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INFINITELY MANY SOLUTIONS
TO QUASILINEAR ELLIPTIC EQUATION
WITH CONCAVE AND CONVEX TERMS

LERAN XIA — MINBO YANG — FUKUN ZHAO

ABSTRACT. In this paper, we are concerned with the following quasilinear
elliptic equation with concave and convex terms

1
(P) ~Au— S uA(ul?) = alulP "+ Blult 2, w €0,
where @ C RY is a bounded smooth domain, 1 < p < 2, 4 < g < 22*.

The existence of infinitely many solutions is obtained by the perturbation
methods

1. Introduction

In the present paper, we are concerned with the following quasilinear elliptic

equation with concave and convex terms

1
—Au — 3 uA(Ju)?) = aluP2u + Blu|?%u, z€Q,

u =0, x € 09,

(P)
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where Q C RY is a bounded smooth domain, ¢, 8 € R are parameters, 1 < p < 2,
4<q<22%,2*=2N/(N—-2)if N >3 and 2* = 0o if N =1,2. Such a problem
is referred to as the so-called modified Schrédinger equation (see [3], [24] and
[19]). Our motivation comes from the works about the semilinear case (see, for
example, [2] and [6])

—Au = afulP2u + Blul??u, x € Q,

(1.1)
u =0, x € 09,

where 1 < p < 2 < ¢ < 2*. In [2] Ambrosetti, Brezis and Cerami showed that, for
a > 0 small and 8 > 0, (1.1) has infinitely many solutions with negative energy
and infinitely many solutions with positive energy in H}(2). In [6] Bartsch
and Willem dropped the restriction on « via the fountain theorem and its dual
version. More precisely, they show that for 8 > 0 and @ € R (1.1) has infinitely
many solutions with energy going to infinity, and for @ > 0 and 8 € R (1.1) has
infinitely many solutions with negative energy going to zero.

In the case ¢ = 2*, the existence of a positive solution was obtained by Brezis
and Nirenberg in [9]. See [17] for the multiplicity result. A natural problem is
whether the same conclusions hold true or not for the quasilinear problem (P)?

In this paper, we will give positive answer for the subcritical case ¢ < 22*
and the critical case ¢ = 22*. The main idea of our arguments comes from the
works concerning the fountain theorem and its dual version (see [4], [5] and [6]).

Problems similar to (P) were considered recently in some papers. The mini-
mization methods was used in [19], [24]. The main tool in [3], [20] is the Nehari
method. A change of variables argument was involved in [11], [21]. With this
change of variables the quasilinear problem is transformed to a semilinear prob-
lem and various existing methods for semilinear problems can be adopted and
modified to treat the resulting equation such as done recently in [1], [11]-[14],
[18], [23], [25] and the references therein. In particular, in [13], the authors
obtained the existence of a positive solution of a similar problem on R¥.

The weak form of (P) is

(1.2) /Q[(l + A )VuVe + u|Vul?¢ — alulP2ug — Blu|9u¢] dzx = 0,

for all ¢ € C5°(£2), which is formally the variational formulation of the following
functional

(1.3) Io(u):l/(1+u2)|Vu|2dxfg/ \u|pd:cfé/ lu|? dz.
2 Jo P Jo q.Ja

We may define the derivative of Iy at u in the direction of ¢ € C§°(Q) as follows

(1.4) <I(’)(u),<b):/Q[(1+u2)VuV¢+u|Vu|2¢]dx
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704/ \u|p*2u¢dxfﬁ/ |u|9%ue d.
Q Q

We call u a critical point of I if u € Wy *(Q), [, u?|Vul?dz < oo and (Ij(u), ¢) =
0 for all ¢ € C3°(§2). That is, u is a weak solution of (P).

