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SYSTEMS OF NONLINEAR HEMIVARIATIONAL
INEQUALITIES AND APPLICATIONS
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ABSTRACT. In this paper we prove several existence results for a general
class of systems of nonlinear hemivariational inequalities by using a fixed
point theorem of Lin (Bull. Austral. Math. Soc. 34, (1986), 107-117).
Our analysis includes both the cases of bounded and unbounded closed
convex subsets in real reflexive Banach spaces. In the last section we apply
the abstract results obtained to extend some results concerning nonlinear
hemivariational inequalities, to establish existence results of Nash gener-
alized derivative points and to prove the existence of at least one weak
solution for an electroelastic contact problem.

1. Introduction

In the last decades the theory of hemivariational inequalities captured spe-
cial attention as many papers were dedicated to the study of existence and
multiplicity of solutions for this kind of inequalities (see e.g. [2], [3], [5], [6], [7],
[9]-[11], [17], [23]). The notion of hemivariational inequality was introduced by
Panagiotopoulos at the beginning of the 1980’s (see e.g. [32], [33]) as a variational
formulation for several classes of unilateral mechanical problems with nonsmooth
and nonconvex energy functionals. If the involved functionals are convex, then
hemivariational inequalities reduce to variational inequalities which were studied
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40 N. CosTEA — C. VARGA

earlier by many authors (see e.g. Fichera [13] or Hartman and Stampacchia [15]).
In almost three decades the theory of hemivariational inequalities has produced
an abundance of important results both in pure and applied mathematics as
well as in other domains such as mechanics and engineering sciences as it al-
lowed mathematical formulations for new classes of interesting problems (see
e.g. the monographs [14], [19], [27]-[29], [34]).

The aim of this paper is to prove the existence of at least one solution for
a general class of systems of nonlinear hemivariational inequalities on bounded
or unbounded closed and convex subsets without using critical point theory. The
proofs strongly rely on a fixed point theorem involving set-valued mappings due
to Lin [21].

The rest of paper the paper is structured as follows. In Section 2 we introduce
some notation and preliminaries. In Section 3 we formulate the problem that
will be studied and the main results are proved. In Section 4 we present three
applications of the abstract results obtained in the previous section.

2. Notation and preliminaries

For the convenience of the reader we present in this section some notations
and preliminary results from nonsmooth analysis that will be used throughout
the paper. For a given Banach space (E, | - ||g) we denote by E* its dual space
and by (-, -)g the duality pairing between E* and E. The inner product and
the euclidian norm in R™ (m > 1) will be denoted by ” -” and | - |, respectively.

We recall that a functional ¢: E — R is called locally Lipschitz if for every
u € F there exists a neighbourhood U of v and a constant L, > 0 such that

|p(w) — ¢(v)| < Ly|jw —v||g, for all v,w € U.

DEFINITION 2.1. Let ¢: E — R be a locally Lipschitz functional. The gen-
eralized derivative of ¢ at v € E in the direction v € E, denoted ¢°(u;v), is
defined by

) —
#° (u;v) = lim sup $(w + Av) d)(w)

w—u A
Al0

For a function ¢: E1 X ... X Ei X ... x E, — R which is locally Lipschitz in

the k' variable we denote by ap?k (U1,... , Uk, ... ,up; VL) the partial generalized
deriative of o(uq,... ,ug, ... ,uy,) at the point u € Ej in the direction vy € F,
that is
@?k(ula e s Uy e e aun;vk)
— limsup Uty . w0k, uy) — @(ug, . Wy ,un)'
Wg— UL )\
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LEMMA 2.2. Let ¢: E — R be locally Lipschitz of rank L, near the point
u € E. Then
(a) the function v ~ ¢°(u;v) is finite, positively homogeneous, subadditive
and satisfies
16°(u; )| < Lulvl g3

(b) ¢°(u;v) is upper semicontinuous as a function of (u,v).
The proof can be found in Clarke [8, Proposition 2.1.1].

DEFINITION 2.3. The generalized gradient of a locally Lipschitz functional
¢: E — R at a point u € E, denoted 0¢(u), is the subset of E* defined by

Od(u) = {¢ € E* : ¢°(u;v) > (¢, v) g, for all v € E}.

We point out the fact that for each u € E we have 9¢(u) # (. In order
to see that it suffices to apply the Hahn—Banach theorem (see e.g. Brezis [4,
Chapter I]).

For a function @: Fy X ... X Ex X ... x E, — R which is locally Lipschitz

in the k" variable we denote by Ogp(u1, ... , Uy, ... ,u,) the partial generalized
gradient of the mapping uy ~> @(u1,... ,ug,... ,uy), that is
6k<p(u1,... s Uy« v« ,un)
= {T]k S E: : @?k(ul,... s ULy - o - ,un;vk) > (nk,vk>Ek, for all vy € Ek}

The next lemma points out important properties of generalized gradients.

LEMMA 2.4. Let ¢: E — R be locally Lipschitz of rank L, near the point
u € E. Then

(a) 9¢(u) is a convex, weak* compact subset of E* and

€]
(b) For each v € E, one has

#°(u;v) = max{(¢,v)p : ¢ € dp(u)}.

g < Ly, for all ¢ € 0¢(u);

The proof can be found in Clarke [8, Proposition 2.1.2].

DEFINITION 2.5. Let E be a Banach space and let ¢: E — R be a locally
Lipschitz functional. We say that ¢ is regular at u € F, if for all v € E the usual
one-sided directional derivative ¢'(u;v) exists and ¢'(u;v) = ¢°(u;v).

If this is true at every u € F, we say that ¢ is regular.

It is a fact that in general neither of the sets dp(u1, ... ,un), O1p(ur, ... ,up)
X ... X Opp(ug,...,u,) need to be contained in the other (see e.g. Clarke [8,
Section 2.5]). For regular functions, however, a general relationship does hold
between these sets.
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LEMMA 2.6. Let ¢: Fh X ... x E, — R be a regular, locally Lipschitz func-
tional. Then the following assertions hold true:

(a) Op(ur,. . gy ..y tpn) S AU, - v Uk, .o e yUp) X .o X Okp(ug,. ..,

Uky ooy Up) X oo X Op@(Uty ooy Uky e ey Up);
n
(b) @O(ULy oy Uy v oy U ULy e ey Uk e oy V) <D w?k(ul,...,uk7...,un;vk);
k=1
(€) @ (ur,... Uy . up;0, ... VL, ... ,0) S(p?k(ul,... JUky -+ Up UK ).

The following fixed point theorem for set valued mappings is due to Lin (see
[21, Theorem 1]) and will be one of the key arguments in the sequel.

