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NEUMANN PROBLEMS WITH DOUBLE RESONANCE

DoNAL O’ REGAN — NIKOLAOS S. PAPAGEORGIOU — GEORGE SMYRLIS

ABSTRACT. We study elliptic Neumann problems in which the reaction
term at infinity is resonant with respect to any pair {Xm, Xm-&-l} of distinct
consecutive eigenvalues. Using variational methods combined with Morse
theoretic techniques, we show that when the double resonance occurs in a
“nonprincipal” spectral interval [/):m, Xerﬂ, m > 1, we have at least three
nontrivial smooth solutions, two of which have constant sign. If the double
resonance occurs in the “principal” spectral [Xo =0, /):1}, then we show that
the problem has at least one nontrivial smooth solution.

1. Introduction

Let © C RY be a bounded domain with a C2-boundary ). We examine the
following nonlinear Neumann problem

0
(1.1) —Au(z) = f(z,u(z)) in Q, 8—u =0, on 0.
n
The aim of this paper is to prove multiplicity theorems for problem (1.1), when

double resonance occurs, namely asymptotically as |x| — oo the quotient @

lies in the spectral interval [Xm, Xm+1}, m > 0 and we can have complete inter-
action with both endpoints of the interval (double resonance). Here {:\\m}mZO
is the sequence of distinct eigenvalues of the negative Laplacian with Neumann
boundary conditions, denoted henceforth by —AYN. We know that :\\0 =0 and
Am — 00 as m — oo (see Section 2).
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In the past such problems were investigated, almost exclusively, in the context
of Dirichlet equations. We mention the works of H. Berestycki and D. de Figueire-
do [3] (who coinced the term “double resonance”), N.P. Cac [4], S. Robinson [17]
and J. Su [18]. H. Berestycki and D. de Figueiredo [3] and S. Robinson [17],
prove existence theorems using certain generalized Landesman—Lazer conditions
(LL-conditions for short).

N.P. Cac [4] proves existence and multiplicity results, establishing the ex-
istence of two nontrivial solutions but under restrictive conditions on the data
of the problem. J. Su [18] proves a multiplicity result producing three nontriv-
ial solutions, using generalized LL-conditions, similar to the ones employed first
in the work of E. Landesman, S. Robinson and A. Rumbos [8]. He assumes
that f € C'(Q x R) and this makes the energy functional of the problem C?,
a fact that permits the author to use the complete arsenal of Morse theory.
For the Neumann problem, to the best of our knowledge, the only work dealing
with double resonant problems, is the recent one by M. Filippakis and N.S. Pa-
pageorgiou [6], where the authors prove two multiplicity theorems establishing
respectively two and three nontrivial solutions when f(z, -) € C'(R) and certain
generalized LL-conditions are satisfied. Also for the three solutions theorem, a
restriction is imposed on the eigenvalue Xm.

In the present work, the reaction term f(z, z) is a Caratheodory function (i.e.
for all z € R, z — f(z,x) is measurable and for almost all z € Q, z — f(z,z)
is continuous), we do not use LL-type conditions and our hypotheses are in
principle easier to verify. Our approach combines variational methods based on
the critical point theory, together with techniques from Morse theory.

2. Mathematical background

In this section, for the convenience of the reader, we briefly review the main
mathematical tools that we will use in this work. We start with critical point
theory. So, let X be a Banach space and X* its topological dual. By (-, -) we
denote the duality brackets for the pair (X*, X). Let ¢ € C1(X). We say that
 satisfies the “Cerami condition” (the C-condition for short), if the following is
true:

“Fvery sequence {x,}n>1 € X such that {o(zyn)}n>1 is bounded and
(1 + [|zn])¢' (@n) = 0 in X* asn — oo,

admits a strongly convergent subsequence”.

Using this compactness-type condition on ¢, we can have the following min-
imax characterization of certain critical values of ¢. The result is known in the
literature as the “mountain pass theorem”.
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THEOREM 2.1. If X is a Banach space, ¢ € CY(X) and it satisfies the
C-condition, ug,u; € X,r >0, ||lug —wol|| > r,

max{p(uo), p(u1)} < nflp(u) : [[u — uol| = r] = nr,

[ ={yeC([0,1],X) : v(0) = up, ¥(1) = w1} and c= inf max e(v(t)),

then ¢ > n,. and c is a critical value of .
For ¢ € C*(X) and ¢ € R, we introduce the following sets:

¢ ={ueX:p)<c}
K, ={ue X :¢'(u) =0}, K{={uecK,:p(x)=c}

Let (Y1, Y2) be a topological pair with Y5 C Y3 C X. For every integer k > 0,
by Hy(Y1,Y2) we denote the k'P-relative singular homology group with integer
coefficients for the pair (Y1,Y2) . Recall that for & < 0, H(Y1,Y2) = 0. The
critical groups of ¢ at an isolated critical point u € K¢, are defined by

Cr(p,u) = H (e NU,°NU \ {u}) forall k>0,

where U is a neighbourhood of w such that K, N ¢°NU = {u}. The exci-
sion property of singular homology theory, implies that the above definition is
independent of the choice of the neighbourhood U.

Suppose that ¢ € C'(X) satisfies the C-condition and —oo < inf ¢(K,). Let
a < inf p(K,). The critical groups of ¢ at infinity, are defined by

Cr(p,00) = Hi(X, %) forall k>0

(see T. Bartsch and S. Li [2]).