The main difficulty in our problems is that there is no suitable space on which
the functional I enjoys both smoothness and compactness, so the standard crit-
ical point theory can not be applied directly. To overcome this difficulty, we
use a perturbation method developed recently in [22]. The main idea is, to find
a family of C'-functionals I,, with compactness on a suitable work space, adding
a perturbation term to the original functional Iy. So, we seek for a sequence
{uyn} of critical points of I, for p > 0 small via the arguments in fountain
theorem (see [4], [5], [6] and [26]) and establish suitable estimates for the critical
points as u — 0, and hence we may pass to the limit to get a sequence of solu-
tions of the original problem. More precisely, we consider a family of perturbed
functionals

(1.5) I,(u) = %/Q|Vu|4 dx + Ip(u)

where p1 € (0,1] is a parameter. Obviously, I, is a C'-functional on Wyt ().
For all ¢ € W, (Q),

(1.6) 1. 0) = [ [PuPVaTodo -+ (Ty(w). ).
We have the following existence results for (P).

THEOREM 1.1. Assume 4 < q < 22*.

(a) Forevery f >0, a € R, the problem (P) has a sequence of weak solutions
{un} such that Iy(u,) — o0 as n — co.

(b) For every a > 0, 8 € R, the problem (P) has a sequence of weak solutions
{vn} with Iy(v,) < 0 such that Ip(vy) — 0 as n — oo.

THEOREM 1.2. Assume q = 22* and 8 > 0. Then there exists a* > 0 such
that, for every 0 < a < o, the problem (P) has a sequence of weak solutions
{vn} with Iy(v,) < 0 such that In(vy,) — 0 as n — oo.

REMARK 1.3. In fact, our results can be generalized to the more general case

N N
1
- E Dj(a;j(xz,u)D;u) + 3 E Dgaij(z,u)DiuDju = alulP?u + Blu|?2u,

i,5=1 i,j=1

for z € Q, where

D; =

and Dsa;j(x,s) = =—ai;(x, s).

0
ox; Os
For a;j(z,u) = (1 +u?)d;;, the equation is reduced to (P).
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NoOTATIONS. We denote by || - || the norm of W01’4(Q), by || - ||z the norm
of Wy?(€) and by | - |5 the norm of L*(Q)(1 < s < +00), C and C; stand for
different positive constants.

2. Proof of Theorem 1.1
First, similar to [22], we have the following convergence results for (P).

LEMMA 2.1. Let p, — 0 and q < 22*. Suppose {u,} C Wy*(Q) satisfies
I, (un) =0 and 1, (un) < C for some C € R independent of n. Then there is
u € W01’4(Q) such that, up to a subsequence, u,, — u in WOI’Q(Q), Up Vi, = uVu
in L2(Q), pn [ [Vup|*dz — 0 and I, (un) — Io(u) as n — oo, and u is a
critical point of 1.

PrOOF. The proof is similar to [22]. We sketch it for completeness. By
I, (un) =0and I, (u,) < C, we obtain

(2.1) czummfém¢wmw>

1 1 1 1
:(—)Mn/ |V, |* dz + (—)/ |Vu,|? dz
4 q ) 2 q)Ja
1 2 1 1
+(—)/ui|Vun|2dx+a<—>/|un|pd:v.
2 q/) ) a pr)Ja

We claim that there exists Cpy > 0 such that
/ |un |Pdz < Cp.
Q

If not, without loss of generality, we may assume |u,,|, — 00 as n — co. By (2.1),

we have

1 2 1 1
2.2 cC>(=-—- /U%Vunzdera()unp
22) (2 q> Q [Vta] q p| b
1 1 1
> < — = Cun4+a<— )unp
(53 ) Cilualt+ (5 = 2 Yl

which is impossible since p < 2 and ¢ > 4.
Using (2.1) again, we have

(2.3) un/ \Vun|4dx+/ |Vun|2dx+/u%\Vun|2dx§03,
Q Q Q

where Cj3 is independent of n. Then we have u,, — u in W(}’Q(Q), Vi, — uVu
in L2(Q) and u,(z) — u(z) for almost every x € Q). Note that w,, satisfies



QUASILINEAR ELLIPTIC EQUATION WITH CONCAVE AND CONVEX TERMS 543
(2.4) /Ln/ |V, |*Vu, Vo dr + / (1 4+ u2)Vu, Vo + u,|Vu,|*6) de
Q Q
- a/ [ |P 2 da — 6/ |72 U dz = 0,
Q Q
for all ¢ € Wy*(€). Since

