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MULTIPLE SOLITARY WAVE SOLUTIONS
OF NONLINEAR SCHRODINGER SYSTEMS

RUSHUN TIAN — ZHI-QIANG WANG

ABSTRACT. Consider the N-coupled nonlinear elliptic system

—AU; + Uj = pUS + BU; 3 UZ in Q,
P) oy
U;>0 inQ, Uj=0 onodQ, j=1,...,N.

where 2 is a smooth and bounded (or unbounded if 2 is radially symmetric)
domain in R™, n < 3. By using a Zx index theory, we prove the existence
of multiple solutions of (P) and show the dependence of multiplicity results
on the coupling constant (3.

1. Introduction

In this paper, we study the existence and multiplicity of solitary wave solu-
tions of N-coupled nonlinear Schrodinger (CNLS) equations (also called Gross—
Pitaevskil equations):

N
0 .
_ﬁ@j:Aq>j_x/j(x)q>j+uj|q>j|2q>j+q>j > Bikl®kl?, inQ,
(1.1) k=1,k#j

<I>j:<I>j(x,t)€(C, t>0,5=1,...,N,
where p; > 0 and f§j; = Bi; are constants, and 2 C R™ is a bounded domain
for n = 1,2,3 or an unbounded radially symmetric domain for n = 2,3. CNLS
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equations have applications in many physical problems, especially in nonlinear
optics. Physically, the solution ®; denotes the j-th component of the beam in
Kerr-like photorefractive media. The positive constant p; is for self-focusing in
the j-th component of the beam. The coupling constant 3, is the interaction
between the j-th and the k-th component of the beam. When N = 2, (1.1) also
arises in the Hartree—Fork theory for a double condensate, i.e. a binary mixture
of Bose—Einstein condensate in two different hyperfine states |1) and |2) (see [8]).
Physically, ®; and ®, are the corresponding condensates amplitudes, u; and 3;,
are the intraspecies and interspecies scattering lengths. The sign of the scattering
length 3, determines whether the interactions of states |1) and |2) are repulsive
or attractive.

We consider solitary wave solutions of (1.1) of the form
®i(x,t) = N'U(x), j=1,...,N

then system (1.1) is reduced to the following elliptic system about U;

N
—-AU; + ()\j + Vj)Uj = ,LLjUj3 + Uj Z ﬂijg in Q,
(1.2) e
U;>0 inQ, U;j=0 onodQ, j=1,...,N.

Recently, system (1.2) has attracted extensive attention of many authors. By
imposing conditions on trappings potentials V; and couplings 1, 3%, some re-
sults have been obtained about ground state or bound state solutions (see [1], [2],
[4], [5], [7], [11]-[13], [15], [18], [19]), and about semiclassical state or singularly
perturbed settings (see [9], [10], [14], [16]), and references therein.

The existence of multiple positive solutions of the fully symmetric case (i.e.
pj=pforj=1,... ,Nand f;; =p forall 1 <i, j <N):

N
AU +U; = pU +pU; > UZ, inQ,
(1.3) T
U;>0 inQ, U;j=0 ondQ, j=1,... ,N

is also studied by many authors. For work in this respect, we refer to [3], [6],
[22], [23], [19].

The current paper is mostly related to and motivated by [6], in which a Lus-
ternik—Schnirelmann type theory and the reflection invariance of corresponding
Nehari manifold are used to get multiple solutions of (1.3) for N =2 and 3 < 0.

For the general N-system, there is a large group action, Sy, the permutation
group of order N which acts on RY by permutating the N components of any
vectors. If (Uy,...,Uy) is a solution, so is g(Uy,... ,Un) for any g € Sy. In
general, it is difficult to use this symmetry in relation to critical point theory
with symmetry. Our observation in this paper is that a sub-group of Sy, Zy
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the cyclic group of order IV, can be employed to effectively deal with multiple
critical points of the associated variational formulation.

In doing so, we will define a Zx index theory, and as a key new ingredient
we will construct certain equivariant maps, which can be used to find multiple
solutions of (1.3) for N > 3. We point out that for the variational formulation,
we follow closely the work done in [6] for N = 2. The novelty of the current
paper is our recognition of using a Zy symmetry instead of Sy symmetry and
some technical arguments overcoming difficulties to make use of the Z symme-
try. Our results are also related to [3], [19] and [23], using different methods.
In [19], multiple solutions were constructed by a perturbation type method for
the symmetric N-system, and in [23] by a heat flow method for the symmetric
2-system. Both [19] and [23] were for radially symmetric cases. In [3], the re-
sult of [6], [23] for the symmetric 2-systems on radially symmetric domains were
generalized to non-symmetric (1 # uo) cases by a local and global bifurcation
method.

Let o be the special permutation in RV satisfying for z = (z1, 2o, . .. VZN),
o(z) = (22,23,...,2N,21). Then o generates a cyclic group Zy containing

,oN=1. A Zpy-orbit of z is the set containing o’z for

elements id, o, 02,...
1<j<N.

