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ATTRACTORS FOR SEMILINEAR DAMPED WAVE
EQUATIONS ON ARBITRARY UNBOUNDED DOMAINS

MARTINO PRrizzl — KRZYSZTOF P. RYBAKOWSKI

ABSTRACT. We prove existence of global attractors for semilinear damped
wave equations of the form

Eutt + a(x)ut + ﬂ(m)u - E (aij (x)u17)11 = f(xa ’U,), r€eEN tE [0700[7
ij
u(z,t) =0, z €99, t€[0,00][.

on an unbounded domain (2, without smoothness assumptions on 8(-),
a;j(-), f(-,u) and 9Q, and f(x, -) having critical or subcritical growth.

1. Introduction

In this paper we study the existence problem for global attractors of semi-
linear damped wave equations of the form

eun + a(z)ur + Bz)u — Z(au(a:)uh),” = f(z,u), z€Q,tel0,00],
(1.1) ij
u(z,t) =0, x €08, tel0,o00].

Here, N € N and Q is an arbitrary open set in R, bounded or not, £ > 0 is
a constant parameter, o, 5:2 — R and f:Q x R — R are given functions and
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Lu := 37,:(aij(7)us; )z, is a linear second-order differential operator in diver-
gence form.

For bounded domains €2 there are many results concerning the existence of
attractors of (1.1) under various assumptions on ¢, a, 8, L and f, including the
pioneering works by Babin and Vishik [4], Ghidaglia and Temam [11] and Hale
and Raugel [14]. The unbounded domain case = R?® was considered in the
papers [8], [9] by Feiresel.

In this paper we assume that a € L*>(Q), a is bounded below by a positive
constant and L is uniformly elliptic with coefficients functions lying in L ().
Moreover, 3 € LE(RY) with p > max(1, N/2). Here we denote by LP(RY) the
set of measurable functions w: RN — R such that

1/p
|w|pe == sup (/ |v(x)[P dm) < 00,
yERN \JB(y)

where, for y € RV, B(y) is the open unit cube in RV centered at y, cf. [3]. We
also assume that

(1.2) A = inf{E(u) |u e Hj(Q), |uljzq) =1} >0
where N
E(u) = /Q < Z @i (z)ug, (x)uxj (z) + ﬂ(:z:)|u(as)2> dzx.

We assume that the nonlinearity f:Q x R — R, (z,u) — f(x,u) is measur-
able in z, continuously differentiable in u and satisfies the growth assumptions
f(-,0) € L3(Q) and

|0uf(z,u)| < C(a(x) + |u|?) for a.e. z € Q and every u € R.

Here C' > 0 and p > 0 are constants with 2(p + 1) < 2* := (2N)/(N — 2) for
N>3. If N<2orelseif N >3 and 2(p+ 1) < 2%, then p is called subcritical.
If N >3 and 2(p+ 1) = 2%, then p is called critical.

In the subcritical case we also assume that a € L7 (RY) for some r >
max(N,2), while in the critical case we assume that a € L"(Q) + L*>°(Q) for
some r > N and a € C'(Q) with bounded derivatives. (Actually, our assump-
tions concerning the functions «, # and a are somewhat more general than those
listed above.)

Letting F(z,u) := [’ f(z,s)ds, (z,u) € Q x R, we assume the dissipativity

conditions
(1.3) flz,u)u —aF(z,u) <clx) and F(z,u) < c(z)

for almost every x € Q and every u € R, where i > 0 is a constant and ¢ € L ().
The goal of this paper is to prove that under the above hypotheses, equa-
tion (1.1) regarded as a system in (u,v) where v = w;, generates a nonlinear
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continuous semigroup i.e. a semiflow 7 on Z = H}(Q) x L?(2) which has
a global attractor.

Although our results hold for arbitrary open sets 2, the emphasis here is on
unbounded domains.

Condition (1.2) roughly means that the ground state of the stationary Schré-
dinger equation

—Lu+ f(x)u=0
on ) with potential 8 and with Dirichlet boundary condition has positive energy.
In the special case of 3 € L*(Q2)+ L>(Q) with 8 > 0, condition (1.2) is equivalent
to the condition that [, 3(z)dx = oo for every domain G C Q that contains
arbitrary large balls. This was proved in [1], [2].

The dissipativity condition (1.3) was introduced by Ghidaglia and Temam
in [11] for the bounded domain case. It is satisfied e.g. if there are constants ~,
v € ]1,00[ and a strictly positive function D € L'(Q2) such that F(z,u) < D(z)
for all z € ©, v € R and the function v — (yD(z) — F(z,u))" is convex for
almost every x € €.

The proofs of our main results are based on Theorem 4.4 below, which
provides the so-called tail estimates for the solutions (u(t, ), u.(t,x)) of Equa-
tion (1.1). For p subcritical, Theorem 4.4 implies that the semiflow 7, is asymp-
totically compact on the phase space Z (Lemma 4.9) and this proves the existence
of a global attractor in the subcritical case (Theorems 4.10). For p critical we
first use Theorem 4.4 to show that 7y is asymptotically compact with respect
to the topology of the space Y = L?*(Q) x H~!(Q) (Lemma 4.9). Then we ap-
ply a method originally due to J. Ball [5] and elaborated by I. Moise, R. Rosa,
X. Wang [18] and G. Raugel [21] to prove that 7 is asymptotically compact on
Z (Theorem 4.12). This establishes the existence of a global attractor in the
critical case, see Theorem 4.13.

The method of tail estimates was introduced by Wang [23] for parabolic equa-
tions on unbounded domains and it was used by Fall and You [10] to establish
the existence of an attractor of (1.1) in the special case Q = RN ¢ =1, B(z) = 1,
L=A alz) = X with 1 <X < 2, and f dissipative, of sublinear growth and
having the special form f(z,u) = g(x) + ¢(u) with g € L*(RY).

For N = 3 the exponent p is critical if p = 2 and subcritical if p < 2. In
particular, Theorem 4.13 extends earlier results by Feireisl [8].

In [9] Feireisl proves existence of attractors even in the supercritical case
2 < p < 4. On the other hand, the arguments in [8], [9] require additional
smoothness assumptions on f(z,u) with respect to all variables (x,u) and some
growth assumptions on |9, f(z,0)| and |9, f(x,0)|, while we do not need any
such condition here. Moreover, only the case ! = R3 and L = A is considered
in [8], [9] and though the proofs do extend to more general domains 2 and to
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more general differential operators L, restrictions that have to imposed are more
stringent than the ones considered here. In fact, the finite propagation speed
property used in [8], [9] requires some smoothness assumptions to be imposed
on the coefficient functions a;;(z) and on the boundary of €, cf. [15], while the
Strichartz estimates used in [9] put some additional restrictions both on the
shape of © and on the coefficient functions a;;(z), cf. [22] and [17].

We should note that our tail estimates for the solution component u (¢, ) do
not depend in any way on the finite propagation speed property and are uniform
in the parameter £ > 0. This allows us to prove singular semicontinuity results
for the family of attractors of equation (1.1) as ¢ — 0. More specifically, let
N =3, a =1 and set, formally, ¢ = 0 in (1.1). Then we obtain the reaction-
diffusion equation

u + Bx)u — Z(aij(x)umi)zj = f(z,u), z€9Q, te|0,00],
(1.4) ij
u(z,t) =0, x €00, te0,00].

Let A be the sectorial operator on L?(f2) defined by the differential operator
u— Bu—32,:(aijug;)s,. The domain of definition D(A) of A is the set of all
u € H(Q) such that the distribution Su — > i (@ijuz; )z, lies in L2(Q).

It is proved in [19] that (1.4) generates a global semiflow on H} () which has
a global attractor A Ais a compact subset of D(A) (endowed with the graph
norm). Let Ay be the image of A under the imbedding I': D(A) — H(Q) x
L2(Q), u— (u, Au+ f(u)). Then it is proved in [20] that in the critical case p = 2
(and under slightly more restrictive assumptions on f) the family (ﬂa)ge[om[ is
upper-semicontinuous at e = 0 with respect to the topology of H(Q) x H~1(1Q).
This generalizes a classical result by Hale and Raugel [14] to the critical case and
arbitrary, bounded or unbounded domains, without any smoothness assumption
on 09, A(-), ai;(-) and f(-,u).

This paper is organized as follows: in Section 2 we collect some prelimi-
nary concepts and results concerning semiflows, attractors and (Cj)-semigroups
of linear operators. We also establish an abstract differentiability result, The-
orem 2.7, which can frequently be used to rigorously justify formal derivative
calculations of functionals along solutions of evolution equations. In Section 3
we establish some general estimates for linear damped wave equations and prove
some continuity and differentiability properties of Nemitski operators. Finally,
in Section 4, we prove our tail estimates and, as a consequence, establish the
existence of a global attractor of Equation (1.1).

Notation. For a and b € Z we write [a..b] to denote the set of all m € Z
with a < m <b.
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Let N € N be arbitrary. Given a subset S of RY and a function v: S — R
we denote by 7:RY — R the trivial extension of v defined by v(z) = 0 for
reRN\S.

Now let © be an arbitrary open set in RY. Given any measurable function
v: Q2 — R and any p € [1, 00[ we set, as usual,

1/p
[vlLe = |v|Lr(q) = (/ |v(x)[P dx) < 0.
Q

Moreover, for v € Hg(Q) we set [v]g1 = [v]g1(q) = (|Vul2. + |ul32)
If k€ Nand f, g:Q — R* are such that Zle figi € LY(Q) then we set

/2

k
(f,9) i_lz;fi(x)gi(x)dx.

