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TWO POSITIVE SOLUTIONS
FOR ONE-DIMENSIONAL p-LAPLACIAN
WITH A SINGULAR WEIGHT

RyuJ1 KAJIKIYA — YONG-HOON LEE — INBO SiMm

ABSTRACT. We investigate a bifurcation problem for one-dimensional p-
Laplace equation with a singular weight under Dirichlet boundary condi-
tion. Using super-subsolution method and mountain pass lemma, we prove
the existence of at least two positive solutions, at least one positive solution
and no positive solution according to the range of a bifurcation parameter.

1. Introduction

In this paper, we study one-dimensional p-Laplacian with a singular weight
ep (W () + Ah(t) f(u(t)) =0 a.e. in (0,1),

(Fa) w(0) = u(1) = 0,

where ¢, (s) = |s|P72s, p > 1, X is a nonnegative parameter, h is a nonnegative
measurable function on (0,1), h # 0 on any open subinterval in (0, 1) which may
be singular at t = 0,1 and f € C(R,R).
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We will prove the existence of two positive solutions, one positive solution
and no positive solution according to different ranges of A. As for the singularity
of h, we suppose:

(A1) /01 P11 — )P h(t) dt < oco.

We also assume conditions on f as follows:
(A2) sf(s) > 0for s # 0 and f is odd,
(A8) 0< Jo = lim f(s)/5~" < oc,
(A4) lim f(s)/sP~! = oo,
(A5) iﬁeoli)e exists s, > 0 such that f(s) < fosP~! for s € (0, s.).

It is easy to see that if h € L1(0, 1), then all solutions of (Py) are in C1[0, 1].
On the other hand, if h ¢ L'(0,1), then this regularity of solutions is not true in
general, for example if we take h(t) = (p — 1)t 1+ Int|P~2, p > 2 and A = 1,
f =1, then h ¢ L'(0,1) but h satisfies (A1) and the solution u is given by
u(t) = —tInt which is not in C*[0,1]. But Proposition 2.6 in [11] guarantees to
consider C1[0, 1]-solution of (P,) when h holds (A1) and specially f holds (A2)
and (A3). Therefore, in this paper we will study the existence of C''[0, 1]-solution
for (Py). We call u a solution of (P)) if u € C}[0,1], p,(u') € W1(0,1) and
u satisfies (P). Here W11(0,1) denotes the usual L' Sobolev space of the first
order and C}[0,1] is defined by

Ca10,1] := {u € C*0,1] : u(0) = u(1) = 0}.
By (A3), (Px) near u = 0 is approximated by

{ op(U (1)) + Afoh(t)pp(u(t)) =0 a.e. in (0,1),

() w(0) = u(1) = 0.

This is an eigenvalue problem with a singular weight. We call v an eigenfunction
with an eigenvalue X if u € C3[0,1], ¢,(u') € WH1(0,1) and u # 0 satisfies (E,).
Assumption (A1) is essential for the existence of discrete eigenvalues of (Ey)
with C'-eigenspace, indeed, we have the following known result.

THEOREM 1.1 ([11, Theorem 2.1]). Assume (Al). Then the eigenvalues
of (Ey) consist of a countable set {uy : k € N} which satisfies the following
assertions:

(a) pg is strictly increasing on k and diverges to oo as k — oo.

(b) Each eigenspace is one dimensional in C§|[0,1].

(¢) Any eigenfunction corresponding to py has exactly k — 1 simple zeros
in (0,1).

(d) If u(# px, k € N) is an eigenvalue, then its eigenspace is not of C*.
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In [13], among other results about sign-changing solutions, we have proved
the existence of positive solutions for (Py).

THEOREM 1.2 ([13, Theorem 2.3]). Assume (A1)—(A5). Then there exist
A1, Ay € (p1,00) with Ay > A, such that (Py) has at least two positive solutions
for X € (u1,;), at least one positive solution for X € (0,u1] and no positive
solutions for A € (A1, 00).

The above theorem has been proved by using Rabinowitz’s global bifurca-
tion method in the space (A, u) € (0,00) x C3[0, 1] mainly due to the following
proposition.

PROPOSITION 1.3 ([12, Theorem 1.1] and [13]). Assume (A1)—(A5). Let S
denote the closure of the set of montrivial solutions (A, u) € (0,00) x C3[0,1]
for (Px). Then there exists an unbounded subcontinuum Cy in S bifurcating from
(11, 0) which satisfies the following:

(a) C1 N (R x {0}) = {(p1,0)} and each (A, u) € C1 \ {(11,0)} is a positive
solution.

(b) Cy intersects {A} x (C3[0, 1]\ {0}) for any A € (0, u1).

(¢) There exists Ay >0 such that (Py) has no positive solution when A>A;.

(d) Let (A u) be a positive solution with ||ulleo < sx. Then X\ > uy, where

Sy is given in (AD).

Here || - ||oo denotes the L°°(0,1)-norm. By (d), we see that the bifurcation
branch starting from (p1,0) grows to the right in a small range, which with (b)
guarantees the existence of at least two positive solutions for A slightly larger
than ;. In Theorem 1.2, there may be a gap between )\, and \;. The purpose
of this paper is to study when A, = X;. The proof of this assertion is not
obvious and to this end, we assume an additional condition, so called Ambrosetti—
Rabinowitz condition (see [2, p. 363] or [16, p. 19] for p = 2) such as:

(A6) There exist a € (p,00) and M > 0 such that
(1.1) aF(s) < sf(s) fors>M,

where F(s) is defined by
(1.2) F(s) ::/O flr)dr.

We now state our main result.

THEOREM 1.4. Assume (A1)—(A6). Then there is Ay € (p1,00) such that
(Py) has at least one positive solution for X € (0, 1], at least two distinct positive
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solutions ug and uy satisfying ug < uy on (0,1) for A € (u1,A1), at least one
positive solution for A = A1, and no positive solutions for A € (A1, 00).

