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ON SINGULAR NONPOSITONE
SEMILINEAR ELLIPTIC PROBLEMS

DiNnH DANG HAI

ABSTRACT. We prove the existence of a large positive solution for the
boundary value problems

—Au = A(—h(u) + g(z,u)) in Q,
u =0 on 012,

where Q is a bounded domain in RN, X is a positive parameter, g(z, -) is
sublinear at oo, and h is allowed to become oo at w = 0. Uniqueness is also
considered.

1. Introduction

Consider the boundary value problems
—Au = AN—=h(u) + g(x,u)) in Q,

1.1
(L) u =20 on 0f),

where () is a bounded domain in RY with a smooth boundary 9, h: (0, 00) —

[0,00), 9:Q x [0,00) — R, and A is a positive parameter.

The existence and uniqueness of positive (1.1) when f(z,u) = —h(u)+g(x,u)

is nonnegative and sublinear at co have been studied extensively (see [2], [3],

[6]-[9] and the references therein). We are interested here in studying positive

solutions of (1.1) in the challenging case when f(z,u) becomes —oo at u = 0,
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which does not appear to have been considered in the literature. Our main result,
in particular, gives the existence of a large positive solution for the problem

—Au = )\( +u” 4+ k(x)) in Q,

u In (1 + u)
u =20 on 012,

for \ large, where a, 3 > 0, a + 8 < min(1,2/N), 0 < v < 1 and k € C(Q).
Uniqueness in a class of large positive solutions is also obtained. Our approach
is based on the Schauder Fixed Point Theorem.

2. Main results

We make the following assumptions:
(A.1) h:(0,00) — [0,00) is of class C1, nonincreasing, h(u) — 0 as u — oo,
and there exists p > max(1, N/2) such that h € L?(0,T) for all T > 0.
(A.2) g:Q x [0,00) — R is continuous and nondecreasing in u.
(A.3) There exist positive numbers L, Ly such that g(x,u) > 2L for z € Q,
u > Ly, and
lim 9z, u)

U—00 u

=0

uniformly for x € Q.

(A.4) There exists ¢ € (0,1) such that g(x,u)/u? is nonincreasing for each
x e

(A.5) There exists a positive number m such that

sup g(z,u) < m inf g(z,u) for all u > 0.
z€EQ zeQ

Let ¢ be the solution of
—A¢p=1 inQ, ¢ =0 on 0f.

By a solution of (1.1), we mean a function u € C1(Q2) which satisfies (1.1) in the
weak sense. Our main result is

THEOREM 2.1. Let (A.1)-(A.3) hold. Then there ezists a positive number
Ao such that for X > Ao, problem (1.1) has a solution u with w > AL¢ in Q. If,
in addition, (A.4) and (A.5) hold, then the solution is unique in this class.

LEMMA 2.2. Let (A.1) hold. Then h(cg) € LP(Q) for all ¢ > 0.

PRrROOF. By the maximum principle, there exists a constant k; > 0 such
that ¢ > kid in Q, where d(z) = d(z,09). Hence it suffices to prove the result
with ¢ replaced by d. This is now obvious because near a point of 92, we can
choose local coordinates for  where a(x) is one of the co-ordinates (and the
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other co-ordinates are co-ordinates of 0€2). Note that there will be a Jacobian
in the change of variables but this will be bounded. O

LEMMA 2.3. Let (A.1)—(A.5) hold. Then there exist positive numbers \*, ¢,
co such that, if u is a solution of (1.1) with A > \* and

u > AL¢  in Q
then
G N <u< G (N in Q,
where
z ~ .