We also use the common notation D(2), resp. D'(2) to denote the space of all
test functions on {2, resp. all distributions on Q. If w € D/(Q2) and ¢ € D(Q),
then we use the usual functional notation w(y) to denote the value of w at .
Given a function ¢g: Q2 x R — R, we denote by g the (Nemitski) operator
which associates with every function u: Q — R the function g(u): 2 — R defined
by
g(u)(z) = g(z, u(z)), =€

All linear spaces considered in this paper are over the real numbers.

2. Preliminaries and an abstract differentiability result

We assume the reader’s familiarity with attractor theory on metric spaces
as expounded in e.g. [13], [16] or, more recently, in [7] and we just collect here
a few relevant concepts from that theory.

DEFINITION 2.1. Let X be a metric space. Recall that a local semiflow 7
on X is, by definition, a continuous map from an open subset D of [0, 0o X X to
X such that, for every x € X there is an w, = wy , € ]0, 00] with the property
that (¢,x) € D if and only if ¢ € [0,w,[, and such that (writing znt := 7 (¢, )
for (t,z) € D) w0 = z for x € X and whenever (¢t,2) € D and (s,xnt) € D
then (t 4 s,z) € D and zw(t 4+ s) = (zwt)ws. Given an interval I in R, a map
o:1 — X is called a solution (of w) if whenever ¢t € T and s € [0, 0o[ are such
that t + s € I, then o(t)ws is defined and o(t)7s = o(t + s). If I =R, then o is
called a full solution (of w). A subset S of X is called (w-)invariant if for every
x € S there is a full solution ¢ with ¢(R) C S and ¢(0) = =.

Given a local semiflow 7 on X and a subset NV of X, we say that © does not
explode in N if whenever x € X and z7 [0,w,[ C N, then w, = co. A global
semiflow is a local semiflow with w, = oo for all z € X.
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Now let m be a global semiflow on X. A subset A of X is called a global
attractor (rel. to ) if A is compact, invariant and if for every bounded set B
in X and every open neighborhood U of A there is a tp .y € [0,00] such that
xmt € U for all x € B and all ¢ € [tpy,o0[. It easily follows that a global
attractor, if it exists, is uniquely determined.

A subset B of X is called (m-)ultimately bounded if there is a tp € [0, 00]
such the set {znt | x € B, t € [tp,00[} is bounded.

m is called asymptotically compact if whenever B C X is ultimately bounded,
(zn)n is a sequence in B and (t,,)y is a sequence in [0, oo[ with ¢, — oo asn — oo,
then the sequence (x,t, ), has a convergent subsequence.

The following result is well-known:

PROPOSITION 2.2. A global semiflow ™ on a metric space X has a global
attractor if and only if the following conditions are satisfied:
(a) 7 is asymptotically compact;
(b) every bounded subset of X is ultimately bounded;
(¢c) there is a bounded set By in X with the property that for every x € X
there is a t, € [0, 00[ such that xzmt, € By.

Proor. This is just [7, Corollary 1.1.4 and Proposition 1.1.3]. |

We require a few results from the general theory of (Cp)-semigroups of linear
operators.

PROPOSITION 2.3. Let Z be a Banach space and T'(t), t € [0, 00] be a (Cp)-se-
migroup of linear operators on Z with generator B: D(B) — Z. Then, for every
z € D(B) there is a unique function u:[0,00[ — D(B) which is continuously
differentiable into Z, u(0) = z and

u'(t) = Bu(t), te€0,00].
u s given by u(t) = T(t)z for all t € [0, 00].
PRrROOF. This follows from [12, proof of Theorem II.1.2] |

PROPOSITION 2.4. Let Z and Y be Banach spaces and Sz(t), t € [0,00]
(resp. Sy (t), t € [0,00]) be a (Cop)-semigroup of linear operators on Z (resp.
on Y') with generator Cz: D(Cz) — Z (resp. Cy:D(Cy) — Y). Letv:Z —Y
be a bounded linear map with v(D(Cyz)) C D(Cy). If vCzz = Cy(vz) for all
z € D(Cgz), then vSz(t)z = Sy (t)(vz) for all z € Z and all t € [0, 00l

PROOF. An application of Proposition 2.3 shows that vSz(t)z = Sy (t)(vz)
for all z € D(Cz) and all ¢ € [0, 00[. The general case follows by density. O
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PROPOSITION 2.5. Let Z be a Banach space, Sz(t), t € [0,00[ be a (Cp)-se-
migroup of linear operators on Z with generator Cz: D(Cz) — Z and Q: Z — Z
be linear and bounded. Then the operator Cz+Q: D(Cz) — Z generates a (Cp)-

semigroup Tz (t), t € [0,00][ of linear operators on Z. Moreover,

t

(2.1) Tz(t)z = Sz(t)z + / Sz(t—$)QTz(s)zds
0

forallz € Z and t € [0, 00].

PROOF. The first assertion follows from [12, Theorem 1.6.4].

For z € D(Cz) = D(Cz + Q) and ¢t € [0,00[ formula (2.1) is proved using
Proposition 2.3 and [12, proof of Theorem II.1.3 (ii)]. The general case follows
by density. O

PROPOSITION 2.6. Let Z be a Banach space and T'(t), t € [0, 00] be a (Cp)-se-
migroup of linear operators on Z with infinitesimal generator B: D(B) C Z — Z.
Suppose that ®: Z — Z is a map which is Lipschitzian on bounded subsets of Z.
Then, for each ¢ € Z there is a mazimal we = wp,a,¢ € ]0,00] and a uniquely
determined continuous map z = z¢: [0, wc[ — Z such that

(2.2) z(t) =T(t)¢ + /0 T(t—s)®(2(s))ds, te0,we|.

Writing (It := z¢(t) fort € [0,w(C)[ we obtain a local semiflow I =1lp ¢ on Z
which does not explode in bounded subsets of Z.

PRrROOF. This is a consequence of [6, proofs of Theorem 4.3.4 and Proposi-
tion 4.3.7]. O

In the remaining part of this section we will establish a result which can
be used to rigorously justify formal differentiation of various functionals along
(mild) solutions of semilinear evolution equations.

THEOREM 2.7. Let Z be a Banach space and T'(t), t € [0, 00| be a (Cop)-semi-
group of linear operators on Z with infinitesimal generator B: D(B) C Z — Z.
Let U be open in Z,Y be a normed space and V:U — Y be a function which, as
a map from Z to'Y, is continuous at each point of U and Fréchet differentiable
at each point of UN D(B). Moreover, let W:U x Z — 'Y be a function which, as
a map from Z x Z to'Y, is continuous and such that DV (z)(Bz+w) = W(z,w)
forzeUND(B) andw € Z. Let T € 10,00[ and I :=[0,7]. Letze€ U, g:1 — Z
be continuous and z be a map from I to U such that

t
2(t) =T(t)z + / T(t—s)g(s)ds, tel.
0
Then the map V o z: I — Y is differentiable and
(Voz)'(t) = W(a(t),g(t), tel.
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PRrOOF. For z € D(B) set |z|p) := |2|z + |Bz|z. Since B is closed,
this defines a complete norm on D(B). For h € ]0,00[ and t € I set M :=

supseo,n) |1(t)|(2,2) and

It is well-known that g (t) € D(B) and Bgy,(t) = (1/h)(T'(h)g(t) — g(¢)). Thus
gn: I — D(B) and the estimate

h
94(0) = 90y = . [ TC6)olt) - ot s|
[T - 90) - 60 - o)
Z
< Mlg(t) — o(t)] + 3 (M + Dlg() — 9tz

h
shows that g, is continuous into D(B). Moreover, we claim that gn(t) — g(t)
in Z as h — 07, uniformly on I. In fact, otherwise there is an ¢ € 0, 0o[ and
sequences (A )men in |0,00[ and (¢, )men in I such that h,, — 0, t,, =t €1
and |gn,, (tm) — g(tm)|z > € for all m € N. But

19h, (tm) = 9(tm) |z < |gh,, (tm) — 9()] 2 + 19(tm) — 9(t)]2-

Moreover,

1 [P
Iwﬁm—WM—hmA(ﬂm%meMZ

sL;AMﬂﬂwm—

o [ @ - o) as
0

Without loss of generality h,, <1 for all m € N so

< Mylg(tm) — g(t)|z — 0.
z

Since T'(s)g(t) — g(t) — 0in Z as s — 07, it follows that

hom
L;A T($)(g(tn) — 9(8)) ds

— 0.

| T(s)g(t) - g(t)) ds
7Z

Putting things together we see that |gp, (tm) — 9(tm)|z — 0, a contradiction,
proving our claim. Since D(B) is dense in Z there is a sequence (Zp,)men in
D(B) which converges to z in Z. Since U is open in Z we may assume that
Zm € U N D(B) for all m € N. Choose a sequence (h,,)men in ]0, oo converging

to zero. For m € N and t € I set

Zm(t) = T()Zm + /0 T(t — s)gn,, (s)ds.
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It is well-known that z,(t) € D(B). Moreover, the map z,:I — D(B) is
continuous into D(B) and differentiable into Z with 2/ (¢t) = Bz (t) + gn,, (1)
for ¢t € I. Furthermore, by what we have proved so far, z,,(t) — z(t) in Z as
m — oo, uniformly on I. It follows that z,,(t) € U N D(B) for some mg € N
and all m > mg and t € I. Moreover, by our hypotheses and by what we have
proved so far, (V 0 z,)(t) — (Voz)(t) and (V 0 z,,,) (t) = DV (21 (t)) (Bzm(t) +
9h,,, (t)) = W(zm(t), gn,, (t)) — W(z(t),g(t)) in Y uniformly on I. Thus V o z is
differentiable into Y and (V o 2)’(t) = W(z(t),g(¢)) for ¢t € I. O

3. Damped hyperbolic equations

For the rest of this paper, N € N and ) is an arbitrary open subset of RY,
bounded or not.
Consider the following

HyprOTHESIS 3.1.