Our approach for proof is based on combining a super-subsolution method
and a mountain pass lemma. Such a combination is originated by Brezis and
Nirenberg [4]. See [1] and [6] also. As for p-Laplacian problems, one may refer
to [7] and [9]. These papers focused on problems of the form

nlz,u) = )\a(ac)uqfl + b(:c)u“l,

where 1 < ¢ < p < r and weight functions a,b are continuous. We see that
fa(z,u) is sublinear near u = 0 and superlinear near v = oo and in this case,
we know that the bifurcation occurs at A = 0. We notice that our nonlinear

term is more generalized than previous ones. Indeed, examples of f satisfying
(A1)-(A6) are

)= —ut fwrl f(u) = o1+ ulogu),

where 1 < p < ¢ < r. Moreover, in our case weight function h may be singular
at ¢ = 0 and/or 1. Because of this singularity, we have to prove additional
lemmas and theorems which are somehow obvious when h is continuous on [0, 1],
e.g. the strong comparison principle, the C'-regularity theorem of a VVO1 2(0,1)-
weak solution, and the theorem that a C}[0, 1]-local minimizer of a Lagrangian
functional becomes a W, ?(0, 1)-local minimizer etc.

To complete these arguments, we organize this paper as follows. In Sec-
tion 2, we state several preliminary lemmas. In Section 3, we prove the existence
of a positive solution by using the super-subsolution method. In Section 4, we
obtain the second positive solution by using the mountain pass lemma. In Sec-
tion 5, we prove that the first solution is different from the second one.

2. Preliminary lemmas

In this section, we give some lemmas, which will be useful in the later sections.
The first one is related to the Sobolev imbedding of W*(0,1).

LEMMA 2.1 ([12, Lemma 2.2]). For any u € Wy*(0,1) and t € [0,1], we
have
1
(2.1) u@®)P < (2t(1—t))”_1/ [/ (s)[P ds.
0
The next lemma says that any nontrivial solution of (Py) has no double zeros.

LEMMA 2.2 ([12, Lemma 4.1]). Assume (A1)—(A3). If (A\,u) is a solution
of (Px) with u(ty) = v (to) = 0 at some ty € [0,1], then u identically vanishes
on [0,1].
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In the next lemma, we see that a bounded subset of solutions in R x C3[0, 1]
is relatively compact.

LEMMA 2.3 ([12, Corollary 2.5]). Assume (A1)-(A3). If a sequence of solu-
tions {(An, un)} for (Py) is bounded in (0,00) x C3[0, 1], then it has a subsequence

converging to a solution of (Py).

The next lemma implies that when a sequence {u,} of solutions converges
in C}[0,1], the number of their zeros is invariant for all large enough n.

LEMMA 2.4 ([12, Lemma 4.5]). Assume (A1)-(A3). Let {(An,un)} and
(A, u) be solutions of (Py) such that A, > 0, X > 0, u, Z 0 and {(An,un)}
converges to (\,u) strongly in R x C3[0,1]. Then there exists ng € N such that
all u, with n > ng have the same number of zeros in (0,1). Moreover, if u £ 0,
then the number of zeros of u, for n > ng coincides with that of u. If u = 0,
then X\ is equal to a certain eigenvalue uy, and u, with n > ng has exactly k — 1
zeros in (0,1).

For a solution (A, u) of (Py), a boundedness of A implies that of w.

LEMMA 2.5 ([13, Lemma 4.4]). Assume (A1l)—(A4). Then for any compact
interval J C (0,00), there exists M(J) > 0 such that if (A\,u) is a positive
solution of (Py) with A € J, then ||ul|cr < M(J).

3. Existence of first solution ug

In what is to follow, we assume conditions (A1l)-(A6) for all lemmas and
theorems. The key step to complete the proof of our main result (Theorem 1.4)
can be stated as follows:

THEOREM 3.1. Suppose that (Py) has a positive solution u at X € (p1,00)

and let A € (p1,A). Then (Py) has at least two distinct positive solutions ug and
uy satisfying uo(t) < uy(t), for allt € (0,1).

Since A; in Theorem 1.2 does not give sufficient information for A; in Theo-
rem 1.4, we need to find two positive solutions of (Py) for all A € (u1, ), where
A is in Theorem 3.1. In this section, we find first solution uy by using the super-
subsolution method. For reader’s convenience, we give the fundamental theorem

of super-subsolution.

THEOREM 3.2. Assume (Al). Let o and B be a subsolution and a superso-
lution of problem (Py), respectively such that o(t) < B(t) for all t € [0,1]. Then
problem (P)) has at least one solution u such that a(t) < u(t) < B(t) for all
t €10,1].

The proof can be done by obvious combination from Lee [14] and Lii-
O’Regan [15].
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LEMMA 3.3. Let ¢ be the first eigenfunction of (Ex) such that ¢ > 0 in
(0,1) and ||p|lcc = 1. Let @ be as in Theorem 3.1. Then u(t) := ep(t) withe >0
small enough is a subsolution of (Py) which satisfies u(t) < w(t), fort € (0,1).
Therefore there exists a positive solution ug of (Py) such that u(t) < ug(t) < u(t),
forte (0,1).

PRrOOF. Although this lemma has been proved in paper [13], we give a proof
for the reader’s convenience. Since p; < A, we choose ¢g > 0 satisfying uy fo/A <
co < fo and € > 0 so small that

f(s)/sP™ P> ¢y for0<s<e.

Since ||ul|oo = €, we have copp(u) < f(u). Since ¢ is an eigenfunction for pq, so
is u. Thus we have

—pp(u) = p foh(t)pp(u) < Ab(t) f(w),

i.e. u is a subsolution of (Py). It holds that u(t) < u(t) after € > 0 is replaced by
a smaller constant. Therefore by the fundamental theorem of super-subsolution,
there exists a positive solution wug such that u(t) < ug(t) < (t). O

For the p-Laplacian, it is proved in [3] and [8] that the strong comparison
theorem holds under assumptions different from ours. Because of the singularity
of h at t =0, 1, we must prove the strong comparison theorem for our equation,
e u(t) <ug(t) <u(t) as follows.