Our main result is the following theorem:

THEOREM 1.1.

(a) If B < —p/(N —1), then system (1.3) has an infinite sequence of Z -
orbits of solutions.

(b) For any positive integer m, there exists a B, € (—u/(N —1),0), such
that for B € (—p/(N —1),Bm), system (1.3) has at least m Zn-orbits
of solutions.

REMARK 1.2. System (1.3) is invariant under the action of Sy, the per-
mutation group of order N. Since each Sy orbit contains at most (N — 1)!
Zn-orbits, the conclusions can also be stated for Sy orbits of solutions, i.e.
for 8 < —p/(N —1), there are infinitely many Sy-orbits of solutions; and
for any positive integer m, there exists a 3], € (—u/(N —1),0), such that for
B € (—u/(N—1),8,), system (1.3) has at least m Sy-orbits or solutions. Ac-
tually, we only need to choose (3, close enough to —u/(N — 1), such that there
are at least m(N — 1)! Zy-orbits of solutions of (1.3).

This paper is organized as follows. In Section 2, we list and prove some
properties of the variational problem of system (1.3), which are closely related
to the arguments in [6] for the case N = 2. Then the existence of multiple
solutions of (1.3) is equivalent to the existence of multiple critical points of the
corresponding energy functional. In Section 3, we cite a simpler version of the



206 R. TiAN — Z. WANG

Zy-index theory introduced in [21] and examine the Zy symmetry involved in
the problem here. In order to apply the Zxn index theory to construct multi-
ple critical points, we need to construct certain equivariant maps with suitable
property. This is done in Section 4 and the proof of Theorem 1.1 will follow.

2. Variational structure
Throughout this paper, we denote
[HE Q)Y if Q C R" is bounded, n = 1,2, 3,
N
U= (U,...,Uny)€eH =1 [H (Y if Q CR"is radially symmetric
(possibly unbounded), n = 2,3,

where Hjj .(Q) = {U € Hj(Q2) | U is radial function}. For simplicity, we use H
in general, but its definition may vary according to context.

Denote ﬁ)j =(0,...,Uj,...,0) for U; # 0, U; € Hy() or Hy ,.(Q). Note
that H is a Hilbert space with inner product

— =

N
( av):Z/VU]v‘/}+U]‘/}, ﬁ,ve'H,

Denote ||U|]? := [U[]3;, = [o(IVU|? + U?). Without loss of generality, we
0
assume i = 1, then the corresponding energy functional of problem (1.3) is

(2.1) EW):;inan—i/(Z o) S

k#j

where 8 < 0. By Sobolev embedding theorem and Proposition B.34 in [17], E is
a C? functional.
We say a critical point U nontrivial, if U; # 0, for all j =1,... , V.

LEMMA 2.1. Every nontrivial critical point U of E in 'H is a classical solu-
tion of (1.3).

PROOF. Let U be a nontrivial critical point of F in H. Then for arbitrary
functions V; € H{(£2), we have

—

(VE(U),V,;)=0, 1<j<N.

Thus U is a weak solution of the system

—AU; +U; = (U)? + BU; Z U2, inQ,
k=1,k#j
Uj=0 ondQ, j=1,...,N.
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Multiplying the j-th equation of the above system by U ; and integrating over Q,
we get

/Q\VUj\ /(1 ZﬁUk)|U| j=1,...,N

k#j

Since (3 is negative, these equations imply U =0, or equivalently, U; > 0 for
j=1,...,N. By standard elliptic regularity theory, each component U; of U is
C? function, thus U is a classical solution of (1.3). Then by the strong maximum
principle, U; > 0 for j =1,... ,N. O

Consider the Nehari manifold associated with system (1.3),

(22) M={TU =(U,...,Ux) e H\{O} | VE(U)T, =0,
andU; #0, j=1,... ,N}.

Clearly, all nontrivial critical points of E are contained in M. Define functional
F:H — RN

HWPﬁ/mZW /ww

Fl(ﬁ) J#1

FN(.ﬁ)

nwW&/wZW ﬁwﬁ

J#EN

Then M can be represented as
(2.4) M={UeH:F(U)=0,U#0, j=1,... ,N}.

Again, by Sobolev embedding theorem and Proposition B.34 in [17], F is a C?

functional. With similar argument used in [6], we see that M is a C? manifold
—

in H. Moreover, for any U € M, we have

(25 ﬁ;fjvw/<§]‘w) T [ Sue

=1 k#j
N
;ZUW—<ZWW5/ZW%) 1 [ Suw
=1 k#j k#j
1 N
=1 peal
Jj=1

by using (2.1), (2.3) and (2.4).
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LEMMA 2.2. Let Enq be the restriction of E to M.