PRrROOF. Note that G is increasing on (0,00) and G(z) — oo as z — 00, by
(A.4). Let u be a solution of (1.1) satisfying u > AL¢ in  with A > \*) where
A* > 0 is to be chosen later. Define ¢ = sup{c > 0:u > c¢ in Q}. Then § > AL
and u > d¢ in . Let vy satisfy

—Avy = h(dp) in Q, va=0 on ON.
Since h(AL¢) — 0 pointwise in  as A — oo and
WALG) < h(X'Lo) € L7 (),

by Lemma 2.2, it follows from the Lebesgue dominated convergence theorem that
[|[h(AL®)||L» — 0 as X — oo. Since p > max(1, N/2), we have that vy € C1(Q)
and

(2.1) [oaler < Ml[oxllw2r < My|[P(69)[|Lr < My||R(AL®)||Lr

(see [1], [4]), and hence |vy|c1 — 0 as A — oo.
Let K > 0 be such that

(22) oleu) > K
for all z € Q, u > 0. Then we have, for A* > L1 /L|0|oo,
At Avn) = A(—h(u) + gz, u)) + A(56) > X(56)
=M9(0D)X{w:p(2)> L1 2L} — KX {mp(x)<L1/AL})

A 57@5)( — Ky
G(60) {z:¢(x)>L1/AL} {z:¢(z)<L1/AL}

)\ - K xZ: x 1 5
- {G(élqﬁloo) G(8]¢|s0) T B ) X{a:g(@)<Li/AL}

where xp denotes the characteristic function of B, i.e. xg (z) =1if x € B, 0 if
x ¢ B. This implies

5 5161
A= A(G(cﬂ%)zﬂ B (G<6|¢|oo> * K)““)’
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in 2, where v and w), satisfy
—AY=¢ inQ, =0 on 09,

and
—AwWx = X{a:p(z)<L,/ar} 0§, wy =0 on 01,

respectively. Note that |wy|c: — 0 as A — oo. Consequently, for A* large,

u Z/\<51/)— <6W|°° —|—K)w>\ —v,\>

G(0|9]oc) G(5d|s)
L B M w 14 — |V 1
ZA<G(5I¢IOO)1/) (G(5I¢m) +K)| Alerd = [oalo d)

Sko ( 81¢oc ) ) Ao
>\ — + K | k|lw 11— |v 1k > —0,
(Gt ~ (Gt ) Hosler —lerk)o 2 g
where k and kq are positive numbers such that ¢ > ky¢, d < k¢ in ). Here we
have used the fact that
dko ko ko -
= 9(0]9]ec) > =7—9(L1) > 0.
G0l — a0 Clele0) = 2 E)

By the maximality of §, we obtain Adko/(2G(d|d|s)) < 6 or

1 M,
5> Gl( ").
~ loo 2

Using (A.4), it can be verified that for C' > 0 and A > G(L1) max(1,C),

1
max (1, C—1/(1-42))

G'(N) <G AO) < max(l,Cl/(l—q))G—l(/\)’

and hence § > ¢;G~1(\)¢ in §, where c¢; is a positive constant depending only

on ko, |¢|oo
Next, using (A.5), we obtain

(2.3) —Au < Ag(z,u) < dImg(Ju|so),
which implies
u < Amg(Juloo )@
in Q2. Hence
G(lulo) < Am|¢]oo,
or, equivalently,
[ulos < GTHAM|]o0)-
Using this in (2.3), we infer that

—Au < Amg(G™H (Am¢lo0)),

and so
G (Wm|¢|)

u < Amg(G™H (Am|dlo))¢ = 9]

¢ S CZGil()‘)QSv



ON SINGULAR NONPOSITONE SEMILINEAR ELLIPTIC PROBLEMS 45

where ¢y is a positive constant depending only on m and |¢|s. This completes
the proof of Lemma 2.3. g

PROOF OF THEOREM 2.1. Let A > A\g > 0 and define K = {u € C(Q) :
Ao < u < ¢y in Q}, where ¢y and Ao are large numbers to be chosen later.
For u € K, we have h(u) < h(AL¢) since h is nonincreasing. By Lemma 2.2
h(u) € LP(Q2) and so the problem

