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THERMO-VISCO-ELASTICITY FOR MODELS
WITH GROWTH CONDITIONS IN ORLICZ SPACES

FiLip 7. KLAWE

ABSTRACT. We study a quasi-static evolution of the thermo-visco-elastic
model. We act with external forces on a non-homogeneous material body,
which is a subject of our research. Such action may cause deformation of
this body and may change its temperature. Mechanical part of the model
contains two kinds of deformation: elastic and visco-elastic. The mechani-
cal deformation is coupled with temperature and both of them may influ-
ence each other. Since the constitutive function on evolution of the visco-
elastic deformation depends on temperature, the visco-elastic properties of
material also depend on temperature. We consider the thermodynamically
complete model related to a hardening rule with growth condition in gen-
eralized Orlicz spaces. We provide the proof of existence of solutions for
such class of models.

1. Introduction

The objective of this paper is to show the existence of solutions to a special
class of thermo-visco-elastic models. We consider the reaction of a material body
treated by external forces and heat flux through the boundary. In the case of
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ideal elastic deformations, the body should return to its initial state after termi-
nation of external forces activity. However, if deformations are not elastic, i.e.
there is a loss of potential energy, we deal with a special kind of inelastic defor-
mations. The potential energy lost during the process may be transformed into
the thermal energy. We focus on the visco-elastic type of deformations, which
for instance may be observed in polymers. Both deformations are coupled in
physical phenomena and they may be observed at the same time. Consequently,
these two types of deformations appear in the models considered in this paper.
The elastic deformation is reversible, whereas the visco-elastic one is irreversible.

The thermo-visco-elastic system of equations, as a consequence of balance
of momentum and balance of energy, cf. [19], [33], see also [21], captures dis-
placement, temperature and visco-elastic strain. Since these two principles do
not take into account the material properties of considered body, we may com-
plement it by adding constitutive relations which complete missing information.
The standard technique in the solid body deformation is to work with two con-
stitutive relations. The first one describes the dependency between stress and
strains, i.e. this is an equation for the Cauchy stress tensor. The second one is
a constitutive equation which is characterized by the evolution of visco-elastic
strain tensor.

We assume that the body Q C R? is an open bounded set with a C? boundary.
Then the quasi-static evolution problem is formulated by the following system
of equations:

—divT = f in Q x (0,7),
(L1) T = D(e(u) — €P) in Q x (0,7),
e? =G, T in Q x (0,7),
0, — A =T: GO, T inQx(0,T).

By the solution of this system we understand finding the displacement of material
u: Q x Ry — R3, the temperature of material #: Q x R, — R, and the visco-
elastic strain tensor eP: 2 x Ry — S3. We denote by S the set of symmetric
3 x 3-matrices with real entries and by S5 a subset of S which contains traceless
matrices. The function T:  x R, — 82 stays for the Cauchy stress tensor. By
I we mean the identity matrix from S2, thus T is the deviatoric (traceless) part
of the tensor T, i.e. T? = T — tr(T)I/3. Additionally, we denote by e(u) the
deformation tensor associated to u, i.e. e(u) = (Vu + V7u)/2.

The motivation for the current paper is to extend results presented in [20],
where we proved the existence of solutions to the Norton—Hoff model, i.e. the
model with the growth condition on the visco-elastic strain tensor in Lebesgue
spaces. The model with the growth condition in generalized Orlicz spaces is a
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natural extension of the Norton—Hoff model as a next step to make an approxi-
mation of the Prandtl-Reuss model. The use of generalized Orlicz spaces takes
into consideration more rapid growth than in the case of growth condition in
Lebesgue spaces. Furthermore, the choice of generalized Orlicz spaces allows us
to consider non-homogeneous materials. Since an N-function depends on the
spatial variable z, different regions of 2 may have different growth condition.
Consideration of non-homogeneous materials implies that the operator D may
also depend on the spatial variable x. In previous papers, see [21], [20], we
considered only homogeneous materials.

Studying mechanical problems in Orlicz spaces is not an isolated issue. In
the case of visco-elastic deformation, the problem involving Orlicz spaces was
considered in [14], but only in the case of N-function independent of the spa-
tial variable x. In the case of N-function depending on the spatial variable x
some accurate assumptions must be done. There are two possible ways to make
it. Firstly, we may assume the regularity with respect to x, e.g. the log-Holder
continuity in [42], [41], where the author considers abstract parabolic problems.
Secondly, the lower growth condition of N-function with respect to the last vari-
able can be considered, e.g. see [45], [25], [26], [24], [11], where authors consider
models of non-Newtonian flows. There are no results for thermo-visco-elastic
problems without any upper and lower growth condition on the N-function with
respect to the last variable.

System of equations (1.1) is a mathematical simplification of a more general
model. We consider the quasi-static evolution with small displacement. It means
that we omit the acceleration term in the momentum equation as a consequence
of long-term character of external forces. Small displacement allows us to use
the Hooke law in the definition of the Cauchy stress tensor (1.1)(2). Moreover,
the material does not change its volume with temperature, i.e. there is no ther-
mal expansion of the body, thus the Cauchy stress tensor does not depend on
temperature explicitly.

System (1.1) may be completed by formulating the initial conditions

0(z,0) = Og(x),

1.2
- eP(x,0) = ef (),

in  and boundary conditions

u=g,
(1.3) o0

on
on 90 x (0,T). We control the shape of 2 and the heat flux through the boundary.
To discuss two other equations and to formulate the statement of this paper,

96,

we need to use some definitions which are mentioned below for better readability
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of the paper. Let us begin with presenting the notion of generalized Orlicz spaces.
For a more general concept of Orlicz space we refer the reader to [1], [37], [38]
and [32]. We start with defining the notion of N-function.

DEFINITION 1.1. Let © be a bounded open domain in R3. A function M : Qx
S% — Ry is said to be an N-function if it satisfies the following conditions:

(a) M is a Carathéodory function (measurable with respect to x and con-
tinuous with respect to &) such that M (x,€) = 0 if and only if € = 0;

(b) M(x,&) = M(x,—€) almost everywhere in €2;

)
(¢c) M(z,&) is a convex function with respect to &;
(d) hm M(z,€)/|€| = 0 for almost all z € ;
)

&[—
(e hm M(x,€)/|€| = oo for almost all z € Q.

DEFINITION 1.2. The function M* which is complementary to a function M
is defined by

M*(z,m) = sup (€ : p — M(x,£)), formeS? zeq.
£ess

REMARK 1.3. The complementary function M* to an N-function M is also

an N-function.

Let us denote @ = Q x (0,T). The generalized Orlicz class £3/(Q) is the set
of all measurable functions £€: @Q — S such that

/ M (z,&(z, 1)) da dt < co.
Q

The generalized Orlicz space Ly (Q) can be defined as the smallest linear space
containing £/(Q). By Eu(Q) we denote the closure of the set of bounded
functions in the Lj;-norm. The generalized Orlicz space Lj(Q) is a Banach
space with respect to the Orlicz norm

£|O,M:Sup{/Q€377dxdt:neLM*(Q)7 /QM*(x,n)dxdt<1},

or equivalently with respect to the Luxemburg norm

1€l = inf{)\ >0: /QM(m, i) do dt < 1}.

DEFINITION 1.4. We say that an N-function M satisfies the As-condition if
for almost all z €  and for all £ € S3, there exist a constant ¢ and a nonnegative
integrable function h: 2 — R such that

(1.4) M(z,26) < cM(x,€) + h(x).
REMARK 1.5. For every M the following inclusions hold:

En(Q) € Lu(Q) € Lu(Q).
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In particular, if M satisfies the Ag-condition, Ep(Q) = La(Q). If the As-
condition fails, we lose numerous properties of the space Ly (@), like separability,
reflexivity and many others, cf. [1], [37] and in particular [22] for generalized
Orlicz spaces.

The space L+ (Q) is the dual space of Fj;(Q). The functional
p€) = [ Mia.) duds
Q
is a modular.

DEFINITION 1.6. We say that a sequence {£;}5°, converges modularly to &
in Ly (Q) if there exists A > 0 such that

/ M(g@ 5i_£>dxdt—>o,
Q A

as i tends to co. We use the notation §; M, £ for the modular convergence in

Ly (Q)-

In Appendix B we present several lemmas related to Orlicz spaces. We use

these lemmas to prove the existence of thermo-visco-elasticity model solutions.
Now we may discuss the constitutive relations used to complement system
(1.1) with initial and boundary conditions (1.2)—(1.3). The relation between the
Cauchy stress tensor and the strain tensor is defined by the operator D: S3 —
83, which is linear, positively definite and bounded. Moreover, D is a four-index
matrix, i.e. D = D(z) = {di,j,k,l(x)}§,j7k,z:1 and the following equalities hold:

dijra(t) =djini(x), dijri(@) =dijie(®), dijri(®)=dpi;x),

foralli, j, k,l =1,2,3 and for every z € 2. Additionally, for each i, j, k,l =1,2,3
the function d; jr, is Lipschitz continuous.

The second constitutive relation is an evolutionary equation for the visco-
elastic strain tensor. The function G: 2 x Ry x 83 — 83 is a function of
temperature and deviatoric part of Cauchy stress tensor. We discussed more
precisely the concept of such choice in [20]. The properties of the considered
material imply the choice of a specific function. Various other models were also
considered, e.g. the Bodner-Partom model [6], [13], [12], the Mréz model [21],
[10], [30], the Norton—Hoff model [20], [2], the Prandtl-Reuss model with linear
kinematic hardening [15].

ASSUMPTION 1.7. We assume that the function Gz, 6, T?) is a Carethéodory
function, i.e. it is measurable with respect to x and continuous with respect to
0 and T, and satisfies the following conditions:

(a) (G(z,0,TY) — G(x,0,T3)) : (T$ —T9) > 0, for all T}, T3 € S3 and

0eRy;
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(b) G(z,6, T : T > ¢(M(x, T + M*(z, G(0,T%))), where T? € S3,
0 € R, and c is a positive constant independent of temperature 6;
(¢) G(z,0,0) = 0 for almost all z € .