(N—-2)/N
</ | | 2N/ (N =2) dm) §C’4/ u?|Vu,|? dx < Cs,
Q Q

by Moser’s iteration we obtain
(2.5) [tn|Lo (@) < Cé,

and hence |u|p~q) < Cg, where Cs is independent of n. Now, similar to the
arguments in [10] (see also [22]), one can show that w is a critical point of Iy. In
fact, we choose ¢ = e~ in (2.4), where ¢ € C§°(2) satisfies ¢p > 0. It follows
from (2.4) that

(26) 0= Hn/ |Vun|2vu”(vw€fun - ¢Vun67“") dzx

Q

+ / (1 + u2)Vu, (Ve " —pVu,e ") dx
Q

Jr/ Up |V [*pe ™" do — Oz/ |t [P~ 2 pe ™ da
Q2 Q

a ﬂ/ ‘Un|q72un7f}67u" dz

Q
SNn/ [V, |*Vu, Vipe ™ d + / (14 u2)Vu, Vipe " dx

Q Q

= [+ =) Funpe da
Q

- a/ \un|p_2un1/)e_“" dx — 5/ |un|q_2unwe_“" dx.
Q Q

By Fatou’s lemma, the weak convergence of u,, and (2.3) we have

(2.7) 0< /(1+u2)Vuvwe_“da:—/(1—|—u2—u)|Vu|2we_“ dx
Q Q
—a/ \u|p_2u1/)e_“dx—ﬁ/ lu| T2 upe ™" dx
Q Q
= /(1+u2)VuV(¢67")dx+/ u|Vul*pe " dr
o Q

—a/ \u|p72u1/167“dx—ﬂ/ Ju|9™2urpe ™" da.
Q Q

Let x > 0, x € C§°(Q). We may choose a sequence of nonnegative functions
Y — xe* in W3 2(Q), 1, — xe* for almost every = € Q and {1, } is uniformly
bounded in L>*(Q2). Then, by approximations in (2.7), we have
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(2.8) / (1 +u?*)VuVyxds + / u|Vul|*x dx

Q Q

- a/ |ulP~2uy dx — ﬁ/ lu|72ux dz > 0.
Q Q

Similarly, we can obtain an opposite inequality. Thus, we have for all x € C5°(£2),
(2.9) / (1 +u?*)VuVyxdr + / u|Vul|*x dz

Q Q

- a/ |ulP~2uy dx — 5/ lu|72ux dz = 0.
Q Q

That is, u is a critical point of Iy and a solution of (P). Replacing x with «
in (2.9) and doing approximations again we have

(2.10) /(1—|—u2)|Vu|2dx—a/ \u|pd:5—6/ luff da = 0.
Q Q Q

Setting ¢ = u,, in (2.4), we have

(2.11) un/ |Vun|4dgc—|—/(1—|—ui)|Vun|2 dx—a/ |un|pdx—ﬁ/ |ty |? dx = 0.
Q Q Q Q

Using
/|un|pdx%/|u|pdx /\un|qd:c%/ |u|? de,
Q

(2.10), (2.11) and the lower semi-continuity we obtain
/ |V, |? de — / |Vu|? da, / u2|Vu,|* de — / u?|Vul? dz,
Q Q
,un/ |Vu,|* dz — 0.
Q

In particular, we have w,, — u in Wol’Q(Q), UV, — uVu in L?*(Q) and
1., (un) = Io(u). O

Let {e;} be a Schauder basis of W,*(€) (see [16] and [7]). Define X; := Re;.
Note that for each p € (0,1], I,, is even. Now, some notations are in order. Set

k )
Ys ::@Xj, Z ::EBX
j=0 j=k

By, = {u €Y : /(1+u2)|Vu|2 dx < pi},
Q

N = {u €7 : /(1 +u?)|Vul? de = 7‘2},
Q

where pi > r > 0.
The following intersection property is similar to Lemma 3.4 in [26].