(a) ag,a1 €0, 00[ are constants and a;;: Q2 — R, i, j € [1.. N] are functions
in L>=(2) such that a;; = aj;, i, j € [1..N], and for every & € RN and
almost every x € €, aplé]* < Z?szl a;j()&& < arlé)?. A(x) =
(aij(2))];21, = € Q.

(b) B:Q — R is a measurable function with the property that

(i) for every € € ]0,00[ there is a Cs € [0, 00 with ||B]*/?u|?, <
glul3 + Cslul3s for allu € Hg(Q);
(i) A1 := inf{(AVu, Vu) + (Bu,u) | u € HF(Q), |u|gz =1} > 0.

REMARK 3.2. Note that, under Hypothesis 3.1(a), (AVu, Vu) is defined and
under Hypothesis 3.1(i), (Bu,u) is defined.

The following lemma contains a condition ensuring that 3 satisfies Hypoth-
esis 3.1(1).

LEMMA 3.3. Let p € |1,00[ and 3:Q — R be such that 3 € LE(RYN).
(a) If p> N/2, then there is a C € [0, 00[ such that

11811 ?ulp2 < Clulgs  for all u € HE ().
(b) Ifp> N/2, then for every € € ]0, 00| there is a Cz € [0, co[ with

||ﬁ|1/2u\2Lz < E|u|%11 + Cg\u|2L2 for all u € HL(R).

PROOF. There is a family (y;)jen of points in RY with the property that

RN = Ujen B(y;) and the sets B(y;), j € N, are pairwise non-overlapping.
Write B; = B(y,), j € N. Let p’ = p/(p —1). Since p > N/2 we have 2p’ < 2*
for N > 3. Let M € ]0,00[ be a bound of the imbedding H*(B) — L?'(B)
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where B = B(0). Then, by translation, M is also a bound of the imbedding
H'(B(y)) — L*'(B(y)) for any y € RN. Let u € H}(Q) be arbitrary. Then

B(z)u?(z)|dz = [ [B(z)@(z)|dw =Y z)| dx
f o L. J,,

JjEN

<3 ( / |pdx)1/p( /B () 27 dm)l/p/

jEN J
7 2p’ Y 2 2 2

< |5|L52(/ ()| dm) < |BlopM> Y fls, 3 s,

jen N/ Bj jeN
= Bl [ (VR + ) e
JeN
= M? \ﬁ|L{’,|U|H1(RN) = M2|ﬁ|Lﬁ|U|H1(Q)
This proves the first part of lemma.
If p > N/2 we may choose ¢ such that 2p’ < ¢, and ¢ < 2* for N > 3.

We may then interpolate between 2 and ¢ and so, for every € ]0, oo[ there is
a Cz € [0, 00[, independent of u such that for all j € N

(/B ) dm) " < e(/B ()| dar) " + 0(/3 () |? dx)m

J J J

< EM'[ulp, | (5;) + Cslul B | L2(B,)-

Here M’ € 0, 00| is a bound of the imbedding H{ (B(y;)) — L4(B(y;)) for every
7 € N. Hence

(/ () 27 dx)l/p/§2(sM’)2/ (|va(x)\2+|a(x)|2)dx+2c§/ fi(2) 2 da.

B; B; B;

Thus, by the above computation,

/|/5' ) dz < |Blg Y (/ )7 dx)l/p’

jEN B;
<> (2<aM'>2 /B (V) + [a(x)[?) do + 2C2 /B |a<x>|2dx)
JEN J J

= |B8lp22EM")?|ul + 18] 2 2C2 ul7s.

Now an obvious change of notation completes the proof of the second part of the

lemma. O

REMARK 3.4. Under Hypothesis 3.1(a) let the operator L: H}(Q2) — D'(Q)

be defined by
N

Lu = Z (aijtz,)a;, uw€ HY(Q).

ij=1
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The definition of distributional derivatives implies that
(3.1) (Lu — Bu)(v) = —(AVu, Vo) — (Bu,v), u € HY(Q), v € D(Q).
It follows by density that
(3.2) ((Lu — Bu),v) = —(AVu, Vv) — (Bu,v)
for u, v € H}(Q) with Lu — Bu € L?().

LEMMA 3.5. Assume Hypothesis 3.1. If k € [0, \1] is arbitrary and if € and
p are chosen such that € € 10, ao[, p € 10,1[ and ¢ := min(p(ap—¢), (1—p)(A1 —K)
—p(E + C= + K)) > 0 then, for all u € H} (),

e(|Vulfe + [ulf2) < (AVu, Vu) + (Bu, u) — k{u,u) < C(|Vulfz + ulf2),
where C := max(a; + €, + Ck).
PRrROOF. This is just a simple computation. O

LEMMA 3.6. Assume Hypothesis 3.1 and let € € |0, 00][ be arbitrary. For u,
v € HYQ) define

(3.3) (u,v)1 = (1/e)(AVu, Vv) + (1/e){Bu,v).

(-, )1 is a scalar product on H}(Q)) and the norm defined by this scalar product
is equivalent to the usual norm on Hg (). For every u € HE(Q) the distribution
—(1/e)Lu + (1/e)Bu € D'(Q) can be uniquely extended to a continuous linear
function f, from H}(Q) to R. The operator

AHG(Q) — H7HQ) = (Hy(Q), ue fu
18 an isomorphism of normed spaces. The assignment
(f.9) € HTH(Q) x HTH(Q) = (fog)—1 := (A7), A" (9

defines a scalar product on H=1(Q). The norm defined by this scalar product is
equivalent to the usual (operator) norm on H~1(Q).

PRrROOF. This follows from Lemma 3.5 and the Lax—Milgram theorem. O

PROPOSITION 3.7. Assume Hypothesis 3.1 and let ag, o1 € [0,00[ and € €
10, 00| be arbitrary. Let a: Q2 — R be a measurable function with ap < ax) < oy
for almost every x € Q. Set Z = HE(Q) x L*(Q) and endow Z with the usual
norm |z|z defined by

2|5 = |Vz1|2L2 + |z1\2L2 + |22|%2, z = (21,22)-
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Define D(B) = D(Ba.g.c) to be the set of all (z1,22) € Z such that 2o € H}(Q)
and Lz1—fBz1 (in the distributional sense) lies in L*(Q2). Let B = By g..: D(B) —
Z be defined by

B(z1,22) = (22, —(1/€)aze — (1/€)Bz1 + (1/€)Lz1), 2= (21,22) € D(B).

Under these hypotheses, B is the generator of a (Co)-semigroup T(t) = Ty g (1),
t € [0,00[ on Z. If, in addition, ag > 0, then there are real constants M =
M(ag,a1,e,\) >0, u = plag,ar,e, A1) > 0 such that

(3.4) IT(t)z|z < Me "|z|z, z€ Z,t€0,00].
PROOF. On Z define the scalar product

(3.5) ((u1,uz), (w1, w2)) = (ur, wi)1 + (uz, wa) 2

It follows from Lemma 3.6 that the norm ||(uy,u2)|| = ((u1,us), (w1, u2))*/? is
equivalent to the norm |(u1,u2)|z.
Now, for (z1,22) € D(B), we obtain using (3.2)

(B(z1,22), (21, 22))
= (2z2,21)1 + (—(1/e)aze — (1/€)Bz1 + (1/e)Lz1, 22) = —(1/e){uza, 22).
Thus B is dissipative by [6, Proposition 2.4.2]. Let us now show that B is m-

dissipative. We use [6, Proposition 2.2.6] and so we only need to show that for
every A € ]0,00[ and for every (f,g) € Z there is a (21, 22) € D(B) with

(3.6) (21,22) — AB(21, 22) = ([, 9)-
Now (3.6) is equivalent to the validity of the two equations
3.7) 22 = (1/A) (21 = f)

and

(38) (/X)) + (I/e)a+ (1/e)AB)z1 — (1/€)ALz = g + ((1/A) + (1/e)a) f.

Lemma 3.5 and the Lax-Milgram theorem (cf. [6, proof of Proposition 2.6.1])
imply that equation (3.8) can be solved for z; € HE(Q) with Lzy — Bz; € L?(1Q).
Now equation (3.7) can be solved for z; € H}(Q2). It follows that, indeed, B is
m-dissipative and so, by the Hille-Yosida-Phillips theorem, B generates a (Cp)-
semigroup T'(¢), t € [0, 00[, of linear operators on Z.

