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EXISTENCE AND MULTIPLICITY RESULTS
FOR A NON-HOMOGENEOUS FOURTH ORDER EQUATION

ALI MAALAOUI — VITTORIO MARTINO

ABSTRACT. In this paper we investigate the problem of existence and mul-
tiplicity of solutions for a non-homogeneous fourth order Yamabe type equa-
tion. We exhibit a family of solutions concentrating at two points, provided
the domain contains one hole and we give a multiplicity result if the do-
main has multiple holes. Also we prove a multiplicity result for vanishing
positive solutions in a general domain.

1. Introduction and statements of the main results

In this paper we will study the existence and the multiplicity of positive
solutions for a non-homogeneous problem of the form:

Ay = |[ulP7lu+ f onQ.

(P)
u=Au=0 on 012,

where ) is a smooth bounded set of R™ and p = (n +4)/(n — 4) is the so-called
critical exponent. These kind of problems were deeply studied in the case of
the Laplacian (see for instance [1], [11], [19]). Let us recall that problem (P)
was studied by Selmi [26] and Ben Ayed-Selmi [9] where the authors prove the
existence of a one-bubble solution to the problem under assumptions on f. Here
we will show that we can get two-bubble solutions if the domain contains small
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274 A. MAALAOUI — V. MARTINO

holes, and vanishing type solutions for a small generic perturbation f in the C°
sense.
We recall that for f = 0, this problem has a deep geometrical meaning, in fact
if (M, g) is an n-dimensional compact closed riemannian manifold with n > 5,
we can define the Q-curvature
nd —4n? +16n —16 _, 2

Q= S 2200 _1)? R —mmiq%r

— A
2(n —1) R,

where R is the scalar curvature and Ric is the Ricci curvature. After a conformal

change of the metric one gets for § = u*/("=4g,

qu(n+4)/(n74) _ Pgu,
where P, is the Paneitz operator, defined by

A2y (=P 4 n—4
Pyu = Aju dlv<(2(n2)(n1)Rg n72R1C du | + 5 Qu.

This gives rise to the problem of prescribing the @-curvature, as the analogous
problem on the scalar curvature (see [12], [13] and [23]). We remark that in the
flat case, for instance if we consider an open set of R™, the problem of prescribing
constant @Q-curvature coincides with (P) with f = 0, namely

(1.1) A2y = |ulP~ .

The variational formulation of (1.1) under Navier boundary conditions in a boun-
ded set was deeply studied, especially with the methods of critical points at in-
finity theory, introduced by Bahri [3] (see [13], [18] and [17]). We also remark
the fact that this problem is not compact, namely, for the case f = 0 it corre-
sponds exactly to the limiting case of the Sobolev embedding H?(Q2) N Hg (Q) —
L?/(n=4) " (see [27]), and thus we loose the compact embedding, so the varia-
tional setting in the classical spaces fails to show existence of solutions: in fact as
in the case of the Laplacian, if the domain is star shaped we know that it has no
positive solutions ([27], [28]). Finally we recall that in the recent paper [22], we
studied the same Yamabe type problem, with a slightly super-critical exponent.

This work contains two main parts. In the first one we deal with a pertur-
bation of the form ef, that is

A%y = |ulP~lu+ef onQ,
(Pe)

u=Au=0 on 0},

where f is a positive function in C*(Q), 0 < @ < 1, and Q = D — B(P, p), for
a given domain D and P € D. In this setting we have the following result:
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THEOREM 1.1. There exists a constant po = po(D, f) > 0 such that for each
0 < u < po fized, there exist g > 0 and a family of solutions u. of (1.3) for
0 < € < €g, having ezxactly two concentration points, namely:

52/(11*4))\1 R (n—4)/2
Ue(T) = ¢y ’
) <s4/<"—4u%,g )

£2/(n— 4))\2 (n—4)/2
tc (54/(71 A2 +|x_£2|2> + 0= (z)

and 0-(x) — 0 as e — 0 uniformly.

Indeed one gets more information about the solutions along the proof, for
instance we will see that 0.(z) = ew + o(¢), where w is the solution of:

Aw = f on €,
w=Aw=0 on ON.

And within the proof we have that the point ((£5,€5), (an(X5)" %, an(05))" %)
is a critical point of the function ¥ defined by:

(ZM (€, &) — 201 AsG §1752>+2Aw&

where G is the Green’s function of the 2 and H its regular part.
Moreover, if we consider a domain with multiple holes we obtain a multiplicity

result. In fact, if Q =D~ |J B(P;,u) with Py,... , Py € Q, the previous result
1<i<k
can be generalized as in [14] and [22] to the following:

THEOREM 1.2. Let 1 < m < k. There exists a constant g = po(D, f) >0
such that for each 0 < p < pg fized, there exist €9 > 0 and a family of solutions
ue of (Pe) for 0 < e < ey, of the following form:

£2/(n=4) )

E o2 (n—4)/2
— 1,5,€
<o X3 (g, )

and 0-(x) — 0 as e — 0 uniformly.

In particular for a domain with & holes we have at least 2 — 1 two-bubble
solutions.
In the second part of the paper we deal with the problem

A%y = |ulP~lu+ f on Q,
(Pr)
u=Au=0 on OS2,

with no topological constraint on the domain 2 and f > 0 non identically zero.
We prove the following:
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THEOREM 1.3. There exist a residual subset D C C?(Q) and € > 0, such

that if f € D and |f|c(q) < €, the problem (P¢) has at least ) dim H;(Q2) + 1
i=0
positive solutions.

Here H,(Q) denotes the singular homology of 2. We have additional infor-
mation for these solutions as well. In fact we will see that they vanish when
lf \C@) — 0, and they have energy smaller than the energy of a single bubble; in
contrast with the solutions of the first theorem, where the energy of the solutions
is greater than the one of the bubbles, and the solutions blow-up as € — 0.

Acknowledgements. This paper was completed during the year that the
second author spent at the Mathematics Department of Rutgers University: the
author wishes to express his gratitude for the hospitality and he is grateful to
the Nonlinear Analysis Center for its support.

2. Preliminaries and first estimates

Let us start by defining the following functions:

. A (n—4)/2
Ten@ = (wp=gs) -

where A > 0 and ¢ € Q. For u € D?(Q), we will write Pu for the projection of
u on H?(Q) N H (), defined as the unique solution of the problem

Av=u on 2,

v=Av=0 on 0.

