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ABSTRACT. We study the existence of solutions for the following fractional
hybrid boundary value problem

a l’(t) B
D5 | s | +otts() =0, o<t <

z(0) =x(1) =0,

where 1 < a < 2 and DOO‘ ", denotes the Riemann-Liouville fractional deriv-
ative. The main tool is our study is the technique of measures of noncom-
pactness in the Banach algebras. Some examples are presented to illustrate
our results. Finally, we compare the results of paper with the ones obtained
by other authors.

1. Introduction

Differential equations of fractional order occur more frequently on different
research areas and they are very important in the modelling of several physical
phenomena [5], [8], [10], [12]. Recently, quadratic perturbations of nonlinear
differential equations have attracted much attention to researchers. These types
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of equations have been called hybrid differential equations and they have been
studied in some papers among them [6], [7], [11], [13], [14].

In [7], Dhage and Lakshmikantham discussed the following first order hybrid
differential equation

d x(t) B .
dt[f(t,:cu»] =glhald), tel

x(t()) =x9 € R,

where J = [0,T), f € C(J x R,R\ {0}) and g € C(J x R,R). The fractional
version of the last differential equation, i.e.

NG R
D | s | = ateato), e
z(0) =0,

where 0 < ¢ < 1, f € C(J xR,R\ {0}) and g € C(J x R, R) was studied in [14],
where the main ingredient was a fixed point theorem in Banach algebras.

In this paper, we study the existence of solutions for the following fractional
hybrid boundary value problem
o)
O+{f(ta%tﬂ
z(0) = z(1) =0,

(1.1) }+9@w®)=a 0<t<l,

where 1 < o < 2 and D8‘+ is the standard Riemann-—Liouville fractional deriva-
tive.

Our main tool is a fixed point theorem for the products of two operators which
satisfy a condition of Darbo type with respect to a measure of noncompactness.

2. Basic results

Firstly, we present some basic facts about fractional calculus theory. This
material can be found in [9].

DEFINITION 2.1. The Riemann—Liouville fractional derivative of order o« > 0
of a continuous function f:(0,00) — R is defined by

0= () s

where n = [a] 4+ 1, [a] denotes the integer part of «, provided that the right side
is pointwise defined on (0, c0).

DEFINITION 2.2. The Riemann—Liouville fractional integral of order o > 0
of a function f: (0, 00) — R is defined by

g f(t) = 1)/0( 18) g,

INa t—s)l-@
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provided that the right side is defined on (0, c0).
From these definitions, we can obtain the following two lemmas.

LEMMA 2.3. Let « > 0. Ifu € C(0,1) N L(0,1), then the fractional differ-
ential equation

Dg+u(t) = 0
has as a unique solutions
u(t) = At et 4 et
wherec; ER, i=1,...,n and n=[a] + 1.

LEMMA 2.4. Suppose that u € C(0,1) N L(0,1) with a fractional derivative
of order a > 0 belonging to C(0,1) N L(0,1). Then

IS DS u(t) = u(t) + crt® t 4+ ot 2 4 ent®™ ™,
for somec; R, i=1,... ,n, wheren=[a] + 1.

Now, we present the Green’s function of our fractional hybrid boundary value
problem. The following lemma appears in [13].

LEMMA 2.5. Suppose that f € C([0,1] x R,R\ {0}), y€C[0,1] and 1< <2.
Then the unique solution of the following boundary value problem

o | () _
D§y {f(t,w(t))} +yt)=0, 0<t<l,
z(0)=z(1) =0

o) = ft.2(0) [ Gt 9)u(s)ds.

where G(t, s) is the Green’s function which has the expression

R N

IMNa) 7

The following lemma appears in [2].

LEMMA 2.6. The Green function G(t,s) satisfies:
(a) G e C([0,1] x [0,1],R),

(b) G(t,s) >0 fort,s € (0,1), and

(¢) max G(t,s) = G(s,s), for any s € (0,1).

0<t<1
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Next, we recollect a few auxiliary facts about measures of noncompactness.
Assume that F is a real Banach space with the norm ||- || and the zero element 6.
By B(z,r) we denote the closed ball in F centered at z and with radius r. By
B, we denote the ball B(f,7). If X is a nonempty subset X of E then X and
Conv X denote the closure and the convex closure of X, respectively. By diam X
we will denote the diameter of a bounded set X and | - || the norm of X, i.e.
IX|| = sup{||z|| : « € X}. Further, by Mg we will denote the family of all
nonempty and bounded subsets of £ and by Mg its subfamily consisting of all
relatively compact subsets.