LEMMA 3.4. Let u, w and ug be as in Lemma 3.3. Then u(t) < uo(t) < u(t)
for allt € (0,1) and 0 < v/ (0) < ug(0) <@ (0), w'(1) < ug(l) < /(1) <O0.

PROOF. Let us show ug(t) < u(t) for ¢ € (0,1). Suppose on the contrary
that ug(to) = w(to) at some ¢y € (0,1). Since u(t) — up(t) attains a minimum at
t = to, we have ug(to) = @ (to). Integrating (Py) over (¢o,t), we have

op(ug(t)) — ppug(to)) = *)\/t hf(uo) ds.

Since @ is a solution of (Py) at A, we have the same identity as above with A
replaced by A and ug by @. Subtracting these identities, we get

(3:1) @p(up(t)) — ¢p(@ (1) = (A= A)/ hf(w)ds + )\/ h(f(@) = f(uo)) ds.

to tO

Put a = %(tg) and choose ¢ > 0 so small that (A — A)(f(a)/2) > e\. Then there
is 6 > 0 such that

(3.2) %f(a) < [f(u(s)) <2f(a),  [f(uls)) — fluo(s))] <&,
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for s € (to — 0,t0 + 0). The right-hand side of (3.1) can be estimated as
t
(A =N (f(a)/2) — 5/\]/ h(s)ds >0 fort € (to,to + 9).
to

Thus uy(t) > @ (t) for ¢ € (tg,to+0). Since ug(ty) = u(ty), we obtain ug(t) > u(t)
for t € (to,to + 9). This contradicts the fact that ug(t) < u(t). Consequently,
it holds that uo(t) < @(t) for ¢ € (0,1). In the proof of Lemma 3.3, we have
already obtained
ep(u) + (n1fo/co)h(t) f(u) > 0.

Using this inequality with the similar argument as in the proof of ug(t) < w(t),
we can prove that u(t) < ug(t).

Next, we shall show that uf,(0) < @ (0). Suppose on the contrary that u((0) =
u'(0). Then (3.1) with to = 0 is valid, i.e.

(3.3) @p(ug(t)) — p(@ (1)) = (A = A)/0 hf (@) ds + A/O h(f (@) = f(uo)) ds.

Putting a = u(,(0), which is positive by Lemma 2.2, we may write @ and ug of
the form

u(t) = at + £(t)t, ug(t) = at + n(t)t,
for some functions ¢ and 7 satisfying £(¢),n(t) — 0 ast — 0. Let 0 < ¢ <
(1/2) min{a, fo}. We shall determine ¢ later on. By (A3), there is § > 0 such
that

(3.4) |f(s) — fosP™ 1 <esP™! for s € (0,9).
Choose ty > 0 so small that
0 <T(t), uolt) <3, €Wl <e fort e (0,t).

We will estimate the right-hand side of (3.3). By (3.4) and the fact u(t) =
at + £(t)t > at — at/2 = at/2, we have

(3-5) f@®)) = (fo/2)at)? = > (fo/2)(at/2)P~" = bt"~ 1,
where b = (fo/2)(a/2)P~1. We use (3.4) and the fact u(t) < 2at, to get
(3:6)  |f(u(®)) = fluo(®))l

<|f@) — for? " + ol — w7 + | foub ™t — f(uo)|
< a4 folu(t) " — uo(t)

Let us estimate the last term. Let p > 2. Then the mean-value theorem guar-
antees an x € (ug(t),(t)) such that

(3.7) @t~ —uo(t)P| = (p — D)aP[a(t) — uo(t)|
< (p = D)ua®)P?lE(t) — n(t)|t < ect?™,
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where ¢ = 2(2a)P72(p — 1). Let 1 < p < 2. Then we have

(3.8) @t —uo(H)P | < [u(t) —uo ()P < (2et)P7 1

By (3.6)—(3.8), we obtain

(3.9) [f(@(t)) = fuo(t)] < Cle +eP~HtP~" for t € (0,t0),
where C' > 0 is independent of € and ¢. By (3.3), (3.5) and (3.9), we have

eolus(0) = @ (1) = (A= W= 2C(e+ )] [ bt ds >0,

where we have chosen € > 0 so small that the coefficient of the integral is positive.

Hence uj(t) > @' (t) for t € (0,tg). However, this contradicts the fact that ug(t) <

u(t) and ug(0) = u(0) = 0. Accordingly, we get uy(0) < @' (0). By the similar

argument, we can prove that u/(0) < u((0) and @'(1) < ug(1l) <u/(1) <0. O
4. Existence of second solution wu;

In this section, we find the second solution in Theorem 3.1 by using varia-
tional method. We define norm || - ||, of Wy?(0,1) by

1 1/p
||u|1,p:=( / u'pdt) .
0
We put

(4.1) p(t) == (t(1 —t))P~ .
Then assumption (A1) is equivalent to hp € L(0,1). By (2.1), we have
(4.2) [u(t)] < 20772 ()P ful]1 p,

for t € [0,1) and u € Wol’p(O, 1). To obtain another positive solution, we define

= fluo(t)) if s <wuo(t),

ft.5) = { f(s) if s > wo(t),
fluo(t)) if s <wup(?),

g(t,s) == q [f(s) if uo(t) < s < u(?),
f@) ifu(t) <s,

F(t,u) := /Ou f(t,s)ds, G(t,u) := /O“ g(t, s)ds,

where @ and ug are given in Lemma 3.3 Moreover, we define

I(u) := /01 <;|u’|p — Ma(t)F(t, u)> dt,

p

J(u) = /0 1 (1|u’|p - )\h(t)(N}’(t,u)) dt.
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LEMMA 4.1. I(u) and J(u) are C-functionals on W, P(0,1) and satisfy the
Palais-Smale condition.