We also recall that the Green’s function of A? for a set 2, with Navier boundary
conditions is defined as the solution of

A2G(z,y) =0y on €,
G(z,y) = AzG(x,y) =0 on 0.
This function can be written as

G(xvy) =

a
—— — H(x,y), forall z,yc Qandz #y,
|z —y["
where a, is a positive constant depending on n and H the positive smooth
solution to

A2H(z,y) =0 on ,

1 1
AH(z,y) = A————— on 09.

e =y ERT

Now let &1, &5 be two points in Q, and A1, Ay > 0, we will write U; = U(&J\i)
and U; = PU;. Then one has U; = U; — 6, and

01({13) = H(£a§z)A£n74)/2/ Up<y) dy+0(/\£n74)/2)



NoON-HOMOGENEOUS FOURTH ORDER EQUATION 277

Away from z = £, we have

Uito) = Gl &A™ [ T @)y -+ o0 "")

For more details about these estimates we refer to the Appendix.
Let us set now J to be the functional defined by

1 1
=5 s = — [,
2 Ja p+1Jg

and let us find an expansion of

1
J(Uy 4+ Us) AU, +Uy)|* — —— Uy + Us)P.
(Ux 2) /| 1 5)|? il Q( 1+ Us)
For that we define the set
05(9) = {(51752) €N x Q? |§1 - §2| > 5a d(glaaQ) > 5}a
where § > 0 is a small fixed number and we put

2 *p
Cu=j [ 18T - — [ 7"

Then we have the following:

LEMMA 2.1. For (£1,&2) in Os(Q2) we have

J(Uy + Us) =20, + ;(/ Up)

C(H(ELEONT  H (G, &)1 — 22226 g, 6))
+ o(max (A, A2)" ™).

PRrROOF. The proof follows from the following estimates (see the Appendix):

2
12 — 7712 _ T77P ey )\n—4 n—4
Lavk = [ javp- ([ 07) aeems o

2
/ AU AU, = ( / U”> APTD2ND2 G0 6) 4 o(max(Ar, Ag)™ ),
Q R”

and

2
1 =1 —
p+1Jo urtt = p+1 v </ Up) H(&, &A™ + oA™Y,
1
P (Uy + Uy)P*t — U{’“ B U§’+1
p Q

2
:2</ U”) APTD2NTD2 G0 6) 4 o(max(Ag, Ag)" ).
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Therefore one has

J(U1+U2 /|AU1+U2 *7/ U1+U2

= = AUZ-Q—U?’*l)
> (5 [ v -

1
AULAUy — —— [ (Uy 4+ Up)PHt —puPtt —ppt?
Q p+1Jg

1 — —»\° n— fp+1
:Zg</ AT — (/U ) H(&, &)Y —m/
2
+Z </ UP) H(&, &)
. 2
n </ Up) )\gn—4)/2)\(n 9/2 Gler 6)

_2</ UP) ATIEATTIEG(6L, €) + o(max(An, A2)" )

1

2
=20, +5( [ 7) e en e g

— 2" VARG (6, £)) + o(max(h, )" ). O
Now, we set Q. =& 2/(»=9Q, and we put:
2/(n—4)

v(x') = eule ')

Then every solution u of (P.) corresponds to a solution v, by means of the
previous rescaling, of the following problem:

A2y = [pP~ly +ePTf on €,
v=Av=0 on 02,

where f(x' ) = f(e2/("=9z’). Hence we define the following perturbed energy

1 1 ~
JE(U):§/Q |Au|2—m A |u|p—5”+1/Q fu.

We consider the function w defined by

functional:

(2.1)

Aw=f on €,
w=Aw=0 on ON.

We obtain the following proposition. Set A = (A1, Ap) and A\? = (a;; 'A;)%/ (*=4),
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PROPOSITION 2.2. Let V' be the sum of Uy, Uy rescaled on )., then for
(£1,&) € O5(Q), one has

J(V) =2C, +*U(E,A) + o(e?),

where

(ZAZ (&, &) — 20 MG 51752>+2Aw&

PrOOF. The only term we need to estimate is

[ i+ v - / (A%w) (U, + Us)
*Z / (A% ( Gl [ Up<y>dy)+o<A§”‘4>/2>

=Y wleN ™ [ Ty oa )
i=1 "
The conclusion follows. O

3. Reduction process

From now on let Q. = ¢~ 2/("=9Q. We will consider points &€ Q. and
numbers A; > 0, for i = 1,2, such that |¢] — &| > de=2/("=D d(¢&,090.) >
8e=2/(n=1) and § < A, < 6. Here we will adopt the same notations as
n [14], that is V;(z) = Ug; as for A} = (¢, AZ)Y/ (=9 the related projections on
H?(Q:) N H(Q) will be denoted by V;. Consider the functions

- OV - ov;
Zij=—t i=1,..., d Zips1 = =t
1= 58, i n  an +1 DA*
and their projections Z;; = P?ij. Let V=Vi+Voand V =V, + V5.
For a given smooth function h, we want to solve the following linear problem:
Alp—pVPlo=h+) cVP ' Zyj onQ,
(%]

(31) § ¢v=Ap=0 on 0f,

(VP Zi5, 0) ;:/Q VP ' Zue=0  fori=1,2, j=1,...,n+1.
We define the following Weighted L norms : for a function u defined on 2,
el = (w1 + w2) ™l poe 4 [[ (w1 +1w2) P~V
where w; = (1/(1 + |z — &[?))"=D/2, 3 = 4/(n — 4), and

[l = [l (w1 + w2) 7wl oo
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where v = 8/(n — 4). We define also the set
O05(0) = {(€1,&2) € Qe X Qe [&1 = &a] > 0770, d(&;,09) > g™/ ("7},
We refer to [22] for the proof of the following:

PROPOSITION 3.1. There exist g > 0 and C > 0 such that for all 0 < e < g
and all h € C*(Q.), the problem (3.1) admits a unique solution ¢ = L.(h).
Moreover, we have

[Le(M)ll« < Cllhlless leisl < Cllhlls,
and
IViernyLe(R)][« < Cllh] s
To split the difficulties, we start by finding a solution of
A2V ) — (V4 —eP f = cyVP ' Zy; on Q.
n=An=20 v on 0f),
VP~ Zig,m) = (VP Zij, o) for i = 1,2,
j=1,...,n+1,
where ¢ is the solution of
A2p =ePtlf on Q,
{gozAgo:O on 0f)..