Since ¢ satisfies the C-condition, the second deformation theorem is valid
(see, for example, L. Gasinski nad N.S. Papageorgiou [7]). Using the second
deformation theorem, we see that the definition of critical groups of ¢ at infinity
is independent of the particular level a < inf (K, ). If for some integer m >
0C,, (¢, 00) # 0, then there exists u € K, such that C,(p,u) # 0.

In the study of problem (1.1), we will use the following two “natural” spaces

Ch(Q) = {u e Cl(Q): g—z =0on 89}, HY(Q) = mwl,

where ||-|| denotes the Sobolev norm ||u|| = (||u||3+4]||Dul|3)/? for all u € H* ().
The space C} () is an ordered Banach space, with positive cone

Cr={uecCLR):u(z) >0 forall z € Q}.
This cone has nonempty interior given by

intCy = {ueCy:u(z) >0 for all z € Q}.
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Next let us recall some basic facts about the spectrum of —AY. So, let
m € L>®(Q)4, m # 0 (the weight function) and consider the following weighted
eigenvalue problem

{ —Au(z) = Xm(z)u(z) a.e. in Q,
(2.1)

g—z =0 on 0f).

We say that X € Risan eigenvalue of —AY, if problem (2.1) admits a
nontrivial solution. It is clear that a necessary condition for X € R to be an
eigenvalue is that h) > 0. To emphasize the dependence on the weight m, we
write A(m) and if m = 1, then we set A(1) = A. Note that Ao(m) = 0 is
an eigenvalue of (2.1), with corresponding eigenspace R (the space of constant
functions). Moreover, using the spectral theorem for compact operators, we can
show that (2.1) has a sequence {/):k(m)}kzo of distinct eigenvalues such that
:\\k(m) — 00 as k — 00.

For every integer k > 0, by E (Xk (m)) we denote the eigenspace corresponding
to the eigenvalue Ay (m). From regularity theory, we have E (Xk (m)) C CL(Q)
and the space E(Xk(m)) exhibits the unique continuation property (UCP for
short) which says that, if u € E(Xk(m)) vanishes on a set of positive Lebesgue
measure, then u(z) = 0 for all z € Q. We set

i
H=PEN(m) and H=H, = @ E(w(m)).
k=0 k>it1

Using these spaces, we have the following variational characterizations of the

eigenvalues:

(2.2) No(m) = min {fﬂizfdz cu€ HY(Q), u 0}

and for 7 > 1

(2.3) Xi(m) = max [m -u e H;, u%O}
— min [% e H_q, ﬂ;éo}

In (2.2) and (2.3) the min and max are realized in the corresponding eigenspace
E(Ai(m)).

The next lemmata are consequences of (2.2), (2.3) and of the UCP.

LEMMA 2.2. If m,m’ € L>®(Q)4+ \ {0}, m(z) < m/(z), for almost all z € Q
and m # m/, then A\p(m') < A\g(m) for all k > 0.
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LEMMA 2.3. If 9,0 € L®(Q), m > —1, £ > 0, 9(2) < Ami1, 9(2) > A
almost everywhere in Q, 9 # A\, ¥ # Ay, then there exist £y,&1 > 0 such that

|| Dul |2 — / Dt dz > &llull? for allu € Hyp,
Q

|| Dul|? 7/1%2612 < —&llul* for allu e H,.
Q

For every z € R, we set 2 = max{+x,0}. Also, as already mentioned, by
|| || we denote the usual Sobolev norm in the space H} (), by ||-||,(1 < p < o)
we denote the norm of the Lebesgue space LP(2) or LP(Q,RY) and by | - | we
denote the Lebesgue measure on R,

Finally by @y we denote the LP-normalized positive eigenfunction correspond-
ing to Xo(m) = 0. Every eigenfunction to a positive eigenvalue A (m)>0,k>1
is necessarily nodal (i.e. sign changing).

3. Three solutions theorem

In this section we establish the existence of at least three nontrivial smooth
solution when double resonance occurs at any spectral interval [, A1) m>1.
The hypotheses on the reaction f(z,x) are:

(H) f:Q xR — R is a Carathéodory function such that f(z,0) = 0 for almost
all z € Q, and
(a) |f(z,2)] < a(z)+c|z| for almost all z € Q, all z € R with a € L>®(Q),
c>0;
(b) there exists an integer m > 1 such that

’)\\m < liminf M < lim sup M < Xm+1
uniformly for almost all z € Q and, if F(z,z) = [; f(z,s)ds, then

lim [f(z,2)x —2F(z,2)] = co uniformly for a.a. z € Q;

|z]—o0

(c) there exists a function ¥ € L>®(Q), ¥(z) < 0, almost everywhere in €2,

¥ # 0 and
2F
lim sup (7?@ < ¥(z) uniformly for a.a. z € Q.
z—0 x

REMARK 3.1. Hypothesis (H)(b) implies that we have double resonance in
the spectral interval [Xm,XmH], m > 1. Also, hypothesis (H)(c) implies that
at the origin we have nonuniform nonresonance with respect to the principal
eigenvalue Xo = 0. We emphasize that no differentiability conditions are assumed
on f(z, -) in contrast to the works of M. Filippakis and N.S. Papageorgiou [16]
and J. Su [18].



156 D. O’ REGAN — N.S. PAPAGEORGIOU — G. SMYRLIS

ExAMPLE 3.2. The following function f(x) satisfies hypotheses (H) (for the
sake of simplicity, we drop the z-dependence):
{ A" 22—z if |z < 1,

A — |z|97 22 if |z > 1,

fx) =

withm>1, 1<q¢g<2<r<oo.

Note that f is not C*.