Throughout this paper, we will accept the following definition of the concept

of a measure of noncompactness [3].

DEFINITION 2.7. A mapping u: Mr — Ry = [0, 00) will be called a measure
of noncompactness in F if it satisfies the following conditions:

(a) The family ker g is nonempty and ker u C Ng.
) X CY = u(X) < ).
(¢) 1u(X) = n(X).
(¢) n(Conv X) = p(X).
(d) pAX + (1 =NY) <A puX)+ (1 =X u(Y) for X € [0,1].
) If (X,,) is a sequence of closed subsets of Mg such that X, +; C X,, and
lim p(X,) =0 then X, = ﬁ X, # ¢.
n—oo n=1

The family ker p appearing in 1° is called the kernel of the measure of non-
compactness p. Notice that the set X, appearing in 6° belongs to ker . Indeed,
since p(Xoo) < u(Xy,) for any n = 1,2,..., we infer that u(Xo) = 0 and this
means that X, € ker p.

In what follows, we will assume that the space E has structure of Banach
algebra. In such a case, we denote by xy the products of two elements z,y € F
and by XY the product of two subsets X and Y of F, i.e. XY = {zy: z € X,
yeY}

Now, we recall the following concept appearing in [4] which will play an

important role in our considerations.

DEFINITION 2.8. We say that a measure of noncompactness p defined on the
Banach algebra E satisfies condition (m) if, for any X,Y € Mg, the following
inequality is satisfied

p(XY) < [ X[u(Y) + [V [|p(X).

In [1], the authors proved the following generalization of Darbo’s fixed point
theorem.
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THEOREM 2.9 [1, Theorem 2.2]). Let Q be a nonempty, bounded, closed and
convez subset of a Banach space E and let F: Q2 — Q be a continuous operator

satisfying

(2.2) w(FX) < o(u(X)),

for any nonempty subset X of €1, where pu is an arbitrary measure of noncom-
pactness and @: R — Ry is a nondecreasing function such that lim ¢™(t) =0
for each t € Ry, where ©™ denotes the n-iteration of . Then T i:cgogt least one
fized point in 2.

Moreover, in [1] the authors proved the following lemma which will be useful

in our considerations.
LEMMA 2.10 ([1, Lemma 2.1]). Let ¢:Ry — Ry be a nondecreasing and
upper semicontinuous function. Then the following conditions are equivalent:
(a) lim ¢"(t) =0, for anyt > 0,
n—oo
(b) @(t) < t, for anyt > 0.

In this paper, we will work in the space C0, 1] consisting of all real functions
defined and continuous on the interval [0, 1] with the usual supremum norm

]l = sup{l=(t)] : t € [0, 1]},

for z € C[0,1]. Notice that the space C[0, 1] has also structure of Banach algebra,
where the multiplication is defined as the usual product of real functions.

Next, we will present the measure of noncompactness in C[0,1] which will
be used in our study. Let us fix a set X € Mgg1;. For z € X and € > 0, we
denote by w(z,¢) the modulus of continuity of z, i.e.

w(we) = sup{la(t) — o(s)| : £,5 € [0,1], [t — 5| < e},
Further, put
w(X,e) =sup{w(z,e) :x € X} and wo(X) = limw(X,e).
€

—0

In [3], it is proved that wo(X) is a measure of noncompactness in C10, 1].

THEOREM 2.11. The measure of noncompactness wy on C[0,1] satisfies con-
dition (m).
ProoF. Fix X,Y € M¢o,1), € > 0 and ¢,s € [0,1] with |t — s| < e. Then,
for x € X and y € Y, we have
[2(0)y(0) — ()y($)] <[ (Oy(e) — 2(2)y(s)| + [2(Wy(s) — 2(s)y(s)
=lz@®)] (&) —y(s)| + [y(s)] [2(t) — z(s)|
<zl wly, ) + llyll w(z, e).
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From this, it follows that
w(zy,e) < ||zl wly,e) + [yl w(z, ).
and, consequently,
w(XY,e) < | X[ w(Y,e) + [V w(X,e).
Taking € — 0 in the last inequality, we get
wo(XY) < [[ X wo(Y) + [[Y]| wo(X).