If we take n =77 + ¢, then the equation on 7 reads as follows:

(3.2) A’ —pVP' = N.(7)) — Re + Z Cij Vipflzij
1,7

with Ne()) = [V + 7+ P71V + 7+ @) = pVP 1@+ ¢) = VP, and Re =
VP — T - T, — p|V|P~2¢p. Therefore, taking ¢ = —L.(R.) and 7] = ¢ + v, we
get an equation on v of the following form:

A2U —pr_lv = Ne(ﬁ) + ZcijVip_lZij.
]
LEMMA 3.2. There exists C > 0 such that for ¢ > 0 small enough and
lv|l« < 1/4, we have

Cllel)2 +elle] +e7+) ifn <12,
O ull2 + 2P oll, +%) ifn>12.

| Ne (1) 4 v)]|ax < {

PROOF. First, we recall that ||¢]|. < Ce? and since || < CePT! we have

||V =8 < CePTIV =P < Ce?
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hence |||« < Ce? and we can choose € small enough so that

7l < 1ol + llofl« < 1.
Now, we have

p(p—1)

N.(7) = (V+t@+ )P 20+ ¢)?,

for a certain ¢t € (0,1) and hence if n < 12 we have
[V =8/ N ()| < CV -8/ P=2| 554 0|2 < Cl + o2

If n > 12 we have to distinguish two cases. First consider 4 > 0 and take the
region d(y,dQ.) > de~("+2/(»=4) "then one has the existence of C5 > 0 such
that V' > Cs5V and therefore we get

NV =8/ < QY2042 4 o < OeP2 7+ 2.

If d(y,00.) < 6~ (+2/(»=4) we have, by using Hopf lemma, that for § suffi-
ciently small V (y) ~ 2¥ d(y, 09.), (recall that |[VV| = |[VV|+o0(1)) and |[VV| >
Ce(n=3)/(n=4 for £ small enough. Thus V (y) > Ce2(=3)/(»=4) q(y 99, ), there-
fore

|N€(ﬁ)v—8/(n—4)‘ < vV —8/(n—4) (EQ(n—3)/(n—4)d(y7 a@g))p_g(ﬁ I @)2
<OV Dy, 00.)) (7 + )
S 0(62(7’7/*3)/(7’7/*4)*(’I’L+2)/(n74) )p72||ﬁ 4 S0”3
<O+ o2
Finally
C(lly +v+ell) if n <12,

N (Y +v)les <
el {a¥“W¢+v+ﬂb if n > 12,
which finishes the proof. (|

Now we want to find a solution to (3.2). The problem can be seen as a fixed
point problem if we write it in the following way

(3.3) v=—=L(N(¢p+v)) = A (v).
We have the following:

ProOPOSITION 3.3. There exists C' > 0 such that for € > 0 small enough,
the problem (3.3) has a unique solution v, with |v||. < Ce?. Moreover, the map
(&', A) — v is C1 with respect to the norm || - ||, and ||V e pyvl« < Ce?.

PROOF. Let F = {u € H*(Q) N H}(Q),||ull+ < €%}, and then consider
Ao F — H?*(Q) N HY(Q). By using the previous lemma and Proposition 3.1 we
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get
Cllull? + ellull +eP+1) ifn <12,

l4=Coll 1e(u + )l {C(s%1||u|3+52ﬁ||u||*+e3p) if n > 12,

Ce? if n <12,
T | CeP3ifn > 12,

so for € > 0 small enough, we have that A. maps F' into itself. Now we estimate
|Az(a) — Ac(b)]|« for a,b € F. Since

14<(a) = A<(0)|[« < Cl[N=(a +¢)) = Ne(b+ 9)||x,

it suffices to show that N, is a contraction to finish the proof of the proposition.
Note that by construction we have

DuN.(u+v¢) =p|V+u+9p+ P 2(V4+u+v+p)—pVP L

Then arguing as in [22], we obtain that N, is a contraction. Hence the existence
and uniqueness of v follows. Next we prove that the map is C'. We will apply
the implicit function theorem to the map K defined by

K A v)=v— A (v).
We recall that
De/Ne(u) = p[IV +ut @ 2(V 4+ ut @) = (p = DVP*(u+¢) = VP DgV
same goes for Dy N (u). Also,
DK (&', Au)h = h+ Lo(DyNe(u +)h) = h+ M(h).
Now

1M (R)] < [|DuNe(w+ )bl < OV =¥ 9 DN, (w+) | 1]«

and since
V=805 DN, (u+ )| < CV 2+ ).,
we get
&2 if n <12
V848D N_(u+ )|l < C .
I (u+Y)][oo < €20+ if p > 12,
hence

IM(R)]. < CemmE2EED b,

Therefore by using the implicit function theorem, we have that ¢ depends con-
tinuously on the parameter (§,A). On the other hand if we differentiate with
respect to £ we get

DE/K(g/,A, u) = Dg/u + DngE(NE(u + ’(/)))



NoN-HOMOGENEOUS FOURTH ORDER EQUATION 283
From Proposition 3.1 we get that
[1Der Le(h)[l+ < ClA]l -
Thus we need to compute
DE’w = (Dﬁ’LE)(RE) + LE(Dﬁ’Re)a

but
_ =p—1 . = _
D¢ R. =pVP "DV —pU" DgUr —p(p — 2)|V[P 2D Vo

which depends continuously on the parameters, and this is enough to prove that
v is C* with respect to the parameters (¢/, A). Moreover, we have

Derv = —(DyK (€', A, )" [(Dg Le) (Ne (v + 1))
+ Le(De/(Ne(v +¢))) + Le (Do (Ne) (v + ¢) Der ),

hence
[Dervlls < C([[Ne(v + 1) |[ax + | Der (Ne (v + 90)) [ ax + [| Do (Ne) (v + 1) Derth | )

Now, from Lemma 3.2, we know that

Ce? if n <12,
Ce?B+3 ifn > 12,

[INe (v + 9)[lax < {

and also
[Der (Ne(u)| =p[|V +u+ ¢[P2(V +u+ )
— (- VP (ut o)~ VP DV
< CVP2|De V|ju| < OV P~ 2=/ (=48],
We get
V‘S/("_4)|D§/(N€(u))| < CV("_3)/("_4)+5_1|u|*,
therefore

| Der (Ne(v 4 1))]ax < Ce2.