(a) If U is a critical point of Enq, then U is a nontrivial critical point
of E.
(b) Eapm: M — R satisfies the Palais—-Smale condition.

PROOF. (a) Assume that U is a critical point of Exq. Then there exist N
Lagrangian multipliers A, ..., Ay such that

N — —
> N VF(U)=VE(U), inH.
j=1

It is sufficient to show A\; =0 forall j=1,... ,N.
By definition (2.2), we have

N
(2.6) S MVE(U)TU;=(VE([TU),U;)=0, j=1,... N
k=1

Since U € M, by (2.3) and (2.4),

0u, (@0 =205~ 29 [ U (D 0z) -4 [ 0

Py
:_2/‘Uj+‘4a 7=1,... N,
Q
- 2772 77 ;
anFk(U)Uj:—2ﬂ UjUk = 0y, F;(U Uy, 1<j#k<N.
Q
So (2.6) can be written as
A1 0
(2.7) Tﬁ =1
AN 0
where
— —
O, Fi(U)YU1 ... Oy, Fn(U)Uy
Ty = ; :
— —
OunFi(U)Un ... OuyFn(U)Un
72/ Ut 45/ UiU%
Q Q
45/ UyUd ... 72/ Ut
Q Q

By (2.3) and Sobolev embedding theorem, there exists a constant C' > 0, such
that
-
IV < |v;l: <C|V;|I*, forany V e M, j=1,... ,N.
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Therefore ||U;|| > C~/2 > 0 and

/|U+|4> B/UQZUk, j=1,...,N.
k#j
These inequalities imply that 7% is strictly diagonally dominant. Since all the
elements on the major diagonal of T are negative, T is negative definite. By
(2.7), we have A\; = ... = Ay =0, and then conclusion (a) follows.

(b) Let {ﬁk}‘f" = {(UF,... ,UK)}3° C€ M be a Palais-Smale sequence of
Ejq. Then (2.5) implies that {ﬁk}j’o is bounded in H. Since H is reflexive,
{ﬁk }9° has a weakly convergent subsequence, still denoted by {ﬁk}j’o, which
weakly converges to W € H. By Sobolev embedding, we have

W14 = Jim (U514 >l inf U7~ imsup 5 [ SR >0,
I#j
forj=1,... ,N.
Thus W;r #0forall j =1,...,N. For each k > 1, there exist Lagrangian
multipliers )\?, such that

N
(2.8) o(1) = VEm(T*) = VE(T*) - S MNVE(TF), ask — .

— — —
Applying VEAM(U*) to U* and using the boundness of { U *}$° in ‘H, we have

VE(UHTUY - ZA’fVF ﬁ”f
Lj=1
o(1) = :
— r — =
VE(UMNUY - | > NVFE(U)| Uk
L= ]
N — | =
[Z)\?VFJ(U)] Uy
j=1
N | — | =
l:ZA?VFj(U)} UX
j=1
Oy FAU; 8U{cFNU1 )\If
8UkF1UN aUK,FNUN )‘?V
¥
= (T +0o(1)) , ask — oo
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By the weakly lower semicontinuity of || - ||,
Wil —p [wrwe < [ Wi, s=1 .
@z Q
With similar proof used in (a), Ty is negative definite. Therefore

)\?—>0, ask — oo, forall j=1,...,N.
Note that VE;(U*) is bounded in H, then (2.8) implies VE(T*) — 0 as
k — oco. Now for any v eH,

—

(VE(U’“),V) — 0, ask— oo.

— — —. — — —
But we also have U¥ — W, so (VE(W), V) = 0 for any V € H, ie. W is
a weak solution of
AW, + Wy = (W) + W, Y W72, in Q,
1£
W; =0 ondf), j=1,..,N.

Multiplying the first equation by W7 and integrating over €2, we get
Wl =i+ o [ WS w
& A
= (1O +5 [ OF2 SR?) = i 0
J#1
thus UF — W, strongly in H(Q). Similarly, U]lC — W; strongly in H}(2) for
j=2,...,N. So Uk - W strongly in H. Therefore E satisfies the Palais—
Smale condition. O

Now, we consider the level sets of £ on Nehari manifold
Me={UeM:E(U)<c}, ceR
and the sets of critical points of ¥ on M?°

K,={U eM|ET)=¢ VE(U)=0}
—{U e M| Em(TU) =¢, VEM(U) =0}

It is easy to see that M, M, and K are all invariant under the action of Sy .
Especially they are invariant under the action of the generator of Zy:

(TSHHH, (Ul,... ,UN)F—)CT(Ul,... ,UN):(UQ,... 7[/VN,Ul).