This completes the proof. O

3. Main results

By commodity, we will denote by A the following class of functions which
will be used later,

A= {go : Ry — Ry : ¢ is nondecreasing and lim ¢"(t) =0 for ny ¢ € R+}.

n—oo

REMARK 3.1. Notice that if A € [0,1] and ¢ € A then A\p € A. In fact, it
is clear that g is nondecreasing. Moreover, (Ap)(t) < ¢(t) for any t € R;. By
using mathematical induction, we can prove that (Ap)™ (t) < Ap(™(t) and this
proves that nanolo(Ago)"(t) = 0 for any ¢t € R;. Therefore, Ap € A.

Now, we are ready to prove the existence result of equation (1.1). We consider
the following assumptions:

(a1) fe€C(0,1] x R,R\ {0}) and g € C([0,1] x R, R).

(az) There exist nonnegative constants k; and kg such that |f(¢,0)] < ky

and |g(t,0)| < ko for any ¢ € [0,1].

(ag) The functions f and g satisfy:

=
—~
\’ﬁ
8
-
S~—
I
~

(t,z2)| < p1(z1 —22]),
(t,z2)| < a1 — z2|),

=Y
—~
~+
8
_
SN—
|
<

respectively, for any ¢ € [0, 7] and z1,x2 € R, where o1, @2 € A and ¢
is continuous.
(aq) There exists g > 0 satisfying the inequality

I'(2a)
I(«)

(p1(r) + k1) - (pa(r) + k2) < r

and, moreover

~—

(palro) + k) < 5o
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THEOREM 3.2. Under assumptions (a1)—(a4), equation (1.1) has at least one
solution in C|0, 1].

PrOOF. In virtue of Lemma 2.5, any solution of equation (1.1) must satisfy
the following integral equation

= f(t.2(t)) / G(t, 5)g(s2(s)) ds,

where G(t,s) is the Green’s function appearing in Section 2. Therefore, the
solutions of (1.1) are the fixed points of the operator defined on C[0,1] by the
formula

(3.1) (Tx)(t) = f(t,z(t /Gts s,z(s)) ds.

Consider the operators F and G defined on CI0, 1] by (Fz)(t) = f(t,z(t)) and

t) = fol G(t,s)g(s,x(s))ds, for any z € C[0,1] and ¢ € [0,1]. Then, Ta =
(Fz) - (Gz) for any z € C[0,1].

By (a;) and Lemma 2.6, it is easy to see that the operators F and G apply

([0, 1] into itself and, since the product of continuous functions is a continuous
function, 7 applies C[0, 1] into itself.

Next, we fix x € C[0,1] and ¢t € [0,1]. Then, taking into account our as-
sumptions, we get

[(T) ()] = [(Fa) ()] [(Gz) ()]
=|f(t,x(t) /Gts (s,x(s))ds
<[lf (& z@) — £t 0)[ +[f(£0)]]
1
‘/ (t,$)(g(s,z(s)) — g(s,0)) ds+/0 G(t,s)g(s,0)ds|.
Since G(t,s) > 0 for t, s € [0,1] (see Lemma 2.6), we have
|(Tz)(t)] < (e (lz(®)]) +1£(E,0)])
[/ G(t, 5)lg(s, 2(s ))—g(s,0)|ds+/0 G(t,s)|g(s,0)|ds}

§(¢1(|x(t)|)+|f(t,0)l)[/o G(t,S)wz(lx(S)I)ds+k2/0 G(t,S)dS}

< (G1(ll2ll) + ko) @ (lz]) + k) / G(t,5) ds.

Since Jnax G(t,s) = G(s,s), for any s € (0,1), we have

17|l < (¢a([l=]]) +k1)(¢2(||$||)+k2)/0 G(s,8)ds.
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Taking into account that

' S L Y A _ Lle)
/OG(s,s)dS—F(a)/o s (1—9) dS_F(a)B(a’a)_F(Qa)’

from inequality (3.2), it follows that

| Ta] < FF(( >)

From assumption (a4), we infer that the operator 7 transforms B,, into itself.

(@1(llzl]) + k1) (P2(ll]]) + k).