A similar estimate gives
|Dy(N:) (v + ) Dertp|n < CE>.

Since there is no difference in the case of the differentiation with respect to A,
we omit it. ]
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4. Reduction of the functional

Here we want to go back to our original set 2, therefore we will denote
&= e=2/(n=N¢; where & € Q and we remark that if we take & and A so
that ¢;; = 0, then we obtain a solution of our original problem. Let Z. be the
functional defined by

1 1
T.(u) = = Auz—i/ uerl—&:/ U
=g [ 18P = [t =< [ 1

so that u = V 4+v+4 @+ is a solution for our problem if and only if it is a critical
point for this functional. Let us consider the functions defined on €2 by

B(&, M) (z) = e to(e Vg A) (e V),
P(z) = e p(eH (),
Px) = e lp(e "),
Ui(z) ='W (e 2/ (D).

Therefore if we set U(z) = Us(x) + Uy (z) and I(&,A) = T.(U + ¢ + 0(&, A) + §)
then
IEAN) =J.(V+y+ov+).

Next we state the following result and we refer to [22] for the proof.

LEMMA 4.1. u = U + @Z—i—ﬁ(f,A) + @ is a solution of the problem (1.1) if
and only if (§,A) is a critical point of I.

s f g

PROPOSITION 4.2. We have the following expansion:

Now we define

and we obtain

I(&,A) =2C, +2(V(&,A) + of) + o(e?),
where 0(e?) — 0 as ¢ — 0 in the C' sense, uniformly in Os(Q) x (6,67 1)2.
PROOF. Let us show first that
I A) — Z(T + 9 + ) = o(c?),

and
VienyI(EAN) —T.(U+ ¢+ ) = o(e).
Indeed, using a Taylor expansion we have

1
J(U+Yp+0(EAN)+0)—J(U+y+)= / tD*J.(U 49 + @ + t0) [0, 9] dt
0
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and this holds since DJ.(U + ¢ + @ + ) = 0. Therefore, we have

1 1
/tDQJE(U+1/)+<2+t§)[A,(ﬁ] dt:/ t[/ Vo2 =p(V4++o+to)P~ % | dt
0 0 Q.

1
:/ t/ p[VP™t — (V + 4 + o+ tv)P 1 |o? + No(v + )v dt.
o Ja.

We have |v]. + |¢|« + |[¢|« = O(g?), and by using Lemma 3.2, we get

/QENa(v—H/))US/Q

Now, the remaining part can be estimated as follows

VP18 N, (0 + ) 0], < 053/ VP18 < Ced,
Qe

€

/Q VP — (V49 + o+ )P o?
< C»s“/Q V2vr=t — (V 4+ ¢ + tp)P 1] < Cet,
Same estimates hold if we differentiate with respect to £. In fact we have
De(J(U + ¢ + (&, A) + @) — J(U + ¢ + §))
=g~ 2/(n=9 /01 t/Q pDer ([VPL = (V4+p+p+t0)P~Ho?)+ Der (Ne (v+10)v) dt,
and the conclusion follows again from Lemma 3.2. Next step is to prove that
(U +9 +8) = (U + §) = o(c*)

and

~ ~

De(Z(U + 4 + ) = Z(U + §)) = o(<?),
so we start by writing
Ia(ﬁ‘f'{p\‘F@) _IE((?‘F@) =L U+ +¢)— LU+ )

- /01(1 —t)([p/ﬂe(V—l—gD—i-ti/))p_l¢2 - /Q | Ap|?]

—/ (IVI”—\V+<,0|p+p|V|p‘1<p)w+/ R1)).
Qe Q

€

Also

De(Z.(U+ 9%+ @) —T.(U + §))
1
_ _—2/(n—4) _ ) -1,,2 2
. [/ a t)(Ds [p/gfwww y /ngw]dt

- Dy /Q (VIP |V + o + plVIP~ o) + De /Q Rw)].

e
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Again, by using the fact that [¢]. + |R%|s + [V(e 0 ¥|« + [V a) R e < Ce?,
with |p|s < CeP if n < 12 and |p|. < Ce? if n > 12, we get the desired result.
The final steps, namely showing

I.(U+¢) —1.(0) = %05 + o(%),
and R R
D&(IE(U + 9/5) - IE(U)) = O(EZ)a

are also obtained by using the same kind of estimates. O

5. Analysis of the exterior domain

Let us consider here = D — B(0,u) for p > 0 small enough. Also for
E =R"™ — B(0,1) define the set

V={(x,y) e R" xR"; Gg(z,y) — Hg/2(m,x)H115/2(y, y) <0}nN (,u_lﬂ),

where G and Hg are the Green’s function and its regular part on the set E.
Let us take f =1 and F, = {x € R"; 1 < |z| < a, a > 1}, then the solution

of
Aw, = f on Fy,
’Uja:Awa:O 0118]:@,
is given by
1 a*—1 4—n 4 4on (1 —a")
wa(x)__Sn(n—&—Q) (a4_”—1|z| ~le"+a at-n—1)°

It is easy to see that it has a maximum for

‘ | 4(1 _ a47n) —1/n
To| =\ 77~ 21 1~ ’
(n— D@~ 1)
and |z4] — 00 as @ — oco. Now we consider the function ¢z, defined, on the set

Fa by

1 Hy, (z, 2)wa(y)* + Hr, (y, y)wa(2)® + 2G 7, (2, y)wa (y)wa(x)
2 ny:a(x,x)Hy:a(y,y) + G?F,,(xay) ’

we will extend it to the full exterior domain E = {x € R™; 1 < |z|}, for that we

just extend w, by zero for |z| > a. Hence knowing that

(2%
H TyY) = 7T 1o 4
@) = e

where 7 = y/|y|?, and since w,, is radially symmetric, we get that ¢ has a critical

oF,(2,y) =

point (z,y) if and only if sin(d) = 0 where 6 is the angle between z and y. Now
we set © = se and y = —te, where e is a unit vector and s and ¢ are real number
greater than 1. We write

?E(s,t) = pr(se, —te).
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Explicitly:
~ _ wa(t)2 wa(8)2
2an90E(5at) = <(52 — 1)n—4 + (t2 _ 1)n—4
- - 1 1
T 200 (1) a(s) ( (s+t)n=4 (st+ 1)n—4>>

We recall now (see [22] ) that the function defined by

~ 1 1 1
t) =an| — - ’
pls,t) =a ( (12— 1)=0/2(52 _ 1)(n=9/2 ~ (1 1 st)n—2 + (s +t)n4>
has a unique maximum point of the form (K, K), for s, > 1 and a unique k

satisfying p(k, k) = 0. we can choose ag > 0, big enough, such that for a > ay,
we have k < K < |z,|. Hence we can get the following:

LEMMA 5.1. The function o5 admits a unique minimum, of the form (T4, Ts).
Moreover, 7, € (k, K).