First we produce two constant sign smooth solutions. For this purpose
we choose € € (0,\1) and introduce the following truncations-perturbations of

f(27 )

a1 ~ _ 0 if x <0,
31 folzm) = f(z,x) +ex ifz >0,

~ fz,z)+ex ifx<O,
(32) Ftaia) = { g S

Both are Carathéodory functions. Let
Fi(z,z) = /Oz Fi(z,8)ds
and consider the C'-functionals p.: H} () — R defined by
Flu) = GlIDul + Sl — [ Peeou(:)ds forail w e (@)
Also, let : H}(Q) — R be the energy functional for problem (1.1) defined by
p(u) = %HDUH% - /QF(z,u(z)) dz for all u € H}(9).
Evidently ¢ € C1(H(Q)).
PROPOSITION 3.3. If hypotheses (H) hold, then o+ satisfy the C-condition.

ProoF. We do the proof for @, the proof for p_ being similar.
We consider a sequence {uy },>1 C H} () such that

(3.3) |o4 (up)| < My for some M; >0, n > 1,
(3.4) (L4 [[un| )@ (un) — 0 in HY(Q)*  asn — oc.

From (3.4) we have that for all h € H}(Q),

(3.5) ’(A(un),m te /

Q

< =l
T+ ffua]

for all uw € H}(Q) with &, | 0, where A € L(H}(Q), H}(2)*) is defined by

unhdz—/ﬁr(zmn)hdz
Q

(A(u),y) = /(Du7 Dy)g~ dz  for all u,y € H} ().
Q
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In (3.5) we choose h = —u,, € H}(Q2). Then
(3.6) ||Du,, |3+ ¢l|u, |3 < e, foralln>1 (see (3.1)—(3.2)),
= u, —»0 in H}(Q)asn — oo.
Cram. {uf},>1 C H}(Q) is bounded.

We proceed by contradiction. So, suppose that |ju}|| — oo and y, =
wt/||ut||, n > 1. Then ||y,|| =1 for all n > 1 and so we may assume that

(3.7) Yn —>y in HY(Q) and y, —y in L*(Q).

From (3.5) and (3.6) we have

(3.9) ’(A(yn),h>+5/ynhdz—/ Mhdz’ << lhll,
Q o il
with &/, — 0.
In (3.8) we choose h = y, —y € HL(Q) and pass to the limit as n — oo.
Using (3.7) and hypothesis (H)(a), we obtain
(3.9) lim (A(yn), yn —y) =0 = |[Dyall2 = [[Dyll2

n—oo

(see (3.7)). Also, we know that Dy, — Dy in L*(Q,R"™) (see (3.7)). Then by
virtue of the Kadec—Klee property of Hilbert spaces, we have

(3.10) Yo —y in H:(Q) andso |ly]|=1, y>0.

Hypothesis (H)(a) implies that

{ﬁn(-) — J?Jr('vurf(‘))}nx C L(Q)

||uzt|
is bounded. So, we may assume that
(3.11) Gn — g in L*(Q) as n — oo.

Using hypotheses (H)(b) and reasoning as in Motreanu, Motreanu and Papage-
orgiou [11] (see the proof of Proposition 5), we have that

(3.12) G=E+e)y with Ay <E&(2) < Amp1 ace. in Q.

We return to (3.8), pass to the limit as n — oo and use (3.10)—(3.12). Then

(3.13) (Ay), b = / Eyhd= for all h € HL(Q),
Q
= Ay =% in H,(Q)",
= —Ay(z) = g(z)y(z) a.e. in Q, % =0, on 09, y #0,

(see Motreanu and Papageorgiou [13] and (3.10)).
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From (3.13) and since fA(z) > Am almost everywhere in Q with m > 1,
we see that £(z) > 0 almost everywhere in Q and so y must be nodal, which
contradicts (3.10). Therefore {u; },,>1 € H}(2) is bounded and this proves the
Claim.

From (3.6) and the Claim, it follows that {u, },>1 C H,}(£2) is bounded and so
we may assume that u, — uin H}(Q). Ifin (3.5) we choose h = u,,—u € H}(Q)
and pass to the limit as n — oo, then
lim (A(un),un —y) =0 = u, —u in HL(Q) (as before).
n—oo
This proves that p satisfies the C-condition. Similarly for @_. O
PROPOSITION 3.4. If hypotheses (H) hold, then ¢ satisfies the C-condition.

PROOF. We consider a sequence {uy, },>1 C H}(2) such that

(3.14) |o(un)| < My for some My >0 and all n > 1
and
(3.15) (14 |un|)¢ (un) — 0 in H(Q)* as n — oo.

From (3.15) we have

enl|h]|
Auy,), h) — Z,up)hdz| < —————
(A(un), h) Qf( ) T+ ([un]

for all h € H:(), with €, — 0%. In (3.16) we choose h = u,, € H}(Q). Then

(3.16)

(3.17) —||Dun||2 + /Q f(z,up)u,dz < e, foralln>1.

On the other hand from (3.14), we have

(3.18) || Duy||3 — /Q 2F (z,un)dz < 2Msy for all n > 1.

Adding (3.17) and (3.18), we obtain

(3.19) /Q[f(z,un)un —2F(z,up)]dz < M3 for some M3 >0, alln>1.

CLAIM. {up}n>1 C H} () is bounded.

We argue indirectly. So, suppose that ||u,|| — oo and set y, = un/||unll,
n > 1. Then ||y,|| =1 for all n > 1 and so we may assume that

(3.20) Yn —y in HY(Q) and y, —y in L3(Q).