Moreover, we assume that the generalized Orlicz spaces fulfill:
/ M*(z, A(z,t)) dedt < / |A|?dzdt for all A € Ly-(Q)
Q Q
and M* satisfies the As-condition.

Further, we write G(0, T*) instead of G(x,8, T"). We keep in mind that one
of variables of the function G is z but we omit repetitions in order to make the
content more clear for the reader. Dealing with such assumption on the function
G(-, -) implies the displacement space.

DEFINITION 1.8. Let us define the space BDy«(Q,R?) by the formula
BDuy-(Q,R?) = {u € L'(Q,RY) : e(u) € Ly (2,59},
The space BDy+(Q,R3) is a Banach space with the norm
lullBDa @) = lwllzr @) + lle(w)llar

The space BDy-(Q,R?) is a subspace of the space of bounded deformations
BD(Q,R?)

BD(Q,R*) = {u € L'(Q,R?) : [e(u)];; € M(Q)},
where M(Q) is a space of bounded measures on @) and
o 1 8ul 8Uj
[E(U)]Z’j - 5 <a$3 + al‘i)7

cf. [27]. According to [43, Theorem 1.1], there exists a unique continuous operator
Yo from BD s« (Q) onto L1((0, T') x 9Q) such that the generalized Green formula

2‘/62¢€Z"j(U) dx dt

0 0 T
= —/Q (uz BZ‘ + uj(?xi) +/0 - d(vo(ui)n; + vo(uj)ni) dH2 dt

holds for every ¢ € C1(Q), i,j = 1,2,3, and where n = (n1,nz2,n3)7 is the unit
outward normal vector on 90 and H? is the 2-Hausdorff measure. Moreover,
BD(Q,R?) is compactly embedded in L4(Q,R?) for every 1 < ¢ < 3/2, see [43,
Remark 2.3].

Furthermore, we understand v € BDjs+(Q,R3) + L>(0,T, W2P(Q,R?)) in
the following way: There exists a decomposition v = vy + vy, where v, €
BDy+(Q,R3) and vy € L>(0,T, W2P(,R3)).

In contrast to [20] or [30], we use another approach to the heat equation.
By Assumption 1.7, we know that the right-hand side function G(6, Td) T is
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only integrable. Following Boccardo and Gallouét, cf. [9], we proved in [20] that
solutions to the heat equation belong to L?(0, T, W14(Q)) for all ¢ € (1,5/4). A
weak point of this approach is lack of uniqueness. Hence, we change the approach
and, following Blanchard and Murat, prove the existence of a renormalised solu-
tion. The concept of renormalised solutions to parabolic equation with Dirichlet
boundary condition was presented in [7], [8]. In Appendix A we prove existence
of a renormalised solution in the case of the Neumann boundary condition.

While modelling physical phenomena we should not forget about their phys-
ical properties. Losses of energy or admission of negative temperature causes
that the mathematical result has no physical interpretation. In the case of solid
mechanics, the model should fulfill the principle of thermodynamics. The con-
sidered model is thermodynamically complete, i.e. the principle of thermody-
namics is fulfilled. In [20], [21], we discussed conservation of energy, positivity of
temperature and existence of entropy, which has a positive rate of production.
Considering the quasi-static evolution causes that the energy of system consists
of internal (thermal) and potential energy. Lack of acceleration term in balance
of momentum implies that the kinetic energy of 2 fails.

DEFINITION 1.9 (Weak-renormalised solution to system (1.1)). The triple of
functions w € BDy+(Q,R3) + L°°(0, T, W*P(Q,R3)), T € L*(0,T, L*(Q,S?))
and 0 € C([0,T], L*()) such that for every K € N, Tx(0) € L?(0,T, W*%(Q))
is a weak-renormalised solution to system (1.1) when

T T
/ /T:Vgod:z:dt:/ /f-cpdxdt7
0 Jo 0 Jo

where T'= D (e(u) —€P), holds for every test function ¢ € C>° ([0, T], C2°(£2,R?))
and

) 8¢ ry /
—/QS(G—H)({% dxdt—/QS(Ho—Ho)(b(x,O) daj—l—/QS 0—-0)V(0—0)-Vodxdt

+ / 5" —0)|V(0 —0)|>pdxdt = / GO, T - TS"(0 — 0)p dx dt
Q Q
holds for every test function ¢ € C°([—o0,T),C>(Q)), for every function S €
C*(R) such that S" € C§°(R) and for # which is a solution of the problem
6, —AG=0 inQx(0,7T),
(1.5) gi = gp ) on 092 x (0,7,
0(z,0) =6y in Q.

Furthermore, the visco-elastic strain tensor can be recovered from the equation
on its evolution, i.e.

&P (2, t) — &P () + /0 G (O(x, 7), Tz, 7)) dr,
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for almost every z € Q and ¢ € [0,T). Moreover, eP,ef € Ly (Q).

THEOREM 1.10. Let initial conditions satisfy 6o € L' (), €5 € Ly+(Q,83),
boundary conditions satisfy go € L*(0,T,L?(0R)), for p > 3 the function g
be defined on 00 x (0,T), so that there exists its extension on @ such that
g € L>=(0,T,W?P(Q,R?)), the volume force f € L>=(0,T, LP(Q,R?)), and also
the function G(-, ) satisfy the same conditions as in Assumption 1.7. Then
there exists a weak solution to system (1.1).

The idea of proof is similar to the one in [20]. We use Galerkin approxi-
mations. Usage of the growth condition in Orlicz spaces instead of the growth
condition in Lebesgue spaces implies utilization of different analytic tools, e.g.
the Minty—Browder trick for Orlicz spaces, which appear here to be non-reflexive,
to identify the weak limit of nonlinear term and biting limit to show convergences
in L'(Q) of right-hand side in the heat equation. Moreover, the Young measures
tools are used and some important lemmas for the Young measure are presented
in Appendix C.

2. Proof of Theorem 1.10

The proof of Theorem 1.10 consists of several steps. Each step is presented
in a separate subsection.

2.1. Transformation to a homogeneous boundary-value problem.
The first step of the proof is to transform the system into a homogeneous
boundary-value problem. The construction of solution is more clear in this case.
Moreover, we also cut off the right-hand side function in the elastic problems.
Thereby, instead of the volume force and boundary values we receive the same
influence of exterior by using the shifts of solutions. It allows us to focus on the
important issues instead of calculation difficulties.

Let us consider two independent systems of equations with given initial con-
ditions and boundary data. The boundary conditions are the same as in (1.3).

—divT = f inQx(0,7),

(2.1) T =De(w) inQx(0,7),
u=g on 80 x (0,7),
and
0, —AO=0 inQx(0,T),
(2.2) g—z = gp on 092 x (0,7,

5(37, O) = 50 in €.
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LEMMA 2.1. For p > 3, let by € L2(Q), the function g be defined on
90 x (0,T), so that there exists its extension g € L>(0,T, W*P(Q,R?)), gy €
L2(0,T, L*(09)) and f € L>(0,T,LP(Q,R3)). Then there exists a solution to
systems (2.1) and (2.2). Additionally, the following estimates hold:

@]l Lo o, w2r () < Crllgll Lo o, w2r (@) + 1 F Lo 0,70 (2))) 5

Hg”LOO(O,T,Ll(Q)) + ||§||L2(O,T,W112(Q)) < C2(llgoll 20,1, 12 (00)) + ||§OHL2(Q))~

Moreover, the following estimate holds for the Cauchy stress tensor:
(2.3) 1T (@) < Cs(llgllL=o.r,w2r @) + | FllLe o100 @)

Results for temperature are straightforward, hence let us discuss only exis-
tence of solution to the elastic system of equations.

PROOF. Rewriting the solution in the form uw = u; + g, instead of looking
for u we may search for w;, where u; is a solution to the system

—divDe(u,) = f +divDe(g) in Q x (0,7),

(2.4)
u; =0 on 90 x (0,7,

where the function f + div De(g) belongs to L>(0, T, LP(Q,R?)). By [44, The-
orem 7.1], we know that there exists a unique solution to the elasticity problem.
As p > 3 and by using the general Sobolev inequalities [17, Theorem 6, p. 270],
we obtain inequality (2.3). This estimate is crucial in the next steps of the
proof. O

~

Instead of finding (u, 6), the solution to problem (1.1)=(1.3), we shall search
for (u,0), where u = u — uw and § = 0 — 6 where (u,0) solves (2.1) and (2.2).
Furthermore, we consider the following system of equations:
—divT =0,
T = D(e(u) - &?),
e =GO +0, T +T7),
0, — A0 = (T +T9) : GO+ 0, T + T,

(2.5)

with boundary and initial conditions

u=0 on 90 x (0,7,

@—0 on 00 x (0,7
(2.6) on =~ T

9(',0):90—90590 iHQ,

Ep('70) :68 n Q,

where 50 is an initial condition for the whole temperature and 50 is the initial
condition for system (2.2).
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2.2. Approximate solution. The construction of approximate solutions
does not differ from the one presented in [20]. Let us define the standard trun-
cation operator Ty(-) by

k oifx >k,
(2.7) Tw)={ = if [z <F,
—k ifx < —k,

for k € N. The use of truncation is implied only by integrability of the right-hand
side of the heat equation and initial condition for temperature. In the proof of
solutions existence we use the truncation of solution as a test function. This
truncation does not need to be a linear combination of basis functions. Thus,
we use two level approximation, i.e. independent approximation parameters in
the displacement and temperature. Due to this construction the limit passage
in each approximation level may be done independently. As the first step we
pass to the limit with temperature approximations parameter, i.e. as [ — oo,
and next we pass to the limit with the displacement approximation parameter.
Moreover, we construct the approximate solution for visco-elastic strain tensor.
After the first limit passage the visco-elastic strain tensor is an infinite dimen-
sional approximation. The low regularity of data implies that the second limit
passage requires a closer attention.

