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ON THE STRUCTURE OF FIXED POINT SETS
OF ASYMPTOTICALLY REGULAR MAPPINGS
IN HILBERT SPACES

JAROSEAW GORNICKI

ABSTRACT. The purpose of this paper is to prove the following theorem:
Let H be a Hilbert space, let C' be a nonempty bounded closed convex
subset of H and let T: C' — C be an asymptotically regular mapping. If
liminf |77 < V2,
n—oo

then FixT = {z € C : Tx = x} is a retract of C.

1. Introduction

The concept of asymptotically regular mapping is due to F. E. Browder and
W. V. Petryshyn [2].

DEFINITION 1.1. Let (M,d) be a metric space. A mapping T: M — M is
called asymptotically regular if lim,, o d(T"z, T"* 'z) = 0 for all z € M.

ExXAMPLE 1.2. Let T:[0,1] — [0, 1] be an arbitrary nonexpansive mapping.
Tt is easy to check that S = (I +T)/2 is also nonexpansive. Thus

|SmHly — Smx| < ... <|S%x — Sx| < |Sx — x|
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Furthermore, S is nondecreasing function. Indeed, if x < y and Sz > Sy we
have (z + Tx)/2 > (y + Ty)/2 which implies

[T —Ty| >Tax—Ty >y —x=|z—yl|

Thus

n
1> (8" — 2| = Z |SF Ty — Skx| > n - |S" Ty — S|
k=1
which implies |[S"Ttx — S™x| < 1/n. Then S is asymptotically regular.

In 1976 S. Ishikawa obtained a surprising result, a special case of which may
be stated as follows: Let C be an arbitrary nonempty bounded closed convex
subset of a Banach space E, T:C — C nonexpansive, and A € (0,1). Set
T\ = (1 = A\)I + AT. Then for each » € O, ||T{"'z — TPz|| — 0 as n — oo,
and FixT = FixT). In 1978, M. Edelstein and R. C. O’Brien proved that
{T/{H'la: — T} x} converges to 0 uniformly for € C, and, in 1983, K. Goebel and
W. A. Kirk proved that this convergence is even uniform for T' € 7, where 7
denotes the collection of all nonexpansive self mappings of C, see [3], [5].

If T is a mapping from a set C' into itself, then we use the symbol | T|| to
denote the Lipschitz constant of T', that is

[Tz —Ty| .

17 =sup{ e m#y}.
o=l

The present author proved the following result [6]:

THEOREM 1.3. Let M be a complete metric space with k(M) > 1 (k(M)
denotes the Lifshitz constant of M space, [1]) and T be a mapping from M
to M. If T is asymptotically regular,

lim inf |77 < k(M),

and, for some x € M, the sequence {T"x} is bounded then T has a fized point
in C.

In particular, the Lifshitz constant of a Hilbert space H, ko(H) = v/2, [1,
Theorem 2.7]. For more results concerning asymptotically regular mappings
see [1] and references therein.

In this note, by means of techniques of asymptotic center (introduced in 1972
by M. Edelstein) in a Hilbert space, we give an elementary proof of Theorem 1.3
in a Hilbert space and prove that in this theorem set Fix T is not only connected
but even a retract of C', that is, there exists a continuous mapping R: C' — FixT
such that Rjpj,7 = I. For more information on the structure of fixed point sets
see [3], [5] and references therein.
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2. Fixed point theorems

Let H be a Hilbert space and let C' be a nonempty bounded closed convex
subset of H, T:C' — C be a mapping such that lim,, .|| 7"|| = k. Consider the
functional for fix u € C

r(x) = limsup ||z — T"ul|, =€ C,

n—oo

and
r(C,{T"u}) = inf{r(z): x € C},
A(C AT u}) ={z€ C:r(z) =r(C,{T"u})}.
The set A(C,{T"u}) is called asymptotic center of {T™u} with respect to C', and

it is well known that in a uniformly convex Banach space the asymptotic center
is a singleton, i.e. A(C,{T™u}) = {z}, [4, Lemma 4.3]. We define the functional

d(u) =limsup ||lu — T"ul|, uwe€C.
n—oo

Then
(a) [z —ul < 2d(u),
(b) d(2) < a - d(u), where a = VK% — 1.
PROOF OF (a). Let z be the asymptotic center in C' which minimizes the
functional r(x), z € C'. Then