PrROOF. We deal with I(u) only because the same argument can be applied

for J(u) also. We prove that h(-)F(-,u(-)) is integrable on (0,1) when u €
Wy*(0,1). Recall that W, *(0,1) is imbedded in L>(0,1). Let u € Wy*(0,1).
Then by (A3), there is a constant A > 0 depending on ||ul|c such that

(8, 8)| < Alls” + uo(t)?)  for |s] < ||ullo-
This inequality with (4.2) shows
|A(E)E (8, u(t))] < 207 AR p(t) ([ullf , + o]l ,)-

Therefore h(-)F(-,u(-)) is integrable and I(u) is well-defined in W, *(0,1). In
the usual way, it can be proved that I(u) is of class C.

To show the Palais-Smale condition, let {u,} be a sequence in W, (0,1)
such that |I(u,)| is bounded and ||I’'(u,)| converges to zero, where || - || means
the norm of dual space of W,?(0,1). Since

1 ~
(4.3) I'(u)v = /0 (Jo[P~2u'v" — Ah(t) f(t, u)v) dt,

we have a relation

(44) al(un) - I/(un)un = 6””71”11),;0 - /\/O h(t)(aﬁ(taun) - unf(taun)) dt,

where « is the constant in (A6) and we put 8 = (a — p)/p. We will estimate the
integral on the right-hand side. Choose € > 0 so small that

1
(4.5) 20~\e [ hpdt < B/A.
0

Observe that F(t,s) = f(uo(t))s, if s < ug(t) and F(t, s) = F(s)+f (uo(t))uo(t)—
F(uo(t)), if s > ug(t), where F is defined by (1.2). We choose a constant M > 0
which satisfies (A6), M > ||ug|lco and moreover

a(f(ug)ug — Flug)) < eMP.

Then we use (A6) to get

aF(t,s) = sf(t,s) = aF(s) + a(f(uo)uo — F(uo)) — sf(s) < els[”,

for s > M, and

aF(t,s) —sf(t,s) = (o —1)f(ug)s <0, fors<—M.

In any case, we obtain

(4.6) aF(t,s) —sf(t,s) <elsP, for|s| > M.
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y (A3), there is a constant B > 0 such that
(47) (B (t,5) — (¢ )| < B(sl? +uo(t)?), for |s| < M.

We choose § > 0 so small that

5 1
(4.8) 21"1)\3(/ hp dt +/ hpdt) < (/4.
0 1-6
Fix n € N arbitrarily. We define

P:={te0,1]: |u,(t)| = M},

Q ::{t € (671*5) : |un(t)| < M}a

R:={te[0,6]U[1—0,1]: |un(t)| < M}.
First, by (4.6), (4.2) and (4.5), we have

M| R (aF(tun) — un f(t, un)) dt

*u\

1
< [ Ml de <2 Ocluallt [ hode < 2t
P . 0 4 B

Second, we get

(4.10) A /Q B (@B (t, un) — tun F(E ) di

1-5
<\ sup |aF(t7s)—sf(t,s)|/ h(t)dt
|s|<M 5

Finally, using (4.7) and (4.8), we have
(4.11) )\/ W) (@B (t, 1) — wn J (2, un))
R
< )\B/ Blunl? dt + Co < (8/4)||unll?., + Co.
R

Here Cy = fol ABR(t)ug(t)? dt. Denoting the right-hand side of (4.10) by C; and
combining (4.9)-(4.11), we obtain

3 [ HO@P( 1) = ) e < (82l + Co+ Cr.

Substituting the above inequality into (4.4) and using the boundedness of |1 (uy,)]
and || I'(un)|l, we have a constant C' > 0 such that

C+ Cllunllip = (8/2)unlly , — Co = C1.

Thus |lup||1,, is bounded and it has a subsequence (denoted by w,, again) con-
verging to a limit us, weakly in W, ?(0,1). The compact imbedding assures
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that u,, converges to u, strongly in C[0,1]. To prove the strong convergence in
Wol’p(O, 1), we prepare two inequalities for z,y € R,

(4.12) (|22 — [y 2z —y) 227 Dz —ylP ifp>2,

(p— Dz —yl?

(413) (P z = "y —y) 2 ey

ifl<p<2

(4.12) follows from an easy calculation. (4.13) is obtained by the mean-value
theorem = -2
P — Y|Py -
=(p— D",
r—y
with a certain z lying between x and y. Since |z| < |z| + |y| and p < 2, we have
R ]
r—=y

This proves (4.13). By (4.3), we make a relation

(4.14)  I'(up)(Un — Uoo) — I’ (Uoo) (Un, — Uso)

1
- / (e [P=20d, — il [P~ ) (u, — ) dit

Y2 (0= )| + gl 2.

—/\/ B (F (s n) — F (s 1m0)) (i — t00) .

Since || I’ (u,,)|| converges to zero and u,, t0 us, weakly in W?(0, 1), the left-hand
side converges to zero. We will show that the second integral on the right-hand
side converges to zero. Since ||uy||1,, is bounded, we use (A3) with (4.2) to get
a constant C' > 0 such that

() (F(t tn) — F(t, 100)) (un — use)| < Ch(t)p(t) € L(0,1).

By the Lebesgue convergence theorem, the second integral on the right-hand side
in (4.14) converges to zero. Therefore we have

1
(4.15) lim [ (|l [P0, — |ul [P~ 2l (u), — ul,) dt = 0.

n
n—oo

Let p > 2. By (4.12), we have

1 1
0 [ =l < [l = ) o, — )

Hence ||uy, — uoo|l1,p converges to zero. Let 1 < p < 2. Putting w = |u),| + |ul,|,

qg=(2—p)p/2, r =2/(2 — p) and using the Holder inequality, we get

p/2 1 1/r
/ lul, — ul |Pdt < (/ lul, — go|2w2q/pdt> (/ wqrdt>
0

p/2
< ([ = a0 1D 1) (il + e )07
0
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Thus from (4.13) and (4.15), we see that ||u, — uxl||1,, converges to zero. Con-
sequently, I(u) satisfies the Palais—Smale condition. |

LEMMA 4.2. Ifu is a critical point of I, then uo(t) < u(t) fort € (0,1) and
u becomes a solution of (Py) in the distribution sense.