Let N = ptllpg2 ...pts be the prime factorization of N, where 1 < p; < ... < ps
are prime numbers and ty,... ,ts are positive integers. Let

l=qg<q <...<qy <N, forsome integer a > 0
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be all the distinct factors of N. Correspondingly, define N = Ny > Ny > ... >
N, >1by Ny =N/q, for 0 < b < a.
Define the least energy of E on the sets of fixed points of g%,

() = inf{E(ﬁ) 1T eM, o»(T) = ﬁ} b=0,...,a

and ¢?(f) = oo if o% has no fixed point on M. The following lemma shows the
dependance of ¢?(3) on .

LEMMA 2.3. ¢ () = oo for < —=1/(Ny — 1), and limg~__1 (N, 1) ¢ (8) =
oo for0<b<a.

PROOF. If B < —1/(Ny—1) and 09 (U) = U, ie. U = (Ur,... ,Ugy,- ..,
Us,...,U,,), then we have

db
103112 = (1 + BNy — D)|UF 12 + BN, — )[US [+ + BN, / S vpu
k#j
< (1+ BNy — US54+ BN, — DU [* <0

which implies ||U;|| = 0 for all j =1,... , g, therefore |U]| = 0. But 0 ¢ M, so
0% has no fixed point on M. By definition, ¢?(3) = cc.
If —1/(Npy — 1) < 8 <0 and O'qb(ﬁ)) = ﬁ), then

qb
IGhIF = (1-+ BN, = D)UT [+ BN, ~ DIUT [+ 5N [ 3 URU?
k#£1
<L+ ANy = D)UY I3+ BN = DIUY [* < O+ BNy = D) [Ua]l*

where C' > 0 is the embedding constant corresponding to H}(Q) — L*((Q).
Since C' does not depend on 3, we have ||Ui||? > 1/(C(1 + (N, — 1)3)). Then
(2.5) gives us E(U) > [[Uy]|2 = 1/(C(1 + (Ny —1)3)). Thus E(U) — oo as
B— —1/(Ny —1). O

Also, we have the o-equivariant deformation lemma.

LEMMA 2.4. Let c € R, and let N C M be a relatively open and o-invariant
neighbourhood of K.. Then there exists ¢ > 0 and a C'-deformation n:[0,1] x
MEHENN — M such that for all U € M\ N and t € [0,1],

2.9) 00, U)=U, n(1,U)e M and ont, U)]=ntoU)

PROOF. Since Ey satisfies Palais—Smale condition, K. is relatively compact
in M. Note that E and F are C? functionals, then (2.8) implies that VE is
C" smooth. There exists € > 0 and § > 0, such that

|VEM(7)| >/6, for any U e Mete \ (MTFUN).
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Consider the descending flow 7: [0, 1] x M¢T¢ \ N/ — M€ determined by the
following initial value problem

Wt T) __%gp e, T)
dt - 5 M 77 b) b

(0, ﬁ) =T.

CLAIM. 7 is a deformation satisfying all requirements of the lemma.

First, n is a C' deformation since VE is C! vector field on M. Next, if
— —
U € M™%, then by the descending feature of the deformation flow, n(1, U) €
—
M2 If U € M2\ (M ¢ UN), then

1
B 7)) = [ =SBt D) e+ Bo(0.T)
< —2ez+ E(n(0, 7)) <c-—e.

Using the fact that Exq and VEy are o invariant, we see that on(t, ﬁ)) and

n(t, O’ﬁ)) satisfy the same Cauchy problem. Then by the uniqueness of solution,
— —

we have o[n(t, U)] =n(t,c U). Thus the claim holds and the lemma follows. OJ

3. A Zy-index
We define an index associated with the cyclic group Zy.

DEFINITION 3.1. For any closed o-invariant subset A C M, define index
~v(A) as the smallest m € N U {0} such that there exists a continuous map
h: A — C™\ {0} satisfying

(3.1) h(ou) = >N h(u).
If there is no such a map, set v(A4) = oo. Define v(@) = 0.

In particular, if A contains a fixed point of 6% for 0 < b < a, then y(A4) = oco.
The following lemma lists some properties of this index, which corresponds to
a special case of the results in [21].

LEMMA 3.2. Let A, B C M be closed and o-invariant.
(a) If AC B, then v(A) < ~(B);

(b) v(AU B) < ~(4) +~(B).

(¢) If g: A — M is continuous and o-equivariant, i.e.

g(o(ﬁ))) = ag(ﬁ), for all UeA

then v(A) < v(g(A)).
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If A does not contain fized point of c% for 0 < b < a:

(d) v(A) > 1 implies that A is an infinite set;
(e) if A is compact, then v(A) < oo, and there exists a relatively open and
o-invariant neighbourhood N of A in M such that v(A) = y(N).

Finally,

(f) if S is the boundary of a bounded and o-invariant neighbourhood of zero
i a m-dimensional complex normed vector space and V:S — M is
continuous map satisfying \I'(eﬂ”/Nﬁ) = 0(\11(7)), then v(¥(S)) > m.