Now suppose oy > 0. Choose p such that

(3.9) 0 < 2p <min(1, ag/(2¢), A\1/(e + a1)).
We now prove that for every (ui,us) € Z

(3.10) IT(t)(ur, u2)l| < 2e7|(ur, uz) ||, ¢ € [0, 00[.
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This proves (3.4) in view of the equivalences of the two above norms on Z.
By density, it is sufficient to prove (3.10) for (uj,us) € D(B). Therefore, let
(u1,u2) € D(B) be arbitrary and define (21 (t), 22(t)) = T'(¢)(u1, uz), t € [0, 00].
Then the map t — z(t) = (21(t), 22(t)) is differentiable into Z, z(t) € D(B) and
2(t) = Bz(t) for ¢ € [0,00[. For t € [0, 00] let
(3.11) w(t) =4p(z1(t), z2(8)) + (22(t), 22(t)) + 2(1/€) plaza (t), 21 (1))
+ (1/e){Bz1(t), 21 (1)) + (1/€){AV 21 (2), Vi (1))
It follows that w is differentiable and a simple calculation shows
(3.12)  (1/2)ui(t) =((2n — (1/e)a)22(t), 22(t))
—2u(1/e){Bz1(t), 21(t)) — 2(1/)u(AV21(t), V21 (1))
<((2u— (1/e)an)2(t), 22(1))
—2u(1/e)(B1(t), 21(t)) — 2(1/e)u(AV 21 (1), Vaa (1)),
By (3.11)
w(t) <4p((1/2)(z1(t), 21(8)) + (1/2)(22(1), 22(1))) + (22(t), 22(t))
+2(1/e)ulaz(t), z1(t))
+ (1/e){Bz1(t), z1(2)) + (1/€)(AVz1(2), Vi (1))
< 2u 4 1)(22(t), 22(1)) + 2u(1 + (1/€)ar) (21 (t), 21(¢))
+ (1/e){Bz1(t), 21 (1)) + (1/€){AV 21 (2), Vi (1))
Now
202(0)? = 2(z2(t), 22(6)) + (1/6) (21 (8) 5 (6) + (1/){AV=1(0), V1 1)
+ (1/e)(Bz1(t), 21(1)) + (1/€){AVz1(2), Vi (2)).
By (3.9)
2(z2(t), 22(1)) = (21 + 1)(22(2), 22(1))
and
(1/)(B21(8), 21 () + (1/e)(AV 21 (1), V1 (1))
> (1)1 (1), 21 (1)) = 201 + (1/e)an) (21(8), 21(1)).
Putting things together we see that
(3.13) w(t) < 2||z(1)||?, te0,o00[.
Moreover, by (3.9)
w(t) = —4p((1/2)4u(z1(t), 21(2)) + (1/2)(1/4p)(22(1), 22(1))) + (22(t), 22(1))
+2(1/e)plaz(t), 21(t) + (1/e)(B21(t), 21(1)) + (1/€)(AVz1(8), Vi (1))
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> (1/2)(z2(t), 22(t)) + 2u((1/e) a0 — 4p)(z1(t), z1(2))
+ (1/e)(B21(1), 21(1)) + (1/e)(AVz1(2), Var (1)) > (1/2)]|2(2)]1*.
Thus
(3.14) w(t) > (1/2)]|2()]|?, t€[0,00[.
By (3.13), (3.12) and (3.9)
pw(t) < 2plz(t)|?
=2u(22(t), 22(t)) + 2u(1/2){Bz1(t), 21 (1)) + 2(1/) u{AV 21 (t), V21 (2))

<((1/e)ao — 2p)(z2(1), 22(¢)) + 2u(1/e)(B21(t), 21 (1))
+2(1 /) u{ AV (£), Vau (1)) < —(1/2)i(t)

0
(3.15) w(t) < —2pw(t), te0,00[.
(3.13), (3.14) and (3.15) imply that
L) < 4e™]12(0)[1, ¢ € [0, 00]
and this in turn implies (3.10). O

PROPOSITION 3.8. Assume Hypothesis 3.1 and let ¢ € ]0,00][ be arbitrary.
Define Cz := By g,e and Sz(t) := Tu pe(t), t € [0,00[ with o = 0. Moreover,
let Y = L?(Q) x H~Y(Q) and define the operator Cy: D(Cy) — Y by D(Cy) =
H}(Q) x L*(Q) and

Cy(z1,22) = (22, —A(z1))
where A is defined in Lemma 3.6. Cy is the generator of a (Cy)-semigroup Sy (t),
t € [0,00[ of linear operators on'Y . Finally,
vSz(t)z = Sy (t)(vz), z€ Z, te€[0,00]

where v: Z — 'Y is the inclusion map.

PROOF. On Y define the scalar product

{((u1, u2), (w1, we))y = (u1,w1) 2 + (uz, wa) 1.

It follows from Lemma 3.6 that the norm defined by this scalar product is equiv-
alent to the usual norm on Y. Now, for (y1,y2) € D(Cy), we easily obtain

<<CY(y13 y2)7 (yla y2)>>Y =0.

Thus By is dissipative. Using the same arguments as in the proof of Propo-
sition 3.7 (with @ = 0) we can show that for every A € ]0,00[ and for every
(f,g9) €Y thereis a (y1,52) € D(Cy) with (y1,92) — ACy (y1,92) = (f,g). Thus
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Cy is m-dissipative and this proves the first assertion. Since, by the defini-
tions of Cz and Cy, vD(Cyz) C D(Cy) and vCz(z1,22) = Cyv(z1,29) for all
(#1,22) € D(Cyz), the second assertion follows from Proposition 2.4. O

PROPOSITION 3.9. Let o, Z and T'(t) be as in Proposition 3.7 and Y be as
in Proposition 3.8. Suppose that

(3.16) (3C, €[0,00]) (V2 € L*(N) |az|lg— < Cilz]g-1.
Then there are constants Cz and Cs € [0, 00[ such that

‘T(t)Z‘Y < C2eCSt|Z|Y7 te [0700[, z€Z.

PROOF. Define the bounded linear map Q: Z — Z by (21, 22) — (0, —aza).
By Propositions 2.5 and 2.4 we have, for z € Z and ¢ € [0, 0]

t t
T(t)2 = Sy(t) +/ Sy(t — $)QT(s)zds = Sy (1) +/ Sy (t — $)QT(s)2 ds.
0 0
There are constants Cy and C5 € [0, oo[ such that
|SY(t)y‘Y < O4ecst|y|Y7 te [0,00[, Y€ Y.

Using (3.16) we now obtain, for z € Z and ¢ € [0, o0]
t
IT(t)zly <|Sy(t)z|y —|—/ |Sy (t — s)QT(s)z|y ds
0
t
< Cyezly + / C4ecs(t_s)C’1|T(s)z\y ds.
0

Now Gronwall’s lemma completes the proof. O
The next result provides a sufficient condition for the validity of (3.16).

LEMMA 3.10. Ifa € CH{OQ)NWL(Q) andu € HE(Q), then au € HE () and
9;(au) = (9;a)u+adsu, i € [1.. N]. Moreover, |au|ps < (2N+1)1/2|a|W1,w\u|Hé.
Furthermore,

|az|H71 < (2N+ 1)1/2|a|W1,oc|Z|H71, FAS L2(Q)
Finally, if U is an open subset of Q and a|y € CY(U) then (au)|y € HE(U).

PROOF. Set u;y = (9ia)u + adyu, i € [1.. N]. There is a sequence (vy)nen
in C}(Q) converging to v in H'(Q). It follows that av,, € C§(Q) and 9;(av,) =
(0;a)vy, + adjv, for n € N and ¢ € [1.. N]. Holder’s inequality implies that,
for ¢ € C§(Q) and i € [1..N], av, — au and 9;(avy) — u(;) in L?(Q) while
©0;(avy) — u(y and (9ip)a v, — (dip)a u in L' (Q). Since (g, 0;(avy)) 2 =
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—(0;p,avp) 2 forn € Nand i € [1.. NJ, it follows that au € H'(2), 9;(au) = u(
for all ¢ € [1.. N] and

(3.17) lim |(av,) — (au)|gr = 0.

n—o0

Thus au € H(2). This proves the first part of the lemma. It follows that

N N
jaul3n = laul7. + Y |0i(au)[72 = |auliz + Y [(9ia)u + adyul7.
=1 i=1

N

< lalfye lulZa + Y lalfi (Jul 2 + [0iul2)?
i=1
N

< lalfys (Julfe + Y (2lulZa + 2/05ulis))
i=1

= lalfyree (2N = DfulZs + 2[ulfy) < laliy (2N + Dlulf, .

If 2 € L*(Q) then az € L?(Q) and for v € H}(Q) with |v]g < 1 we have
av € H}(Q) and

az,0)] = (2, av)| < [zl favl < N +1)Y2[alye |2l

This proves the second and third part of the lemma. Finally, if a|y € C§(U)
then (av,)|y € CH(U) for all n € N and since, by (3.17), (av,)|y — (au)|y in
HY(U), it follows that (au)|y € H(U). O

PROPOSITION 3.11. Let a € C}(RY) and r € [2,00[ be arbitrary. If N > 3,
then assume also that r < 2*. Under these assumptions the map h: H}(Q) —
L™(Q), u— alq - u, is defined and is linear and compact.

PRrROOF. There is an open ball U in RY such that suppa C U. Define the
following maps:

hi:HY(Q) — HIRY), w1,  ho: HYRY) = H}(U), v+ (av)|v,
hs: Hy(U) — L™(U), wvwwv,  hgaL"(U)— L'(RY), o7,
hs: L™ (RN) — L™(R), v+ v|q.

Clearly, the maps hy, hy and hs are defined, linear and bounded, the map hs
is defined, linear and bounded in view of Lemma 3.10 with Q := R, while
hs is defined, linear and compact by Rellich embedding theorem. Since, for all
u € HY(Q), (hs o hyohsohyoh)(u) =alg - u, it follows that h is defined and
h = hsohygohszohsohy sohis linear and compact. O
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DEFINITION 3.11. A function f:Q x R — R, (z,u) — f(z,u) is said to
satisfy a C°- (resp. C'-)Carathéodory condition, if for every u € R the partial
map = — f(x,u) is Lebesgue-measurable and for almost every « € ) the partial
map u — f(x,u) is continuous (resp. continuously differentiable).

If QxR — R, (z,u) — f(z,u) satisfies a C°-Carathéodory condition,
define the function F: 2 x R — R by

Fla) = [ (a5 ds,

whenever s — f(x,s) is continuous and F(x,u) = 0 otherwise. F is called the
canonical primitive of f.