LEMMA 2.2. If v € C(By, Wy (Q)) is odd and |yp, = id, then
v(Bk) N Ny, # 0.
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PROOF. Define
U:= {u € By : /(1 + 7% (W) | Vy(u)|? de < ri}
Q

Denote by P the projector onto Yj_; such that P,Z; = {0}. By the Borsuk—
Ulam Theorem, there is ug € By with

[ ) 92 ) P o = 1}
such that Pyy(ug) = 0. Hence ug € y(Bx) N Ny. O

PROOF OF THEOREM 1.1. (a) Assume a € R and 8 > 0. The proof is
divided into several steps.

Step 1. For each k, there is ry > 0 independent of u € (0, 1] such that

inf I,(u) = oo, ask — oo.
u€ Ny

In fact, define
Jul

0y := sup .
"ue#zo’“ /Q(l + u?)|Vul? dz

It is clear that 0 < Og11 < O, thus 0, — 6 > 0 as k — oo. For each k, there
exists ug € Zj, such that

1/2 0,
(/(1 +ui)|Vuk2dx> =1 and |ugls > 5
Q

By the definition of Z, ux — 0 in Wy *(Q) (see p. 182-183 in [15]). The Sobolev
imbedding theorem implies that ug — 0 in L2(€2). Therefore, 8 = 0, i.e.

(2.12) 0, =0 as k— oo.

Observe that there exists Cq > 0 such that |u|P < C1(14 |u|?), which yields that

1
Ip(u) = 3 /Q(l +u2)|Vu\2da: — %|u|g — §|u|g

1, oG] (,6’ |acl) ( / o2 )W
> rp-—— — [ =+ —— )0} 1+ w®)|Vul* dz
ST . il LA WACE TN
1, |aC]9 <B |acl)
=rp———— — | =+ —— |0}

2k p q P k' k

1 (B, [alC) g g2] lo]CilQ]
R R L B

for u € Nj. Choosing r, = [4(8/q+ |a|Cl/p)]’1/(‘1’2)9;(1/((1_2), we have 1, — 00
as k — oo. Thus

. . 1 |a|C1 ]9
2.13 f I > inf I >—p2 P k — .
(2.13) ot u(u) > Jnf o(u) > L , 00 as 00
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Step 2. For each k, there is py, > 71, independent of p € (0, 1] such that

(2.14) ay = max I,(u) <0.
ueYy
f52(1+u2)|Vu\2dw:pi

In fact, for u € Yy, we have

1 1
Iu(u):ZM/Q|V“|4d$+§/g(1+“2)|v“|2d$

_8/ \u|pd$c—é/ |u|? dx
pJa q.Ja

1 1 1 1/2 1/2
Sf,u/ |Vu|4dx+f/ |Vu|2dx+(/ |u4dac> (/ |Vu|4dac>

4" Jo 2 Ja 2\ Ja Q

+M/\u|pdx7é/|u|qu
P Ja q Jo

< Zallull + Cellull® + Cslul* + Callull” — Cs |lull

Y

< llull* + Collull* + Cslul* + Callul” = Cs|ful?,

since all norms are equivalent on the finite dimensional space Y}, which implies
that we can choose py > i, independent of 1 € (0, 1] such that by < 0.

Step 3. We claim that I, satisfies the (PS). condition for every ¢ > 0. In
fact, let {u,} C Wy *() be such that I,(u,) — ¢, I}(up) — 0 as n — oco. For
n large enough, we have

(215) 1+ funll > Tu(un) — ~{I,(un), un)

q
1 1 1 1
:(—),u/ |Vun|4dx—|—<—>/|Vun|2dx
4 q)" Ja 2 q/)Ja
1 2 9 9 a o
o uz|Vup|“de + | — — — |t |P dx
2 q) Ja a pr/)Ja

1 1
> (17 )uluall = Gl

Thus {uy} is bounded in Wol’4 (Q). Up to a subsequence, we may assume u, — u
in Wol’4(Q) and u, — uwin L*(Q) for 1 < s < 22*. Choosing ¢ = u, — Uy, in
(1.6) we have

(2.16)  o(1)l[un — wnmll = (I, (un) = I}, (tm ), tun — tm)

zu/(|Vun|2Vun — |Vt |2Vt ) (Vg — V) do
Q
+/ |V, — Vi, |? de
Q

+ / (U2 V', — u2, V) (Vg — ty) dz
Q
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+ / (| Vun|? = | Vs [?) (ty, — ) de
Q
- a/ (|t [P 2t — [t [P~ 210 ) (U — Uy dz
Q