Next we will work on the domain Q = D — B(0, ). We set m, (resp. M) the
radius of the largest (resp. smallest) ball contained (resp. containing) D, and set
a = ming f and 8 = maxq f. Thus, by using the maximum principle, we have
zm < w < zpy for p < |z| < m, with w as defined in (2.1),

1

2 () = aptwe, (nix) and  zn (@) = Butwa, (0 ),

1

here a; = p~'m and a; = p~'M. We obtain the following

LEMMA 5.2. For p > 0 small enough the function ¢g has a relative mini-
mum in a point (Z,,,y,), with |Z,| and |y,| belonging to (k, k), and k independent
of u.

The proof of this lemma follows if we show that there exist k > K satisfying

o5, (kK
:Pfal( ) 51,
P Fa, (K’ K)
the conclusion will follow from the fact that ¢z, < ¢p < ¢z, and ¢, has

a unique minimum point for a big enough.
Let us Define the set

X = {(z,y) € V, such that k < |z|, |y| < k},

and call ¢, = ¢g(T,,y,). Now we choose §, > ¢, in such way that the set
{(z,y) € X, 9o = ¢,} is a closed curve on which Vyg # 0. Observe then that
if we call

J ={(z,y) € X, such that o5 < 0,},
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two situations might happen on 07: either there exists a tangential direction
7 such that Vg -7 # 0, or = and y point in two different directions and
Vog(z,y) # 0 points in the normal direction to 9.7 .

Now if we look at E,, = R" — B(0, u), then we can easily see that G, and
Hg,, are defined by

Gp,(z,y) = p* "Gp(p " z,p~'y) and Hg,(zv,y) = u* "Hp(p 'z, p"y).

Note that S, = pJ, corresponds exactly to the set {pgp(u tz, p'y) < 4,}.
Also

G(z,y) = G, (2,y) + O(1)
on the set uX. Therefore, it follows that:

n+4

ealz,y) = " Mop(p z, p " y) + o(1)

where

1 Ho(z, z)w(y)® + Ho(y, y)w(z)? + 2Go(z, y)w(y)w(z)
2 G3(z,y) — Ho(x,z)Ho(y,y)

and o(1) — 0 as u — 0 in the C! sense.

pa(z,y) =

6. Proof of Theorem 1.1

Since the function ¥ defined in Section 2 is singular on the diagonal of Q x €,
we replace the terms G(&1,&2) by Gar(€1,&2) = min(G(&1,&2), M) for a constant
M > 0 to be fixed later. Hence ¥ is well defined on S, x R2.

We remark that in that set, we have

p(z,y) = H(z,z)"2H(y,y)"/* — G(z,y) <0,

therefore the principal part of ¥ which is a quadratic form, has a negative di-
rection. We will set e(&1, &) the vector defining the negative direction:
We have

e(S1,82) = (H

H(&,6)"? H(&, &) )
(€2,€2)Y2p(&1,62) " H(&1,61)12p(61,62) )

Now we are going to consider the vector € such that, for each (£1,&2), €(&1,&2)
is the critical point of ¥((£1,&2), ). This vector can be written explicitly in the
following form

H (&, &)w (&) + G(&1,&2))w(62))w(ér))
G%(&1,62) — H(&2,&0)H (E180—1)

H (&, &)w(éa) + G(fb&))w(fz))w(&)))

G?(&1,&2) — H(&2,&2)H (§1€2=1) ’

Therefore we can check that U((&1,&2),€(£1,82)) = val&1,&2).

s -
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Now we can set the min-max scheme, in a similar way as in [1], [14] and [22].
Let us define

Ky =A{(z,y) € X, (|, lyl) = p(zpl, 191},

We consider the family of curves R, satisfying the following properties, : Kﬁ X
[s,571] x [0,1] — A, x R2 such that:
(i) for (&1,&2) € K7, t € [0,1] it holds

(€1, 82,5,t) = (&1, &2, 5€(61,62)),
and
(&, &0, 57 1) = (€1,62, 57 8(61, &2)).
(ii) v(&1,&2,t,0) = (&1, &, te(€1, &), for all (&1,&9,t) € Kﬁ X t[s,s71].

Now arguing as in [22], the min-max value defined by

C(Q) = inf sup U(y(&1, &, 1,1)),
VER (€1,€2,t)EK2 X [s,571]

is a critical value of .
Then the proof of Theorem 1.1 follows as in [15].

7. Vanishing solutions

In this section we will prove a multiplicity result concerning problem (Py).
Let us start by introducing a slightly different notation from the previous part.

We set
_ . (n—1)/2
Uz =Cn| ————F )
(z,0) =€ (1 Y a2z — z|2)

for every z € Q (it corresponds to a = 1/ in the first part of the paper). Also,
we set: P
Z(za)i = 9 Uz,a)»
fori=1,...,n, and
Z - 927
(z,a),n+1 da (z,a)"

Now we consider the functional I defined on H?(Q) N H{(2) by

1 1
I(u)zi/Q|Au|2_m/s;|u+|p+l

We know that critical points of this functional are positive solutions to the prob-

lem

Ay =P on €,
{u:Au:() on 012,
and, if Q = R"™ then the solutions for
A%y =uP on R7,
{ u > 0 and u in D*?(R"),
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are of the form U(Z,a). We define the set

Sz{u€H2( ) HL(Q) — {0}; /\Au|2 /|u+1’+1}

It is easy to show that for every u € S, we have I(u) > C,/n. Now we take
0 < dp < 1 small enough so that, if d(z,9Q) < do, then there exists a unique
y € 09 such that |z —y| = d(x,0Q). We put d(z) = min(dg, d(z, IN)), for every
x in €. Next we set