From (3.16), we have

(3.21) ’(A(yn)7h> —/ f(z’uﬁ)hdz’ < Al for all n > 1.
Q Un

I = (A unl Dl
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Note that by virtue of hypothesis (H)(a) {W} N C L?(9) is bounded.
" n>1

Hence, if in (3.21) we choose h = y,, —y € H}(2) and pass to the limit as n — oo,
then

(3.22) lim (A(yn),yn —y) =0 = y, —y in H}l(Q) and so ||y|| = 1.

n—oo

Since {gn( S = W}nx C L?(Q) is bounded, we may assume that

(323) In e g in L2(Q) and g =Ly, :\\m < f(z) < :\\m—H a.e. in )

(as in the proof of Proposition 3.3). Passing to the limit as n — oo in (3.21) and
using (3.22) and (3.23), we obtain

(3.24) (A(y),h) = [ &ydz forall h € H}(Q),
Q
= Aly) =&,
= —Ay(z) =£&(2)y(z) ae.inQ, g—z =0 on 0.

First suppose that & # A, and & # S\\m_i'_l (see (3.23)). Then by virtue of
Lemma 2.2, we have

(3.25) An(€) < AmAm) =1 and 1= A1 ms1) < At (€).

From (3.24) and (3.25) it follows that y = 0, which contradicts (3.22).

So, we assume that £(z) = A or £(2) = A1 almost everywhere in 2. Then

~ ~

y € E(Am)\{0} or y € E(Ap41) \ {0} (see (3.22) and (3.23)) and so by the UCP
we have y(z) # 0 almost everywhere in Q. Therefore |u,(z)| — oo for almost all
z € © and so by virtue of hypothesis (H)(b) we have

(3.26) f(z un(2)un(z) — 2F(2,un(2)) — oo for a.a. z € Q,
= 2,

/ [f(z,up)up — 2F(z,uy,)] dz — 0o (by Fatou’s lemma).
Q

Comparing (3.19) and (3.26), we reach a contradiction. This proves the Claim.

By virtue of the Claim, we may assume that u, — u in H}(Q) and u,, — u
in L?(Q). Setting h = u, — u in (3.16) and passing to the limit as n — oo, we
obtain

lim (A(up),tun —u) =0 = u, —u in H(Q) (as before).

n—oo

This proves the proposition. O
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PROPOSITION 3.5. If hypotheses (H) hold, then w = 0 is a local minimizer
of + and of .

Proor. We do the proof for @, the proof for p_ and for ¢ being similar.
By virtue of hypothesis (H)(c), given £ > 0 we can find 5= g(g) > 0 such
that

1 -~
(3.27) F(z,z) < 5(19(2) +8)x? for a.a. z € Q, and all |z| < 6.

Let u € C}(Q) such that [[ul|c g, < 0. Then

~ 1 € =
(328 () =5 IDulB+ Sl — [ Prteu)a:
1
>—||Dul|3 — / F(z,u")dz
2 0
1 o 1 2 €
>—||Dull3 — = | Yudz — =||ull (see (3.27))
2 2 Jo 2
25027_€||u||2 (see Lemma 2.3).
Choosing € € (0,&p), from (3.28) we infer that

Pi(u) >0 forall ue ChQ) with 0 < |[ulles g < 0,

= u=0 isalocal C}(Q)-minimizer of §,

~—

= u=0 isalocal H.(Q

~

-minimizer of @
(see Motreanu, Motreanu and Papageorgiou [12]). O

We may assume that v = 0 is an isolated critical point of ;. Indeed,
otherwise we can find {uy,},>1 € HL(Q) \ {0} such that u,, — 0 in H}(Q) and

(3.29) &'y (un) =0, for all n > 1,
= Aun) +euy, = Nﬂ (up) forallm>1,

where Nﬁ(u)( = fo(-,u(+)) for all w € HA(Q).
Acting on (3.29) with —u,, € H!(Q) and using (3.1)—(3.2), we see that u,, > 0
for all n > 1 and so (3.29) becomes
A(un) = N¢(upn) foralln>1,
where Ng(u)(-) = f(-,u(-)) for all u € HL(),
= ue€CLQ) (by regularity theory) solves problem (1.1)
(see Motreanu and Papageorgiou [13]).

Therefore we have produced a whole sequence of nonnegative smooth solu-
tions of (1.1) and so we are done.
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Since u = 0 is an isolated critical point, reasoning as in Motreanu, Motreanu
and Papageorgiou [11] (see the proof of Proposition 3.5), we can find p € (0,1)
small such that

(3.30) 34(0) = 0 < inf[, (u) : [ull = p] = 7.
Similarly we have that
(3.31) B-(0) =0 < inf[p_(u) : Jull = p] = 7.

Now we are ready to produce two constant sign smooth solutions for prob-
lem (1.1).

PROPOSITION 3.6. If hypotheses (H) hold then problem (1.1) has at least two
constant sign smooth solutions

up €intCy  and vy € —int Cy.
PROOF. Let £ € R, £ > 0. Then
Pr() = [ Pegd (o (31)-(32)

From hypothesis (H)(b) it follows that

//\\m < liminf QFE?E) < lim sup 2F(2,€)

: e < //\\m+1 uniformly for a.a. z € €.
—00 6_)00

Hence — [, F(z,£) dz — —oc as £ — oo (recall m > 1). Therefore
(3.32) ?+(§) = —o0 as £ — oo.

From (3.30), (3.32) and Proposition 3.3, we see that we can apply Theo-
rem 1.1 (the mountain pass theorem) and obtain ug € H}(Q) such that

(3:33) +(0) =0 <74 < @y (uo),
(3.34) 3, (ug) = 0.