PRrOOF. (a) Without loss of generality, assume v(B) = m < oo. By defini-

tion, there exists a continuous map h: B — C™ \ {0} with

h(o(ﬁ)) = eiZﬂ/Nh(ﬁ) forall U € B
The restriction of h on A is also a continuous map satisfying (3.1). Then (a)
follows from Definition 3.1.

(b) Suppose v(A) = m; and y(B) = ms. Then there exist continuous maps
¢ € C(A,C™ \ {0}) and ¢ € C(B,C™=2\ {0}), both satisfying (3.1). By the
Tietze Extension Theorem, there are continuous maps ¢ € C(E,C™) and ¢ €
C(E,C™2) such that ¢|4 = ¢ and | = 1. Replacing ¢, by

N— 1N
—27r/N —27'r/N j
E: i2j @ T), NZ:O (0! U)

7=0
if it is necessary, assume that ¢, satisfy (3.1). Set h = (qAS, 12) Then h €
C(A U B,C™*m2\ {0}) satisfies (3.1). According to definition, v(A U B) <
my +my = (A) +7(B).
(¢) Without loss of generality, assume v(g(A)) = m < co. By Definition 3.1,

there exists a continuous map g: (g(A)) — C™ \ {0}, satisfying (3.1). Then the
composite map
Gog A —Cm\{0)

also satisfies (3.1). Therefore,

Y(4) <m = ~(g(4)).

(d) If A C M is a finite set, then there exists m € N such that
AT Tmo T T T T

where U* € M (k=1,...,m) are m N-vectors. Define map h: A — C!\ {0}

as
L—

h(o?U*) = 20+Dm/N 50, .. N—1, k=1,...,m
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It is easy to see that h is continuous and satisfies (3.1). By definition, we have
v(A) =1 . .
(e) If Ais compact and 0 ¢ A, then there exists p > 0 such that ANB,(0)
= (). The cover
., N1 .
{B.@) = U B0}
§=0 UeA

admits a finite sub-cover {gp(ﬁl)w.. ,Bp(ﬁm)}‘ By choosing p > 0 small

enough, we may assume gp(akﬁ) N gp(alﬁ) =0ifl1 <k#1<m Let

{¢x}T* be a partition of unity on A subordinate to {lfgvp(ﬁﬁ“)}?’l”7 ie ¢ € C(A)
~ — m — —

with supp (¢x) C B,(U*), and 0 < ¢, < 1, 37" ¢ (U) = 1, for all U € A.

Replacing ¢y, by
1 i —
Nquk(ajU), 1<k<m
j=0

if it is necessary, we may assume that ¢ is o-invariant. Then for each k, define
hi: A — C as

_ ei2im/N U’ ifﬁeb’ Uiﬁ’ﬂ =0,...,N—1,
hk(U):{ ot /! "

0 otherwise.

Tt is easy to see that h := (hy,... ,hp): A — (Cm\{ﬁ)} is continuous and satisfies
(3.1). By Definition 3.1, y(4) < m < co.

Assume that A is compact, 0 ¢ A,v(A) =m < oo and let h € C(A,C™\
{0}) be a continuous map with property (3.1). We may extend h such that
h € C(M,C™). Since A is compact, its image under continuous map h is
also compact. Then there exists an open neighbourhood A of h(A) compactly
contained in C™ \ {0}, satisfying

NN =N

where I,,x., is the m by m identity matrix. Define N' = h=!(N). By construc-
tion, 0 ¢ h(N) and y(N) < m. On the other hand, y(A) < v(N) holds by
using (a). Hence y(A) = v(N)

(f) If y(¥(S)) < m — 1, there exists a continuous map h: ¥(S) — C™~1\ {0}

with property (3.1). Then hoW: S — C™~1\ {0} is continuous and has property
(hoW)(e?™/Nz) = e2™/N(hoW)(z), forallzes.

Applying the Z,-Borsuk—Ulam theorem given in [20, Theorem 2], it is easy to
see that (using the notations from [20])

m[tl — (tl AN ll)] <ry— (tl ANl A 7“1)

where t; Aly = min{ty,l1}, ¢ = 0and l; = r; = 1. Since m—1 < m, the theorem
guarantees 0 € h(W¥(S)), which is a contradiction. Therefore y(¥(S)) >m. O
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4. Proof of Theorem 1.1

Let S?™~! be the unit sphere in C™. To use the Zy-index given in Section 3,
we need to construct a continuous map from S?™~! to M with

Y(e?/NU) = o(U), for all U € S 1,

Proposition 4.1 presents the construction for bounded €2 and Proposition 4.2
presents the construction corresponding to radially symmetric 2.

PROPOSITION 4.1. Let 2 be a bounded domain in R™ with n < 3. Then for
any m > 1, there exists a continuous map 1: S*™ 1 — M, such that

W FU) = op(U), for allU € S 1.

ProOF. Without loss of generality, assume that the origin is an interior point
of Q.

