is
trivial. Below, we prove that each entry of the main diagonal is

(3.18) aj; = (fala,Ao))* ™7, 1<) <y,

this equality implies that all such entries are different from zero due to the non-
hyperbolicity condition at the bifurcation

a{DF(x7A)|LE:a,A:A0 = gw(b7 AO)fw(a'a AO) =1
Moreover, (3.18) implies that the determinant of A is
“w
det A= [ (£o(a,80))* 77 = (fula, Ag)) B2,
j=1
as desired.

We prove now equality (3.18). Note that Go f = fogof = foF. We
differentiate this local conjugacy in order to A;, with ¢ =1,... u. We have

(3.19) O\ G(f(@,A),A) =05, f(F(x,A),A),
with
0 G(f(x, M), A) = G, (Fz, A), A) + Galx, A) [, (2, A),
NS (F(x,A),A) = fo, (2, A) + fo(F(x, M), A)Fy, (2, A).
At the points (a, Ag) and (b, Ag) equating the second members of (3.20), one has
G, (b, Ao) + G (b, Ao) fx, (a, Ao) = fa,(a, Ao) + fo(a, Ag)Fy, (a, Ao),

(3.20)

which due to conditions (3.2) at the bifurcation point is
(3.21) G)\i(b, Ao) = fw(a,,A())]'?')\i(CLAQ)7

this equality gives the relation between the first rows of the Jacobians.
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To get the relations between the second rows we consider the derivative rela-
tively to x of (3.20), we present only the terms that matter for the computation
of the main diagonal of A

’ Onef(F(x,A),A) = ...+ fo(F(x,A), \)Fy,.(x,A).

which due to conditions (3.2) gives, equalizing the right-hand sides of (3.22) at
the bifurcation value,

(3.23) Gax, (b, Ao) = Lo.t. + Fyy, (a, Ag),

where L.o.t. stands for “lower order terms” in terms of derivatives on the dynam-
ical variable of G, and F),, terms that do not appear in the main diagonal of A.
This expression gives the relation between the second rows of the Jacobians.

To get the relation between the third rows of the Jacobians, we consider the
derivative of (3.22) regarding x

8/\,i;c2G(f(I7 A)v A) = G)\i$2 (f(xv A)a A)fi(l‘, A) +.o

On,e2 [(F(z,A),A) = ...+ fo(F(x,A),A)Fy,z2(x, A),
which due to conditions (3.2) gives at the bifurcation value

G12>\i (b7 Ao)wa (G,, Ao) = IOt + fw (CI,7 AO)Fa:?')\i (a, Ao)

Repeating this process, using the Faa di Bruno formula (3.6) and the bifurcation
equations (3.2), knowing that the lower order terms in derivatives relatively to
x (order less than j — 1) do not contribute to the diagonal of A, we have for
I<j<np

sz_l)\i (b, AO)(fm(aa AO))j71 =lo.t. + fic(aa AO)Fa:j_l)\i ((l, AO);

dividing it by (fz(a,Ag))?~!, which cannot be zero due to the second line of
equations (3.2), we obtain

ij—l)\i (b, Ao) = IOt + (f:n (a, Ao))z_ijj—l)\i (a, A())7
the desired result. O
In the general setting of p-periodic maps and considering the last lemma, the

transversality conditions for A, bifurcations of k X p-periodic points of the first
two possible compositions of maps are such that

(3.24) InFg (ag, Ag) # 0 = JaFy (a1, o) # 0,

where J, was defined in (3.16), because Ff and Ff are two compositions of
alternating maps as we have seen in Remark 3.5. The generalization to periodic
points of all cyclic compositions of p-periodic maps makes no difficulties and the
proof is obtained by repeated application of Lemma 3.6.
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THEOREM 3.7. If one of transversality conditions of the class A,, bifurcations
for k x p-periodic orbits of p-periodic maps at A = Ay is satisfied, say

InF(aj, Mo) #0,
then it is satisfied for all cyclic compositions of individual maps, i.e.
IAF§ (a0, No) #0,..., JaFy_i(ap—1,Ao) # 0.

3.2. Conclusion. The invariance of degeneracy and transversality condi-
tions implies that the bifurcation problem with p degeneracy conditions on the
iteration variable is independent on the choice of cyclic order in the composition
of maps when maps are sufficiently differentiable. This invariance is fundamen-
tal, since it means that we can define local bifurcations in a unique way for
families of p-periodic maps using any compositions of particular maps. Hence,
the bifurcation set in the parameter space is the same for all F}“.

The main conclusion of this study, is that it suffices to solve bifurcation
conditions applied to one of F jk possible compositions to obtain the bifurcation
set. The bifurcation is well-defined using bifurcation conditions on composition
families. Each fiber replicates the behavior of the others. Hence, the local
bifurcations studied in this work of p-periodic difference equations are defined
by the same rules of local bifurcations of autonomous systems.

4. Examples

We conclude this work with study of a particular case of alternating maps.
We establish some useful criteria on existence of swallowtail singularity for al-
ternating maps and give two examples exhibiting this type of bifurcation.

Let f € C3(I). The Schwarzian derivative of f is

@) 3w
st = -5 (5)

defined for every z in I that is not a critical point of f.

ProprosITION 4.1. Consider an alternating system with families f = fy and
g = f1 satisfying all conditions of the class As bifurcation, i.e., swallowtail
bifurcation, together with transversality conditions. If one of the maps say, with-
out loss of generality, g, has Schwarzian derivative different from zero at b,
Sg(b) # 0, then the product of Schwarzian derivatives must be negative at the

swallowtail bifurcation point, i.e.
Sg(b) - Sf(a) <O.