2= ull < [l = Tl + 17" — ],
and taking the limit superior as n — oo on each side,

Iz — u|| <limsup ||z — T"u|| + limsup [|[T"u — u|| < r(2) + d(u) < 2d(u). O

PROOF OF (b). First we shall shown that for each k£ € N holds
(2.1) r(T*z) < ||T%|| - 7(2).
For n > k, we have

|T*2 — T"u|| < || T%z — T Fu)| + |7 Fu — T
k-1
T - |z = T ul + Y N7 u = T ).
j=0
Taking the limit superior as n — oo on each side, by the asymptotic regularity,
we get (2.1).
Now we observe that for all z € C,

(2.2) r2(2) + ||z — z|| < r?(x).
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For every z, z, u in a Hilbert space H and 0 < t < 1, we have
[tz + (1 = t)z = T"u||* = tlla — T ul® + (1 = )| = T"ul* = t(1 — t)[|lz — 2|,
and hence taking the limit superior as n — oo on each side,
r2(2) <r¥(te 4+ (1 —t)z) < tr(z) + (1 — t)r?(z) — t(1 —t)||z — 2|)?,
tr2(2) +t(1 —t)||z — z|* < tr?(2).
Dividing these inequalities through ¢, taking the ¢ | 0, we get (2.2).
Taking in inequality (2.2), x = T"z, we obtain
2 2 2 2 2 .2
ro(2) +lz =T"z|" <r°(T"z) < |T"[]7-r*(2)

and
2 = T7z|> < (|71 — 1)r*(2) < (IT"|1> = 1)d*(w).

Taking the limit superior as n — oo on each side, we have

d*(2) < (K = Dd*(w),  d(z) < a-d(u). O

THEOREM 1.3’ (the case of a Hilbert space). Let H be a Hilbert space and
let C' be a nonempty bounded closed convex subset of H. If T:C — C is an
asymptotically regular mapping such that

lim inf || 7" < V2,
then T has a fized point in C.
PROOF. Let {n;} be a sequence of natural numbers such that
liminf |77 = lim [T =k < V2.

Assume that k > 1, otherwise if k& < 1, then well known Banach Contraction
Principle guarantees a fixed point of 7.

For an z; € C we inductively define a sequence {z,,} in the following manner:
Zm+1 1s the unique asymptotic center in C' if the sequence {17 z,,, };, that is, 2,41
is the unique point in C' that minimizes the functional

limsup || — T™ zp ||
i— 00

over z in C, for m = 1,2,... From inequalities (a), (b), where « = vVk? — 1 < 1,

m—1
m —cmll = m) = .
|zm+1 — z2mll < 2d(zm) <2« +d(z1) =0 asm — o0
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Thus {z,,} is a Cauchy sequence. Let z = lim,;, o0 2. Then one can easily see
that

Iz —T" 2

| <Nz = 2mll + llzm = T 2m || + ([T 2 — T™ 2
SAHNT™) - Nz = 2mll + llzm = T 2]

Taking the limit superior as ¢ — oo on each side, we get

d(z) = limsup ||z —T"2

1— 00

<1+ E)|z— zml +am ! ~d(z1) — 0

| < A+ Rz = zmll + d(zm)

as m — oo. Therefore, d(z) = 0. This implies, Tz = z. Indeed, if d(z) = 0, then
Triz — z as i — o0o. Let p € N and T? is continuous. Then

TP+ — 2l < [TP4me = T+ 7™ = 2

p—1
< Z ||T""+j+1z _ T”i+jz|| + |7z — 2|
3=0

and by the asymptotic regularity of T', TPT™"iz — 2 as i — oo. Since T? is
continuous
TPz = Tp( lim T"f’z> = lim TP"iz = 2.

11— 00 11— 00

It is easily verified (by induction) that TP?z = z for all s € N. Then
Tz — 2| = | TPtz — TPz = 0 as s — oo,
so Tz = z. O

Now let A: C' — C denote a mapping which associates with a given x € C a
unique z € A(C,{T"iz}), that is, z = Az, where
r(y) = limsup [ly — 7" z||
1—00
and {n;} is the sequence as in the proof of Theorem 1.3, and z = inf,cc 7(y).