Given C, p € [0, [, a measurable function a:Q — R and a null set M C €,
a function g: (Q\M) xR — R, (z,u) — g(x,u) is said to satisfy a (C, p, a)-growth
condition, if |g(z,u)| < C(|a(x)| + |u|P) for every x € 2\ M and every u € R.
The number p is called subcritical if N <2 or (N >3 and p < (2*/2) —1). pis
called critical if N > 3 and p = (2*/2) — 1.

PROPOSITION 3.13. Let f satisfy a C*-Carathéodory condition and O, f sat-
isfy a (C,p,a)-growth condition. Let F be the canonical primitive of f. Then,
for almost every x € Q and all u, h € R

(3.18) |f (@, u) = f(2,0)] < Cla(z)l[u] + Clu["*,
(3.19)  |f(z,u+h) = f(z,u)| < Cla(@)[|h] + Cmax(1,2°71)(lul” + [A]7) A],
(3.20) |F (2, uw)] < C(la(@)|lul®/2+ [ul”*2/ (5 +2)) + [ul| f(2,0)],

(3.21)  |F(z,u+h)— F(z,u)|
< (If(,0)| + Cla(@)[(|ul + [h]) + Cmax(1,27)(Jul"** + [A"1))[Al,
and
(3.22) |F(z,u+h)— F(x,u) — f(z,u)h|
< (Cla()| + Cmax(1,2°7") (Jul” + [1]?)) 1],

Moreover, for every measurable function v: € — R both ]?(v) and ﬁ(v) are mea-
surable and for all measurable functions u, h: 2 — R

-~ ~

(3.23) [f(@)]z2 < [F(0)]zz + Claul 2 + [ul7 3G,

~

(3.24)  |f(u+h) = F(u)lp
< Clah|gz 4+ Cmax(1, 25_1)(|u|§2(;+1) + ‘h|§2($+1))|h|L2(F+l)a

(3.25) ()l < Cllalul?|11/2 4 lulf 2 /(B +2)) + ul 2| F(0)] 2,
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-~

(3:26)  [F(u-+h) = F(u)|s < (|f(0)|r2 + Cllaulrz + ah|r2)
+ Cmax(L, 2°)(Julf ey + Al 260) ) RlLe,

and
(3.27)  |F(u+h) — F(u) — f(u)h|p

< (€|ah|L2 +6max<1’ 25_1)(|u|§2(;+1) + |h|§2(5+1))‘h|L2(?+1))|h|L2'
Finally, if p is critical, then for every r € [N, oo[ there is a constant C(r) € [0, oo
such that whenever a = a1 + ay with a; € L"(Q) and ay € L>(Q), then for all
u, h € H}(Q)

~ ~

(3.28)  [f(u+h) = f(u)g-+ < Cr)(Jaa]rr + [az|re=)|h|L2
+ C(r)([ulfo + [l )[R L2.
PrROOF. For almost every z € 2 and all u, h € R we have

flzyu+h) — f(z,u) z/olauf(x7u+9h)hd9,

1
F(z,u+h) — F(z,u) — f(z,u)h :/0 [f(x,u+ 6h) — f(xz,u)|hdb

1
0

1
:/ [/ B f(,u + 7OR)OK dr | h 6.
0

These equalities and the definition of F' imply estimates (3.18)—(3.22). Now
well known arguments and Holder inequality yields the remaining assertions of
the proposition except (3.28). To prove (3.28), let » € [N, o00[ and u, h and
v € HE(Q) be arbitrary. Then

[(Flu+ h) — Flu)v)] < /Q s () (@) — fo,u(@))] [o(e)| de
<T /Q \(ah)(@)] [o(2)] da
+Cmax(L27) [ (u(@) + h@) P)(@)Joo)
Q

Now

LT h|L2 |’U|L2r/(r—2)

[ l@h@) @) do <o
and !
| ek @l lo(@)] de < faaluo blsslolo
Moreover, since (1/2*) 4+ (1/2) 4+ (1/N) =1 and Np = 2* we also have

/Q(|u(x)\ﬁ+ |h(2)P) (@) |[v(2)] dz < (Julfon + Rl )R]z 0] 2
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Noting that 2r/(r —2) < 2* let C' be a common bound of the imbeddings
H(Q) — L5(Q) for s € {2,2%,2r/(r — 2)}. Then we conclude

~ —~

[(f(u+ h) = f(u),v)] <CC(lar|rr + laz|ze)|h|L2|v]

+ Cmax (1,27 1)C([ul? 5o + |h[? ) |hlp2]v]a.
Since
[f(uth)+ fw)lg-r = sup [(f(u+h) = f(u),v)]
vEH(Q)
estimate (3.28) follows. O

STANDING ASSUMPTION. For the rest of this paper, we assume Hypothe-
sis 3.1 and fir an e € ]0,00[. Let Z = H}(Q) x L*(2) and B = By g, be defined
as in Proposition 3.7. Moreover, let Y = L?(Q) x H~1(Q).

PROPOSITION 3.14. Let C, p € [0,00[ and a: Q2 — R be a measurable func-
tion such that the assignments u +— |alu and u — |a|'/?u induce bounded lin-
ear operators from HE(Q) to L*(Q)). Suppose the function f satisfies a C*-
Carathéodory condition and 0, f satisfies a (C,p,a)-growth condition. Moreover,
suppose f(-,0) € L*(Q). If N > 3, then assume also that p < (2*/2) — 1. Un-
der these hypotheses, f induces a map f H}(Q) — L2(Q2) which is Lipschitzian
on bounded subsets of HL(Q). The canonical primitive F of f induces a map
F:H}(Q) — LY(Q). This map is Fréchet differentiable and DF(u)[h] = f(u) - h
for w and h € H}(Q). The map ®5:Z — Z,

(3.29) Dp(2) = (0,(1/)f(21)), 2= (21,22) € Z,

is bounded and Lipschitzian on bounded subsets of H} (). By my we denote the
local semiflow Ilg o on Z, where ® = ®y. This local semiflow does not explode
in bounded subsets of HZ ().

PrOOF. This follows from Proposition 3.13, the Sobolew imbedding theo-
rem, Proposition 3.7 and Proposition 2.6. ]

REMARK 3.15. By Lemma 3.3 the hypotheses on the function a imposed in
Proposition 3.14 are satisfied e.g. if @ € L2(RY) with p > N.

REMARK 3.16. The local semiflow 7 defined in Proposition 3.14 is, by
definition, the local semiflow generated by solutions of the damped wave equa-
tion (1.1).

4. Tail estimates and the existence of attractors

PROPOSITION 4.1. Let 7:RN — [0,1] be a C*-function with the property
that sup,cpn (|7(z)2 + [VA(2)|?) < co. Set v = F2. Assume the hypotheses
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and notations of Proposition 3.14. Fixz § € ]0,00[, and define the functions
V=V:Z->RadV*=V;:Z - R by

Viz) = i/ﬂfy(a:)\llz(x) dr and V*(2)= /Q'y(x)F(x,zl(m))dx
for z = (z1,22) € Z. Here, for z € Z and x € (Q,
V. (2) = eld21(2) + 20(2)* + (AV21)(2) - Vi (@) + (B(x) — da(a) + 6%¢)|z1 (2)*.

Let 79 € ]0,00[, I =[0,70] and z: I — Z be a solution of wy. Then the functions
V oz and V* o z are differentiable and, fort € I,

(Voz)(t)= /Q“/(CU)(E(521 + 22)(022 + (=(1/e)a(z)z2 + (1/e) f(z, 21(¢)(2)))
( )+52 )2122 76ﬁ( )lel)dz
— (5/ VJ(AV(z1)) - Vz1 dx — /Q(ézl + 29)(AVY) - Vz; dz,

(V' 02 ()= [ A@f(e a0z d.
(41)  (Voz)(t)+25(Voz)(t)= /Q’y(:c)(%a —a(z)) (021 + 29)* dx
+ /(2’}/(.%‘)(521 + 22) f(z, 21 () (2)) do — ‘/9(621 + 22)(AV7) - Vz1 dz

PRrROOF. By Proposition 3.13 we have that V and V* are defined and Fréchet
differentiable on Z and for all z = (21, 22) and £ = (§1,&2) in Z

DV (2)[¢] = /Qv(w) (6(521(96) + 22(2))(0&1(7) + €2(2))
+ (A(2)Vai(x)) - VEi(z) + (B(x) — da(z) + 526)Z1($)£1($)) dx

and
DV*(2)le] = / (@) f (21 (2))6 () e

In particular, for z = (21, 22) € D(B) and w = (w1, ws) € Z we obtain, omitting
the argument = € 2 in some of the expressions below,

DV (z)[Bz + w]
Z/QW(@ (5(521+22)(5(Zz+w1)+(—(1/€)a($)z2—(1/5)5(96)21+(1/€)LZ1+w2))
+ (AVz1) - V(2o +w1) + (B(x) — da(z) + 6%€) 21 (22 + wl)) dx
and

DV*(2)[B= + w] = /ﬂ (@) (@, 21 (2)) (22 + wn) da
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Evaluating further we see that

= [ @)z + 2)(85(22 + w1) + (—(1/)a(w)z — (1/e)B()= + w2))