PROOF. Suppose on the contrary that D := {t € (0,1) : u(t) < uo(t)} # 0.

Since f(t,u(t)) = f(uo(t)) in D, we have

—pp(u' (1)) = Ah(t) f(uo(t)) = —@p(up(t))’ in D.

Since ug = u on 9D, from the comparison theorem it follows that © = ug in D.

This is a contradiction. Therefore ug(t) < wu(t) for all ¢, and f(¢t,u) = f(u).
Consequently, u is a solution of (Py) in the distribution sense. |

In the next lemma, we show the Cl-regularity for a critical point of I(u).

LEMMA 4.3. Let u € WyP(0,1) satisfy (Px) in the distribution sense and
u(t) > 0 for t € (0,1). Then u € C3[0,1], p,(u') € WH1(0,1) and u satisfies
(Py) almost everywhere in (0,1).

PROOF. Since h € Li (0,1), it is easy to verify that u € C1(0,1). We shall

loc
show the C'-regularity at ¢ = 0 and 1. Since v > 0 in (0,1), it is concave,

and so u(t)/t is decreasing and moreover u'(t) > 0 for ¢ > 0 small enough.
To prove u € C1[0,1), it is enough to show that u(t)/t is bounded above as
t — 0. By (A3), there exists a constant A > 0 depending on ||u||o such that
|f(u(t))] < Alu(t)[P~1 in [0,1]. We remind the well-known inequality

(4.16) (z +y)/ =Y < ¢, (2P 4y VDY for 2y >0,

where C), = 1if p > 2 and C), = 22=p)/(r=1) if ] < p < 2. Choose ¢ > 0 so small
that Cpe < (p — 1)/p. Then we take a small § > 0 such that «/(¢) > 0 in (0, )
and

5
)\A/ h(r)rP~tdr < &Pt
0

Integrating (P)) over (¢,d) and using the decrease of u(t)/t, we have
' ()P </ (5P NA /6 h(r)uP~tdr
té
<u' (5P +2A / h(r)rP~ dr (u(t) /t)P
<GP e )
We use (4.16) to get

u'(t) < Cpu/((S) + Cpe(u(t)/t).
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Rewriting Cpe by a and Cpu/(6) by C, we get (t~%u(t))’ < Ct~*. Integrating
both sides over (s,t), we obtain
t7%(t) < s7%(s) + (C/(1 —a))(t ™" —s'7%) for0<s<t<d.
By (2.1) with a < (p — 1)/p, s~ *u(s) converges to zero as s — 0. Thus we get
u(t) < (C/(1—a))t for0<t<4.

This implies that u(t)/t is bounded as t — 0. Consequently, u € C1[0,1). The
argument above remains valid for the proof of the C'-regularity at t = 1.

Since u € C}[0,1], there is C > 0 such that |u(t)] < Ct(1 —t). We use
[f(u(®))] < AJu(t)P~" to get

|hf(u)| < ACPTh(t)(t(1 —t))*~" € L(0,1),

which implies that o, (u') = —Ah(t) f(u) € L'(0,1). Thus p,(u') € W1(0,1).0

To prove Theorem 3.1, we use Brezis—Nirenberg’s method [4]. For p = 2,
see [1] and [6]. For p # 2, one may refer to [7] and [9]. They studied the
N-dimensional problem, but we investigate the one-dimensional case. However,

since we have a singular weight h and a different nonlinear term f(u) from theirs,
the proofs of lemmas below are more complicated.

LEMMA 4.4. J(u) has a global minimizer uy in W, *(0,1). Moreover, u; be-
comes a positive solution of (Py) belonging to C[0, 1] which satisfies 0 < u}(0) <
w'(0), w'(1) < wj(1) <0 and

(4.17) uo(t) <wuy(t) <m(t) in(0,1).

PROOF. By the definition of G(t, s) with (A3), there is C' > 0 such that
(4.18) IG(t,s)| < Cu(t)?~Ys| fortelo,1], s eR.
By (4.18) with (4.2), J(u) can be estimated as;

1,p-

1 e 1 B ! A
J(u) ZI;IIUH’LP—/\C/O huP ! |u| dt > ];IIUIIIL,,—QP 1AC/O hpdt|aly," vl

Thus J(u) is bounded from below, and it has a global minimizer u; because of
the Palais-Smale condition (see [16, Theorem 2.7]). Therefore u; is a critical
point of J(u), i.e.

wp(u1) + M()g(t,u) =0 in (0,1),

By the same method as in Lemma 4.2, it follows that ug < w3 <@ in [0,1]. Thus

(4.19)

g(t,u1) = f(uy) and u; becomes a solution of (Py). By Lemma 4.3, u; belongs
to C3[0,1]. By the same way as in Lemma 3.4, we have 0 < u}(0) < @'(0),
' (1) < u}(1) < 0 and we obtain (4.17) also. O
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LEMMA 4.5. uy is a local minimizer of I(u) in CL[0,1].

PROOF. Since u; is a global minimizer of J(u) in W, ?(0,1), it is clear that
J(u1) < J(u) for all u € C§[0,1]. By Lemma 4.4, there is ¢ > 0 such that

w(t) <u(t) in (0,1) ifue B,

where B, := {u € C}[0,1] : ||lu — ui||c1 < e}

Since G(t,s) = F(t,s) when s < u(t), I(u) = J(u) in B.. Therefore u; is
a local minimizer of I(u) in C3[0,1]. O

LEMMA 4.6. uy is a local minimizer of I(u) in Wy*(0,1).