From (3.33) we have ug # 0. From (3.34) we have
(335) A(Uo) +eug = NJ?Jr (’U,())

As before, acting on (3.35) with —uy € H}(Q), we show that uo > 0. So, (3.35)
becomes

(3.36) A(up) = Ny(uo),
= —Aug(z) = f(z,up(2)) a.e. in Q, % =0 on 09,

= up € C+\ {0} (regularity theory).
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Let 7 = ||ug]|so. Then by virtue of hypothesis (H)(a), we can find & > 0
such that

f(zy2)+ &2 >0 forall z€Qandall x €[0,r].
Then from (3.36) we have

—Aug(z) < &up(z), ae. in Q= g €intCy (see Vazquez [19]).

Similarly, working this time with the functional ®_ and using (3.31), we obtain
a second constant sign smooth solution vy € int C';. O

Next using Morse theory, we will produce a third nontrivial smooth solution
for problem (1.1). To this end, first we prove an auxiliary result which will
allow us to compute the critical groups of the functionals g+ and ¢. We state
the result in more generality than what is actually needed here, since we believe
that result can be useful in more general settings (like nonlinear equations driven
by the p-Laplacian). Our result extends Lemma 2.4 of Perera and Schechter [16]
which is formulated in Hilbert spaces.

LEMMA 3.7. If X is a Banach space, (t,u) — h;(u) belongs to C1([0,1] x X)
and it is bounded, the maps u — O¢hi(u) and uw — hj(u) are both locally Lipschitz,
ho and hq both satisfy the C-condition and there exist 3 € R and § > 0 such that

hi(u) <8 = (L4 [ful)lIhi(u)ll. =6 for all t €0, 1],
then Cy(hg,00) = Ck(hy,00) for all k > 0.

PROOF. Since by hypothesis h € C1([0,1] x X), we know that h; admits
a pseudogradient vector field v;(-). Also, by defintion (t,u) — v:(u) is locally
Lipschitz. For every (t,u) € [0,1] x (X \ K},) we have

(3.37) (1) ) > 1 )2
The map
—>—7|8tht(u)|v u) = wi(u
AR ) = € X

is well defined and locally Lipschitz. Since by hypothesis (¢t,u) — he(u) is
bounded, we choose 11 < 8 such that

hd #0 or hj #0.

(If no such 7 can be found, then Cy(hg,o0) = Ck(h1,00) = 0 0Z for all k > 0
and so we are done.) To fix things, we assume that h] # 0 and choose y € hy.
We consider the following Cauchy problem

Q< _

(3.38) = =

wi(§), te€ [071]7 5(0) =Y.
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Since wy is locally Lipschitz, this Cauchy problem admits a unique local flow
(see L. Gasinski and N.S. Papageorgiou [7, p. 618]). We have

(@ = (0. 5 )+ ainte)

= (hy (&), wi(€)) + ehu(€) (see (3.38))

< —[0che ()] + Ocha(§) <0 (see (3.37))
= — h(&(t,y)) is nonincreasing,
= h(&(t, ))S 0(£(0,9)) = h()<77<6,
= (L& YIDIREE ) = (by hypothesis),

= (&t y)) # 0.

This shows that the flow £(-,y) is global on [0,1]. Then £(1,y) is a homeo-
morphism between h] and a subset of h]. Reversing the time (t — 1 —¢), we
show that h7 is a homeomorphism to a subset of h{. Therefore h{ and h] are

homotopy equivalent and so

Hi(X,hl) = Hy(X,BY) for all k > 0,
= C%(hg,00) = Ck(h1,00) for all k> 0. O

LEMMA 3.8. If hypotheses (H) hold and d,,, = dim H,, > 2, then Cy,(p, 00) =
Ok d,, Z for all k> 0.

PrOOF. Let p € (Xm,XmH) and consider the C?-functional ¥: H}(Q) — R
defined by
1
w(u) = 51Dul3 = Sllull3for all u € H(9).
We consider the homotopy h: [0,1] x H}(Q) — R defined by
h(t,u) = (1 —t)p(u) +tp(u) for all (¢t,u) € [0,1] x HL(Q).

Clearly we may assume that K, is finite (or otherwise we already have infinitely
many nontrivial smooth solutions of (1.1) and so we are done).

Note that ho(-) = h(0, - ) = ¢ satisfies the C-condition (see Proposition 3.4)
and hi(-) = h(1, -) = ¢ which too satisfies the C-condition, since by hypothesis
1€ oms Am).

CrAIM. There exist 8 € R and § > 0 such that

h(t,u) < B = (1+ ||ul|])||h,(t,u)|l. > forallte]0,1].

We argue by contradiction. So, suppose that the Claim is not true. Since h( -, -)
is bounded, we can find {t,},>1 C [0,1] and {uy},>1 C H}(2) such that

(3.39) th =t ||un|| = 00, h(tn,un) — —oo, x& —0 in HY(Q)*,
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where a7 = (1 + ||ug||) R, (tn, wn), n > 1.
By virtue of the last convergence in (3.39), we have

_ _eallhl

(340)  [{Alun),h) = (1 —t,) /Q Iz un)hdz = tops /Q“”’”‘dz = 1 Junl]

for all h € H}(Q) with &, — 0.
We set yp, = un/||un|l, n > 1. Then ||y,|| =1 for all n > 1 and so we may

assume that
(3.41) Yn —>y in HY(Q) and y, —y in L*(Q).