+ (AVz) -V + (B(x) — da(x) + 6%€)21 (20 + w1)) da

2

+

o

v(x) ((521 + 29)Lz; 4+ (AVz) - Vzg> dz.
By Green’s formula

/ Y(x)((0z1 + 22)Lz1 + (AV2z1) - Vzg) do = 7/ Y(x)(AV (021 + 22)) - Vz1 dz
Q Q

- / (021 + 22)(AV7) - Vz1 dx +/ v(z)(AVz1) - Vza dz
Q Q

= —/ Y(x)(AV(021)) - Vz1 dx — / (021 + 22)(AV7) - Vz1 dx
Q Q
so we obtain
DV (2)[Bz + w] = /QW(CC)(E(M +22)(0(22 + w1) + (=(1/e)a(w) 22 + w2))
+ (AVz1) - Vo + (=ba(z) + 6%€) 21 (20 + w1) + B(z)(z1w1 — 02121)) dx
_ / 1 (@)(AV(521)) - Vr d — / (621 + 2)(AV7) - V2, da.
Q Q
Define the maps W:Z x Z - Rand W*: Z x Z — R by
W(ew) = [ a@)ebma+ 2)(6e+ ) + (<(1/ala)zn +um)
+ (AV21) - Vwy + (=da(z) + 6%€) 21 (29 + w1) + B(x) (21w — 62121)) do

- / v(x)(AV(021)) - V21 do — / (021 + 22)(AV7y) - V21 dx
Q Q

and
W (zw) = [ 901 (2) (za(a) + v (o) de
Q

for (z,w) € Z x Z. In the particular case where w; = 0 we thus obtain
(4.2) W(z,w) = /Qw(x)(s(ézl + 22) (022 + (—(1/e)a(x)zg + w2))

+ (=da(x) + 6%€) 2120 — 6f(x)2121) dx

- / v()(AV(6z1)) - Vz1 dx — / (021 + 22)(AVYy) - Vz1 dx

Q Q

and

(4.3) W (2, w) = /Q (@) (, 21 (2)) () da.
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Using Hypothesis 3.1 and Proposition 3.13 we see that W and W* are continuous
from Z x Z to R and so Theorem 2.7, formulas (4.2) and (4.3) and a straight-
forward computation complete the proof. O

Consider the following hypothesis.

HYPOTHESIS 4.2.

(a) ag>0;

(b) C, p, T € [0,00[ and T € ]0,00[ are constants and c:Q — [0,00] is
a function with ¢ € L*(Q). If N >3, then p < (2*/2) — 1;

(¢) a:Q — R is a measurable function such that the assignments u — |a|u
and u — |a|*?u induce bounded linear operators from HE(Q) to L*(R);

(d) f:Q xR — R satisfies a C*-Carathéodory condition;

e) F is the canonical primitive of f;

(
(f
Lf(,0)|p2 <75

flz,uw)u — F (z,u) < c(z) and F(z,u) < c(x) for almost every x €

and every u € R.

)

) —

) Ouf satisfies a (C,p,a)-growth condition;
)

)

(g
(h

A sufficient condition for the dissipativity assumption (h) to hold is contained
in the following lemma:

LEMMA 4.3. Let f:Q x R — R satisfy a C°-Carathéodory condition and F
be the canonical primitive of f. Let v, v € ]1,00[ be constants and D € L*(Q)
be a function with D(x) > 0 for all x € Q and such that F(x,u) < D(x) for all
x € Q and all u € R. Assume also that the function u — (yD(z) — F(z,u))”
convex for almost every x € Q. Then f(z,u)u — iF(x,u) < c(z) and F(z,u)

.

S

IN

c(z) for almost every x € Q and every u € R. Here, i := (1/v) and c(x) :
max(1,v"(y — D)="v=1D(z), z € Q.

PRrROOF. Define G(z,u) = —(yD(z) — F(z,u))” for z € Q and u € R. Our
convexity assumption implies that the function « — 9,,G(x,u) is nonincreasing
and continuous for almost every x € ). Notice that whenever h:R — R is
continuous and nonincreasing then h(u)u < [;"h(s)ds for all u € R. It follows
that, for almost every x € € and every u € €2,

(4.4)  vf(z,u)(yD(z) — F(z,u))" tu
< G(z,u) — G(,0) = —(vD(z) — F(z,u))” + (vD(z))".

Since, for almost every = € 2 and every u € ),

yD(x) — F(x,u) > (v — 1)D(z) > 0
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vf(e,u)u < —(yD(z) = F(z,u)) + (vD(x))"((v = 1)D(x))' ="
< Fa,u) +9"(y = 1)'""D(w).

The lemma is proved. |

Fix a C*®-function 9: R — [0, 1] with J(s) = 0 for s € |—o0, 1] and J(s) = 1
for s € [2,00[. Let

9:=7.
For k € N let the functions 9: RY — R and ¥;:RY — R be defined by
O () = 0(|z)?/k%) and O (z) = I(|Jz|?/k?), xcRYN.

THEOREM 4.4. Assume Hypothesis 4.2. Choose § and v € )0, co[ with

(4.5) v <min(1,7/2), A —dag >0 and op— 20> 0.

Under these hypotheses, there is a constant ¢’ € [0,00[ and for every R € [0, 00]
there are constants M’ = M'(R), ¢, = cx(R) € [0,00[, k € N with ¢, — 0 for
k — oo and such that for every 1o € [0,00[ and every solution z(-) of ¢ on
I =[0,70] with |2(0)|]z < R

(4.6) /Q((<€/2)|22(f)(317)|2 + (A(2)Var (t)(x)) - Vai () (2)
+ (B(x) = da()) |21 () («)]*) dar < ¢ + Me=>,
fortel. If|z(t)|z < R fort €1, then

(4.7) /Q19zc(33)((€/2)|Z2(?f)(33)|2 + (A@)Vai(t)(2)) - Var (t)(2)
+ (B(z) = ba(@))|z1(8) (@) [*) d < ) + M'e 2,
forkeNandte l.

LEMMA 4.5. Assume the hypotheses of Theorem 4.4. Let7, v, V =V, and
V* =V be as in Proposition 4.1. For all z € Z and x € Q define s(z)(x) =

s+(2)(@) by
5(2)(@) = ~27() 71 (@)(A2) V7(2)) - Va1 (@) — |21 (2) P(A@@) V() - 7).
Given 1o € [0,00] and a solution z(-) of 7p on I = [0, 7o, define
nt) = (1) = Vi (2(8) = V7 (=(0)), te 1.
Then, fort € I,

48)  n/(t) + 20v(t) < 2007 — v) /S A(e)elo) do

_ / (621 + 2)(AVA) - Var da — 5(1 — v) / s=(2(1)) () da.
Q Q
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PrROOF. It is clear that, for all z € Z and x € Q

(@) P(A@) V21 (2)) - V21 (2) = (A@) VT2 (@) - V(F2)(2) + 5(2) (2).
Thus, by the definition of V,
2V(z) 2 /(27(93)((A(90)V21(93))'V21(l")+(ﬁ(17) —da(x))|21(x)]?) dze
= /Q((A(x)v(721)(z)) - V(721)(@) + (B(z) — b)) ()21 () °) de
+ /Q sv(2)(z) dz
> —don)Fafts + [ (@)@ de > [ o) do.

Q

Hence

(Voz)(t)+2v(Voz)(t)=(Voz)(t)+26(Voz)t)—d1—v)2(Voz)(t)

< (Voz)(t)+25(Voz)(t)—6(1—v) ; sy(z(t))(x) de.

It follows that

(Voz)(t) +20v(Voz)t)+d(1—v) /Q s5(2(t))(z) da
<(Voz)(t)+25(Voz)(t)
< (28e — ap) /Q Y(2)(021 + 22) da
/ v(@) (821 + 22) f(z, 21 (t) () dx — /Q((Szl + 22)(AV7) - Vz1 dz
S(S/ )z f(x, 21 (t)(x)) dz
+ /Q'y(x)zgf(w, 21(t)(z)) dx — /Q((Szl + 22)(AV7) - Vz1 dz
< (5ﬁ/ Y(x)(F(z, 21 (t)(2)) + e(x)) de — 26v(V* 0 2)(t)
Q
+200(V* 0 2)(t) + (V¥ 0 2)(¢) /Q (621 + 22) (AV) - Vay da = 7.
Now
5% =0(i = 20) [ (o) Fwy21(0)(0)) do+ 1 [ 2(o)eta) o

+200(V* 0 2)(t) + (V* 0 2)(t) — /ﬂ(ézl + 2)(AV9) - Va1 da
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<é(2m — 21/)/ y(x)e(x) dx

Q

+26v(V*oz2)(t)+ (Vo 2)(t) — /9(621 + 22)(AV7) - Vz dz.

This immediately implies (4.8) and proves the lemma. O

PrOOF OF THEOREM 4.4. Let 7y € [0, 00[ be arbitrary and z(-) of 7y be
an arbitrary solution of my on I = [0, 7] with |2(0)|z < R. Set ¥ = =1. Then
s5(2(t)) = 0. Thus Lemma 4.5 implies that
(4.9) ., 4 26vn, <<
where ¢ = 25(i1 — v) [, 7(2)c(x) dz. Differentiating the function t — n, (t)e?*"!
and using (4.9) we obtain

(4.10) 0, (t) < (1/(20v))e[l — e 2] 4 5, (0)e 2", te .

Our assumptions imply that there is a continuous imbedding H}(Q) — LPT2(Q)

with an imbedding constant C5. Let Lg, resp. L, be bounds on the operators

|1/2

from HJ(Q) to L2(R2) given by the assignments u — |3]*/2u, resp. u — |a|'/?u.

Now a simple calculation using Proposition 3.13 shows that

(4.11) |0y (0)] < (1/2)(26%€R? + 2eR* + a1 R? + (L3 + 6%¢) R?)
+ C(L2R?*/2 + (C2)PT2RPY2 /(5 + 2)) + RT =: M.