The above lemma is not trivial since C3[0, 1] is a proper subspace of I/VO1 P(0,1).
We need some subsidiary lemmas for the proof of Lemma 4.6.

LEMMA 4.7. Let {v,} be a nonnegative sequence and let u,,v,w, € C[0,1]
satisfy

(4.20) ©p(un(t)) + vnpp(un(t) —v(t)) = we(t) on [0,1].
If {vn} converges and {w,} uniformly converges on [0,1], then so does {uy,}.

PROOF. Put ®(s,r,v) := @,(s) +vpp(s —r) for s,7 € R and v > 0. For
any 7 € R and v > 0 fixed, ®(s,r,v) is strictly increasing with respect to s
and ®(-,r,v) is surjective on R. Hence ¢t = ®(s,r,v) has an inverse function
s = U(t,r,v). Moreover, it is easy to verify that ¥(¢,r,v) is continuous in three
variables. Relation (4.20) is rewritten as wu,(t) = U(wy(t),v(t),v,). There-
fore the convergence of {v,} and the uniform convergence of {w,} imply that
of {un,}. O

LEMMA 4.8. Let u € WyP(0,1) satisfy

(4.21) () + vipp(u —uh) + M f(t,u) =0,
in the distribution sense with a certain v > 0. Then u belongs to C}[0,1] and
|/ (t)] < C on [0,1], where C depends only on ||ullc and not on v.

PROOF. Since {p,(v) + vp,(u/ —u})} = —Ahf(t,u) € L (0,1), we see

loc

that ¢, (u') + ve,(u' — u}) € WE(0,1). Therefore (4.21) is satisfied almost

everywhere in (0,1). By definition, f(t,s) is nonnegative for all s € R. Thus
(4.21) implies that ¢, (u') + v, (v’ — u)) is non-increasing. Since w; is concave,
—u} is non-decreasing. Therefore v’ is non-increasing, i.e. u is concave in (0, 1).
Since u(t) = 0 at t = 0,1, we have either u =0 or u > 0 in (0, 1). The conclusion
is clear when u = 0 so that we suppose u > 0. Then by (A3), there exists A > 0
depending only on ||u||« such that

[F(tu(®)] < Aty + uo(t)™") on [0,1].
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Integrating (4.21) over (s,t), we have
(4.22)  p(u'(s)) + vop(u'(s) — ui(s))
= a0l (0) + v ()~ )+ [ )

for s,t € [0,1]. Fix ¢t and denote the right-hand side by w(s). Then the relation
above is rewritten as u'(s) = ¥(w(s),u)(s),v), where ¥ is defined in the proof
of Lemma 4.7. Since w € C(0,1), u belongs to C'(0,1), we shall show that
u € C1[0,1]. Let € and § be as in the proof of Lemma 4.3 with v/ (t) > 0, v} (t) > 0
in (0,6). Then employing the inequality

2Pt < (@) + vipp(z —y) +vyPTt for 2,y > 0,

and using the decrease of u(t)/t, we estimate (4.22) with ¢t = ¢ as
s
o' (s)P <O+ )\A/ h(r)uP~tdr

)
<O+ / h(F)rP=L dr(u(s)/s)P=L < C + e~ (u(s)/s)P~".
Here
1
C = [/ (O)P~" + v/ (8) — uf (§) P~ + vjua |2 + )\A/ h(r)ub " dr.
0

Following the proof of Lemma 4.3, we can show that u(t)/t is bounded as ¢t — 0.
Similarly, u(t)/(1 — t) is bounded as t — 1. Thus u € C*[0,1].

We shall show an a priori estimate of |u/(¢)]. Choose a € (0,1/2) so small
that

a 1 1
4.2 p=1 1—7)P ldr < —.
(4.23) /O ey tar+ [ ne =y < o

Since w is concave, it has a unique critical point tg € (0,1). Putting ¢t = ¢ in
(4.22), we have

to .
(4.24)  @p(u'(5)) + vp(u'(s) — uy(s)) = —vep(uy(to)) + A/ h(r)f(7,u) dr,
for s € [0,1]. First, we deal with the case where 0 < v < 1. Using the inequality
2P~ < Jpp(2) + viop(z — y)| + [y[P~" for 2,y €R,

we reduce (4.24) to

(4.25) W/ ()P~ < B+ A / 0 h(r)u(r)?~ dr|,
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for s € [0,1]. Here we put

B =2l |2 + AA /01 (o (1)~ dt.
Since u is concave, we have
(4.26) 0 <wu(r) <7u'(0) forTel0,1].

We divide the proof into two cases.

Case 1. 0 <ty <1 — a, where a is determined by (4.23).
Putting s = 0 in (4.25) and using (4.26) with to < 1 — a, we have
1—a

W) < B + )\A|u’(0)|”_1/ W)L dr + )\A/ h(r)de |ul2=L.
0

a

Using (4.23), we have
1—a
(1/2)[ ()P~ < B + )\A/ h(r) dr|ul2=L.

Thus |u/(0)| has an a priori bound depending only on ||u|c.

Case 2. 1 —a <ty <1.
By the concavity of u, we have u(7) < (1—7)|u/(1)]. Putting s = 1 in (4.25),

we have )

WP B WPT [ b -,

l1—a
which with (4.23) implies |u/(1)

| < (2B)Y/®=1 = C. Thus we have u(r) <
(1—=7)u'(1)] <C(1 —7). From (4.2

5) with s = 0, we estimate
W (0)P! < B + /\A|u’(0)|p‘1/ h(r)yr=! dr

0
1

l1-a
A / h(r)dr|ullEc” + AACT™ / h(r)(1 — )Pt dr.
@ 1

By (4.23), |/(0)] has an a priori bound depending on ||ulleo. In both Cases 1
and 2, [¢/(0)| has an a priori bound C. Similarly, we have |u/(1)| < C also. Since
u is concave, it follows that

|/ (1)] < max(Ju’(0)], [u'(1)]) <C for ¢ € [0,1].
Let us consider the case where v > 1. Dividing (4.24) by v, we have
(4.27)  p(u'(s) — ui(s)) + (1/v)pp(v/(s))
= ~epluio) + ) [ 1) )
Using the inequality

AplzlP™h < lep(z =) + (L/v)pp()| + lyP~! for 2,y €R,
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where A, > 0 depends only on p, we estimate (4.27) as

to
/ hu(T)P~1 dr|.