If we consider the eigenvalue problem
A%y = 'ypUp LV on D*(R™),
then obviously U(Z’a) is an eigenfunction corresponding to ;3 = 1/p. We take
Tiza) = span{f(%am, i=1,...,n+1},

and by using the classification in [21], we have that T{; ,) is exactly the eigenspa-
ce corresponding to the eigenvalue 1. We set Ty the eigenspace corresponding to
the eigenvalue v; and

Tiw = (To®Te)™

where orthogonality here is with respect to the scalar product (u,v) = fQ AulAw,
for every u,v € D?(2). Now by means of the stereographic projection from R"
to the sphere, we obtain a linear eigenvalue problem on a compact manifold, with
operator (Paneitz) having compact resolvent. Therefore we have the following:

LEMMA 7.1. There exists v > 0 such that for every (z,a) € Q x (1,00),
v E T(Z a) We have

<U7 AQU - va(I; a) > / U(z a)
We are going to find a particular solution to the problem (Py):

LEMMA 7.2. There exist eg > 0 and Cy > 0 such that if |f|c(§) < g9, the
problem (Py) has a unique solution ug € H?(Q) N H(Q), satisfying

luolcr < Colfley

Moreover:
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PROOF. Let A\; be the first eigenvalue of the operator A2, For a fixed 0 <
A < A1, consider the function

[tH P if ¢ < to,
h(t) =

At if t > to,

where ¢ is chosen such that h is continuous. Hence, since h has a linear growth
at infinity and it is non-resonant, we can always find a solution to the problem

A%y = h(u) + f onQ,
u=Au=0 on 0N.

Moreover, using Schauder estimates we get that |ug|c1 < Colf |C(§). Thus by
taking €9 > 0 small enough, we have the desired result. O

Let us consider f > 0 in C(Q) with f # 0. We get, by using Hopf’s lemma,
that there exists ¢; > 0 such that

C1 8u0
) < - < cp, forall x € 09.

Therefore, there exists co > 0 such that
up(x) > cod(z), for all z € 9.

Next we want to find solutions of the form ug +v. We define on H?(Q) N H(Q)
the functional

1
I 2_ _ - +\p+1 _ p, . p+l
70 =5 [ (@ = = [ (o + 0+ = oo+ D — ™.

We note that v is a critical point of J if and only if uy + v is a positive solution
to (Pf)

LEMMA 7.3. There exists e1 > 0 such that for |f|C(§) <e1, andv € H2(Q)N
HY(Q), vT # 0, there exists a unique t, > t; > 0 such that J(tv) is increasing
on (t1,t,], decreasing on (t,,00), and J(t,v) = max J(tv).

PrOOF. We give a sketch of the proof: since we can pick ¢; small enough,
it suffices to prove the result for ug = 0 and then argue by continuity. The
functional J is now equal to I. Let us consider then

I(tv) = t?a; — P lay

where a1 = § [,(Av)? and az = (1/(p + 1)) [, (v)PTL. This is just a polynomial
equation to study. The result follows. O

Now we define the Nehari manifold

S = {t,v; ve H*(Q)N H(Q) — {0}}.
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We have that for v in S, J(v) > 0, and (VJ(v),v) = 0 if and only if v € SU{0}.
Therefore the critical points of J are in S.

LEMMA 7.4. The functional J satisfies the Palais—Smale condition on (O,%).

ProOF. Let {u;} be a (PS) sequence at the level 0 < d < C,/n. Then
we know by using the concentration compactness lemma, that there exists w,
21,...,2k €8, a1,... ,ar € R} such that

k
Z (z5,00) T 0(1

in the weak sense. After localization of the blow-up points, namely by test-
ing against a function with support around the z;, we get that the energy
J(uj) > kC,/n. This happens if and only if £ = 0 since d < C,/n, there-
fore the convergence holds. |

We will need the following estimates.

LEMMA 7.5. There exists ro > 2 such that, for every (z,a) € O(rg),
[ w7y = Ot 07,
Uiyl pn/n-n < O(a™"?|1In(a)]),
/Q up/ VU Y < 0(d(2) a2 In(a)).

PrOOF. We have (see Appendix):

/QUOU(Z,a) > c/ﬂd(w)(ﬁ&a) P0(2.0) (Z_al))

el R
2d(z)>d(z)>d(z)/2

d(z) (n+4)/2
Zd(Z)/ ,r,n—l( a > dr >C ( ) (n 4)/2
0

1+ a?r?

/Qg(z’a)ﬁ(i)—al) _ O(G—(n—4)/2).

Then the first inequality is proved. For the second one, we get:

Moreover:

/(n—4) -n
nn/(n 4 (B(0,C) — < Ca /2| ln( )|

|U(Z,a)|2n/(n 4) < |U(z a)|2{L(/"Z’n ) = |U(0 a)

Finally, for the last inequality we have:

/ n/(n— 4)Un/(n 4) </ n/(n— 4)Un/(n ol
Q ~Ja

(2,a) (z,a)
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and by using the fact that there exists ¢ > 0 such that ug(x) < cd(z) whenever
| — z] < d(z), we get the desired result. O

Now we define the following sets :
M = {Ups s (2,0) € @ x (1,00)},
N ={AU.q0): (z,a) € 2 x (1,00), A€ (1/2,2)}
and we call T(zﬂ) the tangent space to N at Uz,a)- We also set F;a) = {\U(z0);
A €R}and F} =T, . Finally, let F 4 = F' @ F_, and K be the

z,a) (z,a) (z,a)
linear operator defined by
Ku=u; —us,

for any u = uy + ug, with u; € F(t a) and ug € F(; a)" We have the following

LEMMA 7.6. There exist positive constants s, T1, 6 and Cy such that for
f € C(Q) with fle@) <e2, (2,a) € O(r1) and w € Bs(U(s,q)), it holds:

(7.1) (A2%v — p(w + up)t v, Kv) > Cq / (Av)?,
Q

for every v € F 4.