The construction of approximate solution requires usage of three different
bases, i.e. bases for temperature, displacement and visco-elastic strain. Moreover,
let {v;}22; be the subset of W12(Q2) such that

/ (Vv; - Vo — pivip)de =0
Q

holds for every function ¢ € C*°(Q), see [3], [39]. Let {u;} be the set of the
corresponding eigenvalues. We may assume that {v;} is orthogonal in W2(Q)
and orthonormal in L2(12).

To construct the basis functions for approximation let us start from consi-
dering the space L?(Q,S?) with the scalar product defined by

(€&.m)p = / DV2¢:DVPnde for £,m € L2(Q,8°),
Q

where D'/2 0 DY? = D. Moreover, let {w;}52, be the set of eigenfunctions of
the elasto-static operator —div De( - ) with the domain W, ?(Q, R?) and {\;} be
the corresponding eigenvalues such that {w;} is orthogonal in VVO1 ’Z(Q, R3) with
the inner product

(w, U)Wol’z(ﬂ) = (e(w),e(v))p
and orthonormal in L?(2, R3). Since functions {d; ; x,} are Lipschitz continuous,
then eigenfunctions {w;} are smooth, see [18]. Moreover, || - ||p is a norm of
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L3(Q,8%), ie. |e(w)||% = (e(w),e(w)) p. Furthermore, by using the symmetry
of operator D the following equality holds for basis functions w;, w;:

/DewZ re(wj)de = A /wz w;dr =0,

when i # j.

The idea of constructing the visco-elastic strain approximations was pre-
sented in [20] and we hereby refer the reader to this paper for more details. We
observe that €(w;) are elements of H*(,S3) by regularity of eigenfunctions,
where H*®(,83) is a fractional Sobolev space with the scalar product denoted
by (-, ))s and 3/2 < s < 2. Let us define the orthogonal complement in
L?(2,83) as

(2.8) Vi := (span{e(w,),...,e(wp)})t,
taken with respect to the scalar product (-, - )p. Moreover, let us define
(2.9) ViE =V N H*(Q,8%).

Due to [34, Theorem 4.11, Appendix], which was also used in [20], there exists
an orthonormal basis {¢¥}22, of V, which is also an orthogonal basis of V.
The basis for the visco-elastic strain consists of two subsets. The first subset
is a set of the first k& symmetric gradients from the basis {w;}32;. The second
subset consists of the first  functions from {¢¥1°° . Thus, for each step of

approximation we use k + [ functions to construct the visco-elastic strain.
For k,l € N we define

k !
Up, = Z ap (wn, Ok = Z B (t)vm,
k
ehu= 2 kie(wn) + Z Bl

such that wug, egl and 6y ; solve the system of equations

(2.10)

(2.11) / Ti):e(wy)de=0, n=1,...,k,
Q

(2.12) Ty = D(e(ur) — €}),

:/G(§+0k,l,’fd—|—szl):Ds(wn)dx, n=1,...k,
Q
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(2.14) /Q (ef ) : DY, da

:/G(§+9k7171~“d+TZ71):DCﬁldx, m=1,...,1,
Q

(215) /(0k7l)tvm dl‘+/ VGkJ-va dx
Q Q
:/ﬁ((Tﬁ7l+’fd):G(F0v+0k7l,’fd+Tﬁvl))vmdx, m=1,. ...
Q

for almost all t € (0,T). Moreover, the solutions fulfill initial conditions in the
following form:

(Ok,1(7,0),vm) = (Ti(60), vm) form=1,...,1,
(2.16) (ex1(2,0),e(wn))p = (67, e(wn))p  for n=1,... k,
(slk),l<x70)7<fn))D = (P, ¢Fp form=1,...,1,

where (-, -) denotes the inner product in L?(Q2) and (-, - )p denotes the inner
product in L?(Q, S?).

Let us notice that oy ;(t) = 77,(t) by the selection of Galerkin bases and
representation of approximate solution (2.10). To present it more clearly let

E(t) = (Bry(t), ... 751{371(75)7 YVeat), ... 7’711571(75% Spa(t), .-, 559,1(75))
Then system of equations (2.11)—(2.15) may be rewritten in the form of ODE’s

T

system

(RO = 5 /Q G(a,t,£(t)) : De(w,) dz,

(5E(0)c = | Gla.t€(6) DS
(2.17) y l a

GO = [ T (( - (D 3 6;@(:&)45;) ¥ Td) =

Q m=1
G(z,t, §(t))>vm dw + B (),

forn=1,...,kand m =1,...,[, where

Gz, t,£(t) =G0 + 0, T+ T )

- G<m§l_:1 B (t)v; () + 6, —D( El: §Ql(t)C1ﬁn>d + :?d> .

m=1
Hence, the existence of solution to the approximate system is equivalent to the
existence of solution to the following ODE’s system:

e
(2.18) - = FE@)0, te[0T),

5(0) = 607
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where & is a vector of initial conditions obtained from (2.16).

LemMA 2.2 (Existence of approximate solution). For initial condition sat-
isfying €5 € La+(Q,83) and 0y € L*(Q) there exists a local solution to (2.18)
which is absolutely continuous in time.

The proof of Lemma 2.2 is a consequence of application of the Carathéodory
Theorem, see [34, Theorem 3.4, Appendix] or [47, Appendix (61)]. We obtain the
existence of unique absolutely continuous solution for some time interval [0, t*].

2.3. Boundedness of energy. Since we consider the physical model, the
total energy of the system should be finite. Omission of the kinetic effect implies
that the total energy consists of thermal energy and potential energy. We start
with consideration related to potential energy. The part related to thermal
energy estimates is similar to the one presented in [20], hence we recall the
lemmas without proofs.

DEFINITION 2.3. We say that £(e(u),eP) is the potential energy if
1
E(e(u),eP) = 5/ D(e(u) — €P) : (e(u) — &P) da.
Q

LEMMA 2.4. There exists a constant C (uniform with respect to k and l) such
that
2c—d
2

E(e(ur)ey )(t) + /Q M*(z, G + 0.1, T + Tz,z)) dx dt

—|—c/ M(z, T+ T} ,)dzdt < C,
Q

where ¢ is a constant from Assumption 1.7 and d = min(1,c¢). Moreover, the
constant C depends on the solution of additional problem (2.1) and potential

energy at the initial time
2~
C= /QM<x7 de> dr dt + E(e(ug,),ep,)(0).

PROOF. Let us start with calculating the time derivative of the potential
energy £(t). For almost all ¢ € [0,T] we obtain

%S(E(uk,l),e‘,;l) = /QD(&‘(Uk,l) —epy) ¢ (e(upp))ede

- | Dietunn) — b)) : (L rda.
Q

The terms on the right-hand side of above equation may be rewritten with usage
of approximate system of equations (2.11)—(2.15). Firstly, for each n < k let us
multiply (2.11) by (ay ;)¢ After summing over n =1,...,k we get

(2.19) /Q D(e(urr) — €2,) - (e(ug)), da = 0.
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Then, for each n < k, let us multiply (2.13) by Vi, and, for each m <, let us
multiply (2.14) by 6 ;. Summing over n =1,...,k and m = 1,...,[, we obtain

(2.20) /Q(el,;l)t : D(e(upy) — €f,) dz = /QG(§+ Op1, T+ T4) : T, da.
Hence

(2.21) %E(E(um) er) / G0+ 0, T4+ T0,) : Ty de,

and then using the property of traceless matrices we get

d ~
ﬁg(g(uk,l) Ekl /G 9+9kl7 +T ) (Td—’_T%,l)dx

+ / GO+ 0y, T+ T ) : T da.
o ,

Thus, using Assumption 1.7 and the Fenchel-Young inequality, we estimate
changes of potential energy as

d
7 E(e(ura),er ;)

< —c( M(a:,i“d+Tg7l)da:+ M*(z, G(Q—l—ﬂkl, 44 ) dx)
Q

Q

2
+/M($,de) dx—i—/M*( dG(9+9kla +Tkl)) dz,
Q Q

where d = min(1, ¢). Then due to convexity of N-function we obtain

d
7 E(e(uny), err)

< - c(/ M(z, T+ T ) dx +/ M*(2,G(0 + 040, T + T1))) dx)
Q Q
2 d d * n d d
+ [ M z,gT dz + 3 M* (2, G(0+ 01,, T +Tk7l)) dzx.
Q Q
Finally, after integration over the time interval (0,¢), with 0 <t < T, we obtain

E(e(ur), e )(t) +c/ M(:c,’fdJrTﬁ’l)dscdt

2c—d

/M* 2, G0+ 0, T 44T} )) dedt

2 ~
< / M(Qj‘, de) dz dt + g(s(uk‘J)a Ez,l)(0)7
Q

which completes the proof. U

REMARK 2.5. From Lemma 2.4 we know that the sequence {szl} is uni-
formly bounded in Ly (Q,S?) with respect to k and [, also the sequence {G(a—l—
O, T4 + T 1)} is uniformly bounded in the space Ly+(Q,S*) with respect to
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k and [. Hence using the Fenchel-Young inequality, the sequence {(Td + Tﬁ,l) :
GO+ 0, T + T¢ )} is uniformly bounded in L'(Q).

REMARK 2.6. From Lemma 2.4 we know that the sequence {T;;} is uni-
formly bounded in L>(0,T, L?(2,S?)) and in particular in L?(0, T, L?(, S?)).