THEOREM 2.7. Let K be a nonempty convex subset of a Hausdorff topological
vector space E. Let A C K x K be a subset such that
(a) for each z € K the set N(z) ={y € K : (z,y) € A} is closed in K;
(b) for each y € K the set M(y) = {z € K : (x,y) & A} is either convex
or empty;
(¢) (z,z) € A for each x € K;
(d) K has a nonempty compact convex subset Ky such that the set

B={yeK:(z,y) € A forallzec Ky}

1s compact.

Then there exists a point yo € B such that K x {yo} C A.

3. Formulation of the problem and the main results

Let n be a positive integer, let X1,...,X,, be real reflexive Banach spaces
and let Y7,...,Y,, bereal Banach spaces such that there exist linear and compact
operators Ty: X, — Yy, for k€ {1,... ,n}.

Our aim is to study the following system of nonlinear hemivariational in-
equalities:

(SNHI) Find (uq,...,u,) € Ky X ... x K, such that

Vr(u, -ty v1) + JG (A1, U3 01— Tr) > (Fi(u, .y ug), 01 — 1) x,,
wn(ulv---yunavn)+J2L(a1a--~7an;ﬁn_an)Z<Fn(u1;-~-aun)avn_un>X"a
for all (vi,...,v,) € K7 X ... x K,,, where for each k € {1,... ,n}:

e K; C X} is a nonempty closed and convex subset;

e Y X1 X ... x X X...x X, X X;; —» Ris anonlinear functional,
e J:Y] x...xY, — Ris aregular locally Lipschitz functional;

o Fi: Xy x ... x X x...x X, — X is a nonlinear operator;

o ﬂk == Tk (uk)
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In order to establish the existence of at least one solution for problem (SNHI)
we shall assume fulfilled the following hypotheses:

(H1) For each k € {1,...,n}, the functional 95: X1 X ... x X x ... x X, X
X — R satisfies:
(a) Yr(ut, ... s Uk, ... ,up,ug) = 0 for all up € Xy;
(b) For each vy € Xj the mapping (u1, ... ,up) ~ Yr(u1, ... ,Up, V) 18
weakly upper semicontinuous;
(c) For each (uq,... ,u,) € X1 X...x X, the mapping vy ~ ¥ (uy,...,
Unp, V) 1S convex.
(H2) Foreach k € {1,... ,n}, Fi: X1 x...x X x...xX,, — X} is a nonlinear

operator such that

I}E&HF’“(UT’ coup) v — Uy x> (Fr(ua, oo un), v — Uk) X,
whenever (ul?, ..., ul") = (u1,... ,un) as m — oo and v, € X}, is fixed.

The first main result of this paper refers to the case when the sets K} are
bounded, closed and convex and it is given by the following theorem.

THEOREM 3.1. For each k € {1,...,n} let K C Xi be a nonempty,
bounded, closed and convex set and let us assume that conditions (H1)—(H2)
hold true. Then, the system of nonlinear hemivariational inequalities (SNHI)
admits at least one solution.

The existence of solutions for our system will be a direct consequence of the
fact that a vector hemivariational inequality admits solutions. Let us introduce
the following notations:

e X=X Xx..xX,, K=Kix...xK,and Y =Y x...xY,;
o u=(Up,...,up) and U= (Uy,...,Upy);
n

e U X x X - R, U(u,v) = > p(ur,. ., Uky... ,Un,Vk);
k=1

n
o F:X — X* (Fu,v)x = Y (Frp(ui,... ,Un), k) x,-
k=1
and formulate the following vector hemivariational inequality:

(VHI) Find v € K such that

U(u,v) + JO(U;0 —a) > (Fu,v —u)x, forallve K.

REMARK 3.2. If (H1)(a) holds, then any solution u° = (uf,... ,u%) € K; x
... X K, of the vector hemivariational inequality (VHI) is also a solution of the
system (SNHI).



44 N. CosTEA — C. VARGA

Indeed, if for a k € {1,... ,n} we fix vy € K and for j # k we consider

v; = u?, using Lemma 2.6 and the fact that u° solves (VHI) we obtain:

n
<Fk(u(1)> Up ), Uk — Up) X, = Z<FJ (u?, 7“2)7’0] u2>XJ
j=1
:<Fu 7U_UO>X < \P(uovv)—i_Jo(aO,@_Ao)
n n
< ij<u17 ,U?, 7un7vj)+2‘]g(a(l)5 71797,76] a?)
j=1 j=1
= (ud,. .. ul, . ul, ) +J’9€(ﬂ?,... LU Dy — UY)-
As k € {1,... ,n} and vy € K} were arbitrarily fixed, we conclude that
(ud,...,ud) € Ki x ... x K, is a solution of our system (SNHI).

PROOF OF THEOREM 3.1. According to Remark 3.2 it suffices to prove that
problem (VHI) admits a solution. With this end in view we consider the set
A C K x K as follows:

A={(v,u) € K x K : ¥(u,v) + J°@;0 — 1) — (Fu,v —u)x > 0}.
We shall prove next that the set A satisfies the conditions required in Theo-

rem 2.7 for the weak topology of the space X.

Step 1. For each v € K the set N'(v) = {u € K : (v,u) € A} is weakly closed
in K.

In order to prove the above assertion, for a fixed v € K we consider the
functional a: K — R defined by

a(u) = U(u,v) + JO (U0 — 1) — (Fu,v — u)x

and we shall prove that it is weakly upper semicontinuous. Let us consider
a sequence {u™} C K such that u™ — u as m — oo. Taking into account that
T}, is compact for each k € {1,... ,n} we deduce that v — & as m — oo. Using
(H1)(b) we obtain

m— 00 m—00

n
lim sup ¥ (u™,v) = limsupZdJk(uqn, ce Ut )
k=1

n
< Zlimsupwk(uin, ce Ut )

k=1 m—00
n

< Zwk(ul,... S Un, V) = U(u,v).
k=1

On the other hand, using Lemma 2.2 we deduce that

limsup J*(@™; 0 — a™) < J°(4; 0 — @)

m— 00
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Finally, using (H2) we have

limsup[—(Fu™v — u™) x] = — liminf (Fu™,v — u™) x
m—oo m—oo
n
- 11175@352@(@, cou™) v — Ul x,
k=1
n
< = (Frp(ut,. . un), v —up)x, = —(Fu,v —u)x.
k=1

It is clear from the above relations that the functional « is weakly upper semi-
continuous, therefore the set

[a> A ={ueK:alu) >}

is weakly closed for any A € R. Taking A = 0 we obtain that the set A (v) is
weakly closed.

Step 2. For each u € K the set M(u) = {v € K : (v,u) & A} is either convex
or empty.