From (3.40) we have

(3.42) <A(yn),h>—(1—tn)/ f(z’u")hdz—tnp/ynhdz
o lluall Q
< el s 1
(L4 [Jun|)un|

Recall (see the proof of Proposition 3.4), that

(3.43) W g =¢y in L*(Q) with Ay, < €(2) < Apg ace. in €

In (3.42) we choose h = y,, —y € H(Q), pass to the limit as n — oo and use
(3.41). Then

(3.44) lim (A(yn), 90 —y) =0, = y, —y in HY(Q) andso ||y|| =1.

So, if in (3.42) we pass to the limit as n — oo and use (3.43) and (3.44), then

(3.45) (A(y),h) = (1 ft)/ gyhdz+m/ yhdz for all h € H(Q),
Q Q
= Aly) = &y with & = (1 — )€ + tu,
= —Ay(z) = &(2)y(2) a.e. in £, g—z =0 on J9N.

Note that Xm < &(z) < /):m+]_ almost everywhere in © and for all t € [0,1]. If
€ (0,1], then:

& F Xm and & # Xm+1,
= An(&) < Amm) =1, Ams1(&) > Ams1(Ame1) =1 (see Lemma 2.2)
=y=0 (see (3.45)),

contradicting (3.44).

Suppose that ¢ = 0. Then & = £ and we proceed as in the proof of Proposi-
tion 3.4 to reach a contradiction using hypothesis (H)(b) and the third conver-
gence in (3.39). This proves the Claim.
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Because of the Claim, we can apply Lemma 3.7 and infer that

(3.46) Cr(p,00) = Cr (¢, 00) for all k > 0.
Since p € (Xm, Xm+1), u = 0 is the only critical point of ). Hence
(3.47) Cr(¥,00) = Ci(,0) for all k > 0.

Recall that 1y € C2(H}(€2)) and that 1" (0) is invertible since s € (A, Am1)-
So, u = 0 is a nondegenerate critical point of ¢ with Morse index d,, (since
(©"(0)y,y) <0 for all y € H,,, see Lemma 2.3). Hence

(348) Ck(l/J,O) = 5k,dmZ for all & 2 0

(see Mawhin and Willem [10, p. 188]). From (3.46)—(3.48), we conclude that
Ci(p,0) = dk,a,,Z for all k > 0. O

We compute also the critical groups at infinity for the functionals @ .
PROPOSITION 3.9. If hypotheses (H) hold, then

Cr(P4,00) = Cr(p—_,00) =0, forallk>0.

ProOOF. We do the proof for @, the proof for the functional @_ being
similar. Let g € (A, Am+1) and for € € (0, A1), we consider the C'-functional
Yy HY(Q) — R defined by

1 € u+e
Vi () = SIDullf + Slluld = Eo St for all w € HA(©).

We consider the homotopy hy:[0,1] x H!(Q2) — R defined by
hy(t,u) = (1 —t)po(u) +tepy(u) forall t € [0,1] and all u € H}(Q).

As before, without any loss of generality we may assume that Kg, is finite.
CrAM. There exist € R and § > 0 such that

he(tu) <8 = U+ [ul)ll(hs )t )]l > 6 for all ¢ € [0, 1],
As before we argue by contradiction and so we assume that we can find
{tn}tn>1 €[0,1] and {un}n>1 C H} () such that
(3.49)  tp—t, ||jun|| — 00, hy(tn,u,) — —oo, yi—0 in H(Q),

where 5, = (14 [[unl[) (), (tn, un), n 2 1.
From the last convergence in (3.49), we have

(3.50) ’<A(un),h>+s /Q unh dz

_ _eallhl

—(1—t, /f zZ,up)hdz —t,(u+¢ /u;hdz < —
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for all h € H}(Q), with &, — 07.
In (3.50) we choose h = —u,, € H}() and obtain

(3.51) ||Du,, ||3 +¢llu, |3 <&, foralln>1 = u, —0 in H(Q).

Therefore we must have ||[u}|| — oo (see (3.49)). We set y,, = ul /||ut]], n > 1.
Then ||y,|| =1 for all n > 1 and so we may assume that

(3.52) Yn —>y in HY(Q) and y, —y in L*(Q).

From (3.50) and (3.51) we have

(3.53) ‘(A(yn),h>+€/gynhdz

(1tn)/ﬂwhdztn(u+€)/ﬂynhdz

[Jut ||

for all h € H!(Q), with e}, — 0.
In (3.53) we choose h = y,, — y, pass to the limit as n — oo and use (3.52).
Then

< enllhll,

(3.54) lim (A(yn),yn—¥y) =0, = y, —y in Hp(Q) and so [|y|| =1, y > 0.

n—oo

Recall that
Fe(out ()

(3.55)
||uzt |

5 (E+eo)y

in L?(Q) with A < & (2) < Xer], almost everywhere in ) (see the proof of
Proposition 3.3).
So, if in (3.53) we pass to the limit as n — oo and use (3.54) and (3.55), then

(3.56) (A(y),h) = /thyh dz for all h € H}(Q) with & = (1 — )€ + tu,

= A(y) = gtyv

= —Ay(z) =&(2)y(z) a.e. in g—z =0 on 09.

Since &(z) € [Xm,Xerl], almost everywhere in 2, from (3.56) we see that y is
nodal or trivial, contradicting (3.54). This proves the Claim.

Because of the Claim, we can apply Lemma 3.7 and have

(3.57) Cr(P4,0) = Cr(th4,00) for all k > 0.

o~

Since p € (Xm, Am+1),u = 0 is the only critical point of ¢,. Hence

(3.58) Cr(¢4,00) = C(1p4,0) for all k > 0.
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Let 8 € L™ (Q)4, 0 # 0 and consider the homotopy EJF: [0,1] x H Q) — R
defined by

~

hy(t,u) =4 (u) — t/ﬂﬁu dz for all (t,u) € [0,1] x HL(Q).