To prove the uniform estimates for the sequence {(e};):} let us recall that
{¢Fye0 | is an orthogonal basis of V¢ and an orthonormal basis of V;, defined by
(2.9) and (2.8), respectively. Moreover, the basis {¢¥}°° | contains the eigenvalue
of the problem

(2.22) (¢, ®)s = Ni(¢;, ®)p  for all @ € V7,

where by (-, -))s we denote the scalar product in H*(2,8%) and (-, -)p is
the previously defined scalar product in L2(£2,S83). We define the following

projections:
I k K ] zl: ¢l ¢
Py.: H® — lin{¢7,...,¢/'} Pp.v = (('u, ! )) L,
2Z\\""x ) vn
l
Pla: I —1in{¢Y,....¢/h Plevi=> (v,¢!)pd)
i=1
Therefore, for ¢ € V;’ we obtain
l l Ck Ck
I E E_ i i pl
PLQSO*Z(QD?Cz)DC@ Z<<‘Pa \/X))S\/XPHS(P’

i=1 i=1
where the second equality is a condition on eigenvalues. This implies that P£2
_ pl
- PHS Vks
Now, let us define the projection

Vi
c(me) and ||P£2||£(L2) are equal to 1.

Moreover, the norms | PL.

k
P*: 2 = lin{e(w,), ..., e(wy)}, PFy = Z(v, e(w;))pe(w;).

=1

Thus, we may observe that for v € H® it holds that

(w0=re35) 5

l

((Id = P*)v,¢,)p¢l = > (v,¢,)p¢l = Plev.

i=1

PL.(1d — P*)v =

M- M-

Il
-

2

In the following lemma we obtain the estimates independent of [. Let us

observe that since P* is a projection which does not dependent on I, then there
exists c(k) (depending only on k) such that for every ¢ € H*(,S?) it holds

(2.23) max([[PEpl|z+, |(1d = P*)p| ) < (k)|
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LEMMA 2.7. The sequence {(E?E,l)t} is, with respect to l, uniformly bounded
in LY(0,T, (H*(Q,8%))).

PROOF. Let ¢ € L>(0,T, H*(,S%)). We have the following estimate:

T T
1) [l nenld = [

| (€)1 (P* + PL2))p| dt

T T
< / (€8 )i, Pro)p di + / (€8 )i Plag) ol dt,

where the equality results from orthogonality of subspaces lin{e(w), ..., e(w)}
and lin{¢¥,...,¢F). Then

/OT|<<e‘,z,l>t,so>D|dt</0T
+/T
<d/
+d/

<d / 1G@ + 00, T+ T2 )| 11y | PPl ey
0

T+ T¢)): Prodr|dt

dt

/ DG(0 + 0, T + TZJ) : Plpdx

dt

/G0+9kl,T +T¢,): Prodx

dt

/G0+9M, +TY) (Pl o (1d— PH)pda

T
+d / 1G4 000, T+ T ) sy | (Pl o (1d — PF))g 1o d.
0

Hence s > 3/2 and by the Sobolev inequality, |[(Pj. o (Id — P*))e|| p o) <
l|(Phs o (Id — P*))o|l ps(a) and [[P*@l| ) < ¢l|P*@| ms(q), where ¢ is an
optimal embedding constant. Then

T T
| 1R einlde < dE [ 16+ 010 T+ T)os o [Pl de
0 0
T ~ ~
+ dg/ |G (0 + 61, T +Tﬁ,l)\|L1<mll(P}n o (Id — P"))ep| () dt
0
T
<ol [ G0+ 000, T+ T s o [l o
0

T
+ de(k)e / IG@ + 000 T+ T ) |1 ool e
0

< 2¢(k)de|| G (0 + 010, T + T ) 1oyl po (07,5 (2))-
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It is obvious that ||G(f + 0k7l,i“d + Tgyl)HLl(Q) is uniformly bounded. Hence
there exists C' > 0 such that
T
s [ (R enldt<C
0

@eL>(0,T,HS(22,53))
H‘PHLOO(O,T,HS(Q,S3))S1

and hence the sequence {(e}, ;) } is uniformly bounded in L' (0, T, (H*(©2, §°%))").00

The remaining part is related with considering the internal energy of the
system. Two following lemmas can be found in [20].

LEMMA 2.8. The sequence {0y} is uniformly bounded in L°°(0,T; L'(2))
with respect to k and .

LEMMA 2.9. There exists a constant C, depending on the domain Q0 and time
interval (0,T), such that for every k € N

(2.25) OiltlgT ||9k,l(t)||2L2(Q) + 110k, %Z(O,T,WI»Z(Q)) + ”(gk,l)t||2L2(07T7W—1v2(9))
<C(IT (T + TZJ) L GO+ Or, T+ TZJ)) H%Z(O,T,H(Q)) + ||77<(90)||2L2(Q))-

The estimates in Lemma 2.9 depend on k. To complete this section we
observe that the uniform boundedness of solutions implies the global existence
of approximate solutions. For each n = 1,...,k and m = 1,...,[ the solutions
{ag 1 (8), B (), vk, (t), 657 (t) } exist on the whole time interval [0, T7.

2.4. Limit passage | — oo and uniform estimates. Multiplying (2.11),
(2.13)—(2.15) by time dependent test functions ¢i(t), va(t), p3(t) € C=([0,T7])
and ¢4(t) € C([—o0,T]) and after integration over the time interval [0, 7], we
obtain the following system of equations:

T
(2.26) /0 /QTk’l se(wp)er(t) dedt =0,
(2.27) Try = D(e(ury) —€p),

(2.28) /0 /Q(e};l)t : De(w,,)pa(t) de dt

T
:/ /G(0+0k7l,Td+Ti,l):Ds(wn)gog(t)dxdt,
0 Q

T
) [ [(ehr: Deheale) e i

T
:/ /G(o+9k,l,Td+TzJ);Dgfngpg(t)dxdt,
0 Q
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T
(2.30) —/ /Hk,lvmgoﬁl(t)dxdt
o Ja
T
—/ 00k, (x)vmpa(0) da:Jr/ /V9k7l~va<p4(t) dx dt
Q 0 Q

T
:/ /E((Td—i—Tﬁ’l):G(G—i—le, T8 ) omipalt) dadt,
0 Q

where equations (2.26) and (2.28) hold for n = 1,...,k and (2.29) and (2.30)
hold for m=1,...,1.

Firstly, we pass to the limit as [ — oo — the Galerkin approximation of
temperature. From the previous section we get the uniform boundedness with
respect to [ for appropriate sequences. Using the appropriate subsequence, but
still denoted by the indexes k and [, we get the following convergences:

Ty, —Tr  weakly in L?(Q,S?),
Ty, =" T}  weakly* in Ly(Q,S]),
G(9+9kl7 +Tkl) -7 Xk Wea‘kly* in LM* (Q7S§l})7
Ok — Oy weakly in L*(0, T, W'?(Q)),

s

Qk,l — Qk a.e. in Q x (07T),
(eh)e — (e):  weakly in LY0,T, (H*(Q,8%))).

(2.31)

We pass to the limit as | — oo in (2.26), (2.28)—(2.30), using convergences
from (2.31). For n =1,...,k and m € N the following equations hold:

T

(2.32) /O /Q Ty : e(w,)er () dz dt = 0,

(2.33) /0 /Q(Eg)t : De(wy,)ps(t) da dt = /0 /ka : De(wy,)pa(t) dz dt,
T T

es) [ [endamia= [ [ x: Dl

Moreover, {e(wy), ¢, bn=t,. .. kim=1,... 00 is a base of the whole space H*(Q,S?)
hence equations (2.33) and (2.34) can be replaced by

(2.35) //sk L Cdadt = //xk ¢ da dt

for ¢ € L>=(0,T, H*(2,83)). To show that (2.35) holds also for all ¢ € L/ (Q, S?),
we proceed similarly as in [24] and [26].

To complete the limit passage in heat equation (2.30) we encounter the same
problem as in [20], but here we should use a different technique. It holds due to
the use of generalized Orlicz spaces instead of Lebesgue spaces. As previously, we
may precisely consider the right-hand side of (2.30) and this reasoning consists
of three steps. The first step is to show the inequality in Lemma 2.10. The
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second step is to identify the weak limit of the nonlinear term by using the
Minty—Browder trick. For the Minty—Browder trick in non-reflexive spaces we
refer the reader to [45]. And finally, the last step is to show the convergence of
the right-hand side of heat equation.

STEP 1. Limiting inequality.

LEMMA 2.10. The following inequality holds for the solution of approzimate
systems:
t _ _ t
(2.36) limsup/ / GO+ 04, T +TY,)) : TS dedt < / / X : T de dt.
l—o0 0o JQ ’ ’ 0 JQ
PRrROOF. Let us start with the definition of the function v, -: R — R,. For
each >0, 7 <T — pu, s > 0, the function 1, » is defined by

1 for s € 0, 7),
1 1
(2.37) VYuqr(s) = —;S + ;7’ +1 forser,7+p),
0 for s > 7+ p.

We use 1, ;(t) as a test function in (2.21), then after integration over the time
interval (0,T") we get

T
d
(2.38) /%S(E(uk,z),ei,l)%,rdt
0

T
= —/ /G(9+9k7l,Td+Tﬁ,l):TZ)l Vpr da dt.
0 Q

Integrating by parts the left-hand side of (2.38), we obtain

T
d
(2.39) /o %E(E(uw), 1) Ypr dt

T+u0
= i /T E(e(ur),er,)(t) dt — E(e(ur), €x ;) (0).

Passing to the limit as [ — oo and using the lower semicontinuity in L?(0,7,
L?(2;8?)), we get

l—o0

T
(2.40) lim inf /O %S(E(Uk,l)7€£,l)wuﬂ'dt

1 [TTH
— fiminf - / £ (e(ui). €8 )(0) di — lim E(e(ur 1), <F,)(0)

l—oo W

> i /Tw E(e(ur), €f)(t) dt — E(e(wy), })(0).

Comparing (2.40) and (2.38) we obtain

T
(2.41) lim inf( — / / GO+ 0, T+ T%,)) : T yur d dt>
0 Q

l—o0
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T
d
zliminf/ —5(s(uk.z),€5z)¢mdt
o dt ’ ’ '

l—o0

T4+u0
> i / E(e(ur), €P)(t) dt — E(e(ug), €P)(0),

which is equivalent to

(2.42) hmsup/ /G 0+ 04, T+ T4 - T Yy, d dt

l—o0

< _%/T E(e(uy), €?)(1) dt + £(e(ur), €P)(0).