Let us fix u € K and assume that M(u) is nonempty. Let vl v? be two
elements of M(u), t € (0,1) and v’ = tv! + (1 — t)v%. Using (H1)(c) we obtain:

\Il(u,yt) = Zwk(uh cee ,un,tv,i + (1 - t)vlzc)
k—

—

NE

IN

t 1/%(”1,---,“7“’011)4'(1—t)z1/1k(ul,--- ,un,v,%)
k=1

ko

£ (u, v") + (1 — )W (u, v?),

which shows that the mapping v ~» W(u,v) is convex. On the other hand
Lemma 2.2 ensures that the mapping v ~» JY(@;0 — %) is convex. Using the
fact that the mapping v ~ (Fu,v — u)x is affine we are led to

which means that v* € M(u), therefore M(u) is a convex set.

Step 3. (u,u) € A for each u € K.
Let u € K be fixed. Using (H1)(a) we obtain

(u,u) + JO(@ 0 — 1) — (Fu,u — u)x zzwk(ul,... JUky -+ 5 Un,y Ug) =0,
k=1

and this shows that (u,u) € A.
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Step 4. The set B={u € K : (v,u) € Afor all v € K} is compact.

First we observe that K is a weakly compact subset of the reflexive space X
as it is bounded, closed and convex. Then, we observe that the set B can be
rewritten in the following way

B = m N (v).
veEK
This shows that B is also a weakly compact set as it is an intersection of weakly
closed subsets of K.
We are now able to apply Lin’s theorem and conclude that there exists u° €
B C K such that K x {u®} C A. This means that

Ul v) +J0@%0 —a%) > (Fu®,v —ul)x, forallveK,

therefore u® solves problem (VHI) and, accordingly to Remark 3.2, it is a so-
lution of our system of nonlinear hemivariational inequalities (SNHI), the proof
of Theorem 3.1 being now complete. O

We will show next that if we change the hypotheses on the nonlinear func-
tionals ¥, we are still able to prove the existence of at least one solution for our
system. Let us consider that instead of (H1) we have the following set of hy-
potheses

(H3) For each k € {1,...,n}, the functional 15: X1 X ... X X x ... X X, x
X — R satisfies:
(a) Yr(ut, .. Uk, .-, Up,ug) = 0 for all up € Xy;
(b) For each k € {1,...,n} and any pair (u1,... ,Uk,--- s Un), (V1,...,
Vky o e s Up) € X1 X ... X X X ... X X, we have:

1/}.16(“17"' s Uk - - ,Un,’l}k)+wk(’l}1,.-. s Uky vt ,’Un,’l,Lk) 207

(c) For each (uq,...,u,) € X1 X...x X, the mapping vy ~ ¥ (ug,...,
Un, V) is weakly lower semicontinuous;
(d) For each vy € X, the mapping (u1,... ,un) ~ Yr(u1, ... ,Un,vg) is

concave.

We are now in position to state our second main result of the paper, which
concerns the case when the sets K} are bounded, closed and convex for each
ke{l,... ,n}.

THEOREM 3.3. For each k € {1,...,n} let K C X be a nonempty,
bounded, closed and convexr set and let us assume that conditions (H2)—(H3)
hold true. Then, the system of nonlinear hemivariational inequalities (SNHI)
admits at least one solution.
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In order to prove Theorem 3.3 we will need the following lemma.

LEMMA 3.4. Assume that (H3) holds. Then

(a) ¥(u,v)+ ¥(v,u) >0 for all u,v € X;

(b) For each v € X the mapping u ~ —¥(v,u) is weakly upper semiconti-
nUous;

(¢c) For each uw € X the mapping v ~ —W(v,u) is conve.

PRrROOF. (a) Taking into account (H3)(b) and the way the functional ¥: X x
X — R was defined, we find

U(u,v) + ¥(v,u)

n
Z¢k Uryevr Uy - - - ’Un’Uk)“‘wk(Ul’n- s Vky oot ,’Un,Uk)] 20

(b) Let v € X be fixed and let {u™} C X be a sequence which converges
weakly to some u € X. Using (H3)(c) and the fact that ™ — u we obtain

limsup [—¥ (v, u™)] = — liminf ¥(v,u™) = —hmlnfzwk Vlyeen Uy Up')

m— 00 m— oo m— oo
< — Zliminfwk(vl, cee sy Uy upt) Zwk (v1,... yUp,ug) = =U(v,u).
k=1
(c) Let u,vt,v? € X and t € (0,1). Keeping (H3)(d) in mind we deduce that

U(to! + (1 —t)v? u) Zwk tof + (1 —=t)vd,...  tol + (1 —t)v?, uy)

> thk(vi,... ,Q)n, k)-‘r (1 —t)iﬁk(’()i... s 3,uk)
=tU(vl, u) + (1 — ) (v? u).

We have prove that the mapping v ~» ¥(v,u) is concave, hence the application
v ~» —U(v,u) must be convex. O

PrOOF OF THEOREM 3.3. Let us consider the set A C K x K defined by
A={(v,u) e K x K : —U(v,u) + J°(@;0 — 1) — (Fu,v —u)x > 0}.

Lemma 3.4 ensures that we can follow the same steps as in the proof of Theo-
rem 3.1 to conclude that the conditions required in Lin’s theorem are fulfilled.
Thus we get the existence of an element v’ € K such that K x {u’} C A which
is equivalent to

(3.1) —U(v,u’) + J°(@% 0 — %) > (Fu’,v —u®)x  for all v € K.



48 N. CosTEA — C. VARGA

On the other hand Lemma 3.4 tells us that
(3.2) U(u® v) + U(v,u’) >0, forallveK.

Combining relations (3.1) and (3.2) we deduce that u° solves problem (VHI),
therefore it is a solution of problem (SNHI). O

Let us consider now the case when at least one of the subsets K}, is unbounded
and either conditions (H1)-(H2) or (H2)-(H3) hold. We shall denote next by
Bg(0; R) the closed ball of the space E centered in the origin and of radius R,
that is

Br(0;R) ={ve E:|v|g < R}.

Let R > 0 be such that the set K p = Kj N Bx,(0; R) is nonempty for
every k € {1,...,n}. Then, for each k € {1,... ,n} the set Kj r is nonempty,
bounded, closed and convex and according to Theorem 3.1 or Theorem 3.3 the
following problem

(SR) Find (u1,...,u,) € K1,g X ... X K, g such that for all (vi,...,v,) €
Kl,R X ... X Kn,R

Y1(Ur, .oy Up,U1) +J701(ﬂ1,... JUn; 01 —Up) > (Fi(ug, ... up),v1 — u1)x,,
U (Ur, U, 0) + 0 (U, U3 O — ) > (F (U1, -y Un ), Un — Un) x,

admits at least one solution.

We have the following existence result concerning the case of at least one
unbounded subset.

THEOREM 3.5. For each k € {1,... ,n} let K; C X} be a nonempty, closed
and convex set and assume that there exists at least one index ko € {1,... ,n}
such that Ky, is unbounded. Assume in addition that either (H1)—(H2) or (H2)-
(H3) hold. Then, the system of nonlinear hemivariational inequalities (SNHI)
admits at least one solution if and only if the following condition holds true:

(H4) there exists R > 0 such that Ky r is nonempty for every k € {1,... ,n}
and at least one solution (u9,... ,ul) of problem (SR) satisfies

r'n

u) € int Bx, (0;R), forallk € {1,... ,n}.