If n = 2, we use polar coordinate system. Let m > 1 be fixed. There exists
po > 0, such that

D:={(p,t)|0<p<py, 0<t<2m} CQ.

Divide D into N parts Dq,..., Dy, where

‘ 2w(j — 1) 27

J ‘
D; = tye D <t< —,0< =1,...,N.
J {(pa )G N St < N ) 0_P<PO}7 J ) )

Choose 0 < p1 < ... < pm < Pms1 = po, and m functions U}, ... , UM € HE (),
such that the support of UF is contained in Dy N{(p,t) | pr. < p < prt1}. Define

2(j— Dm 2jm .
— L <t< = =2,...,N.
N —_ < N K ] ) K
and let U*(p,t) = Zjvzl Uk(p,t), k=1,... ,m.
According to the definition, Ui’“UJ’fc =0ifi#£j,k=1,... ,m,and UZ.’“U} =0
for k#1,i,57=1,...,N. We define C™ to be the space spanned by U*, i.e.

0 < p<po,

m

cm = { ZrkewkUk

k=1

TE € RJr, O € [0,27‘(’)

and 0, = 0 if r, = 0; kl,...,m}.

Thus C™ is identified as a 2m dimensional linear subspace of H. And the unit
sphere in C" can be represented as

(4.2) §¥m=1 — {Zrkem’“Uk ecm”

k=1

ir% = 1}.
k=1



216 R. TiAN — Z. WANG

Define map ¢: S>™~1 — M

(13) o(Lne®UHo0)) = .0, Uadpn0)

k=1

where

m

ZrkUJk(p7t - 016) ;

k=1

Z T‘kU]k(p, t— Gk)
k=1

Us (p,t) =

; j=1,...,N.

2

Zrka(pﬂt - ek)
k=1

4

Then it is easy to see that 1 is continuous, U # 0 for j =1,... N, UjU; =
for i # j, and

n <ei27r/N Z rpeif® Uk([% t)) = ( Z rkei(0k+2w/N)Uk(p, t))

k=1 k=1

= (U3 (p,t),--- . Ux(p,t), Uy (p, t)) =o¢ ( Z Tkewk Uk(pa t)) :
k=1
If n = 3, we choose a cylindrical coordinates and proper constants py > 0,
ho > 0 such that

E:={(p,t,h) |0<p<py, 0<t<2m, |h] <ho} CQ.

Then we divide E into N parts along ¢ direction in the same manner as we did
above, and consider the functions of the form

Uk (p,t,h) = ¢ (R)UF (p,t)

where ¢*(h) is continuous function with supp ¢ C (—hg, ko), and U jk is defined
in (4.1).

For n = 1, we divide a path connected subset of €2, say F, into N parts in
direction ¢ (a scaling of E may be required), as we did above. Then (4.1)—(4.3)
will give the corresponding construction for the case n =1 and 3. (]

PROPOSITION 4.2. Let Q be a radially symmetric domain in R™, n = 2, 3.
Then for any m > 1, there erists a continuous map 1p: S*™~1 — M, such that

Y2 NU) = op(U), for all U € ™1,

Proor. Divide 2 into N radially symmetric open subsets £;, j =1,... ,N
such that
N
Q=J, 4nQ=0, ifj#k

j=1
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Denote by O = S' xQ with S! being the unit circle. Choose functions U;: O — R,
j=1,...,N, satisfying following conditions:

(a) Uj(t,x) = Uj(t,|z]) for all (t,z) € S' x Q, and U; € C*(O);
(b) suppUj(-, -) C S' x Q3
(c) suppU;(t+2in/N, -)NsuppU;(t+2ln /N, -) =0, forall t and 1 < i #
I < N;
(4) for any ¢, 3350 [Uj(t, -) s # 0.
Let r = |z|, then U;(t,r) = U; (¢, |z|).
Let m > 1 be fixed. We choose m functions U*(t,7) = Z;\;l Uf(t, ),
k = 1,...,m, where UfF,... U¥ satisfy the above conditions (a)-(d), and
suppU*(-, -)NsuppU'( -, -) = (0 if k # | (which can be accomplished by slicing
O further in r direction into annuli). Then the following space is identified as

an m-dimensional complex space

di € RJr,gk € [0,27‘1’)

"= { i dye*U*

k=1

and 0, =0ifdp, =0, k=1,... 7m}
and the unit sphere in C™ is

(4.4) s2m-t = { > dpe Ut ecm

idﬁ = 1}.
k=1

For any vector Y = >}, dpe?® U* in S?~1 we set V(V): O — R as

r)
V(Y)(t,r) = 2= 5| > AU (t+ Ok,7)].
Z kUk t+9k7 ) k=1
k= 4

Now define map 9: S?™~t — M
(45) YY) = %b(deewkUk) = V), ), VIY)(t, +))
k=1

where for j =1,..., N, t; =2(j — 1)m/N. Then v is continuous,

[l

VYY), VY, ) =0 fori#j
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and satisfies

w(eiQW/Ny) :w (eiQ‘n'/N Z dkeiOkUk) _ w(deei(Qk—&-Qﬂ'/N)Uk)

k=1 k=1
:(V(eiz”/NY)(tT7 )y, Ve iz”/NY)(t}*v, )

(o5 ). (i 5.)