Since (a}}); is not regular enough to use as a test function in (2.11) we may use
the mollifier to improve its regularity. Thus let 7. be a standard mollifier and we
mollify with respect to time. Then let us choose o1 (t) = ((af)t * Mel(t, t5)) * e,
where 0 < t; < to < T and e is sufficiently small (¢ < min(¢;,7 — t2)), as a test
function in (2.32) and ¢ = (T * Nel(t, t,)) * Me as a test function in (2.35), then

(2.43) / Ty - e((])e * el 1) * mewn) d d = 0,
Q

(2.44) / (€R)e : (T % Ml 1)) * e da dt
Q

= /ka : (TZ * Nl sy 1)) * Ne da dt,

forn=1,..., k. Summing (2.43) over n = 1,...,k, we obtain

(2.45) /t i /QD (e(ur) —€f) *ne : (e(ug) *ne)e dudt = 0.

Moreover, using properties of traceless matrices,

(2.46) / / ep xne)e : T xne du dt = / / Xk * M : T *ne do dt,
Q

and products in (2.46) are well defined. For the matrices A € S5 and B € 82 the
equivalence A : B = A : B holds and the sequence {T'¢} is uniformly bounded
in Ly (Q,83). Subtracting (2.45) from (2.46), we get

(2.47) /t ’ /QD(s(uk) —eP) xme: ((e(ug) — ef) *ne)p da dt

ta
—/ /xk*ne:TZ*mdxdt-
t1 Q

Since e(uy,) — ¥ belongs to L*(Q, S?), we may pass to the limit as ¢ — 0 in the
left-hand side of equation (2.47).

To make a limit passage as € — 0 on the right-hand side of (2.47) we use the
lemmas presented in Appendix B. From Lemma B.7, we know that sequences
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{M(z,T¢«n.)} and {M*(z,x, *ne)} are uniformly integrable with respect to .
Moreover, {T % nc}. converges in measure to T and {x; * 7} converges in
measure to X, (by Lemma B.6) as € goes to 0. Uniform integrability of the
sequence and convergence in measure of this sequence imply (by Lemma B.3)
that

Tg * Ne M, TZ modularly in Ly (Q,S3),

Xk * e 2 X, modularly in Ly (Q, S3),

as € = 0. On the basis of Lemma B.5 we complete the limit passage on the
right-hand side of (2.47). Then we obtain the following equality:

ta
//}kWMﬁ

Since e(uy), et € Cy([0,T],L*(22,83)) (where by C([0,T], -) we denote the
space of functions which are weakly continuous with respect to time), we may

(2.48) /D e(uy) —eh) : (e(uy) —e}) dx

pass to the limit as ¢t; — 0 and conclude

(2.49) E(e(ur), ef)(tz) — E(e(uy), e /Z/Xk T dz dt.

To complete the proof let us multiply (2.49) by 1/p and integrate over the interval
(1,7 + p),

(2:50) i/;mﬂe(uk»ez)(@ ds — &(e(ug),<P)(0) =

T+u0
—f/ / /Xk dexdtds.
For conciseness let us define the function

F(¢) ::/Xk:Tde
Q

which belongs to L!(0,T). Then, applying the Fubini theorem, we obtain

T+ 1
2 51 / / dt ds = P /2 l{OStSS}(t)]‘{TSSST"F#} (S)F(t) dtds
R

1
:/ (/ Liose<s) (1 r<scrin (5) ds) F(t) dt.
R \H JR

Using the definition of the function 1, r, we observe that

1
(2.52) Yur(t) = ;/ Lio<t<s} (D)1 r<s<ripy(s) ds.
R
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Hence, comparing (2.42) and (2.50), we obtain

T
(2.53) limsup /0 /Q GO+ 0, T+ T% ) : T}, ¥, (t) dadt

l— o0
T
< / / X - T, (t) dz dt.
0 Q

To complete the proof of Lemma 2.10 let us show the following estimates:

to - .
lim sup/ / GO+ 0y, T + Tg,l) : TZJ dx dt
0o Jo

=00

l—o0

to - . .
< limsup/ /G(9+9;€71,Td+Tz,l) H(T9 4+ T4,) da dt
0 Q

to - ~ .
- lim/ /G(9+0k,l,Td+TZ7l):Tdda:dt
0 Q

l—o0

to+pu - - ~
< lim sup/ / GO+ 0p ), T+ T%l) (T + T%l)wu,t,z (t) dx dt
0 Q

l—o0

=0

to . . -
- lim/ /G(9+9k,l,Td+T;§J);Tddxdt,
0 Q

where the last inequality follows from the definition of 9, ,(¢). Then, using
(2.53), we obtain

t2 —~ —~
lim sup/ / GO+ 0, T + TgJ) : Tgyl dz dt
0 Q

l—o0

to+p - .
< lim sup/ / GO+ 0py, T + TZJ) : Ti,l Yy 1, (t) dz di
0 Q

l—o0
to+p . -~ ~
+ lim GO+ 00, T+ T% ) : T by, (t) d dt

l—o0 0 Q

t2 —~ ~ ~
— lim / G0+ 0y, T —|—TZJ) T dx dt
0o Jo

l—o0

tot+p J
< / / X+ Tty (t) do dt
0 Q

=0

to+p . - ~
+ lim / G0+ 0y, T + TZJ) : T, 4, (1) da dt
to Q

to+p d
< / / X T 0y, (t) da dt
0 Q

to+p _ _ _
+ lim / GO+ 0y, T+ T4, : T} da dt.
Q

l—o0 to

Passing to the limit as p — 0 yields (2.36). The proof is complete. (]
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STEP 2. Minty—Browder trick.

We use the Minty—Browder trick to identify the weak limits x;,. For s € (0, 7]
let us define Q* = Q x (0, s). From the monotonicity of the function G(6, -) we
obtain

(2.54) / (G(O+041, TI+TY )~ G(0+04,, T*+ W) « (T~ W) dzdt > 0
for all W e L>=(Q,83). Applying Lemma 2.10, we obtain
limsup/ G(0+ 0, T+ T5)) : Y, du dt g/ X : T4 dxdt.
l—o0 s s

Moreover, using (2.31), we get

lim G(5+0k,l,’_7“d+szl):dea:dt:/ x5 : Wda dt.

l—o0 Qs

The pointwise convergence of {0} implies the pointwise convergence of {G(g +
Or.1, T + Wd)}. Furthermore, from Assumption 1.7 and non-negativity of N-
functions we get
M*(x, G(0 + Op 1, T + W)

GO+ 0, T+ W)

|1~“d + Wd| >c
Since T4 + W belongs to L>(Q,S3) and M* is an N-function, the sequence
{G(0 + 011, T + W)} belongs to L>(Q,S3). By Lemma B.3, we obtain
GO+ 0, T+ W 2 GO + 0, T + W),
modularly in Ly« (Q). Then
/ |G (O + 04,1, T HW) - (T, —W) — G(O+0y,, T+ W) : (T} — W*)| du dt
Q
g/ (GO + 040, T+ W) — GO + 0, T + W) : (T, — W) | dzdt
Q
+ / |G+ 0, T + W) : (T, — T})| dz dt.
Q
Using the Hoélder inequality (Lemma B.2), we get
(2.55) / |G+ 04, T + W) : (T, — W)
Q

~ GO+ 0, T+ W) (T — W?)| da dt
<2||G(0 + 04y, T + W)

—G(5+ (‘)k,ifd—de szl —Wd||L7M

M ar-

+ / (GO + 0, T+ W) - (T, — T1)| du dt.
Q



480 F.Z. KLAWE

Since HTZJ — W|| . as is uniformly bounded, G0 + 9k7l,’fd + W9 - GO+
O, T+ W?)|| 1.2+ — 0 and Tz}l —T% = 0in Ly(Q,S3) as | goes to oo, then
the right-hand side of (2.55) goes to zero as [ goes to co. Hence

(2.56) lim [ G0+ 0, T+ W) : (T, — W dxdt

l—o0 Qs

= [ GO+, T +W% (T — W) dzdt.
Qs

Summing up, passing to the limit as [ — oo in (2.54), we get
(2.57) / (X — GO+ 0, T+ W) - (T} — W) dzdt >0
Qs

for all W% € L>(Q®,S?). For i > 0 let us define the set
Qi={(t,x) € Q°: |T¢ <iae. inQ°}.

Then for 0 < j < i and for arbitrary h > 0 we define the function

(2.58) W= -T"q.\q, + Tilg, +hU%g,,

where U? € L™(Q, 83) and 1y is a characteristic function of the set H. As we
may observe W¢ belongs to L™ (£, 83) due to (2.3). Using the function defined
in (2.58) as a test function in (2.57), we obtain

/ (Xk - G(§+ Ok, Td - leQS\Qi + Tlei + hUd]‘Qj)) :
(T + T g0, — Tilo, — WU%g,) dx dt > 0.

Since @; C Q; C Q° we get

—h [ (e~ GO+ 0, T+ T + WU?)) - U da dt
Qj

+/ (e — GO+ 05, T+ TY)) : (T — TY) da dt
Qi\Qj
+/ (X — G0+ 6;,0)) : (T? + T) da dt > 0.
Q\Q;

Using Assumption 1.7, we obtain M*(z, G’(§+ 0k,0)) = 0 and then, using Defi-
nition 1.1, we get that G(6 + 6,0) = 0. Hence

(2.59) - h/ (X — GO+ 0, T + T + hU?)) : U du dt
Q

J

+/ X ¢ (T +TY) dx dt > 0.
Q\Q;
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Moreover, from the definition of characteristic function

(2.60) / Xt (T4 + ’fd) dx dt = / (X (T + Tz))le\Qi dx dt.
Q\Q: Q

Since fQ Xk - (Td + Tﬁ) < oo and (xy : (T + Tﬁ))le\Qi — 0 almost every-
where in @ as i goes to oo, the Lebesgue dominated convergence theorem implies
that

lim xi : (T?+T¢) dzdt = 0.