We claim that

(3.59) (hy)! (t,u) #0 for all t € [0,1] and all u # 0.

We argue indirectly. So, suppose we can find ¢ € [0,1] and u # 0 such that
(3.60) (hy) (t,u) =0, = A(u)+eu= (u+e)ut +1tp.

On (3.60) we act with —u,, € H}(Q) and we obtain |[Du~[[3 +¢[lu~||3 <0
and so u > 0. Hence (3.60) becomes

(3.61) A(u) = pu+1t6, uw>0, u#0.
If t =0, then
A(u) = pu,
. ou

= —Au(z) = pu(z) a.e. in Q, = 0 on €,

= u=nodal (since 1t € (Ams Ams1))
which contradicts (3.61). If ¢ € (0, 1], then
(3.62) A(u) = pu + 15,

= —Au(z) = pu(z) + t6(z) ae. in Q, % =0 on Q.
n

By regularity theory u € C \ {0} and since Au(z) < 0 almost everywhere in
(see (3.62)), from Vazquez [19] we have u € int C. For y € C4, we set

R = IDuE - (Do), 0 (%))

Then from Picone’s identity (see Allegretto and Huang [1]), we have

0 §/ R(y,u)dz
Q

2
=||Dyl|3 - / (—Au)y— dz (by Green’s identity)
Q u

2
=||Dy||§—/ﬂ(uu+t,6)% dz (see (3.62))

<[IDyll3 — wllyll3 (since 3 > 0).
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We choose y = g (recall uy = 1/|Q|}V/2 € int C; is the L2-normalized
principal eigenfunction of —A%). Then

a contradiction. Therefore (3.59) holds.
From this and the homotopy invariance of critical groups we have

(3.63) C(14,0) = Cr(p4,0) for all k>0,
where ¥ (u) = b4 (u) — fu = B+(1, u). But from the previous considerations we
have that K7 =V and so
Cr(¥p4,0) =0 forall k>0,
= Cp(¥4,0)=0 forallk>0 (see (3.63)),
= Cr(py,00) =0 forall k>0 (see (3.57) and (3.58)).
Similarly we show that Ci(p_,00) =0 for all £ > 0. O

Next we compute the critical groups of ¢ at the two constant sign smooth
solutions ug and vy obtained in Proposition 3.6.

PROPOSITION 3.10. If hypotheses (H) hold and ug €int Cy and vy € —int Cy
are the two constant sign smooth solutions of (1.1) obtained in Proposition 3.6,
then Ci(p,u0) = Ci(p,v9) = 6x1Z for all k > 0.

PrROOF. We do the proof for the pair (¢, up), the proof for (¢, vg) being
similar.

Suppose that {0,ug} are the only critical points of @ (otherwise we already
have a third nontrivial solution of (1.1) which in fact is positive and so we are
done).

Let £ <0< 8 <4 (see (3.30)) and consider the following triple of sets

P C Pl CHY).
For this triple, we consider the long exact sequence of singular homology groups
T ~ O« ~
Here i, is the group homomorphism induced by the inclusion
(Ha(9),35) < (Hp(Q),85)
and 9, is the boundary homomorphism. From the rank theorem, we have

(3.65) rank Hy, (H}(Q), @f_) =rank (ker 0,) + rank (im 0)
=rank (im,) + rank (im 0)

(due to the exactness of (3.64)).
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From the choice of ¢ and by Proposition 3.8 we know that
(3.66)  Hy(H:(Q),3%) = C(P4,00) =0 forall k>0 = imi, = {0}.

Also we have Hk_l(g’ii,@i) = Cy-1($+,0) = 0 1Z for all k > 0 (see Proposi-
tion 3.5). Therefore

(3.67) rank (im 0,) < 1.

Finally note that from the choice of 5 > 0, we have

(3.68) Hi(HL(Q),37) = Ch(@y,uo) for all k> 0.
Returning to (3.65) and using (3.66)—(3.68), we obtain

(3.69) rank Cq (P4, up) < 1.

From the proof of Proposition 3.6 we know that wug is a critical point of mountain
pass type for 4. Hence C1(@4,0) # 0 (see, for example, Chang [5, p. 89]) and
this combined with (3.69) implies

Ci(P1,u0) =0k 1Z forall k>0. 3.70
We consider the homotopy h: [0,1] x HL(Q) — R defined by
hy(t,u) = (1 —t)p(u) + t04 (u) for all (t,u) € [0,1] x HL(Q).

CLAM. We can always assume that there exists p € (0,1) small such that
ug is the only critical point of h4 (¢, -) for all ¢ € [0,1] in

B, (uo) = {u € HAQ) : [lu — uoll < p}.

Indeed, if no such small p € (0, 1) can be found, then there exist {t,, },>1 C [0, 1]
and {uy, }n>1 € HL(Q) such that

(3.71) t, —t in[0,1], Un—uo in H(Q), (he),(tn,un) =0, n>1.

From the equation in (3.71), we have

(3.72)  A(up) + thetn, =(1 — tn)Nf(uy) + tnNJ?+ (un) for all n > 1,
= — iy (2) =f (2,5 (2))
+ (1 —tn) f(z, —u, (2)) + theu, (2) a.e. in €,
Oty
= =0 on 012,

(see (3.1)=(3.2)). From (3.72), regularity theory and Theorem 2 of Lieberman [9],
we can find 7 € (0,1) and My > 0 such that

(3.73) Uy, € CH7(Q) and  |[dn||prrgy < M foralln > 1.
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Recalling that C7(Q) is embedded compactly in C1(€2), from (3.71) and (3.73)
it follows that we have

Up — ug  in CH(Q).