PROOF. The necessity is obvious. In order to prove the sufficiency for each
ke{l,...,n} let us fix v € Kj, and define the scalar
1

e 0
3 if up = vy,

Ak = 0

1 R—-

min{;”u%”X’“} otherwise.
27 ||log — uyllx,
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Condition (H4) ensures that A\, € (0,1), therefore wy, = u? + Ap(vy — uf) is
an element of Ky, r due to the convexity of the set K.

Case 1. (H1)-(H2) hold.

Using the fact (uf,...,u) is a solution of (SR) for each k € {1,... ,n} we

n

have:

(33) wr(ul, ... ud,wy, )+ J5(@], ... Up; Wx, — UY)

> <Fk(u(1)7 cee au(r)z)vak - U2>Xk

In this case relation (3.3) leads to

Me(Fr(ud o) o — u)x,, = (Fe(ul, ... ud),wy, —ul)x,
<Mtr(ul, .ol o) F (1= M) wR(ud, . ul,ud)
+ )\kJSC(ﬁ?, T2 T — 1Y)
= Melvon (ul, ..y up, vp) + J9(@S, .00, — Uy

Dividing by A the above inequality and taking into account that v, € K} was

arbitrary fixed we conclude that (u?,... ,u?) is a solution of (SNHI).

Case 2. (H2)—(H3) hold.
Theorem 3.3 ensures that (see (3.1)):

—U(w,u®)+J0(@"; o—u’) > (Fu®,w—u), forallwe Kr= K gx...xK, g
Choosing wy, = wy, and w; = u? for j # k in the above relation we obtain

)\k<Fk(u(1J, . ,ug),vk — u2>xk

=1 j=1
0 0,0 0 (70 ~0. ~ =0
= = kUl W Uy ug) T (U Ty Wy, — UR)
0 0,0 0 0 0,0
< 7)‘k¢k(u17"' y Uk - - aunvuk) - (1 7)‘/6)1/}16(“17"' y Uy« -+ 7un7uk)
NI 85— )
0 0,0 0 (70 ~0.~ 0
S (ug,s - Uy Uy ug) + T (U Uy U — )]
Dividing by A\; we obtain that
0 0,0 0 (0 ~0.~ 0
= k(U] Uk e Uy ug) + T (U WUy U — )

> <Fk(u(1)a cee 7u7(’)L>7vk - U’2>Xk'
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Combining the above inequality and (H3)(b) we deduce the for each k€ {1,...,n}
the following inequality takes place:

wk(u(l)a"' 7u2,'~' ,U?l,’l)k) + J,%c(a(l)v 7agaﬁk _az)
> <Fk(u(1)’ cee 7U9L>7vk - U’2>Xk’
which means that (u?,...,u2) is a solution of (SNHI), since v;, € K} was arbi-
trary fixed. O
COROLLARY 3.6. For each k € {1,...,n} let K C Xy be a nonempty,

closed and convex set and assume that there exists at least one index ko €
{1,...,n} such that Ky, is unbounded. Assume in addition that either (H1)-
(H2) or (H2)-(H3) hold. Then, a sufficient condition for (SNHI) to admit at

least one solution is

(H5) there exists Ry >0 such that K, g, is nonempty for every k € {1,... ,n}

and for each (u1,... ,up) € K1 x ... x Ky \ K1 g, X ... x Ky g, there
exists (v9,... ,00) € K1 gy X ... X Ky g, such that
(3.4) Yr(ur, ..o un, V) +I% @1, U O —Ti) < (Fo(u, -+ Un), U —Uk) X0

forallk e {1,... ,n}.

PROOF. Let us fix R > Ry. According to Theorem 3.1 or Theorem 3.3
problem (SR) admits at least one solution. Let (u1,...,u,) € K1 g X... X K, g
be a solution of (SR). We shall prove that (uq,... ,uy) also solves (SNHI).

Case 1. uy, € int Bx, (0, R) for all k € {1,... ,n}.
In this case we have nothing to prove as Theorem 3.5 ensures that (uq, ..., uy)
is a solution of (SNHI).

Case 2. There exists at least one index jo € {1,...,n} such that u;, &
int BXJ'O (O, R)

In this case [[uj, || x,, = R > Ro, therefore (u1,... ,un) & K1,r, X ... X Kn R,
and according to (H5) there exist (v9,...,v0) € Ki g, X ... x Ky g, such that
(3.4) holds.

For each k € {1,... ,n} let us fix v, € K}, and define the scalar

1 if Vg = 1}2,

2
A= (1 R-R .
ming -, g — otherwise.
27 [Juk — villx,
Obviously A\r € (0,1) and wy, = vg + Ae(v — vg) € Ky r. Furthermore, we

observe that

Wy, — UL = vg—ukJr)\kvk—)\kvgqt)\kuk—)\kuk = )\k(kauk)Jr(lf)\k)(v,gfuk).
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Case 2.1. (H1)-(H2) hold.

Using the fact that (uj,...,u,) solves (SR) we obtain the following esti-
mates:
(Fr(uty ... ,up),wx, — uk) = M {Fr(ug, ... ,un), 0 — uk) x,
+ (1= M) (Fr(uny ooy un), v — u) x,
<tp(ur, U wy,) + JG (U, - Uy Wx, — Up)
<Ae[p(ut, ... tun,vg) + J%(ﬂl, ey Uy U — )]
+ (1= Xe)[Wr(ut, ..y un, v)) + TG (@, U O — )]

Combining the above relation and (3.4) we obtain that
Fr(ui, ..y un),vp — ) x, < Cut, ..o un,vp) + J% (@01, Ui v — k)

for all k € {1,... ,n}, which means that (uj,...,u,) is a solution of (SNHI).

Case 2.2. (H2)—(H3) hold.
The fact that (uq,... ,u,) solves (SR) and relation (3.1) allow us to conclude
that

—U(w,u) +J°(@,®—u) > (Fu,w—u)x, forallwe Kp=K;px...xKyn.

Choosing wy, = wy, and w; = u; for j # k in the above relation and using
(H3)(d) we obtain:

<Fk(u1,... ,un),U))\k —uk>Xk
= M (Fr(uny ey Un )y 06 — up)x,, + (1= M) (Fr(ug, ..o un), 05 — up) x,
n
= (Frlug, .. tn),wj — ;) x, = (Fu,w—u) < —¥(w,u) + JO(0 @ — 0)
j=1
n n
== > i(wy, e wh e weug) Y TG, T @ — )
j=1 j=1
= —Y(uq,... s Wry s« - - S Up, Ug)) +']S€(a1"" ,’L/l\,n;’[t\},\k — Ug)
S _)‘kwk(ulu"' s Uky o vt ,un,'LLk) - (1 _)\k)wk(ula"' 7027"' 7un7uk)
+ MG (@, T3 O — Ug) + (L= M) T (U, - U D)) — Tge).