The definitions of V,, and V' and our assumption on ¥’ now imply that, for ¢ € 1,
1
(4.12) 2 / (eldz1(8)(2) + 22(t) (@)]* + (A(x)Var(8)(2)) - Vi (t)(2)
Q
+(8(0) = da(e) + )| (0] do

1 .
< —7c[l — e PV 4 Me 20t 4 Vr(2(t))

20v

1 J—
< =M1 _ ,—26vt —20vt .
< 2(Syc[l e |+ Me —|—/Qc(x)d:r

Now, for a1, as € R we have |a;|? = [(a1 +a2) + (—a2)|* < 2(Ja; +az|? +|az|?) so
la + az|? > (1/2)|a1]? — |az|? and thus setting a; = 22(t)(z) and as = 521 (¢)(x)
in (4.12) we obtain
@13 3 [ (0@ + (4@ Ta)@) - Va)

+ (B(z) = da(@)) |21 (8) (2) *) da

< —¢[l — e 2V 4 Me 200t 4 / c(x) de.
Q

Setting ¢/ = 2((1/(20v))e + [, ¢(x) dz) and M’ = 2M we obtain (4.6).
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Assume now that |z(t)|z < R for all t € I. Let k € N be arbitrary and set
V=V, Vi =V, s sk(2)(z) = 55, (2)(x) and i (t) = n,,, where 71@ =9 and
Yk = V. Since Vi (z) = (2/k?)9 (|x|?/k?*)z and VI (z) = (2/k*)9 (|x| 2/k%)x
we have
(4.14) sup Vi (z)| < Cy/k and sup |[VIi(2)| < Cy/k

€EQ zeQ
where Cy = 2v2sup,cg [ (y)| and C = 2v/2sup,cp 19 (y)].
We thus obtain

(415) — / ((521 + ZQ)(AVﬂk) -Vzrde < al(Cg/k)(CsR + R)R
Q
and
(4.16) —6(1—v) /Q sk(2(t)(x) dr < a16(1 —v)(2C5/k + C%/k2)R2
Set

(4.17) & =26(m— V)/ le(z)| dx
{z€Q|x|2k}
+a1(Cy/k)(OR+ R)R + a16(1 — v)(2Cy/k + C%/k:z)RQ.
Using Lemma 4.5 we thus have that
(418) ’17;€ + 26vn, < &k, keN.

20vt

Differentiating the function ¢ — ny(t)e and using (4.18) we obtain

(4.19) k(1) < (1/(260)€[1 — e 27 + i (0)e™2vt, te.
We have
(4.20) Im(0)] < M

where M is as in (4.11). Using our assumptions on 1 we obtain

(4.21) / I (z)c(zr) de < / clx)de =:(, tel
{zeQ|lz|zk}

It follows that, for t € I,
(4.22) / () (e|021 () () + 22(t) () |* + (A(2) V21 (1) (2)) - Vi () ()

+ (B(z) — da(z) + 525)‘21(75)(_7;)'2) de < %Sk 4+ Me—20vt 4 Ce.

As before, this implies that
(4.23) /ﬁk ((e/2)|22()(@)]* + (A(x) Vi (t)(2)) - Vi (t)(2)

+ (B(z) — da(z))|21 (t) (2)?) da < %gk + e 2Vt 4 ¢y
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Setting M’ = 2M and ¢, = 2((1/(26v))& + Ck), k € N we obtain (4.7). The
theorem is proved. O

THEOREM 4.6. Assume Hypothesis 4.2. Then y is a global semiflow. More-
over, there is a constant Cy, € [0, 00 with the property that for every zy there is
aty, €[0,00[ such that |zomst|z < Cr, for allt € [t.,,o0[. Furthermore, every
bounded subset of Z is ultimately bounded (rel. to y).

ProoOF. Using the first part of Theorem 4.4 together with Lemma 3.5 (with
k = day) we conclude that for every zy € Z there is a constant C,, € [0, 0]
such that |zomst|z < C,, for ¢t € [0,w,,[. Since 7y does not explode in bounded
subsets of Z, this implies that w,, = oo, so s is a global semiflow. Similar
arguments prove the other assertions of the theorem. O

Now consider the following alternative hypotheses:

HYPOTHESIS 4.7. p is subcritical and a € L}, (RYN) for some r € R with
r > max(N,2).

HYPOTHESIS 4.8. p is critical, a € L"(Q) + L>(Q) for some r € [N, 0]
and (3.16) is satisfied.

LEMMA 4.9. Let N be an arbitrary ultimately bounded set in Z = HE(Q) x
L2(Q) (relative to my), (zn)n be an arbitrary sequence in N and (t,)n be a se-
quence in [0, co| with t,, — oo.

(a) If Hypothesis 4.7 holds, then the sequence (zp,msty,), has a subsequence
which converges in Z,

(b) If Hypothesis 4.8 holds, then (zpmysty,), has a subsequence which con-
verges in'Y = L?(Q) x H=(Q).

PROOF. Thereisatg and an R € [0, oof such that [27st|z < R for all z € N
and all ¢ € [t5,00[. We may assume that ¢, > t5 and therefore, replacing z, by
zpmyty and t, by t, —t5 we may assume that |z,7st|z < R for all n € N and
t €[0,t,]. Forn € Nand t € [0,t,] let w,(t) be the first component of z,m ¢t.
Let 79 € ]0,00[ be arbitrary to be determined later. Then there an ng(7p) € N
such that ¢, > 27y for all n € N with n > ng(79). For such n we have

2y Tty = T(10)2nm ¢ (tn — 7o)

~

+ /0 T(ro — $)(0, (1/)(Flttn (b — 70 + 8)) = FU(1 = T )ttn (bn — 70 + 5)))) ds

+ /TO T (10 — s)(0, (1/5)f((1 — ) un(ty — 10 + 5)) ds
0
We have

(4.24) |T(10)2nm¢(tn — T0)|z < Me "R, n > ng(1).
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Since supyep [Ux w1, ra) < 00 it follows from Lemma 3.10 that

sup  sup (Jun(t)| gz + [(1 = Ti)un(t) ) < oo
k,neNte[0,tn]

It follows from our hypotheses and from Proposition 3.14 that there is an L €
10, oo[ such that, for all k € N, n € N and ¢ € [0, ¢,],

~

[Fun(£) = F(U = Fr)un (0) |2 < LiTtn(t)] s

This implies that
(4.25) \ / " Tiry — (0, (1/2)(Flun(tn — 70 + 5))

— J((1 = T )un(tn — 70 + 5)))) ds

Z

_ To
< sup |'l9]gun(tn — 7o + s)‘Hl (I/E)LM/ e—/L(TO—s) ds
s€[0,70] 0 0

<(LM/(pe)) s[up | Dkt (tn — 70 + )| 13
s€|0,7m9

for n > ng(79). Now use Lemma 3.5 with K = day. Let ¢ > 0 be as in that
Lemma. It follows that, for k&, n € N and ¢ € [0, ,]
(4.26) c@kun(t)ﬁ{& <AV (Dptn (1), V(Orun (1)) + (B9run(t), Tpu, (t))
— Sy (Vpn (), Tpun(t))
<(AV(pun(t)), V(Ixun
— 5y un (t), Inun(t)

=/Qi?k(fc)(MVun(t)aVun(t))+(ﬁ(fﬂ)—5a($))|un(t)(x)l2)dx

+ 2001 AV U (), U () VOL) + (ty (£) AV Dy, i, (1) V)
<cp 4+ M'e " + 0y (2C5/k + C2/k*) R?

() + (BVkun(t), Ipun(t))
)

Now, if n > ng(79) and s € [0, o] then t = ¢, — 79 + s > 70 so (4.26) implies that

sup  sup |Upun(t, — 70 + $)|gy — 0
n>no(710) s€[0,70]

for k — oo and 179 — oo. It follows that the right hand sides of (4.24) and (4.25)
can be made as small as we wish, by taking k € N and 7y > 0 sufficiently large.
Therefore, a standard argument using Kuratowski measure of noncompactness
implies that the sequence (z,mt,), has a subsequence which converges in Z
(resp. in Y') provided we can prove that, for every k € N and ¢ € ]0, 0o[ the set

Ko := {T(10 — )(0, (1/&) F((1 = Tg)un(tn — 70 + 5)) | n > no(70), s € [0,70]}

is relatively compact in Z (resp. in Y).
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Let (2;); be a sequence in K. It follows that for every [ € N there are n; € N
s1 € [0, 7] with 2z, = T'(19—s1)(0, (1/5)f(vl)) where v; = (1= )up, (tn, —T0+51).
By choosing subsequences if necessary we may assume that s; — so, for some
Seo € [0,79]. By Proposition 3.11 (v;); is compact in L*(€2) for each s € [2, 00]
such that s € [2,2*[if N > 3.

First suppose that Hypothesis 4.7 holds. Then s € [2,2*[ for s € {2r/(r —2),
2(p + 1)}. Taking subsequences if necessary, we may thus assume that there is
av € HYQ) such that (v;); converges to v weakly in H}(Q) and strongly in
L*(Q) for s € {2r/(r — 2),2(p + 1)}. Moreover, whenever x €  and |z| > v/2k
then v;(z) = 0 for all [ € N, and so we may assume that v(z) = 0. Thus

(4.27) a(x)(vi(z) —v(x)) = a1(x)(v(z) —v(z)), (€N, z€Q

where a;:RY — R is defined by a;(x) = a(z) if z € Q and |z| < v/2k and
ai(z) = 0 otherwise. Note that a; € L"(RV) so the map L?>/(=2)(Q) —
L?(Q), h — a1h is defined, linear and bounded. Now (3.24) and (4.27) imply

that |f(v)) — f(v)|z2 — 0 as | — oo. This clearly implies that |z — T(7o —
500)(0, (1/€) f(v))|z — 0 as | — oo.