Since ug € int C (see Proposition 3.6), we can find integer ng > 1 such that

Up € int C4 for all n > ny,
= —Aly(z) = f(z,u,(2)) ae. inQ,
% -0 on 9,

for all n > ny (see (3.72))

and we conclude that {u, }n>n, C int Cy are nontrivial smooth distinct solutions
of problem (1.1). This establishes the Claim.

Then the Claim and the homotopy invariance of the critical groups, imply
Ci(p,u0) = Cp(P4,up) forall k>0, = Cip,up) =0k1Z foral k>0
(see (3.70)). Similarly we show that Ci(p,vg) = 6x1Z for all k > 0. O

Now we are ready for the full multiplicity theorem for problem (1.1).

THEOREM 3.11. If hypotheses (H) hold, then problem (1.1) has at least three
nontrivial smooth solutions

upg €intCy, wvg € —int Cy, yo € C}z(ﬁ)

ProoF. From Proposition 3.6, we already have two nontrivial smooth solu-
tions of constant sign

up € intCy, v € —int C,.
From Proposition 3.10 we know that
(3.74) Cr(p,u0) = Ci(p,v0) = 0k1Z for all k> 0.
From Proposition 3.5, we have
(3.75) Ci(9,0) = d,0Z for all k > 0.

Finally from Lemma 3.8, we know that Cy,, (¢, 00) # 0. So, we can find yo € K,
such that

(3.76) Cq, (p,y0) #0 and d, > 2.

Comparing (3.76) with (3.74) and (3.75), we see that yo & {0,ug,vo}. Also
Yo € C1(Q) (regularity theory) solves (1.1). O
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4. Existence theorem

In previous section, we allowed for double resonance in any spectral interval
[/):m, Xm+1], m > 1. In this section we investigate what happens if we have double
resonance in the “principal” spectral interval [0, Xl] We show that in this case
we can still guarantee existence of a nontrivial smooth solution.

The hypotheses on the reaction f(z,x) are the following:

(H) f:Q xR — R is a Carathéodory function such that for almost all z € Q,

f(2,0) =0 and

(a) |f(z,2)] < a(z) + c|z| for almost all z € Q and all x € R with a €
LOO(Q)+, c> 0,

(b) 0 <liminf M < limsup M < Xl uniformly for almost all z €

and lim [f(z,x)z — 2F(z,2)] = oo uniformly for almost all z € ©;

|z|—o0
(c) there exist an integer £ > 1 and functions 1,77 € L>°(2)4 such that
Ao <n(z) <7(2) < Apgq for almost all z € Q, A\p # 1, A1 # 7 and

7(z) < liminf fzz) < lim sup fem) < 7(z)
z—0 xT z—0 T
uniformly for almost all z € Q.

EXAMPLE 4.1. The following function satisfies hypotheses (H') (as before,
for the sake of simplicity, we drop the z-dependence):

nr — cox®, if |z <1,
Az — . |z] > 1,
T

f(z) =
with cg > ¢1 > 0,77—//\\1 =cp—cyand 7 € (:\\g,j\\“_l), {>1.

As before ¢: H}(2) — R is the energy functional for problem (1.1) defined
by
1
p(u) = §||Du\|§ - /QF(z,u(z)) dz for all u € H} ().

We know that ¢ € CL(Q)). A careful reading of the proof of Proposition 3.4,
reveals that it remains valid in the present setting too and so we have:

PROPOSITION 4.2. If hypotheses (H') hold, then ¢ satisfies the C-condition.

Let p1 € (XZ,XHQ and let ¢ € C%(H}(2)) be the functional defined by
1
w(u) = S1Dul3 = Ellull3 for all u € H(9).

We have the following existence theorem.
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THEOREM 4.3. If hypotheses (H') hold, then problem ((1.1) has at least one
nontrivial smooth solution @ € C*(Q).

PROOF. As in Perera [15] (see Lemma 4.1), we can find R > 0 and a func-
tional € C1(H](€)) such that

_ Y(u) if [[ul] < R,
P(u) = .
p(u) if [Jul] > V2R,
and Kz C K. We have
(4.1) Cr(9,0) = Cr(¢,0) for all k> 0.

Hypothesis (H')(c) and Lemma 2.3 imply that uw = 0 is a nondegenerate critical
point of 1 with Morse index d; = dim Hy > 2 (recall vp € CY(H}()), £ > 1).
Hence

(4.2) Cr(¥,0) = 0q,Z forall k>0 (see [10, p. 188)),

= Cr(9,0) =0 q,Z forall k>0 (see (4.1)).
On the other hand, we have
(4.3) Cr(@,00) = Cr(p,00) for all k > 0.
Hypothesis (H')(c) implies that

¢l g (xy)=r is anticoercive and @[ _p. is coercive.

So, by virtue of Proposition 3.8 of T. Bartsch and S. Li [2], we have
(4.4) Ci(p,0) #0, = C1(p,00) #0 (see (4.3)).

From (4.4) it follows that we can find # € K3 such that

(4.5) Ci(p,u) #0.

Comparing (4.2) and (4.5) we see that u # 0 (recall d; > 2). Since Kz C K, we

have 4 € K, and so u € C}(€) (regularity theory) solves problem (1.1). O
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