Using (H3)(b) and (3.4) we deduce that
Fr(uy, ... yun), vk —uk)x, < Yr(ur,... un,vk) + J,(;c(alv ey Up; U — Ug)
for all k € {1,...,n}, which means that (uy,...,u,) is a solution of (SNHI). O

In order to simplify some computations let us assume next that 0 € K}, for
each k € {1,... ,n}. In this case K g # 0 for every k € {1,... ,n} and every
R > 0.
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COROLLARY 3.7. For each k € {1,...,n} let Ky C Xy be a nonempty,
closed and convexr set and assume that there exists at least one index kg €
{1,...,n} such that Ky, is unbounded and either (H1)-(H2) or (H2)-(H3) hold.
Assume in addition that for each k € {1,... ,n} the following conditions hold:

(H6) There exists a function ¢ : Ry — Ry with the property that tlirgo c(t) =
—+o0 such that
n
= k(s gy U, 0) > e([Jullx) [l x
k=1
for all (ug,...,up) € X1 X ... x X,,, where u = (U1,... ,Ug,.. ,Up)

n 1/2
ullx = (Z ||uk||?xk) ;
k=1

(H7) There exists My > 0 such that

and

J’(;(;(w:l?"' s Wy v vt 7wn7_wk) S MkHwk”ka

for all (wy,... ,wy) €Y1 X ... X Yy;
(H8) There exists my > 0 such that

| Fk(u, ... ug, ... ,un)||X; <myg, forall (uy,...,u,) € Xy X...x X,.

Then the system (SNHI) admits at least one solution.

PRrROOF. For each R > 0 Theorem 3.1 (or Theorem 3.3) enables us to con-
clude that there exists a solution (uig, ... ,unr) € K1,r X ...x K, r of problem
(SR). We shall prove that there exists Ry > 0 such that

UgR, € int Bx, (0; Ry), forall ke {1,...,n},

which, according to Theorem 3.5, means that (uip,, ... ,UnR,) iS & solution of
the system (SNHI).

Arguing by contradiction let us assume that for each R > 0 there exists
at least one index jo € {1,...,n} such that ujr ¢ int By, (0,R), therefore
[ujorllx;, = R. Using the fact that (uig,...,unr) solves (SR) we conclude
that for each k € {1,... ,n} the following inequality holds

(35) Ye(uir,--- ,ungr,vk) + J%(@iR, -, Unr; Ok — Urr)

> (Fr(WiR, - -+, UnR), Uk — UKR) Xy

for all v, € Ky R.
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Taking v, = 0 in (3.5), summing and using (H6)—(H8) we have

n
c(flullx)lullx < —Z¢k(U1R7~-~ s UjoRs - -+ » UnR,0)
k=1
n
S ZKFk(ulR, e aunR); ukR>X;C +J3€(a1R? e ;akv cee aanR; *ak)]
k=1

n
< (IFe(urr, - unr)llx; el x, + Mil[dxrlv,)
k=1

< > [(mw + My|| Tyl urrl| ) < Cllulx-
k=1
Dividing by ||u||x and letting R — +00 we obtain a contradiction since the left-
hand term of the inequality is unbounded while the the right-hand term remains
bounded. ]

4. Applications

4.1. Nonlinear hemivariational inequalities. Let us consider X, Y to be
real reflexive Banach spaces such that there exists a linear and compact operator
T:X — Y. If K is a nonempty closed subset of X and n = 1, then the system
(SNHI) reduces to the following nonlinear hemivariational inequality:

(Py) Find u € K such that

Y(u,v) + JY (W0 — 1) > (Fu,v —u)x, foralvekK.

4.1.1. Let us consider Q C RF (k > 1) to be open, bounded with smooth
boundary and assume that X is compactly embedded in L7(Q;RF) for some
q € (1,+00). Let us assume in addition that the following conditions hold

Hi(j) j:Q x RF — R is a functional which satisfies:
(a) z ~ j(z,y) is measurable, for every y € R¥;
(b) either there exists o € L9/(4=1(Q; R¥) such that

i (@, v1) = (2, v2)| < afz)|vr — vz,

for almost every x € Q and every vy, vy € R¥;
or y ~ j(z,y) is locally Lipschitz for almost every x € Q and there
exists ¢ > 0 such that

|02 (2, y)| < e+ 1y|""),

for almost every = € Q and every y € R”;
(¢c) y ~ j(z,y) is regular for almost every = € Q.
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Choosing Y = LI(;R¥), T = i (here i is the embedding operator between X
and LY(Q;R?)), Fu = f (f € X*) for all uw € X and J: L9(; RF) — R defined
by

Iw) = | slew) d.
Q
our inequality (Py) becomes

(Pj) Find u € K such that
Y(u,v) Jr/ jg(x,a(x);ﬁ(o:) —u(z))dx > (f,v—u)x foralvekK.
Q

This kind of hemivariational inequalities being studied by Costea and Radulescu
n [12]. Comparing our results with the ones obtained by Costea and Radulescu
we observe that Corollary 3.6 extends Theorem 3 from [12] while Theorem 3.3
extends Theorem 4 from [12].

REMARK 4.1. It can be proved that problem (771})) admits solutions even in
the case when Q C RF is unbounded. In this case we need to replace H; ()
with an appropriate condition which ensures the existence of the integral term
Jo 3% (@, 0(x); 0(x) — U(x)) dz (see e.g. the work of Kristély and Varga [20] or
Lisei et al. [22]).

4.1.2. Let us consider (T, ) to be a measure space of finite and positive
measure and assume that X is compactly embedded in L4(T) for some g €
(1,400). Assume in addition that the following conditions hold true:

Ha(j) j:T xR — R is a functional which satisfies:
(a) © ~ j(x,y) is measurable, for every y € R;
(b) either there exists 8 € L%/ (4= (T;R¥) such that
|]($, Ul) - j(.’lf,’l)g)‘ < /6($>|’U1 - U2|’

for almost every « € T and every vy,vs € R, or y ~ j(x,y) is locally
Lipschitz for almost every € T and there exists ¢ > 0 such that

|92 (z, y)| < e(1+[yl7™h),

for almost every x € T and every y € R;
(¢c) y ~ j(x,y) is regular for almost every z € T.