PO JQ\Q:
Passing to the limit as ¢ goes to co in (2.59) and dividing by h, we obtain

(2.61) / (X — G(0+ 0, T? + T + hU?)) : U dadt < 0.
Q;
Since T4 + Tz + hU? goes to T + T% almost everywhere in Q as h — 0%,
{G(0+0y, T4+ T} +hU?)} 1,50 is uniformly bounded in Lys+(Q;, S?), we conclude
that

G0+ 60, T+ T} +hU?) ~* G0+ 0, T + T})
in La-(Qj, S3) as h goes to 07. Consequently, passing to the limit as h goes to
oo in (2.61), we obtain

/ (Xe — G0+ 0,, T+ TY)) : U dzdt <0,

Qj
for all U? € L>=(Q,83), so taking

X — GO+ 0, T + TY)

U’=X |x, — GO+ 0, T4+ T

0 when x, = G(0 + 0y, T4+ TY),

when X, # G(0 + 0, T + T}),

we obtain
/ x5 — G0+ Hk,i“d—i—Tzﬂdxdt <0,
Qj

ie x, = G(6+6y, T44+T%) almost everywhere in Q*. From the arbitrary choices
of j >0and 0 < s < 7T we get x;, = G(9+9k,Td+Tz) almost everywhere in Q.

STEP 3. Limit of the right-hand side of heat equations.

The idea for the third step came from the paper by Gwiazda et al. [29].
Let us start from the formulation of auxiliary lemmas which may be found with
proofs in [29]. We denote by -5 the biting limit used in Chacon’s, cf. [5].

DEFINITION 2.11 (Biting limit). Let {f”} be a bounded sequence in L*(Q).
We say that f € L'(Q) is a biting limit of {f*} if there exists a nonincreasing
sequence {F;} with Ey, C Q and klim |Ex| = 0, such that f converges weakly

—00

to f in LY(Q \ Ey) for every fixed k.
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LEMMA 2.12. Let a,, € L'(Q) and 0 < ag € LY(Q), and

an > —ag, aninl and 1imsup/ andmdtg/admdt
Q Q

n—oo

then a, — a weakly in L*(Q).

LEMMA 2.13. The sequence {G(§+9k,l,1~“d+Ti’l) : (Td—l—TZ’l)}fil converges
weakly to G(6 + 0, T+ TY) : (T + TY) in L*(Q), for each k € N.

PrOOF. To characterize the limit of the right-hand side we use the same
argumentation as in [29]. Using Assumption 1.7, the Frechet—Young inequality
and convexity of N-functions, we get

o(M(2, T TY) + M*(z,G(0 + 0y, T + TY)))
< GO+ 05, T+ TH) : (T? +TY)

<M (0 5@ TD) 4 M0 5G4 600 T 4 7))
< M(x, %(Td + TZ)) + gM*(x, G0+ 0,,, T +TY)),
where d = min(c, 1). And finally

. 2% —d
eM(z, T+ T%) + =<

~ ~ 2 -
M* (2, G(0 + 01, T + TF)) < M(a:, E(Td + Ti)).

Hence the sequence {G(6 + 0.1, T 4 T4}, is uniformly bounded in L+ (Q).
Using the monotonicity of the function G (-, -) with respect to the second variable,
we get

(2.62)  0<(GO+ 01, T +TL) — GO+ 0, T+ TY)) : (TY, — TY).

The right-hand side of above inequality is uniformly bounded in L'(Q). Thus,
there exists a Young measure denoted by pg (-, -), see [36, Theorem 3.1], such
that the following convergence holds:

(2.63) (G(O+ 00, T+ T5)) — GO+ 04y, T+ T3)) : (TF, — TY)

N (G(5,A) = G(s, T* + TD)) : (A= (T? + TY)) dp (s, A)
RxR3X%3
as | — oo. Using Lemma C.2, we obtain that the measure p, (s, X) can be

represented in the form of 05, o (s) @ vz+(A). Then

/R R3x3 (G(S’ )\) - G(S’ Td + Tz)) : ()‘ - (Td + Tﬁ)) d,uac,t(S7 A)

- / (GO+ 0, N) = GO+ 05, T + T4)) - (A= (T + T})) dva 1(A)
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= GO+ 0, A): (A= (T +TY)) dves(N)
R3X3
-~ / GO+ 60y, T+ TY) : (A= (T +T9)) dv, 1 (N).
R3%3
Since the sequence {T% + TzJ} generates the measure dv, (),
/ Advg t(A) = T+ T¢ ae.
R3x3
Thus, the second term in above equation disappears. Indeed,

—/ GO+60,, T +TY) : (A= (T4 +T)) dvy 1 (N)
RSXS

:fG(§+9k,:7“d+Ti) : </
R

Moreover, the uniform boundedness of the sequence {G (6 -+ O, T + Tg,l) :
(T? +T¢ )}, in L'(Q) implies that

Adv, (A) — (T4 + Tﬁ)).

3x3

G0+ 60, T + T3 - (T +TF,) > G(s,A) : Adpp (s, )
RxR3X3

= GO+ 0k, A) : Advg 1 (N).

R3x3

Hence, by the positivity of G(ng LT+ ) (’Td + ) and using Lemma C.1,
we get

l—o0

lim inf/ GO+ 04, T+ T{) : (T +TY,) da dt
Q
> / G0+ 0k, ) : Advg +(A) da dt.
Q RSXS

Using Lemma 2.10 and knowing that x, = G(6+6, T*+T%) almost everywhere
in @, we get

(2.64) / G+ 0, T+ T7) : (T + T%) du dt
Q
> / G0+ 0k, ) : Advy (N da dt.
Q JR3x3

Since
GO+ 0, T+ TY) = G(0 + Ok, A) drg 1(N)

R3x3

and (2.64) holds, we obtain that the right-hand side of (2.63) is not positive.
Hence

(GO + 04, T+ TL)) — GO+ 04, T+ TY)) : (TL, - T 0.
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Using again the biting limit, we get
GO+ 0, T+ TY) - (T, - T 0.
Hence
GO+ 04, T+ TL) - (TE+ T 25 GO+ 6, T+ TY) : (T +T).
We use Lemma 2.12 to complete the proof. (]

Now, with @4(t) € C*([0,T]x ), we can pass to the limit as [ — oo in (2.26).
T
205) = [ [ outort)edear
0o Ja
T
- / O (x,0)pa(x,0) dx +/ / VO, - Vuppa(t) de dt
Q 0o Ja

T ~ ~ o~
:/ /n((Td+Tg>:G(ek+9,Td+:rg))um<p4(t)dxdt
0 Q

We finish this section with two lemmas. We prove the uniform boundedness
of the sequences {e}} and {ws} in proper spaces. This allows us to make the
limit passage with the second parameter in the next section.

LEMMA 2.14. The sequence {€}} is uniformly bounded in Ly~ (Q,S3). More-
over, the sequence {(%):} is also uniformly bounded in Ly (Q,S3).

PROOF. Let us consider the equation for the evolution of the visco-elastic

strain tensor
(eP): = GO + 0, T+ TY).

Moreover,
t
el (z,t) = e} (z,0) + /0 (eP(z,5))s ds.

Integrating M*(x, e} (x,t)) over the cylinder @ and using the As-condition of
the N-function M* (1.4), we get

/QM*(x,el,;(x,t))dxdt < c/

1
M* <az, 25—:}3(1",0) dx dt + T/ h(z) dz
Q Q

t
:c/ e (x %si(m,O)—&-%/ (sg(x,s))sds) dacdt+T/ h(z) da.
Q 0 Q

Using the convexity of M*, we obtain
(2.66) / M (z,€P(z, 1)) du dt < g/ M*(z,€P(z,0)) da dt
Q Q

t
—|—g/ M*<I,/ G(G—!—Gk,Td—&—Ti)(x,s)ds) da:dt+T/h(m)dx.
Q 0 Q
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Let us focus on the middle term on the right-hand side of above equation. Chang-
ing the variable 7 = ¢/T', we obtain

T t
/ /M<x/ G(9+9k,Td+Tﬁ)(x,s)ds) dz dt
0 Q 0
1 T _ _
:T/ /M* <x,/ G(9+9k,Td+Tz)(x,s)d5) dz dr.
0 Q 0

By the Jensen inequality, we get

//M< /G0+9k,Td+Tk)(xs)d5)dxdt

< T/ / / (2, 7TG(0 + 0y, T + TY)) ds dx dr
TT 0

gT/ /—/ TM*($7TG(§+9k,Td+TZ))dsd:lch
0 T Jo

1
:/ // M* (2, TG0 + 0y, T* + T)) ds dz dr.

There exists d € R such that 2¢ > T. Then, using the As-condition, coming
back to the original variable and using the Fubini theorem, we get

1 T
/// M*(z, TG(0 + 0y, T + TY)) ds da dr
0 QJo
1
s/ // M*(2,2G(0 + 0y, T + T})) ds dz dr
<c / // M* xG(@—l—@k,Td—i-Tk))dsdxdT—i—C( )/ h(x)dx
—/ // M a:GH—i—@k,Td—l-Td))dsdxdt—i-C /h

gcd/ /M*(m,G(§+ 0, T+ T9)) ddeC(d)/ h(z) da.
0o Jo @

Coming back to (2.66), we get
/ M*(z,ef(z,t)) dedt < 7/ M*(z, e} (z,0)) dx
Q Q

T
d * n 7d d
+ec / /M (2,G(O+ 65, T +Tk))dxdt+0(d)/ﬂh(x)dx.

Lemma 2.4 and the initial condition in Ly« (€2, S3) complete the proof. g
LEMMA 2.15. The sequence {uy} is uniformly bounded in BD (2, R3).