PrOOF. Recall Example 3.3 with the same notation for derivatives. Consider
f and g under conditions of that example. Recall the equalities obtained and



732 H.M. OLIVEIRA

the notation. If g is assumed to have negative Schwarzian derivative at b, one

has
2
93_3<92> <0,
g1 2\¢

then, from (3.9) and (3.14) one has

" ?1%)42 - =P (3@) - §> < 3(3)

and, by equality (3.12)

92 f2

g1 B (fl)z'

The inequality above becomes
(7)-7<3()
h fi " 2\fh/)

fs3(F\
fi 2<f1) =0

Therefore, if g has negative Schwarzian derivative at b, then f must have positive

Therefore,

Schwarzian derivative at a.
On the other hand, if f is assumed to have negative Schwarzian derivative,
then by similar reasonings,

fs_ 930, o F2) 3(f>
i gl(fl) +3(f1> <2 fi)

9 p 2 3f2)2
gl(fl) >2<f1

and, asga/g1 = —f2/(f1)?, it follows that

93>3( f2 >23<92>2
g~ 2\(fH)? 2\q1/

This implies

Hence, if f has negative Schwarzian derivative then g must have positive Schwar-

zian derivative. O

As in [9], while working on pitchfork bifurcation, we can state the following
two results on the A3 degenerate bifurcation. The proofs are similar.

PROPOSITION 4.2. Let f and g be C? alternating maps. If f is strictly in-
creasing and g is strictly decreasing in x (analogously, if f is strictly decreasing
and g is strictly increasing), then the alternating system associated with f and g
cannot have an Az degenerate bifurcation.
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PROPOSITION 4.3. Let f and g be C3 alternating maps. If f and g are both
strictly increasing in the dynamic variable and one of the following two situations
takes place:

min (9,2 f(x),dp2g(x)) >0 (both convex)
xzely,]1

or
max (92 f(x),0,2g9(x)) <0 (both concave),

x€lp, Iy
then the alternating system generated by them cannot have a swallowtail bifur-

cation.

ProOPOSITION 4.4. If f and g are both strictly decreasing in the dynamic
variable and the following takes place:
max (Op2f(z),0p29(x)) >0 and min (9,2 f(x),dp2g(z)) <0,
x€lo,I1 x€lo,l1

i.e. one is concave and the other is convex or vice-versa, then the alternating
system generated by them cannot have an Az degenerate bifurcation.

Now, we consider two particular examples. The first one is an alternating
system with polynomial families, and the second one with the tangent family
Atanz and a polynomial family. The first example is relatively easy to compute,
but the second one has elusive roots due to its high degeneracy. Thus, some
numeric work is necessary. We present only the solutions and discard the tedious

computations of the second example.

/ g 0.5 //

-0.5

FIGURE 2. The geometry of individual maps at the swallowtail bifurcation
point Asz for Example 4.5. Note that one map is convex and the other is
concave.
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ExAMPLE 4.5. The alternating system f and g with a quadratic polynomial
fo = 22 + A1 and a cubic polynomial f; = A3z + Aoz + 1, defined in the real
line. The compositions are

F(z) = f10 fo(x) = A32% + 3A3 2% + (BA3AT 4+ Ao)2? + 1+ daAp + AsA,
G(x) = foo fi(z) = A3a® + 22\ 32? 4+ 2X\32° 4+ \32? + 2 on + 1 + Ay

The bifurcation equations (3.2) for F or G have solutions

3° 52.7 3.7
M=mp AT g ad A= o
with
33 2.3°
a = -, = — =55
5.7 52 .72
such that fo(a) = b and f1(b) = a. The Schwarzian derivatives are
1 52 . 72 11 5. 74
fay= =TT s =L = 2T

naturally, with opposite signs at the bifurcation points, according to Proposi-
tion 4.1. Obviously, SF'(a) = SG(b) = 0 at bifurcation points.

The transversality condition (3.24) is, by Lemma 3.6, the same for F' and G
(since 3.3 — 32/2 = 0) and gives

4 910
S

We can see in Figure 2 the geometry of individual maps at the As singularity.

JAf(a,AQ) = JAg(b,Ao) =

Both functions are increasing at suitable neighbourhoods of a and b, one function
is concave and the other is convex. The bifurcation set is similar to the one

depicted in Figure 1. We have the same behavior of two possible compositions
F and G.

EXAMPLE 4.6. Consider now the family of real alternating maps fy and f;
with fo(z) = —2* + \2? + 2 + Xy and fo(x) = Aztanz, defined on suitable
open sets near solutions of swallowtail bifurcation equations. We have solutions
of bifurcation conditions a ~ 0.0797053, b ~ 0.0793675, A1 ~ —0.0400839, Ao ~
—0.0000428492, A3 ~ 1.00215. The non-degeneracy condition gives F()(b) ~
—26.7. We note that a and b are very near each other and the maps are almost
parallel at bifurcation points, Figure 3. The Schwarzian derivatives are Sf(a) =
—1.96648, Sg(b) = 2.

The transversality condition (3.24) is again the same for F' and G and has
the form

JaF(a, Ag) = JaG(b, Ag) = —2.08013.

These two examples, exhibiting the swallowtail bifurcation, produce evidence
that high degeneracy bifurcations can occur in particular cases and the theory
has applications.
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0.0801

0.0800

0.0799

0.0798

0.0797

0.0797 0.0798 0.0799 0.0800 0.0801

FI1GURE 3. The orbit of bifurcation points a and b of fp, f1 in Example 4.6
viewed as a cobweb diagram. The maps, one concave and the other convex,
are almost parallel.
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