- ﬁ/ (|un\q_2un - |um|q_2um)(un — U, ) dz.
Q

Now we estimate the above terms appeared on the right hand one by one.
(2.17) / (U2 Vg — u2, V) (Vg — uy,) dz
Q

= / u2 |V, — Vg,|? dz + / (w2 — )V (Vu, — Vuy,) de
Q Q

> = |un = tmla(|unls + [um]a) [uml|([[unll + [[uml]) = 0.

(2.18) ‘ /(un|Vun|2 — o |Vt ) (1t — )
Q

< (funlallunll® + lumlalltm*) (lun = wmls) — 0.

(2.19) a/ (|un\p_2un — |um|p_2um)(un — Up,) dx
Q
<ol (Jun 5™ + [um 5™ [t — tmlp = 0.
(2.20) ‘,@ / (]2t — |t |21ty (1 — ) dl
Q

<181 [ Gl 4l = ] do
Q

< |B|(|un|371 + |um|gil)|un — Uml|q = 0.

(2.21) u/ﬂ(|Vun|2Vun — |V |* V) (Vi — V) de
> 6'7/Q |V, — Vi, |* de
for some C7 > 0. Combining (2.16)—(2.20) together we obtain
C’7/Q |Vt — V|t de < o(1)||tn — tm || + o(1),

which impliese that {u,} is a Cauchy sequence in Wy**(Q2), and hence there is
= W&A(Q) such that u,, — u in W01’4(Q).

Step 4. Define for k > 2, ¢x(p) :== inf max I,(y(u)), where
yET L u€BY,

Ty :={y € C(Bg,X) :vis odd and 7|gp, = id}.
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Obviously, for each k, there holds cx (i) < ¢x(1) < maxy,ep, I1(u) < oo, since

I, is increasing in p. On the other hand, by Lemma 2.2, v(Bj) N Ny # 0 for

v € T'. Therefore, ¢x(p) > inf I,(uw) > inf Io(uw). It follows from (2.13) that
u€ Ny u€EN}

ck(p) = 0o as k — oo.

Step 5. For each k, there is a sequence uy ) such that I,(un k) — cp(p)
and I}, (u,) — 0 as n — oo. Otherwise, for every ¢ € (0, (cx — ax)/2) and
v € I'y, with max I,(v(u)) < cp(p) + €, where a is given in (2.14), it follows
from the equivariant deformation lemma (see Lemma 3.1 in [26]) that there
exists n € C([0,1] x WEH(Q), W () such that n(1, I5*%F) ¢ 150072 and
o(u) := n(l,v(u)) € Tk. Thus cx(p) < max I.(y(u)) < cp(p) — €, which is
absurd.

By Step 3, c(p) is a critical value of I,,. Thus I, has an unbounded sequence
of critical values and hence I, has a sequence of critical points {u,x}. By
Lemma 2.1, passing to the limit for u — 0, I has a sequence of critical points
{ux} such that Iy(ug) — 0o as k — oo. This completes the proof of (a).

(b) Assume a > 0 and 3 € R. The proof is also divided into several steps.

Step 1. We claim there exists kg such that, for each k > kg, there is py > 0

independent of p € (0,1] such that
inf I > 0.
ulenZ;c ”(u) >0
fgz(1+u2)\Vu|2 dm:pi

In fact, define
Jul

Y := sup .
“uei%’“ /(1+u2)|Vu|2dac
Q

Similar to (2.12), ¥ — 0 as k — oo. Since

1/2 1/2
lul, < C’o(/ |vu|2d:c> < CO(/(1+U2)|VU|2d:r)
Q Q

and g > 4, there exists R > 0 such that
1
Jaswivupis < k= Culg < [ @) Vil a,
Q q 4 Jo
which yields