PROOF. Let us start with showing the uniform boundedness of the sequence
{e(uy)} in the space Lps+(Q). Using the Ag-condition, convexity of N-function
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and Assumption 1.7, we obtain

/QM*(Jc,s(uk))da:dtgc/QM* (x,;s(uk)) dacdt+/Qh(x)dxdt

1 1
:c/ M* (@(s(uk)—eg)—i—sz) dxdt—i—T/ h(z) dz
Q 2 2 Q

IN

5/ M*(:U,s(uk)fsg)dxdtJrE/ M*(x,sg)ddeT/ h(z) dz
2Jq 2Jq Q

IN

E/ |5(uk)—s§|2d:ﬁdt+f/ M*(:v,s‘k))d:cdt—i—T/h(x)dm

IN

E/ T |? da dt + E/ M*(z,e}) dzdt —|—T/ h(z) dz.
Following Anzellotti and Giaquinta [4, Proposition 1.2 a)], we get the inequality

ukllLr@) < Clle(ur)lzr (@),

where C' is a constant depending on 2. Finally, by the Fenchel-Young inequality,
we get the estimate

lurllzr @) < CQ,M/ M*(x,e(uy)) dz dt,
Q

where the constant Cg as depends on the N-function M and the space-time
cylinder @. This completes the proof. U

2.5. Limit passage as k — oco. The considerations over the second limit
passage we start from discussing the existence of heat equation solution. In
Appendix A, we prove the existence of renormalised solution to the parabolic
equation with Neumann boundary condition, which is an extension of results
presented by Blanchard and Murat in a series of papers. In [7], [8], the existence
and uniqueness of renormalised solution is proved in the case of Dirichlet bound-
ary condition. Repeating their reasoning, we are able to prove that there exists
6 € C(0,T, L*(9)) such that 6, — 6 almost everywhere in Q.

The uniform boundedness presented in the previous sections gives us the
following convergences:

up — U weakly in L'(Q,R?),
e(u) —* e(u) weakly* in Ly (Q,R?),
T, -~ T weakly in L*(Q, S?),

2.67 ’
( ) T‘é N Td weakly* in L]VI(Qv Sj)’
3

GO+ 05, T+ TF) =" x  weakly* in Ly-(Q, S}
(eP)e = (eP)y weakly* in Ly-(Q, S5

),
)
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Using these convergences in (2.32) and (2.35), we get
(2.68) /T:V(pdxdt:(), /(Ep)t:¢dxdt:/x:¢dxdt
Q Q Q

for o € C>([0,T], L*(2,R?)) and ¢ € Ly (Q,S?). To complete the limit pas-
sage we deal with the same problem as in the previous step, i.e. we have to
identify the limit of the right-hand side of heat equation. Once again, the iden-
tification of this limit cosists of three steps.

In the proof of the following lemma we proceed similarly as in the proof of
Lemma 2.10.

LEMMA 2.16. The inequality

k—oc0

to _ _ to

(2.69) limsup/ / GO+ 60, T+ T : Tl drdt < / / x : T da dt
0 Q 0 Q

holds for the solution of approximate systems.

PROOF. Using the lower semicontinuity in L?(Q), we get

T
d
(2.70) liminf/ aé‘(s(uk),sg)%ﬁdt
0

k— o0
T+
= likrggf %/T E(e(ug),eR)(t)dt — khj]go E(e(u),€r)(0)
> l/wg(e(uk) V(1) dt — &(e(u), eP)(0),
- /J . '~k ’

We use ¢ = ((€(ur) *0c)t1(t, t,)) * Me, Where 7. is a standard mollifier with
respect to time, 0 < ¢t; < to < T, and ¢ is sufficiently small (e < min(¢1,T —t2)),
as a test function in (2.68), then

ta
(2.71) / / D(e(u) — €P) xn. : (e(ug) *ne)r dedt = 0.
t JQ
Moreover, we use ¥ = (T % Nel(iy t,)) * Me as a test function in (2.35). Then
to
(2.72) / / (el *me)e : T * e da dt
t1 Q

ts B d
:/ /G(G—i—@k,T + T s« e : T e da dt.
t1 Q

Products in (2.72) are well defined. Subtracting these two equations, we get
to
(2.73) / / T+ : (e(ug) — €f)e * ne da dt
t1 Q

to . -
:_/ /G(9+6k,Td+T§€i)>«<n6:Td*ned:cdt.
t1 Q
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For every ¢ > 0 the sequence {(e(uy) — )¢ * .} belongs to L?(Q,S?) and is
uniformly bounded in L?(Q, S%) with respect to k, hence we pass to the limit as
k — oo and we obtain

/ /T*ne. u) — eP)y xn.da dt = / /X*ﬁe T % n, dz dt.
t1

Using the properties of convolution, we get

to
—/ /X*nE:Td*nedxdt.
t1 Q

In the same way as in the previous section we pass to the limit as ¢ — 0 and

/ / x : T dz dt.
Q

We multiply (2.74) by 1/u and integrate over (T, T + u) and proceed further in

/T*Ue~ fep)*ned:v

next as t1 — 0

(2.74) /QD(E-:(u)—Ep) : (e(u) — &P) dx

the same manner as in the proof of Lemma 2.10. O

The second and the third steps are conducted in the same way as in the
previous limit passage, hence we omit this calculation. Using the Minty—Browder
trick, we show that

x=G(0+0,T+ 17
almost everywhere in (). Moreover, using the Young measures tools we may
pass to the limit in the right-hand side term of heat equation. Repeating the
procedure from the previous limit passage, we obtain

(T¢+ T : GO, + 0, T} + T — (T*+T%) : GO +6,T* +T?)

in L1(Q). Since the sequence regarding truncations of the integrable function
{Ti(+)} converges strongly to this function in L'(Q) as k — oo, we observe

Te((TE+TY : GO, + 60, T +TY) = (T + T : GO+ 6, T + T?)
weakly in L1(Q). This information, see Appendix A, provides that we also have
the convergence
(2.75) Tr(0) — Tr(0) in L2(0, T, WH2(Q)),
for every K > 0. Using the solution to problem (2.1), we obtain

(2.76) //T+T Ve dr dt = /T/f~godxdt,

where T' = D(g( eP), and (2.76) holds for every test function ¢ € C>°([0,T],
C (9, R?)). To get the renormalised solution to the heat equation let us take
S'(6)¢ as a test function in (2.65), where S is a C°°(R) function such that S’
has a compact support. Then, by Appendix A, the limit passage in the heat
equation is clear and
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¢ /
—/QS(G)atdxdt—/QS(Ho)¢(a:,0) da:+/QS(9)V9~V¢da;dt

+/ S”(9)IV(9)I2¢>dwdt:/ G0, T : TS'(0)¢ du dt
Q Q

holds for every test function ¢ € C°([—o00,T),C>(Q)) and for every function
S € C*(R) such that S’ € C§°(R), which completes the proof of Theorem 1.10.

Appendix A. Renormalised solutions to the heat equation

To deal with heat equations we introduce the renormalised solutions. The
renormalised solution to the parabolic equation was presented in [7], [8], but only
for Dirichlet boundary conditions. Some proofs from [7], [8] need a modification
for the case of Neumann boundary conditions.

Let us consider the system of equations

06° e e
5 Af® = f¢ in Q,
(A1) 007 _
n 0 on 092 x (0,7,

0°(t=0) =65, inQ,

where for every positive e the function f¢ belongs to L?(Q), the sequence {f¢}
is uniformly bounded in L!(Q), 65 belongs to L?(2) and converges strongly to
0p in L*(Q) as € tends to 0.

In our case 1/e =k and

fE=Te((TI+T): GO+ 06, T +T})) inQ,

(A.2)
0 (z,0) = Tx(6o) in Q,

and moreover, we know that the sequence {(T% + T%) : G(0 + 0y, T + T)} is
uniformly bounded in L'(Q). Hence, there exists a weak limit of this sequence.
Identification of this weak limit is discussed in Section 2.5.

DEFINITION A.1 (Renormalised solution to the heat equation [8, Defini-
tion 2.2]). Let f belong to L'(Q) and 6 belong to L*(£2). A real-valued function
0 defined on @ is a renormalised solution to the heat equation if

(a) @ belongs to C([0,T], L*(2)) and Tk (#) belongs to L?(0,T, W2(£2)) for

all positive K;

(b) for all positive ¢, Tryc(0) — Tr(8) — 0 in L?(0, 7, W12(Q)) as K goes

to oo; and

(c) 6(t =0) = 0.

Moreover, for all functions S € C°°(R), such that S” belongs to C§°(R) (S’ has
a compact support), the equality
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¢ /
—/QS(G)atdxdt—/QS(Ho)¢(a:,0) da:+/QS(9)V9~V¢da;dt

+ [ 8"(0)|V8*¢pdx dt = £S'(0)¢ dx dt
holds for all ¢ € C§°(Q).

We use the notation limO when the order in the passing to the limit is not
7,e€—>

relevant, i.e.

i e =l By e = o

LEMMA A.2. Let us assume that the sequence {fi} is uniformly bounded in
LY(Q). Then there exist a subsequence of the sequence {0°}. (still denoted by €)
and a measurable function 0 such that as € tends to 0 and for any fized positive
real number K the following conditions are satisfied:

(a) 6° converges almost everywhere in @ to a measurable function 6;
(b) Tk (6°) converges weakly to Tx () in L*(0,T, W12()).

PRrROOF. The pointwise convergence of temperature is obtained by use of
the same argumentations as in the Boccardo and Gallouét approach, see [9] for
Dirichlet boundary condition and in [20] for Neumann boundary condition.