—Av = A(—h(u) + g(z,u)) in Q,
v =0 on Of)

has a unique solution v = Au € WZP(Q)NC'(Q). We shall verify that 4: K — K
if Ag is large enough. Let v = Au for some u € K. Let z) satisfy

(2.4) —Azy = h(AL¢) in Q, zy =0 on 09,
and note that |zx|ct — 0 as A — oco. Then we have
(2.5) —A(v+ Azy) = —Ah(u) + Ag(x, u) + Ah(ALg) > Ag(x,u)
in Q. By (A.2),
(2.6) g(w,u) > 2LX(pu(z)>L1} — KX{au(@)<r,} = 2L — (K + 2L) X {z:u(z)<L1}
where K is defined in (2.2). Let v, satisfy
=AYy = X{eu(z)<L,} 0, YA =0 on 09,
and note that
{reQ:u(x) <L} C{reQ:¢(x) < Li/(AL)}
and the Lebesgue measure of the latter set goes to 0 as A goes to co. Hence
IIX{zu@)y<LitllLe <X {wo@)<iiacylle = 0 as A — oo,

and therefore |i)y]c1 — 0 as A — oo. From (2.5), (2.6) and the comparison
principle, we obtain

v+ A2y > 2AL¢ — A(K + 2L)y,
in 2, which implies
v >2X Lo — A2y — MK + 2L)v,
2 2AL¢ — Alzalerd — MK + 2L)[¢hx|cnd
> A2L — [2a|erk — (K + 2L)k[Ya|cr]¢ > ALg

for A large enough so that |z)|cik + (K + 2L)k|¥a|cr < L, which is achieved if
Ao is chosen so that

kMil|h(AoL@)||Le + k(K + 2L) Ma||X {a:p(x) < L1 a0 L} lLr < L,
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where M; is defined in (2.1).
Next, we have

—Av S )\g(.’E,U) S /\mg(‘uloo) S )\mE(C)\),

where g is defined in Lemma 2.2. By the comparison principle and the fact that
lim g(z)/z = 0, we infer that
ZzZ— 00

v < Admg(ex)e < Amg(en)|dle < ca

in Q if ¢y is large enough. Thus, for A > )y, A maps K into itself and the
Schauder fixed point theorem gives the existence of a solution u of (1.1) in K.

Next, suppose that (A.4), (A.5) hold and let u, u; be solutions of (1.1)
satisfying u > AL¢ in Q. By increasing )\ if necessary, we assume that Ag > A*,
where A* is given by Lemma 2.2. By Lemma 2.2, u > (¢1/c2)uin Q. Let 7 be
the maximum number such that v > 7wy in Q . Then 7 > ¢ /¢ = ¢p. Suppose
that 7 < 1. We shall show that this leads to a contradiction. By (A.2) and
(A1),

—Au=A—h(u) + g(x,u))
> A=h(tur) + gz, 7ur) > =Ah(rur) + At(x, u1),

which implies
(2.7) —A(u— 7)) > M7%h(ur) — h(Tuy)).
By the mean value theorem,
|(77h(ur) = h(rur))| = (1= 7)|(urh (cur) — qe~ h(ua)),
where ¢ is between 7 and 1. Since th/(¢) < h(t) for t > 0,
lurh’ (cur) — qe@ h(ur)] < (¢71 + gl ™D h(eour) < (et + qed (A Leod),
it follows from (2.7) that
(2.8) u— 7% > =M1 —7)csZ)
in Q, where c3 = c5 ! + ch_l and z) satisfies
—AZy = h(ALcop) in Q, Zx=0 on 0.

Since 79 — 7 > 79(1 — q)(1 — 7) and |Z\|c1 — 0 as A — oo, it follows from (2.8)
that

u—Tur =u— 7 + (79— 7)ug > (79— 1)ug — M1 — T)c3Zy
oL -4

> ML= L1 - @) — eslrlenklg 2 2D

¢
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for A large enough, a contradiction with the maximality of 7. Thus 7 > 1, which

completes the proof of Theorem 2.1. O
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