(V( )(tQ’ ')" ) (Y (th ')7V(Y)(tylﬂa ))

\%
=0 ( Z dye0r Uk>

O

REMARK 4.3. The method used in Proposition 4.2 also works for bounded
domains, for which we only need to consider a ball entirely contained in €.

Now, we construct multiple critical points for E ¢ by using the Zy-index
theory. Define the Lusternik—Schnirelman type levels on M as

=inf{ce R | y(M°) >k}, k=1,2,....
We give an estimate of the index v near the critical levels.

LEMMA 4.4. For any ¢ < ming<p<qo{c®(0)}, the Zy-indezx of K. is finite,
i.e. Y(K.) < co. And there exists € > 0 such that

YMFE) < A(METF) + y(Ke).

PROOF. Since En, satisfies the Palais—Smale condition, the set K. is com-
pact. By the definition of ¢%(8) and the assumption ¢ < ming<p<q{c?(8)},
there is no fixed point of 0% in K, for 0 < b < a. By Lemma 3.2(e), we have
~v(K,) < oo and a relatively open o-invariant neighbourhood N of K, such that
YN) =y (Ko).

For ¢ > 0 small, let n: [0, 1] x MT¢ — M be the C'*-deformation given by
Lemma 2.4. Then n(1, -) is a continuous and o-equivariant map from M€\ N/
to M¢~¢. Using Lemma 3.1(c), we have y(M T\ N) < (M ¢), and therefore

VM) <YMETENN) + (W) < A/(MEF) +y(Ke). .

LEMMA 4.5.

(a) For every m, ¢, < oo is bounded independent of 5 < 0.

(b) ¢m — ¢* as m — 0o, where ming<p<,{c®(F)} < ¢* < 0.

(¢) Ifc:=cm =Cmy1 = ... = ¢ < ming<p<a{c®(B)} for somel > m, then
Y(Ke) >1l—m+1.

(d) If ep < ming<p<q{c®(08)}, then K.
m Zy orbits of critical points of E.

# 0, and M°™ contains at least

m
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(e) If B < —1/(Ny — 1), then there is no fized point of 09 on M for 0 <
d<b.

PROOF. (a) By Proposition 4.1 or 4.2, there exists continuous map 1): S>7~!
— M satisfying (3.1), i.e.

w(e_”’T/NZrkemk U*(p, t)) = Ow(zrkewkUk(Pat))-
k=1

k=1

Then Lemma 3.2(f) implies v(4(S>™~1)) > m, and therefore

cm < sup E@(U)) < 0.
UeS2m—1

By the definition of ¢ and the construction of S?”~!, the value of

sup  E(p(U))
Ues?m—1
does not depend on . Hence (a) follows.

(b) If the conclusion is not true, it must hold that ¢* < ming<p<q{c?(8)}
such that ¢,, — ¢* as m — oo since {¢,,} is a monotone increasing sequence.
With similar argument as the proof of Lemma 4.4, there exists ¢ > 0 correspond-
ing to ¢*, such that

YMETE) < (M) +y(Ker).

Choosing m large such that ¢, > ¢*—e¢, then the above inequality and Lemma 4.4

imply 7(M¢€ ) < 0o. Now we choose m’ > v(M¢ ¢) and then the correspond-

ing ¢,y > ¢* 4 ¢, which is a contradiction. Thus ming<p<,{c®(8)} < ¢* < c0.
(¢) By Definition 3.1,

YMETEY<m—1 and (M) >1 forall € > 0.

Then v(K.) > 1 —m+ 1 follows from Lemma 4.4.

(d) If ¢, < ming<p<q{c®(8)}, then we get v(K,, ) > 1 by choosing | = m
in (iii). Hence K,
Zn-orbits of critical points of E. If ¢; = ¢; for some i < j < m, then v(K,,) > 1.

., 18 DOt empty. If 1 < ... < ¢, then M contains at least m
By Lemma 3.2(d), K., is an infinite set. Hence in either case we have at least
m Zn-orbits of critical points of E.

(e) H B <—1/(Np—1) and U s fixed by 09, then

4d
51 = (0 + B(Na = D) 14+ B(Na — DIU; 13+ 68a [ Y- URU?
k#j
< (14 B(Na = US|+ B(Na = DIUF 15 < 0
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for 0 < d <b. Thus U; = 0 for all 1 < j < N, which implies U = 0. Note
0 ¢ M, so we see that there is no fixed point of o9 on M. Therefore (e)
follows. 0

PROOF OF THEOREM 1.1. (a) If N is a prime number, then ¢% (3) = oo for

—
8 < —1/(N —1) by Lemma 2.3. Using Lemma 4.5(a) and (b), we choose U™ €
K

Cm

for every positive integer m, then there exists a sequence of nontrivial Z -
orbits of critical points of F. By Lemma 2.1, (1.3) has a sequence of nontrivial
Z n-orbits of solutions.