Let us take Tk (6°) as a test function in (A.1). Then for ¢ € (0,7T)

t I5 t t
/ % TK(GE)dxdtJr/ / \VTK(HE)dedt:/ /ffmeE)dxdt,
0 0 Q 0 Q

o ot

and
/Q Tic (0°) (1) dar+ /O t /Q VT (0°)? dav it = /0 t /Q FET(6°) da dt+ /Q Tic(65) da

where Tk (r) = o Tk (2) dz is a positive real valued function. Using the definition
of the truncation and linear growth of the function 7k (r) at infinity, the following
estimate holds:

. t
[Tt wdo+ [ [ 1970 do it < K o) + OO s
0

It is enough to estimate || Tx (6°)| L2(q) by ||7~'K(95)||L1(Q) and [|VTk (6°)| L2 (q) to
show that the sequence {7z (6°)}e=0 is uniformly bounded in L2(0, T, WH%(Q)).
By the Poincaré inequality, we get

1Tk (0)l2(@) < Tk (0°) — (Tk (6°))all2(@) + (Tk (6°))ell2(@)
< |IVTk (09) 2 @) + [[(Tk (69))all2 (@)



THERMO-VISCO-ELASTICITY FOR MODELS WITH GROWTH CONDITIONS 491

where by (Tx(0°))q we denote the mean value. Using the definition of the
truncation operator, we obtain

1

) S it 6] < K,

(A.3) Tie(o) = { 2
51{2 + K(|6°| - K) if |6°] > K,

and then it remains to show the estimates for (7T (6%))q

/|TK(9€)|2da::/ |05|2dz+/ K? dx§2/ Tic (6°) da
Q {ze:|6°|<K} {zeQ:]6¢|>K} Q

The finite measure of ) implies that the sequence {7k (0°)}cs0 is uniformly
bounded in L2(0,7, W12(1Q)). O

LEMMA A.3. Let us assume that the sequence fr converges weakly to f in
LY(Q). Then the sequence {6°}. converges to 6 in C([0,T], L*(Q2)). Moreover,
for any fixed positive real number K there exists the following limit:

lim /|V77€(0570’7)|dxdt:0.

7,E—>00

PROOF. Let us test the difference of two approximate equations (A.1):

0

S - - AE - = g,

by Ti(6° — 7). Then, integrating over Q and the time interval (0,t), where
t < T, we obtain

(A4)

(A.5) /TK —0m) )d:v+// VT (65 — 6™ dw dr

// YV TR(67 — 0 dudr + [ Tic(05 — 67) da.
Q Q

The second term in the right-hand side converges to zero as €,n7 — 0. To prove
that the first term also converges to zero let us observe that, dividing ¢ into
sufficiently small set B and the rest @ \ B, we may write

/ (FF — [V Tie(6° — 07) da dit
Q

B

= / (f¢— fMTK(0° —0")dxdt + / (ff = fMTk(0° —0")dxdt
Q\B

e _ e _gm €
g/Q\B(f FITic (6% — 6 )dxdt—i—QK/B|f|dxdt.

By the Dunford—Pettis theorem [35, Theorem T23], the sequence {f¢} is also
uniformly integrable. Thus, using the Egorov theorem, we obtain that for every
positive e there exists § > 0 such that for every B C @ with meas(B) < 4,
T (65 — 0") converges uniformly to 0 on Q \ B and [} |f¢|dx dt < e. Passing to
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the limit as 7,e — 0, we obtain that the right-hand side of (A.5) goes to 0 and
we obtain

lim sup /7~'K(95 —0M(t)dz =0,
en—=0ci0,1] S0

(A.6)

g,n—

limo/ |V Tk (65 — 0M)* dx dt = 0.
Q

To complete the proof let us observe that, using (A.3) and (A.6)(;), for every
€ > 0 there exists v such that for every 0 < n,e <« it holds

1
0 < sup (/ |0° — 072(t) da
t€[0,T] 2 {ze{|6=—01|<K}

1
+ K <|050”|K> dz) <e.
{we{|6°—0m|> K} 2

Thus, we may observe that

1
og/ |95—0’7|dx—7/ Kdr < <
{we{|6=—07|>K} 2 Jizeflos—0n|>K} K

and then

1 €
osf/ 0° — 0" da < —.
2 {me{|effev|zf<}| K

Passing to the limit as €, — 0, we get

lim  sup / |05 —0"|(t)dx =0
en—=0¢ecio,171 /0

which completes the proof. O

LEMMA A 4. Let K be a fized positive real number. The sequence {Tk (0%)}
converges strongly to T (0) in L*(0, T, W12(Q)).

The proof of this lemma can be found in [7], [31].

ProOOF. Multiplying (A.1) by S'(6%)¢, where S € C*°(R) and S’ has a
compact support and ¢ € C§°(Q), we get

15 a¢ € / £ &
(A7) —/QS’(O )atdxdt—AS(Hdd)(a:,O)dm—i—/@S(@ V6 - Vodzdt

+/QS”(9€)|V95|2¢da;dt:/Qfss’(ewdxdt.
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S’ has a compact support, hence there exists 0 < M < oo such that supp(S’) C
[-M, M]. This allows us to enter into equation (A.7) the truncations operator

(A8) — /Q swf)% da di — /Q S(05)6(,0) da
+/ S’(TM(HE))VTM(GE)-V¢dmdt+/ S (Tar (0)) |V Tor (69) 26 i it
Q Q
/QfES’(TM(é)E))quxdt.

Using the Egorov theorem applied to S’(6%) or to S”(6°) and using the bounded
character of the remaining terms, we can pass to the limit as € goes to 0 in (A.8)
and obtain

(A9) - /Q 3(9)% da dt — /Q S(00)6(x, 0) dz
4 / S (Tor(0))VTar (0) - Vb da dt + / S (Tor (0)) |V Tt (0) 26 it
Q Q
_ /Q £S5 (Ta (8)) duc dt.

And finally, using the compact support of S’, we can omit the truncations in (A.9)

99 ,
(A10) — /Q 5(6) 55 dardt - /Q S(00)6(x, 0) dz + /Q S'(0)V0 - Vo da dt
" 2 _ /
+/QS 0)|V0) ¢dxdt/QfS ()¢ da dt,

which completes the proof of existence regarding the renormalised solution to
the parabolic equation with Neumann boundary condition. O

LEMMA A.5. Assume that 0y1 and 0y 2 lie in LY(Q), f1 and f2 lie in L'(Q)
and satisfy

60,1 < 02,

fi < fo.

Then, if 61, 02 are two renormalised solutions respectively for the data (6.1, f1)
and (0.2, f2), we have 61 < 0y almost everywhere in Q.

The proof of this lemma can be found in [8], [31].

REMARK A.6. As a consequence of Lemma A.5, the renormalised solution is
unique.
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Appendix B. Orlicz spaces tools

Assumption 1.7 requires the use of basic tools regarding generalized Orlicz
spaces. Here we present some basic lemmas, which have been used to prove
the existence of thermo-visco-elastic model solution. The following lemmas with
proofs can be found in [26], [28], [24], [16], [46].

LEMMA B.1 (Fenchel-Young inequality). Let M be an N-function and M*
be complementary to M. Then the inequality

€ :ml < M(z, &) + M (2,n)
is satisfied for all £,m € S and for almost all x € Q.

LEMMA B.2 (Holder inequality). Let M be an N-function and M* be com-
plementary to M. Then the following inequality is satisfied:

(B.1)

/Q £ ndwdt‘ < 2l zoar-

LEMMA B.3. Let &;: Q — R be a measurable sequence. Then &, M, £ in
Ly (Q) modularity if and only if €, — & in measure and there exists some A > 0
such that the sequence {M(-,\E;)} is uniformly integrable, i.e.

lim <sup/
=00 \ ieN J{(t,2):|M(z,\¢,)|> R}

LEMMA B.4. Let M be an N-function and for all i € N, let

/ M(x,&;)dxdt < c.
Q

M(z, \E,) dzx dt) =0.

Then the sequence {€;} is uniformly integrable.

LEMMA B.5. Let M be an N-function and M* its complementary function.
Suppose that the sequences ®;: Q — S3 and ¥;: Q — S are uniformly bounded
in Ly (Q) and L+ (Q), respectively. Moreover, ®; M modularly in Ly (Q)
and P; M. p modularly in Lyr-(Q). Then, ®; : ¥; — ® : W strongly in L.

LEMMA B.6. Let p; be a standard mollifier, i.e. p € C*°(R), p has a compact
support and [, p(T)dr =1, p(7) = p(—7). We define p;(t) = ip(it). Moreover,
let x denote a convolution in the variable T. Then for any function ®: Q — S3,
such that ® € LY(Q,S?), it holds

pi x ® — ® in measure.

LEMMA B.7. Let p; be a standard mollifier. Given an N -function M and
a function ®: Q — S such that ® € Ly(Q), the sequence {M(x, p; x ®)} is
uniformly integrable.
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Appendix C. Young measures tools

The right-hand side term in the approximated heat equation is a product of
elements of two sequences which converge weakly. To characterize the limit of
this term we use the Young measure theory. In this section, we present necessary
lemmas. They come from [36, Corollaries 3.2-3.4]. A similar technique was also
used in [23], [40].

LeMmmA C.1. Suppose that the sequence of maps z;: QQ — R? generates the
Young measure v: Q — M(R?). Let F: QxR? — R? be a Carathéodory function
(i.e. measurable in the first argument and continuous in the second). Let us

also assume that the negative part F~ (z, z;(x,t)) is weakly relatively compact in
LY(Q). Then

li_minf/ F(x,zj(x,t))dacdtz// F(z,\) dv,(\) dx dt.
J—7e JE E JR4

If, in addition, the sequence of functions x — |F|(z, z;(x,t)) is weakly relatively
compact in L'(Q), then

‘F(7Z](a))4 dF(,)\)de()\) ’M’LLI(Q)
R
LEmMMA C.2. Let uj: Q@ — R?, v Q — RY be measurable and suppose
that u; — u almost everywhere, while v; generates the Young measure v. Then
the sequence of pairs (u;,v;): Q — R+ generates the Young measure r —

LEmMMA C.3. Suppose that a sequence z; of measurable functions from @
to RY generates the Young measure v: Q — M(R?). Then z; — z in measure if
and only if v, = d,(,) almost everywhere.
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