In the similar argument as in Cases 1 and 2, we can obtain the boundedness
of |u'(t)]. |

Al ()77 < B+ A

LEMMA 4.9. Let {u,} C W;P(0,1) satisfy (4.21) with a nonnegative se-
quence {vn} and suppose that {u,} is bounded in L>°(0,1). Then a subsequence
of {un} converges strongly in C[0,1].

PROOF. Suppose that u,, Z 0 for large n. Then {u,} is positive and concave
n (0, 1), which has been shown in the proof of Lemma 4.8. By assumption with
Lemma 4.8, ||u,||cr is bounded. Let t, be a critical point of w,(t). We divide
the proof into two cases.

Case 1. {vy} is bounded.

After taking a subsequence if needed, we may assume that {¢,} and {v,}
converge to limits to and v, respectively, and {u, } converges to a certain limit
Uso strongly in C[0,1] by the Ascoli-Arzela theorem. Putting u = u,, v = vy,
and tg = t,, in (4.24), we get

(4.28)  p(up,(s)) + vnpp(uy(s) — uy(s))
= —vppp(uy(t —‘r/\/ h(7) f (7, uy) dr.

Since u, > 0 and |ul,(s)] < C on [0,1], we see 0 < u,(s) < 2Cs(1 — s), for
€ (0,1). By (A3) with the boundedness of ||uy|/~, there is a constant A > 0
such that

£ (5, un(5))] < Aun(s)P~! +ug(s)P")  on [0,1].
Thus we have a constant B > 0 independent of n such that
|h(s)f(s,un)| < Bh(s)(s(1—s))*~' e L*(0,1).
By the Lebesgue convergence theorem, the right-hand side of (4.28) converges
uniformly on [0,1]. By Lemma 4.7, u,, converges to us, strongly in C}[0,1].

Case 2. {v,} is unbounded.
Taking a subsequence, we assume that {v,} diverges to infinity. Dividing
(4.28) by vy, we get

o (1 (5) —114 (5)) = —pp (Ut (£)) — (1/v ) (u () + (A ) / " () oy un) dr

The right-hand side converges to —¢, (4} (tx)) uniformly on [0, 1], which implies
the uniform convergence of {u/,}. Thus {u,} strongly converges in C}[0,1]. O
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We prove the existence of a minimizer of I(u). The next lemma seems well-
known but for the sake of completeness, we give a proof.

LEMMA 4.10. I(u) achieves a minimum on any bounded closed convex subset
of Wy(0,1).

PROOF. Let M be a bounded closed convex subset of W, (0,1). Then I(u)
is bounded on M. Indeed, we choose C' > 0 such that |ull;,, < C for u € M.
We note that M is bounded in L°°(0,1). Thus there exist constants A, C; > 0
by (4.2) such that

(4.29) |F(t,u(t))| < A(u®)P + |uo(t)|P) < CL(E(1 — )P~ for u € M,

which shows the boundedness of I(u) on M. We choose a minimizing sequence
{ug}, i.e. up € M and

inf{I(u):ue M} = klim I(ug).

Since I/VO1 P(0,1) is reflexive and M is bounded closed convex, M is weakly se-

quentially compact. Thus a subsequence of {uy} (denoted by {ux} again) con-

verges weakly to a limit us, € M and ||uco|l1,p < likm inf [Jug||1,,- By the compact
— 00

imbedding, uy converges to us strongly in C[0, 1]. By the Lebesgue convergence
theorem with (4.29),

/h F(t,u(t dt—>/ h(t)F(t, uso (t)) dt.

Accordingly, we have

I(uoe) = (1/p)[uscll?, )\/ B E(t, uee) dt < linninf I(u).
Thus ue is a minimizer of I(u) on M. O
We denote the closed ball of center u; with radius r in Wol’p(O, 1) by
B, = B(u1,7) := {u € WgP(0,1) : lu—ui1p <7}

We are now in a position to prove Lemma 4.6.

PROOF OF LEMMA 4.6. It is enough to prove the existence of » > 0 such
that I(up) < I(w) if ||u — u1]j1,, < 7. Suppose on the contrary that for any
€ (0,1) there exists v, € B, = B(u1,r) such that I(v.) < I(uj). Then by
Lemma 4.10, there exists a minimizer u, € B, such that I(u,) < I(v,) < I(u1).

Define K (u) by
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We shall show that there is a sequence {r,, } converging to zero such that {u,, } C
C20,1] and it converges strongly in CZ[0, 1]. Since u, # u1, we have

(4.30) K'(ur)(ur —w1) = [luy —w|ff, > 0.

Hence K'(u,) is surjective from W, "*(0,1) onto R. Put 6 = |ju, — ui|l1,p.- Since
u, is a minimizer of I(u) on the restriction K(u) = 6P/p, there is a Lagrange
multiplier v, € R such that

(4.31) I'(u,) + v, K'(u,) = 0,

or equivalently

op(ur) + Ahf(t,ur) + vepp(ul, — uf) = 0.

Since I(su, + (1 — s)uy) has a minimum at s = 1 on [0, 1], its derivative at
s = 1 is nonpositive, that is, I'(u,)(u, — u1) < 0. Thus by (4.30) and (4.31),
v, is nonnegative. Since ||u, — u1lj1,p, <7 < 1, Lemmas 4.8 and 4.9 assure that
ur € C}[0,1] and there is a subsequence {r, } converging to zero such that {u,, }
converges to u; strongly in C§[0, 1]. However the fact I(u,.,) < I(u1) contradicts
Lemma 4.5 and this completes the proof. (]

By Lemma 4.6, u; is a critical point of I(u) and hence it becomes a solution
of (Py) which belongs to C}[0,1] and satisfies ug < u;.