PROOF. Again it is enough to show this inequality for ug = 0 and then argue
by continuity. So let us take ug = 0 and by contradiction, let us assume that
the inequality does not hold. Then there exists a sequence (zx,ax) € O(ro),
Uk € F(zy 0y With |vg| = 1, d(2zi)ar, = 1 — 00, and wy, € H?*(Q) N Hg () such
that |wg — Uz, a,)| — 0 as k — oo, verifying

lim sup(AZvy, — p(wg)i vy, Kvg) < 0.
We can always write vy = vg,1 + vk 2 according to the splitting of F{;, ,,). Since
rr — 00, we have \U(z,ﬁak) —Ulzy,a)| — 0. Therefore it is easy to see that
dist(F(zp ar), SPAN{T (24 01)s Utzpan) 1) — O-

Thus,
Jimdist (v, 1, Fl oa)=0
and, by using Lemma 7.1, we have for k big enough

_ ¥ _
(V15 A%p 1 —p(w;j)p Yoga) > 5/19(101—:)[) 17113,1-
Q

Now let us assume for instance that |vg 1| > ¢, for k big enough. Then there

exists ¢ > 0, such that (vg 1, A?vy 3 —p(w,‘:)p_lvhﬁ > ¢, and hence

lim sup <v;€,1, A2vk71 — p(w,j)”_lvk71> > C.
By definition of vy 2 we have

(V.25 A%0p 2 — p(wi)P Mg 0) < |vg2|(1 = p).
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Therefore, knowing also that

kli_)rréo dist (v, 2, F(;k,ak)) =0
we get that either |vg 1| = |vk,2| = 0, that is |vx| =0, or

lim sup (Ao, — p(w )i vg, Kvg) >0
which is a contradiction. Then the lemma holds. O

PROPOSITION 7.7. There exist ro > 0 and Cy > 0 satisfying: for every f €
c(Q), |f|C(Q) < ez and each (z,a) € O(ra), there exists w(q .y € SN Bs/2(Uz,a))
such that

(7'2) Iw(a,Z) - U(Z,a)l < C2|VJ(U(z,a))|

and

J(Wia,z)) = min max J(Uz,a) +u+v),
ueF(t’a)mBg/z(o) VEF , NBs/2(0)
that is
J(Wia,z) +v) < J(W(a,2)) < J(Wiq,2) +u),

for every u € F(J;,a) N Bs(0) and v € F(_ ) N B;(0).

PrOOF. The existence of w(q, .y follows from the fact that |[VJ (U q))| — 0
as d(z)a — oo and (7.1): by Taylor expansion we see that the functional is
convex in the direction of F (J; @) and concave in the direction of F (;a). We have
a saddle point, therefore w(a, z) exists as in [2] and it is in F|, ). Now we want
to prove that

|w(a,z) - U(z,a)| < 02|VJ(U(z,a))|
We note first that since wy,, ) is a saddle point, we have (VJ(w(a, 2)), w(a, 2)) =
0, then w(a, z) € S. Using again a Taylor expansion we have
<VJ(w(z,a))a K(w(z,a) - U(z,a))>
= <VJ(U(z,a)) + J//(U(z,a))(w(z,a) - U(z,a))v K(w(z,a) - U(z,a))>
+ 0(|w(a,z) - U(z,a)|2)'
By noticing that J”(U, q))h = A?h — p|U. )|P~'h and by using (7.1), we get

<VJ(w(Z,a))’ K(w(?:,a) - U(Z,a))> > <VJ(U(z,a))a K(w(z,a) - U(z,a))>
+ Cilwiaz) = Uza) > + 0(|wia,z) — Utz ?)-
But (VJ(w(z,q)), K(w(z,q) — U(z,a))) = 0 by construction of wy. 4, therefore we

obtain the desired result by a simple application of Cauchy—Schwartz inequa-
lity. O
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LEMMA 7.8. Let f = 0. There exists ro > 0 such that for every r > ry, there
exists ¢, > Cy, /n verifying

J(W(z,a)) > ¢, for every (z,a) € O(r).

PROOF. By using the expansion of \U(Z,a)|2 (see Appendix), we have the
existence of m > 0, such that |U, 4| > m for (z,a) € O(rs). Let now r > 7y.
Since f =0 and w(, q) € S, then J(w(,4)) > €= for all (2,a) € O(r). So let us
assume by contradiction that

Cn
inf J(wee) =—.
(z,a)€O(r) ( (’)) n

Then there exists a sequence (zx, ar) € O(r), such that
[W(zpan) = Ulzpag)| = 0

where (z},,a},) €  x (1,00) is such that d(z},)a}, — oo. Thus
[Weersar) = Uspapp| = 0.

Using (7.2), we have|w(z, o) —Uzp,an) | < Mm/4, since (2, ax) € O(r2). This leads
t0 Uz ar) — Uzl ap)| < m/4. But we know that d(z;,)aj, — oo and d(zx)ay, =1,
therefore

klin;o \Uzpar) — Utz ap)| = 2m

which is a contradiction. O

LEMMA 7.9. Let f € C(Q), such that |fle@) < €2, then there exist r5 > 0,
C3,C4 > 0 such that

+ Cs(d(2)a) =" — Cyd(z)a"H/?

for every (z,a) € O(rs3).
PrOOF. For (z,a) € O(rs), we take ﬁ(zya) = tU(,..)U(z.a) s in [19]. So we

have J(U(;,q)) = max;>o(tU(;,q)). Hence by construction of wy, ), we have
J(w(z,a)) < J(U(z,a))~
We see that in fact, {1 <ty ,, <t2 for every (2,a) € O(rg) with t; and t5 two

fixed real numbers. Now

~ 1 9 9 1
< 1 B p+1yrp+1
J(U(z,a)) = r{lzag( { 9 /Qt (AU(Z@)) p+1 Qt U(z,a)

1
_ i - +\p+1 _yp+lyp+l p _ ., ptl
tlrgtlgtg {p 1 /Q((U0+tU(z,a)) ) t U(Z,a) (p+1)tugUz,q) —ug },

after studying the polynomial equation

1 1
— [ t3(AU, 2_ - [ pptigrt!
2/9 ( (Z,a)) p+1 o (2,a)?
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and using the estimate in the Appendix, one can see that

1 9 2 1 p+1yrp+1
2o { 2 /Qt BUea) =37 J,1 Ve
C
—2+0(a™ ") < e+ 0((ad(2)) "),
By using a Taylor expansion near zero and at infinity, we find that

| (0 + W) = UL = (o DU —

Z/U()tpUgjza)—C/t”/(" 4) n/n 4)Un/(n 4)
Q ,

p+1
(z,a)