Moreover, from the last estimates, we get

1= Tza)

In the sequel, we will prove that the operator F is continuous on the ball B, .
To do this, we fix € > 0 and we take z,y € B,, with |z — y|| < e. Then, for
t € [0,1], we have

[(Fa)(t) = (Fy) (O = [t 2(8) = f{Ey(0)]
<e(lz(t) —y@))) <erlllz —yl)) < eale).

Since ¢1 € A it is easy to see that ¢;(t) < ¢ for any t > 0 (because, in contrary

(3.3) |FBr,ll < (¢1(ro) + k1) and [GB 2 (a(r0) + ka).

case, we find to > 0 such that ;1 (tg) < to. Since 1 is nondecreasing, (¢ (to)) is
a nondecreasing sequence satisfying to < ¢ (to) for any n € N, and, consequently,
0<ty < tlgg) ©T(to) and this contradicts the fact that ¢1 € A). From ¢y (t) < ¢
for any t > 0, we deduce that ¢1(0) = 0 and }g% p1(t) = 0. Therefore, ¢, is
continuous at ¢ = 0 and, from the last inequality, we infer that | Fz — Fy|| — 0
when € — 0.

Notice that in this argument we do not used the assumption about the con-
tinuity of ¢ (assumption (as)). This proves that F is continuous on B,.

In order to prove that G is continuous on B, we fix ¢ > 0 and for z,y € B,
with ||z — y|| < e, and ¢ € [0,1], we have

|(Gzx)(t) — (Gy)(t —’/Gts s, x( ds—/Gts (s,y(s))ds
< / G(t, 5)lg(s,2(5)) — g(s,y(s))] ds

where wg(e) = sup{|g(s,z) — g(s,y)| : s € [0,1], =,y € [-ro,70], |z —y| <)}

Since g(t,x) is uniformly continuous on bounded subsets of [0,1] x R, we
infer that wy(e) — 0 as € — 0, and, from the last inequality, it follows that
|Gz — Gy|| — 0 as e — 0. This proves that G is continuous on B,,. Therefore,
T = F - G is continuous on By, .
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Next, we will estimate the quantity related to the modulus of continuity for
the operators F and G on B,,. To do this, we fix a nonempty subset X of B,,
and € > 0. Then, for 2 € X and t1,t2 € [0,1] with |t; — to| < e, we get

[(Fz)(t1) = (Fa)(tz)| =f(tr, x(tr)) — f(t2, z(t2))]
S|f(t,a(tn)) = flte, 2(t))] + [f (L2, 2(t1)) — f(t2, 2(t2))]
Sw(f,e) +eillz(ty) — z(t2)]) Sw(f,e) + p1(w(X,€)),
where w(f,e) = sup{|f(r,z) — f(s,z)| : r,s € [0,1], |r —s| < e, x € [-ro, 70}
This means that
w(Fz,e) <w(f,e) +v1(w(X,e)).
From this, it follows that

w(FX,e) <w(f,e)+ ¢1(w(X,e)).

Since f(t, ) is uniformly continuous on bounded subsets of [0, 1] x R, we deduce
that w(f,e) — 0 as ¢ — 0, and, from the last inequality, since ¢; is continuous,

we obtain
(3.4) wo(FX) < wl(;i_rz%w(X,a)) = @1 (wo(X)).

Now, we estimate the quantity wy for the operator G. To do this, we fix
a nonempty subset X of By, and € > 0. Then, for x € X and 1,2 € [0,1]
with [t; — to| < e, we have

1 1
1(G) (1) — (Go)(t2)| = \ / Gty $)g(s, 2(s)) ds — / G(ta, 5)g(s, x(s)) ds

1
< / G(t1,5) — Gtz 5)| g(s, 2(5))|ds.

Put L = sup{|g(t,z)| : t € [0,1], € [—ro,70]}. Since g is continuous on the
compact set [0,1] X [—rp,70], L < co. Then, from the last estimate, we have

(G) (1) — (Ga)(t)| < L / G(t1,5) — Glta,s)|ds < L / w(G.e)ds < Lw(G, ),

where w(G, e) = sup{|G(m1, 8) — G(712, 8)| : T1,72,8 € [0,1], |71 — 72| < e}. This
gives us that

w(Gz,e) < Lw(G,e)
and, consequently,

w(GX,e) < Lw(G,e¢).
Since G(t, s) is uniformly continuous on [0, 1] x [0, 1], we infer that w(G,e) — 0
as € — 0, and, the last inequality gives us that

(3.5) wo(GX) = 0.
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Finally, we will estimate the quantity wy for the operator 7 on B,,,. Let X be a
nonempty subset of B,,. Taking into account Theorem 2.11, we have

wo(TX) :wo(fX . gX)
<[FXwo(GX) + [[GX lwo (FX) < [[FBry[lwo(GX) + |G B [|wo (FX).
By (3.3)-(3.5), we infer that

I'(a)
I'(2a)

wo(TX) < (¢2(ro) + k2) ¢1(wo(X)).