Now suppose Hypothesis 4.8. Then 2 € [2,2*[ for N > 3. Taking subse-
quences if necessary, we may thus assume that there is a v € H}(Q2) such that
(v;); converges to v weakly in Hi(f2) and strongly in L?(Q2). Using (3.28) we

~ ~

obtain that |f(v;) — f(v)|g-1 — 0 as [ — oco. Proposition 3.9 now implies that

o~

|21 — T(T0 — $00)(0,(1/€) f(v))|y — 0 as I — oo. The lemma is proved. O
We can now prove the first main result of this paper.

THEOREM 4.10. Assume Hypotheses 4.2 and 4.7. Then 7 is a global semi-
flow and it has a global attractor.

PrOOF. This is an immediate consequence of Theorem 4.6, Lemma 4.9 and
Proposition 2.2. O

‘We will now treat the critical case.

PROPOSITION 4.11. Assume Hypotheses 4.2 and 4.8. Let Cg € [0, 00 be
arbitrary. Then there is a constant C7 € [0,00[ such that whenever t € [0, 00|
and z, and zo € Z are such that |z1|z < Cg and 23|z < Cg then

C7t |2:1

|217Tft - 227Tft|y § C7€ - 22|y.

PROOF. By Theorem 4.4 and Lemma 3.5 there is a constant Cg € [0, 00[
such that whenever z € Z and |z|z < Cg then |zmt|z < Cs for all t € [0, 00].
By (3.28) we now obtain a constant Cy € [0, co[ such that |fA(u1) - f(u2)|H71 <
Coluy —ug|p2 for all z3 = (u1,v1), 22 = (ug,v2) € Z with |z1|z < Cg and |z2|z <
Cs. Now Proposition 3.9, the variation-of-constants formula and Gronwall’s

lemma, complete the proof. O



78 M. Prizzi — K. P. RYBAKOWSKI

THEOREM 4.12. Assume Hypotheses 4.2 and 4.8. Then 7y is asymptotically
compact.

PrOOF. We use an ingenious method due to J. Ball, cf. [5], [18], [21].

Let N be a 7 y-ultimately bounded subset of Z. Then there is a t§ € [0, oof
and a Cyg € [0, oo[ such that |zmst| < Cyg whenever z € N and t > tg. Let (zn)n
be an arbitrary sequence in N and (tn)n be an arbitrary sequence in [0, co[ with
t, — 00 as n — co. We must prove that a subsequence of (z,7t,), converges
strongly in Z. Now using Lemma 4.9 and Cantor’s diagonal procedure we see
that there is a strictly increasing sequence (ny); in N and for every | € Z with
I > 0 there are a ko(I) € N and a w; € Z with |w;| < Cyg such that ¢, —1>t5
for k > ko(l) and the sequence (zp, Tf(tn, —1))k>k,) converges to w; weakly
in Z and strongly in Y. By Proposition 4.11, for every [ € N and ¢ € [0, 00|,

(4.28) (2ny, T (tn, — ))mpt — wymst, as k — oo, strongly in Y.
This shows that w;msl = wg for all [ € N. Now define the function F: Z — R by
Flz)=V(z)-V*(2), z€Z

where V and V* are as in Proposition 4.1 with v = 0 and § € ]0, oo[ such that
A —da; > 0 and ap — 20 > 0. Using (3.25) we see that there is a constant
Cy; € [0, 00[ such that
sup |F(2)] < Chs.
2€7,|2|z<C1o
Note that ¥: Z — Z, (u,v) — (u,du + v), is an isomorphism of normed spaces.
Thus

[(u1,v1), (ug, v2)] := e{duy + vy, dug + vo) + (AVuy,us) + (8 — da + 525)u1, Uz)

defines a scalar product on Z whose norm z + ||z|| := /[z, 2] is equivalent to
the usual norm on Z. Note that F(z) = ||z]|> — V*(z) for z € Z.

Let ¢ = (¢1,¢2):[0,00[ — Z be an arbitrary solution of 7;. Proposition 4.1
implies that the function F o { is continuously differentiable and, for every ¢ €
[0, o],

(FoQ)(t) +20F(¢(1) = / (20¢ — a(x)) (81 () () + C2(t)(2))? dae

Q

+/5C1(t)($)f(x7él(t)($))dx—25 F(z, Gi(t)(x)) d.
Q

Q
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It follows that for every ¢ € [0, o]
(129) F(C(1) = e P F(C(0))
# [ e fiose - a6+l )? dx) s

¢
+/Oe_2‘s(t_s)</95§1(s)(ac (x,Ci(s)(x)) de— 26/ x,C1(s )

Fix [ € N and, for k > ko(l), let (x(t) = (2n,7f(tn, — 1))7st and ((t) = wymyst
for t € [0,00[. Then (4.29) with ¢t = [ implies that

(4:30)  Nlanemp(tn )P = V(2 (b)) = € 2 F (2, 74 (b, = 1)

l
+ /0 625“8)( /Q (206 — () (6Ck1 () () + Cra(s)(x))? dz) ds
+/l 6_25(1_3),0(5) ds
0

where

pls) = /Q 51 ()(2) £ (&, Coa (5)(a)) dir — 26 /Q F(, o (s) (@) da,
for s € [0,1], and

(4.31)  lwol* — V*(wo) = > F(uwr)

b [ e ([ 52 = a6 6w + o)) ac) as
v a0 ([ seats)e) e 6) @) o

—25/Fx(1 )

Using (3.26) and (3.28) we see that
(4.32) V¥ (zny iy (tny ) — V7™ (wo)

and

l
(4.33) / 6—26<l—s>< / 51 (5)(@) (ot () (x))
— 95 /QF(x,Ckyl(s)(x)) dx) ds

/ —28( (/5@ f(, ¢i(s) () do
py /Q F(x,gl(s)<x))dx> ds
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as k — oco. We claim that

l
(4.34)  lim sup/0 e~ 20(=s) (/9(255 —a(2))(6¢r1(s)(x) + Crals)(z))? dx) ds

k—o0

</ o2t ([ 02 = atanats)) + alio)? o) s

In fact, since a(z) — 20e > 0 for all x € Q we have by Fatou’s lemma

1
(4.35) lim sup /O 8—25“—8)( /Q (265—oz(x))(é(k,l(s)(x)+Ck72(s)(x))2da:> ds

k—o0

!
= —lim inf/O e~ 20(=s) (/Q(a(x) —208)(6Ck.1(3) () + Cra(s)(2))? dx) ds

k—o0

1
<_ /O ¢=26(0=9) Jipy inf ( /Q () — 266) (801 (5)(x) +Ck72(s)(x))2dx> ds.

k—oo

Let s € [0,1] be arbitrary. Since ((Ck,1($),Ck.2(s)))x converges to (¢1(s),<a(s))
weakly in Z and ¥ is continuous, linear, hence weakly continuous, it follows that

((Cr,1(8), 0Ck,1(8) + Cr,2(8)))r converges to (Ci(s),0¢1(s) + Ca(s)) weakly in Z. It
follows that for every v € L?(Q)

(v,0Ck,1(8) + Cr,2(s)) = (v, 0Ci(s) + Ca(s))  as k — oo.
Taking v = (o — 20¢)(6¢1(s) + 0¢2(s)) we thus obtain
(a —208)2(6¢1(s) + 6¢a(9)) 72
= ((a = 262)"2(5¢1(5) + 6Ca(s)), (@ — 26€)'2(5¢ (s) + 6Ca(s)))
= Jim (o = 202)"/%(8¢1(5) + 8C2(5)), (o = 206)(8Ck.1(5) + 6C.2(5)))
< [(a = 262)"2(5¢1(5) + 6Ca(s))| 2 lim inf |(a — 26)"/(3Ck,1 () + 6,2 (5))| 2

and so

(4.36) ( [ a0) - 25216615} (@) + G (s) @) dx>
< lim inf (/Q(a(x) —20€)(8¢k,1(s)(x) + Ckg(S)(l‘))Q dm).

k—o0
Inequalities (4.36) and (4.35) prove (4.34). Using (4.30)—(4.34) we obtain

limsup 27 (Eng) I = V¥ (wo) < e2Chy
+f it ([ 25 - 26660 + o)) de ) s
+ 200 ( [ 566 @)@ ) @) do
Py /Q F(:E,(l(s)(a;))dm) ds
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= 2Oy A Jlwol|* = V* (wo) — e F (wy)
< 26_2&011 + ||w0||2 — V*(’wo)
Thus for every [ € N

limsup ||z, 7y (tn,)|1* < 2e72"C1y + [|wo]|*

—00
S0
limsup [[2n, 77 ()| < [lwoll-
— 0
Since (2, Tf(tn, ) converges to wy weakly in (Z,[-, -]) we have

lim inf {| 2, 7 p (En, )| 2 [Jwoll-
k—o0

Altogether we obtain
|20, s ()|l = [lwoll-
— 00
This implies that (z,, 7¢(tn, ))s converges to wy strongly in Z and completes the
proof. O

We can now prove the second main result of this paper.

THEOREM 4.13. Assume Hypotheses 4.2 and 4.8. Then ¢ is a global semi-
flow and it has a global attractor.

ProOOF. This is an immediate consequence of Theorem 4.6, Theorem 4.12
and Proposition 2.2. O
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