5. Distinctness of ug and u;

In this section, we show wug,u; known to exist in the previous section are
distinct. Suppose on the contrary that wug(t) = uy(t), for all ¢t € (0,1). Then ug
is a local minimizer of I(u) in W,y"*(0,1). We fix § > 0 so small that

I(up) < I(u) for all u € B(uo,26).

To get a second positive solution, we divide our discussion into two cases:
Case 1. I(ug) = d,
Case 2. I(ug) < d,

where d is defined by

d = inf{I(u) : u € 0By}, OBs = {u € Wy (0,1) : lu—uol1p = 6}

In Case 1, note that the infimum of I on 0By is equal to that on Bys. Using
this fact, we shall prove that I achieves a minimum on 9By although 0B; is not

convex.
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LEMMA 5.1. In Case 1, the functional I achieves a minimum on 0Bs.

PROOF. Let {ux} be a minimizing sequence of I on dBs. After choosing
a subsequence, we assume that {uy } converges to a limit u., weakly in WO1 P(0,1).
Then

[uoo — uoll1,p < lminf [jug — ugll1,, = 6.
k—oo

Thus us € Bs and d = I(ug) < I(ue). By the compact imbedding, {uy}
converges t0 u strongly in C|0, 1]. By the Lebesgue convergence theorem with
the boundedness of ||u]|1,,, Wwe have the convergence

1

1
(/) lurllf :I(uk)—i-)\/o hF(t,uk)dt—>d+)\/O hF(t,us) dt.

The right-hand side is bounded above by

T(us) + )\/0 BE(t, une) dt = (1/p)[[usol? -

Consequently, limsup |[ug||1,p < ||tsoll1,p. From the weak convergence it follows
— 00
that likm inf ||ug|l1,p > ||tooll1,p. Accordingly, ||ux||1,, converges to [|uso||1,p- Since
e

VVO1 ?(0,1) is uniformly convex, {uj} strongly converges to us in WO1 P(0,1).
Hence uo, € 0Bs and I(us ) = d. This completes the proof. O

In Case 1, the Ghoussoub—Preiss version of the mountain pass lemma (see
[10] or p. 140 in [5]) is applicable, however we use Lemma 5.1 directly to get the
second positive solution.

LEMMA 5.2. In Case 1, there ezists a positive solution uy different from ug
satisfying uo(t) < wuy(t) fort € [0.1].

PROOF. By Lemma 5.1, there exists a minimizer u; of I(u) on Bs. Thus we
have I(u1) = d = I(ug) < I(u) for u € B(u1,0). This implies that u; is a critical
point of I(u). By Lemmas 4.2 and 4.3, u; is a solution of (P)) satisfying ug < u;.
Moreover, it is different from g because ||ug — w11, = 6. O

To deal with Case 2, we apply the mountain pass lemma by Ambrosetti—
Rabinowitz [2]. To this end, we need the following lemma.

LEMMA 5.3. There exists ¢1 € W, P(0,1) such that || — uol1p > 0 and
I(¢1) < I(Uo)

PROOF. Choose ¢ € W, (0,1) such that ¢ > 0 in (0,1) and max(ug(to), 1)
< ¢(to) at some point ty. It is enough to show that I(R¢) — —oo as R — .
Put D := {t € (0,1) : ¢(¢t) > max{ug(t),1}}. By the definition of F(¢,s), we
have

F(t,s) = F(s) + f(uo(t))uo(t) — F(up(t)) if s > up(t).
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Since ﬁ(u s) >0 for all s > 0, we have for R > 1,
6.0 1(R0) < (R /Dol — A [ hF(t.Ro)
D

— (B /p)lIol, — A /D hE(RG)dt - C,

where
C= )\/D h(t)(f (uo)uo — F(ug)) dt.
Put M(R) :=inf{F(s)/s? : s > R}. Then (5.1) can be estimated as

I(R6) < R? [(1/p>|¢||€,p — AM(R) /D he? dt] ¢

Since M (R) diverges to oo as R — oo by (A4), we conclude that I(R¢) — —oo.
Putting ¢1 = R¢, for large R, we completes the proof. O

PrOOF OF THEOREM 3.1. It remains to prove Theorem 3.1 for Case 2,
that is, I(uo) < d =inf{I(u) : ||u—ugll1,p =} Let 1 be as in Lemma 5.3. We
define

L= {7 € O([07 HvWOLp(O) 1)) : ’Y(O) = UOa’V(l) = d)l}v

¢:= inf max I(~(0)).

By the definition of ¢, we see I(ug) < d < ¢. By the mountain pass lemma [2]
(see [16] also), I(u) has a critical point u; such that I(u;) = ¢. Consequently,
w1 is a positive solution of (P)) different from wug. O

PROOF OF THEOREM 1.4. Let A1 be the supremum of A for which (Py) has
a positive solution. Then )\ is finite by Proposition 1.3(c). By Theorem 1.2,
(Px) has at least one positive solution for A € (0, u1]. By Theorem 3.1, (P)
for A € (u1, A1) has at least two distinct positive solutions ug and uy such that
uo(t) < wuy(t) fort € [0,1]. Let {(An, un)} be a sequence of positive solutions such
that {\,} converges increasingly to A\;. Then by Lemmas 2.3-2.5, a subsequence
of {u,} converges to a limit us strongly in C}[0,1]. Hence us > 0. Since
A1 > pp and u, > 0, Lemma 2.4 assures that us, #Z 0. By the strong maximum
principle, uy is strictly positive. Thus for A = A1, there is at least one positive
solution. By the definition of A1, there are no positive solutions for A > A\;. 0O
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