By assumptions (ay4), %((pg(’f‘o)—i—k‘g) < 1 and, taking into account Remark 3.1,

T'(a)
I'(2a)
least one fixed point in B, . O

(¢2(r0) + k2)¢1 € A. Finally, by using Theorem 2.9, the operator 7 has at

4. Example

Before to present an example illustrating our results, we need some properties
about the inverse tangent function.

DEFINITION 4.1. A function f: Ry — Ry is said to be subadditive if

flx+y) < f(x)+ f(y), foranyz,yeR,.

LEMMA 4.2. Suppose that f: Ry — Ry is subadditive and y < x then
f@) = fly) < fle—y).

ProOF. In fact, since f(z) = f(z —y +y) < f(z —y) + f(y) it follows the
desired result. ]
REMARK 4.3. Notice that from Lemma 4.2, we infer that if f:R, — R is
subadditive then
[f(@) = f(y)l < f(lz —y]), forany z,y € Ry.

LEMMA 4.4. Let f:Ry — Ry be a concave function with f(0) = 0. Then f
is subadditive.

Proor. We take z,y € Ry. The concavity of f and the fact that f(0) =0
give us

_ x y Yy oz
flx) = f(w($+y)+w‘0> > x+yf($+y)+mf(0) = a:—&—yf(w—’—y)
and

= o r Yy -y
10 = (70t ) 2 g0 k) = L fak)
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Adding these inequalities, we have
T Y
T)+ > —flxt+y)+——Ff(z+y) = f(z+y).
f@)+ fly) = x+yf( y) x+yf( y) = flz+y)
This completes the proof. O

REMARK 4.5. Since the function ¢: R} — [0, 7/2) defined by ¢(t) = arctant
is concave (because ¢” = —2t/((1+t?)?) < 0 for t € R;) and (0) = 0,
Lemma 4.4 says us that ¢ is subadditive. By using Remark 4.3, we have

|arctant — arctan s| < arctan(|t — s|), for any t,s € Ry.

Since arctant < t for any ¢ > 0 (because if h(t) = t — arctant for ¢ > 0,
then h/(t) =1 —1/(1+t%) > 0 for t > 0 and, therefore, h(0) < h(t) for t > 0.
Consequently, arctant < ¢ for ¢ > 0) and p(¢) = arctant for t € R, is continuous,
Lemma 2.10 gives us HILHgC ©"(t) = 0 for any t € Ry. Moreover, it is clear that

©(t) = arctant is nondecreasing and, therefore, ¢ € A.
Now, we are ready to present an example where our results can be applied.

EXAMPLE 4.6. Consider the following fractional hybrid boundary value pro-

blem
t)
D32 el tan |z(t)] =0, 0<t<1
(4.1) 0% | 1/2 + arctan |x(t)] +arctane(t)] = 0, ’
2(0) = 2(1) = 0.

Notice that, (4.1) is a particular case of (1.1), where o = 3/2, f(t,x) = 1/2 +
arctan |z| and g(¢,z) = arctan |x|.

It is clear that f € C([0, 1] xR, R\{0}) and g € C([0, 1] xR, R) and, moreover,
|f(t,0)] = 1/2 = ky and |g(t,0)] = 0 = ko. Thus, assumptions (a;) and (ag) of
Theorem 3.2 are satisfied.