H(f) f:T xR — R is a functional such that:
(a)  ~ f(x,y) is measurable for every y € R;
(b) y ~ f(z,y) is continuous for almost every x € T
(c) there exists v; € L9/(0~1D(T) and 5 € L>(T) such that:
[z, 9)] < m(x) +2(2)lyl "

for almost every z € T and every y € R.
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Choosing Y = LU(T'), T = i (where i: X — L9(T) is the embedding opera-
tor), F: X — X* defined by

(Fu,v)x = /T £ () o) dy

and J: LY(T) — R defined by

J(w) = /T 3, w(2)) dps

our inequality (Py) becomes:

(P}) Find u € K such that

w(u7v)+Aj%(x7U(x);v(m)—U(w))duZ/Tf(%u(w))(v(w)—U(m))du~

The above inequality is similar to the one studied by Andrei and Costea
in [1] in the case h(z,y) =1 for all x € T and y € R. Comparing the results we
observe that Theorem 3.1 extends Theorem 2.1 from [1], Theorem 3.4 extends
Theorem 2.2 from [1] while Corollary 3.7 extends Theorem 2.3 from [1].

4.2. Existence of Nash generalized derivative points. Let F1,... , E,
be Banach spaces and for each k € {1,... ,n} let K be a nonempty subset of
Ej.. We also assume that gi: K7 X ...x K X ...x K, — R are given functionals.
We recall below the notion of Nash equilibrium point (see [30], [31]).

DEFINITION 4.2. An element (ug, ..., Uk, ... ,uy) € K1 X... XK x... XK,
is a Nash equilibrium point for the functionals ¢1,...,9gk,-.. ,gn, if for every
ke {1,...,n} and every (v1,...,Vk,... ,Un) € K1 X ... X K} X ... X K, we
have

gk(ula'-' y Uky - 7un) ng(ula y Ukgy -+ 7un)'

Let Dy, C Ej be an open set such that Ky C Dy, for all k € {1,... ,n}. For
each k € {1,... ,n} we consider the functional gi: K1 X ... x D x ... x K,, = R
such that ug ~» gg(u1,... , Uk, ... ,uy) is locally Lipschitz. The following notion
was introduced by Kristély in [18].

DEFINITION 4.3. An element (ug,... Uk, ... ,uy) € K1 X... XK x... XK,
is a Nash generalized derivative point for the functionals ¢1,... , gk, ... , gy if for
every k € {1,... ,n} and every (vi,... ,Uk,...,0n) € K1 X ... X K X ... x K,
we have

gg’k(ul, ey Uy ey U U — Ug) > 0.

We point out the fact that the above definition coincides with the notion of
Nash stationary point introduced by Kassay, Kolumban and Péles in [16] if every
functional g, is differentiable with respect to the k*" variable. Moreover, every
Nash equilibrium point a Nash generalized derivative point.
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4.2.1. For each k € {1,...,n} let Dy C Xy be an open and consider
the functional gg: Ky X ... X D x ... x K,, — R such that g5 is locally Lip-
schitz with respect to the k*" variable and for each v, € X the mapping
(Uy oo Uk oo ey Up) ~ gg’k(ul, ey Uk, ..., Up; V) 1S weakly upper semicontin-
uous. Let us choose next ¢y (ur, ..., U, .- s Un; V) = R (U1, Uy ooy Un;
v —ug), J =0, F, =0.

(a) If for each &k € {1,...,n} the set K} C X is nonempty, bounded,
closed and convex, then Theorem 3.1 implies that there exists at least one point
(ud, .o ul, o ud)e Ky x. . . x K x. .. x K, such that for all (vi,... , vk, ... ,vy)
€ Ki x...x Ki x...x K, we have

0 (,0 0 0 0
G (Ul U, upy o —ug) 20, forall ke {1,... ,n},

that is, (u,...,u,... ,ul) € K1 x ... x K x ... x K, is a Nash generalized

derivative point for the functionals g1,..., gk, .. gn.

(b) Let us assume now that the sets K} are nonempty, closed and convex
and at least one of them is unbounded. Assume in addition that there exists
Ry > 0 such that Kj g, is nonempty for every k € {1,...,n} and for each
(Wiseoe Uk, s Uy) E KXo X KXo XK\ K1 gy X ... X Kj py X... X Kp Ry
there exists (v9,...,0%,...,0%) € K1 gy X ... X K gy X ... X K, g, such that

g27k(u1,... Uk, - UV — 1) <0, forall ke {l,...,n}.

Then, according to Corollary 3.6, there exists at least one point (u, ... ,ug, cey
ud) € Ky x ... x Kj, x ... x K, such that for all (vi,...,vs,...,v,) € Kj X
... x K x...x K, we have

g%k(u?,... uR, . udsvp —ul) >0, forall ke {l,...,n},
which means that (uf,... ,ul,...,ul) € K x ... x Ky x ... x K, is a Nash
generalized derivative point for the functionals g1,... ,9k,--. , gn-

(c) Let us assume now that the sets K}, are nonempty, closed and convex
and at least one of them is unbounded. Assume in addition that there exists
a function ¢: R, — Ry with the property that 75lim ¢(t) = +oo such that

— 00

n
=Y sk s =) > e([fullx)lfullx,
k=1

for all (u1,...,u,) € K1 X ... x K,. Then, according to Corollary 3.7, there
exists at least one point (uf,...,ud,... ul) € Ky x ... x Kj, x ... x K,, such
that for all (v1,... , Vg, ... ,0n) € K1 X ... X Ki X ... x K, we have

0 (,0 0 0 0
G (Ul U, upvr —ug) 20, forall ke {1,... ,n},
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which means that (uf,... ,ul,...,ul) € K x ... x Ky x ... x K, is a Nash
generalized derivative point for the functionals g1,..., 9k, .. gn.

4.2.2. Let us consider that for each k € {1,... ,n} we have ¢, =0, J =0
and Fi: X7 x ... X X x ... x X,, — X} a nonlinear operator such that (H2)
holds.

(a) For each k € {1,... ,n} we assume that the set K} C X} is nonempty,
bounded, closed and convex. Then Theorem 3.1 implies that there exists at least

one point (uf,...,ud, ..., ud) € K; x ... x K x ... x K,, such that for all
(V1 Uy e, 0p) € Ky X oo X K X ... X K, we have

—(Fr(ul, . ul, . ud), o —ud)x, >0, forallke{1,...,n},
which means that (u?,...,u?,...,ul) € K; x ... x K x ... x K, is a Nash
stationary point for the functionals g1, ..., gk, .- , gn, Where gi: K1 X ... X X X
... x K, — R is differentiable with respect to the k*" variable and g;,k = —F}

(here ﬁk is the restriction of Fj to Ky X ... x X x ... x K,).
(b) Let us assume now that the sets K} are nonempty, closed and convex
and at least one of them is unbounded. Assume in addition that there exists

Ry > 0 such that Kj g, is nonempty for every k € {1,...,n} and for each

(Wiyee s Uky e s Up) € KXo X KXo XK\ K1 Ry X ... X Ky gy X .. X K Ry

there exists (v9,...,00,...,00) € Ky gy X ... X K gy X ... X Ky g, such that
(Fr(ug, . Uk ), vy —up)x, >0, forall ke {l,...,n}.