Then analogically as shown E. Sedlak and A. Wisnicki [7], we have the following
lemma:

LEMMA 2.1. Let H be a Hilbert space and let C be a monempty bounded
closed convex subset of H. Then the mapping A: C — C is continuous.

THEOREM 2.2. Let H be a Hilbert space and let C' be a nonempty bounded
closed convex subset of H. If T:C' — C' is an asymptotically regqular mapping
such that

lim inf |77 < V2,
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then FixT = {x € C : Tx = x} is a retract of C.
PROOF. Let {n;} be a sequence of natural numbers such that
liminf |77 = lim |77 =k < V2.
n—o0 i—00

By Theorem 1.3', Fix T # (.
For any = € C' we can inductively define a sequence {z;} in the following
manner: 27 is the unique point in C' that minimizes the functional

limsup ||y — T™x

71— 00

over y € C' and z;4; is the unique point in C' that minimizes the functional

limsup [y — T z;]|

1—00
over y € C, that is, z; = A7z, j = 1,2,... As in the proof of Theorem 1.3’, from
inequalities (a), (b), we get

lzj41 — 2]l <2-af -d(x) <2-af - diam C,

where « = Vk?2 —1<1,j=1,2,... Thus
. ol
sup [|[APx — Alz|| < —— - 2-diamC — 0 if p,j — oo,
z€C l-a

which implies that sequence {A7x} converges uniformly to a function

Rz = lim Az, x€C.

j—o0
It follows from Lemma 2.1, that R: C — C' is continuous. Moreover,
|Rx — T" Rx| < ||Rx — Alx| + ||Alx — T Alx| + ||T™ APx — T™ Rx||
<14 T™)) - |Rx — Alx| + ||Alz — T™ Al x|.
Taking the limit superior as ¢ — co on each side, we get

d(Rx) = limsup | Rz — T™ Rx||

11— 00

< (1 + lim || T™

) ||Rx — Alz|| + lim sup Al — T Al x|

<(1+Fk)-||Rx — Alz|| +d(ATx)

b , .
<(1+4k)|Rx— Az||+ o -d(x)

<(1+Fk)-||Rx — Alz|| + o - diam C — 0

—~
=

as j — oo. Thus d(Rx) = 0, and as in the proof of Theorem 1.3', Rx = T Rz for
every x € C, and R is a retraction of C onto FixT. |



FIXED POINT SETS OF ASYMPTOTICALLY REGULAR MAPPINGS 389

REFERENCES

[1] J. M. AYERBE TOLEDANO, T. DOMINGUEZ BENAVIDES AND G. LO6PEZ ACEDO, Measures
of Noncompactness in Metric Fized Point Theory, Birkhauser Verlag, Basel, 1997.

[2] F. E. BROWDER AND W. V. PETRYSHYN, The solution by iteration of nonlinear func-
tional equations in Banach spaces, Bull. Amer. Math. Soc. 72 (1966), 571-576.

[3] R. E. BrRUCK, Asymptotic behavior of nonexpansive mappings, Fixed Points and Non-
expansive maps (R. C. Sine, ed.), Contemporary Math., vol. 18, Amer. Math. Soc.,
Providence, 1983, pp. 1-47.

[4] K. GoEBEL, Coincise Course on Fized Point Theorems, Yokohama Publishers, Inc.,
2002.

[6] K. GOEBEL AND W. A. KIRrK, Classical theory of nonezpansive mappings, Handbook
of Metric Fixed Point Theory (W. A. Kirk and B. Sims, eds.), Kluwer Acad. Publishers,
Dordrecht, 2001, pp. 49-91.

[6] J. GORNICKI, A fized point theorem for asymptotically regular mapping, Colloq. Math.
64 (1993), 55-57.

[7] E. SEDLAK AND A. WISNICKI, On the structure of fized-point sets of uniformly lipschitzian
mappings, Topol. Methods Nonlinear Anal. 30 (2007), 345-350.

Manuscript received October 26, 2008

JAROSEAW GORNICKI

Department of Mathematics
Rzeszéw University of Technology
P.O. Box 85

35-595 Rzeszéw, POLAND

E-mail address: gornicki@prz.edu.pl

TMNA : VOLUME 34 — 2009 — N°2