On the other hand, taking into account Remark 4.5, for any x1,z2 € R and
t € Ry, we have

|f(t,z1) — f(t,22)| =] arctan |z1| — arctan |zs||
< arctan(||z1| — |x2]|) < arctan(|z; — z2)),
where we have used the nondecreasing character of the inverse tangent function
and the fact that ||z1|—|z2|| < |21 —x2|. Therefore, ¢;(t) = arctant and ¢; € A
(see Remark 4.5). Moreover, it is clear that ¢; is continuous.
Further, notice that, for any x1,22 € R and t € R, we have
lg(t,x1) — g(t,x2)| = |arctan|z,| — arctan |zo]|
< arctan(||z1| — |x2||) < arctan(|z; — z2])

and, in this case, p2(t) = arctant with @2 € A. This proves that assumption
(ag) of Theorem 3.2 is satisfied.
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In our case, the inequality appearing in assumption (as) of Theorem 3.2 has
the expression
r'(3)
I'(3/2)

Tt is easy to see that this inequality is satisfied for ro =1/ V/3 and, moreover,

1
<arctan T+ 2) (arctanr) < T

= 2.256750.

t fan - = 0523508 < ) 2
arctanrg = arctan — = u. =
0 V3 = T(3/2)  0.88623

This proves that assumption (as) of Theorem 3.2 is satisfied.
Therefore, Theorem 3.2 says us that (4.1) has at least one solution z € C[0, 1]
such that ||z|| < 1/v/3.

5. Final remarks

In [13], the authors studied equation (1.1) under other assumptions. More
precisely, they proved the following result.

THEOREM 5.1 ([13, Theorem 3.1]). Suppose that the following assumptions
are satisfied:

(Hy) feC([0,1] x R,R\ {0}) and g € C([0,1] x R, R).
(Hz) There exists a constant L > 0 such that

|f(t,x) = f(t,y)] < Llz —yl,
for any t € [0,1] and x,y € R.
(H3) There exists a function h € L*([0,1],Ry) such that
lg(t, x)] < h(t), for anyt € [0,1].
(Hy) LT|h|1 <1, where T = fol G(s,s)ds.
Then equation (1.1) has a solution in C(]0,1],R).

Now, we present an example which can be treated by Theorem 3.2 and it
cannot studied by using Theorem 5.1. Previously, by using similar arguments to
the ones used for the inverse tangent function can be proved that the functions
©1(t) = tanht = (e?* — 1)/(e®* + 1) and 2 (t) = In(1 + ¢t) belong to the class A.

ExampPLE 5.2. Consider the following fractional hybrid boundary value pro-

blem:
o | PV e A ROD =0, 0<r<t
z(0) = (1) = 0.

Notice that, equation (5.1) is a particular case of (1.1), where o = 3/2, f(t,z) =
1/4 + tanh |z| and g(¢,2) = In(1 + |z]).
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It is clear that assumption (a;) of Theorem 3.2 is satisfied, and, moreover,
|f(t,0)] = 1/4 = ky and |g(¢,0)| = 0 = k3. Since the function ¢ (f) = tanht is
concave and ¢1(0) = 0, by Lemma 4.4, ¢, is subadditive and, therefore, for any
1,22 € Rand t € Ry, we have

[f (8, 21) = f(t, 22)| =< tanh([[z1] — [a2]]) < tanh(jz1 — 22]),

and ¢1(r) = tanhr. Notice that ¢; € A and ¢; is continuous.
On the other hand, for any 1,22 € R and ¢ € R, we have

l9(t,21) = g(t; x2)| = [In(1 + [a1]) — In(L + |22])]-

Suppose that |z1] > |z2| (same argument works for |z2| > |21]), then
14+ |24

In{ —
1+ |22

1 _ _
_ ln< t+lea| |$2|) I <1+ |71 |932|)
L+ ze| 1+ |2 1+ |2

< In(L+ (fo1| — [2])) < (L + for — ),

lg(t,21) — g(t, 22)| =

where we have used the nondecreasing character of po(t) = In(1 4 ¢t) for t € Ry
and the fact that |x1| — |z2| < |21 — 22]. In our case, pa(t) =In(1+1¢) for t € Ry
and it is easy to see that o € A.

The inequality appearing in assumption (a4) of Theorem 3.2 has the form

(tanhr + i) (In(1+47)) < FIE?S;) T.

It is easy to see that this inequality is satisfied by rg = 1 and, moreover,
L) ) DG/
['(2a) I'(3)

Therefore, by Theorem 3.2, (5.1) has at least one solution x € C([0, 1], R) with
ol < 1.

Notice that in our case the function g(t,x) = In(1 + |z|) does not satisfy

In(1 + 79)

=1n(2) - 0.443115 < 1.

assumption (Hy) of Theorem 5.1 and, therefore, equation (5.1) cannot be treated
by the results of [13].
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