Then, according to Corollary 3.6, there exists at least one point (u, ... ,ug, N

ud) € Ky x ... x Kj, x ... x K, such that for all (vi,...,vx,...,v,) € Kj X

... x K x ... x K,, we have

—(Fp(ul, ... ud, ... ul), o —ud)x, >0, forallke{l,...,n},
which means that (uf,... ,u?,...,ul) € K; x ... x K x ... x K, is a Nash
stationary point for the functionals g1, ... ,g,, where gg: K3 X ... X Xp X ... X

K, — R is differentiable with respect to the k' variable and G = —Fk.

4.3. Weak solvability of frictional problems for piezoelectric bodies
in contact with a conductive foundation. This subsection focuses on the
weak solvability of a mechanical model describing the contact between a piezo-
electric body and a conductive foundation. The piezoelectric effect is charac-
terized by the coupling between the mechanical and the electrical properties of
the materials. This coupling leads to the appearance of electric potential when
mechanical stress is present and, conversely, mechanical stress is generated when
electric potential is applied. For more details on this topic the reader can consult
the recent papers of Migérski, Ochal and Sofonea [24]—[26].
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Before describing the problem let us first present some notations and preli-
minary material which will be used throughout this subsection.

Let m be a positive integer and denote by S,, the linear space of second order
symmetric tensors on R™ (S, = R7"*"™). We recall that the inner product and
the corresponding norm on &, are given by

S, =V1:7, foral 7,0 €S,

T:0="7j04, ||

Here, and hereafter the summation over repeated indices is used, all indices
running from 1 to m.
Let © C R™ be an open bounded subset with a Lipschitz boundary I" and

let v denote the outward unit normal vector to I'. We introduce the spaces:

H = L*(Q;R™),

H = {r=(7i3) : 7ij = 75 € L*(Q)} = L* (2 Sm),

Hy, ={u€ H:e(u) € H} = H'(R™),

H, ={r€H:Divr € H},

where €: H; — H and Div:’H; — H denote the deformation and the divergence
operators, defined by

e(u) = (g45(u)), gij(u) = 5 (83:- + 83:]‘)’ Divt = <8xj<>’
J [ j

The spaces H, H, H; and H; are Hilbert spaces endowed with the following
inner products:

(u,v) g z/Quivi dz, (o, 7)1 :/QU:de,
(u,v)m, = (w,v)m + (e(u),e(v))n, (0,7)1, = (0,7)3 + (Dive,Divr)y.

The associated norms in H, H, Hy, Hi will be denoted by || - |z, || - |2, || - |
and || - ||, , respectively.

Given v € H; we denote by v its trace yv on I', where v: H!(Q;R™) —
HY?(T;R™) C L*(I'; R™) is the Sobolev trace operator. Given v € H'/2(I'; R™)
we denote by v, and v, the normal and the tangential components of v on the
boundary I, that is v, = v-v and v, = v—wv,v. Similarly, for a regular tensor field
o:Q — S, we define its normal and tangential components to be the normal
and the tangential components of the Cauchy vector ov, that is o, = (ov) - v
and o, = ov — o,v. Recall that the following Green formula holds:

(4.1) (0,6(v))n + (Divo,v)g = / ov-vdl, forallve Hj.
r

We shall describe next the model for which we shall derive a variational
formulation. Let us consider body B made of a piezoelectric material which
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initially occupies an open bounded subset Q@ C R™ (m = 2,3) with smooth
a boundary 02 = I". The body is subjected to volume forces of density fy
and has volume electric charges of density gg, while on the boundary we impose
mechanical and electrical constraints. In order to describe these constraints we
consider two partitions of I': the first partition is given by three mutually disjoint
open parts 'y, T's and I's such that meas(I'; > 0) and the second partition
consists of three disjoint open parts I'y, T, and I'; such that meas(T';) > 0,
I'n =T3 and T, UT, = 'y UTy. The body is clamped on I'; and a surface
traction of density fs acts on I's. Moreover, the electric potential vanishes on I,
and a surface electric charge of density ¢ is applied on I'y. On I's = I'. the body
comes in frictional contact with a conductive obstacle, called foundation which
has the electric potential pp.

Denoting by u: Q — R™ the displacement field, by e(u) = (&;;(w)) the strain
tensor, by o:Q — S, the stress tensor, by D:Q — R™, D = (D;) the electric
displacement field and by ¢: 2 — R the electric potential we can now write the
strong formulation of the problem which describes the above process:

(Par) Find a displacement field u: 2 — R™ and an electric potential ¢ : 2 — R

such that:
(4.2) Divo+ fo =0 in Q,
(4.3) divD = ¢ in €,
(4.4) o =E&&(u)+PVy inQQ,
(4.5) D =Pe(u) —BVy in Q,
(4.6) u=0 on I'y,
(4.7) v =0 on I'y,
(4.8) ov = fo on 'y,
(4.9) D-v =g on Iy,
(4.10) —o, =8 on I's,
(4.11) —or € Oqf(x,ur) on I's,
(4.12) D-v € dp(x,p—pr) onls.

We point out the fact that once the displacement field u and the electric
potential ¢ are determined, the stress tensor o and the electric displacement
field D can be obtained via relations (4.4) and (4.5), respectively.

Let us now provide explanation of the equations and the conditions (4.2)—
(4.12) in which, for simplicity, we have omitted the dependence of the functions
on the spatial variable x.
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First, equations (4.2)—(4.3) are the governing equations consisting of the
equilibrium conditions, while equations (4.4)—(4.5) represent the electro-elastic
constitutive law.

We assume that £:Q x S,,, — S, is a nonlinear elasticity operator, P: ) x
Sm — R™ and PT:Q x R™ — &, are the piezoelectric operator (third order
tensor field) and its transpose, respectively and B:Q x R™ — R™ denotes the
electric permittivity operator (second order tensor field) which is considered to be
linear. The tensors P and PT satisfy the equality:

Pr-(=7:P7¢, forallT€S,, and all { € R™,

and the components of the tensor PT are given by piTjk = Dkij-

When 7 ~ E(x,7) is linear, £(x,7) = C(z)7 with the elasticity coefficients
C = (cijk1) which may be functions indicating the position in a nonhomogeneous
material. The decoupled state can be obtained by taking p;;r = 0, in this case
we have purely elastic and purely electric deformations.

Conditions (4.6) and (4.7) model the fact that the displacement field and the
electrical potential vanish on I'y and T, respectively, while conditions (4.8) and
(4.9) represent the traction and the electric boundary conditions showing that
the forces and the electric charges are prescribed on I's and I', respectively.