If N is not prime, we have N = ¢, N}, for any fixed b, 1 < b < a. Consider
solutions of the form

(4.6) (Uiy... Uy Usy ... Ugyy .o U,y Uy,

which are fixed points of o%. In this case, the system (1.3) reduces to a system
of gy equations

—AU; +U; = [+ B(N, — D)UF + BN, Y _U;UR in Q,
(4.7) —
Ui>0 inQ, U;=0 ondQ, j=1,...,q¢.

When 8 > —1/(N, — 1), system (4.7) is system (1.3) with N = ¢, i = 1 +
B(Np — 1) and 5 = [N,. If, in some interval of 3, system (4.7) has infinite
sequence of Zg, -orbits of solutions, then according to (4.6), we get a infinite
sequence of Zy-orbits of solutions of system (1.3).

Define b* € N by b* =0 for b =1, and for b > 2 by

- min{d | (ge,qp) =1, for all d < e < b} if (gp—1,q) =1,
b—1 if (qb—laqb) > 17

where (g, g») denotes the greatest common divisor of g. and g.

By Lemma 4.5(e), there is no fixed point of 0% on M, for any 0 < d < b*
when 3 < —1/(Ny- — 1). Consequently, there is no fixed point of 0% on the
corresponding Nehari manifold of (4.7) for 0 < e < f, where 1 = ¢p < @1 <

. < g5 < g are distinct factors of gp. Applying Lemma 2.3 to (4.7), we
get ming<.<{c?(B)} = oo for —1/(N, —1) < 3 < —1/(Np» —1). Also, we
use Lemma 4.5(a) and (b) to the corresponding critical levels of system (4.7).
For every positive integer m, there exists a sequence of nontrivial Z,,-orbits of
critical points of corresponding energy functional E. By Lemma 2.1, (4.7) has
a sequence of nontrivial Z,,-orbits of solutions. As a consequence, (1.3) admits
an infinite sequence of Zy-orbits of solutions.
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Let b run through 1 to a, we see that system (1.3) has a sequence of nontrivial
Z n-orbits of solutions for

a
1 1 1 1
56}_}1(_%—1’_%*—1] - (_Na—l’_N—l '
Finally, if 8 < —1/(N, — 1), by Lemma 2.3, we have ming<p<o{c?(8)} = 0.
Therefore, there is no % fixed point on M for all b < a, or equivalently, for

8 < —1/(N, —1). Using Lemma 4.5, system (1.3) has an infinite sequence of
nontrivial Zx-orbits of solutions for f < —1/(N, — 1). Therefore (a) holds.

(b) Let m be a given positive integer. By Lemma 2.3 and Lemma 4.5(a), there
exists B, > —1/(N — 1) such that for § < §,, we have ¢,,, < ming<p<,{c®(5)}.
Hence FE has at least m nontrivial critical points by Lemma 4.5(d) for 8 < (B,
and therefore problem (1.3) admits at least m Zn-orbits of solutions. ]

REMARK 4.6. When 8 > —u/(Np — 1), due to the invariant feature of sys-
tem (1.3), the Zy-orbits of solutions could be invariant under the action of
o9 for some 0 < d < b, where 0 < b < a. But for 8 < —u/(Ny — 1), sys-
tem (1.3) does not have 0% invariant solution any more. In particular, when
8> —p/(No—1) = —p/(N — 1), (1.3) may have solutions which are fixed points
of 0% for 0 < b < a; when 8 < —u/(N, — 1), no Zn-orbit of solution exists in
the fixed point set of any ¢?, 0 <b<b< N — 1.

REMARK 4.7. Our methods can be used to study a more general version of
system (1.3)
—AU; + Uj = plU;[*P72U; + B> [URP|UP2U; in Q,
(4.8) k]
U;>0 inQ, U;j=0 onodQ, j=1,... ,N
where > 0 a constant, N > 2, Q C R" is smooth bounded domain for n > 1,
or radially symmetric (possibly unbounded) domain for n > 2, and
2% n/(n—2) forn >3,
l<p< —=
2 00 forn =1,2.
With obvious changes (of notations, essentially) of the proof of Theorem 1.1, we
can prove the following theorem. The details are omitted.

THEOREM 4.8.

(a) If B < —p/(N —1), then system (4.8) has an infinite sequence of Z -
orbits of solutions.

(b) For any positive integer m, there exists a B, € (—u/(N —1),0), such
that for B8 € (—u/(N —1),Bn), system (4.8) has at least m Zy-orbits
of solutions.
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