Therefore
/Q((UOHU(z,a))JF)pH—tpHU(p;,rl (P+1)tupUza) —u pﬂ}

<o [ @inoyn/o=aym/e=a _ [ e
(2,a) o 0N Gy

— min { ——
t1<t<ts {p +1

By using the estimates in Lemma 7.5, we get
c / £/ 1)y (=D g =) / wottU?.
Q
< O(d(=)" "V a="/2|In(a)]) — O(d(z)a~"~V/?),
therefore
I Ue.a)) <=+ O((ad(2)) ")
+ 0(d(2)™ ™ Ha"/?|1In(a)|) — O(d(z)a=""4/2)

< % + O(ad(2))~ ™ + Ad(2)" =Y a"/2|In(a)| — Bd(z)a~("~9/2

for A and B two positive constants. The conclusion follows. O
Now we define the set:
R ={(z,a) € O(rs); C3(d(z)a)” "™ < Cyd(2)a"H/?}.

In this set we have J(w. 4)) < C,/n and thus Palais-Smale holds.

PrOOF OF THEOREM 1.3. Now the proof of the theorem follows straightfor-
ward. In fact, using a minmax argument on the homology classes of R, we obtain
critical points of (z,a) — J(w(,q)), namely for each [a] € H.(R) = H.(2), we
have that the values ¢, defined by

Cq = min max J(w .,
a€la] (z,a)Ea ( (’))

are critical values of the function defined before. Moreover, these critical val-
ues corresponds to critical points belonging to the inside of the set O(r3), by
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Lemma 7.8. Now we use a transversality theorem (see Appendix) on the map
defined by
\Ij(ua f) = AQU - |u‘17*1u - fa

to show that these critical points are non-degenerate. This ends the proof. O

8. Appendix

Here we will give a list of estimates that we used in some of the proofs. Here
the O is for d;/\; — oo and 13 — 0. Let

B \ (n—1)/2
Ten@ = (Tret)

and for i = 1,2, we will set U; = U(&’Ai). By using the same notation as in
Section 1, we set

_ 1

O de/A A A A elé — &2

LEMMA 8.1. Let 6, = U, — Uy, then:
(a) 0 § 01 S Ul,

(b) 61(z) = H(Er,2)A""V? + fi(2),
NPy o
d?_z N

U, = PUi’ €12 and d; = diSt(fi, 89)

)\711/2-‘1-1 >

() fita) =0 fiw =of =

a )\n/2
d) — =0 1 .
@ gt =0(5=)
LEMMA 8.2. It holds
)\ﬂ*?
(a) |U1|2—<U1,U1>—cnc1H<gl,glm—4+o< i >

n—2
dl

(b) (Us,Uy) = c1(e12 — H(&Q’ 52))\§"—24)/2>\én—4)/2)
(n—2)/(n—4) = A1 PV
+0 (512 + d?fz + d7212)’

2n e /\n—2
(C) /QUZ’L/("*M - Cn o H(gla 51))‘1 4 + O( 1 >’

n—4 dy—?

(d) /U1(n+4)/(n74)U2 = (Uz,Uy)
Q
O(sfg(”“) ln(el_gl) + —)\1 In (dl)> if n > 8,
ar A\

An_4
O(Elg 1n(€1_21)(n4)/nd71;,_4> zfn S 7.
1

+
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LEMMA 8.3. We have the following estimates on %Ul :

10 n—4 . A2
(a) <U1,)\1 (')AU > = ——c1H(§1,&1) ] 4+O(d7}_2)’

(n+4)/(n—4) 1 O 9 A
(b) /QU Noa e <U1’/\ 8/\U>+O<d’f2 :

1 0 1 0 n—4 e e
(c) <U2’1U1>:Cl(1512+2H(£17§2)/\§ D250 4)/2>

A1 OA A1 OA
_ _ )\n72 )\n72
Lofsm/m-n AT A )
(512 d?fz dgfz
(mea)/m-n L 0 [y 10 4,
(d) /QU AL ON < BN ON
o™ (e + Mo (4 ifn > 8,
v\
+ An 4
O<€12 ln( )(n 4)/nd" 4> ang 7,

1 9 (n+4)/(n—4) 10
(e) /QUz)q(a)\ U1) _<U2’>\8)\U1>
n/(n— A d .
@ 512/( 4 In(eyy) + 5+ In if n > 8,
dr A

n—4
O<612 (e~ 4)/n2n 4) ifn<T.

LEMMA 8.4. We have the following estimates on 8%Ul :

1 0 - A2
(a) <U1’ N 96 U1> QCIH(§1 §1)A] +O<d1 2>,

1l 0 10 Ap?
by [ peroim-o L 9 <U’ > 0( I )
o [ vl (g +o(3=

1 0 1 0 (n—4)/2\ (n—4)/2
Uy, ——U; ) = —_— ——H L€ A A
(c) < 23, 96, 1> 01(/\1 8515 (§1,82)M 5
n—2 n
(n—1)/(n—4) |€1 | )\ )\
+O(€12 e + - 5 + 7

1 9
d g0/ L 0 p <U , >
@ /Q A1 06, SV 851

O<51112/(n_4) In(ery) + 1 ( > if n>8,

O<€12 In(epy )™~ 4)/nd 4> ifn <7,

nz>
)

+



NoON-HOMOGENEOUS FOURTH ORDER EQUATION 299

1 o (n+4)/(n—4) 1 9
Up— ——U —(Uy,——U
(e)/g %(a& 1) < 2\ 06 1>

0(5{2/(”4) In(eyy) + A In (dl)> ifn>8,
a "\
+ /\n—4
O<612 ln(51_21)<n_4)/nd711_4) ifn<T.
1

The proof of these estimates are similar to the ones in [3]. For more details

we refer also to [7], [8] and [17].

Next we state a Transversality Theorem: see [19] for the proof.

THEOREM 8.5. Let X, Y and Z be three Banach spaces, and V: X XY — Z

be a C' map satisfying the following conditions for given z € Z:

(a) for every (x,y) € V~=1(z2), the map D,V (z,y): X — Z is a Fredholm

operator of index 0,

(b) for every (z,y) € V71(2), the map DY (x,y): X XY — Z is surjective.

Then the set of y € Y, satisfying that z is a regular value of V(- ,vy), is a residual

set in Y.
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