Conditions (4.10)—(4.12) describe the contact, the frictional and the electrical
conductivity conditions on the contact surface I's, respectively. Here, S is the
normal load imposed on I's, the functions j:I's x R™ — R™ and ¢:I's x R = R
are prescribed and ¢ is the electric potential of the foundation.

The strong formulation of problem (Pps) consists in finding u: Q2 — R™
and ¢:Q — R such that (4.2)—(4.12) hold. However, it is well known that, in
general, the strong formulation of a contact problem does not admit any solution.
Therefore, we reformulate problem (P)s) in a weaker sense, i.e. we shall derive
its variational formulation. With this end in view, we introduce the functional
spaces for the displacement field and the electrical potential

V={ve H'(;R™) :v=0o0nT,}, W={pecH (Q):p=00nT,}
which are closed subspaces of H; and H'(Q)). We endow V and W with the
following inner products and the corresponding norms

(w,v)v = (e(u),e()n,  vllv = lle()s,
(e X)w = (Ve, VX)u, Ixllw = 1Vxlla

and conclude that (V|- ||v), (W, || - [lw) are Hilbert spaces.
Assuming sufficient regularity of the functions involved in the problem, using
the Green formula (4.1), the relations (4.2)—(4.12), the definition of the Clarke
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generalized gradient and the equality

/(UV)~vdF=/ ol,v,,dl“—&—/ o7 vy dl
I's I's T3

we obtain the following variational formulation of problem (Py;) in terms of the
displacement field and the electric potential:

(Pv) Find (u, ) € V x W such that for all (v,x) € V x W
(Ec(u), £(v) — (W) + (PTV,e(v) — () + / J%(@, wrs vy — up) dT

s
> (f,’U 7u)Vs

wv%vx—V@H—U%WLVx—V@H+/"&M%¢—¢ﬂx—¢MF
I's

> (g, x — 9w,

where f € V and ¢ € W are the elements given by the Riesz’s represen-
tation theorem as follows

(f,v—u)y :/fo-vdx—l—/ fo-vdl — Swv, dl,
Q A

I's
(&, X)w Z/QOXCZ:B—/ gox dr.
Q T,

In the study of problem (Py ) we shall assume fulfilled the following hypothe-
ses:

(He) The elasticity operator £: Q x S,;, — S, such that
(a)  ~ E(x, T) is measurable for all 7 € S,;
(b) 7~ &(x,7) is continuous for almost every z € §;
(c) there exist ¢; > 0 and o € L?(2) such that

1€, Tlls,, < clal) +[I7]s,.)

m —

for all 7 € §,,, and almost every x € €0;

(d) 7~ E(x,7) : (0 —7) is weakly upper semicontinuous for all o € S,
and almost every x € §;

(e) there exists ¢; > 0 such that E(z,7) : 7 > ¢[|7[|3 for all T € S,y
and almost every x € .

(Hp) The piezoelectric operator P:Q x S, — R™ is such that
(a) P(z,7) = p(z)7 for all 7 € S, and almost every x €

(b) p(x) = (pijr(x)) with pijr = pix; € L=(Q).

(Hp) B:Q x R™ — R™ is such that
(a) B(z,¢) = p(z)¢ for all ¢ € R™ and almost = € ;
(b) B(z) = (Bij(x)) with B;; = Bj; € L>(Q);
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(c) there exists m > 0 such that (3(z)¢) - ¢ > m|(|? for all ¢ € R™ and
almost every x € .

(H;) j:Ts x R™ — R is such that

(a) z ~ j(x, () is measurable for all { € R™;

(b) ¢ ~ j(x,() is locally Lipschitz for almost every x € I's;

(c) there exist c3 > 0 such that |927(x, ()| < e3(1 +|¢]) for all ¢ € R™
and almost every x € I's;

(d) there exists ¢4 > 0 such that j%(z,{; —¢) < ¢4/¢] for all ¢ € R™ and
almost every z € I's;

(e) ¢ ~ j(x,() is regular for almost every x € I's.

(Hy) ¢:T3 x R — R is such that:
(a)  ~ ¢(x,t) is measurable for all t € R;
(b) ¢ ~ ¢(x, () is locally Lipschitz for almost every = € I's;
(c) there exist ¢5 > 0 such that |02¢(z,t)| < cs|t| for all ¢t € R and
almost every x € I's;

(d) t ~ ¢(x,t) is regular for almost every = € T's.

(Hpq) fo € H, fo € L*(T;R™), g0 € L*(Q), gy € L*(T'2), S € L=(T'3), S > 0,
PF S L2(F3)

The main result of this subsection is given by the following theorem.

THEOREM 4.4. Assume fulfilled conditions (He), (Hp), (Hg), (H;), (He)
and (Hysq). Then problem (Py) admits at least one solution.

PrROOF. We observe that problem (Py) is in fact a system of two coupled
hemivariational inequalities. The idea is to apply one of the existence results
obtained in Section 2. with suitable choice of ¥y, J, and Fj, (k € {1,2}).

First, let us take n = 2 and define X; =V, Xo = W, Y] = L*(I'5;R™),
Yo = L?(T3), K1 = X; and Ky = Xo.

Next we introduce T7: X7 — Y7 and T5: X5 — Y5 defined by

leiTOfymoim|p3, TQ:’}/Oi‘FS,
where i,,: V— Hy = H'(; R™) is the embedding operator, v,,,: H;— H/?(T;R™)
is the Sobolev trace operator, i,: H'/?(I';R™) — L?(T'3;R™) is the operator
defined by i, (v) = vy, i: W — H(Q) is the embedding operator and v: H'(Q) —
H*'/2(T") is the Sobolev trace operator. Clearly Ty and Ty are linear and compact

operators.
We consider next ¥1: X1 X Xox X7 — R and ¥9: X7 X Xo X X5 — R defined by

Y1(u, p,v) = (Ee(u),e(v) — () + (PTVp,e(v) — e(u))n,
Yo (u, 0, x) = (BVp,Vx = Vo)g — (Pe(u), VX — Vo)u,
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J: Y] x Yo — R defined by

J(w, ) = / jw(@)dt + | é(an(x) — o)) dT,

I's
and F11X1 X X2 — Xf and Fg:Xl X Xg — X; defined by

Fl(“a@):fv FQ(“?SD):C[

It is easy to check from the above definitions that if (Hg), (Hp), (Hg), hold,
then the functionals 11, 12 satisfy conditions (H1) and (H6). Taking (H;) and
(Hy) into account we conclude that J is a regular locally Lipschitz functional
which satisfies

J’Ol(w,n;z) :/F j?z(%w(m);z(m))dl",

T (w,n;¢) = g ¢ (@, n(z) — p(2);((x)) dr.

Obviously conditions (H2), (H7), (H8) are fulfilled, therefore we can apply Corol-
lary 3.7 to conclude that problem (Py ) admits at least one solution. ]
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