1 a
@2) = [ 0+ TuP do = Sul} = 5/alul

1
> 1 / (14 u?)|Vul* dz — a/plulb
Q

1 «o »/2
27/(1+u2)|Vu|2 dx — ﬁi(/(l+u2)|Vu|2dx) )
4 Jo p Q

for u € Wy *(Q) with [,,(1 +u?)|Vul? dz < R.
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Choosing py, = (8a/p)/(2~P 19;;/(2 ?) we have pr — 0 as k — co. Then there
exists kg such that pr < R when k > kg. Thus, for k& > kg and u € Z; with
Jo(L+u?)|Vul? dz = p, it follows from (2.22) that

1 « _
L(u) > Io(u) > p} {4 - ;%PZ 2} >0,
which implies that the claim is true.

Step 2. For each k > ko, there is 0 < r < pi, independent of p € (0, 1] such
that

by = max I,(u) <O.
k wey, u( )
Jo(14u?)|Vul? de=r

In fact, for u € Y, we have

1
I,(u) :%/Q|Vu|4dx+§/(1+u )|Vl dz — /|u|pdac 5/ |u|? d

1 1 18]
< Z|VU|3 + §|VU\§ + §|u\i\Vu\i - ;|U|§ + ?Wg

1
< lull + Cullull® + Coflull® = Csllull” + Culjull*,

since all norms are equivalent on the finite dimensional space Y}, which implies
that we can choose 0 < r < pj, independent of i € (0,1] such that by < 0.

Step 3. We obtain from (2.22), for k > ko and u € By,

p/2
I, (u) > In(u) > —zﬁz</ﬂ(l +u2)|Vu2ch> > —%ﬁipﬁ

Then @y, := 1an I,(u) = 0 as k — oo since ¥y — 0 and p — 0 as k — oo.
uc By

Step 4. Now we prove that I, satisfies the (PS)} condition for each ¢ < 0
with respect to {Y;}. Consider a sequence {u,, } € W, *(Q) such that n;, — oo,
Uny, € Yo, I, (up,) = c and Iﬂ|/Ynk (tn, ) — 0. For k large enough, we have

1
¢+ 1 flung [l = Lu(uny,) — = <1' () tny.)

=<—) /|Vunk| dx + (—)/ |V, |* do
+<1—2)/u2 [Vu |2d:r+a(—>/|u |? dx
2 q)Jo ™ a p)Ja "
11 A 11
>(=-= - - P,
_<4 q>u||unk|| +a(q p)Cﬂlunkll

Thus {uy,,} is bounded in W,**(Q). Similar to the proof of part (a), one can
show that {u,, } has a convergent subsequence in WO1 ’4(9).
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Step 5. We fix n > k > kg and define
z =P x;,
=k

B} = {u €Zp: /(1 +u?)|Vul|? dz < p,i},
Q
Iy ={y € C(By,Yy,) : v is odd and v|gpp = id},

¢, (1) :== sup min I,(y(u)).
vyeEry u€By

Then ¢}(pn) € [ak,bx]. Now, repeating the arguments in (a) to the functional
—1,, defined on the space Y, there exists u, € Y,, such that
00~ 2 < L) ST+ oy s, ()] <

Since I, satisfies the (PS)! condition, we see that {¢(u)} converges along a
subsequence to a critical value ¢ (u) € [ay, by] of I, as n — co. Moreover, by
Step 3, ¢x(p) — 0_ as k — oco. Using Lemma 2.1 and passing to the limit for
1 — 0 we have that Iy has a sequence of negative critical values going to 0. This
completes the proof of (b). O

3. Proof of Theorem 1.2

This section is devoted to proving Theorem 1.2. The following lemma plays
a key role in the proof.

LEMMA 3.1. There is A > 0 such that, for any o > 0 and
SN/2

c< IN2N/23(N-2)/2

the functional I,, satisfies the (PS)} condition.

(3.1) — A2 /(2 p)

Proor. Consider a sequence {u,, } C Wy*(Q) such that n, — 00, un, €
Yoo, Lu(un,) = ¢, IH|/Ynk (tn,) — 0. As in the proof of Theorem 1.1, {uy, } is
bounded in VVO1 4(Q). Going if necessary to a subsequence, we can assume that
Up, — U in W01’4(Q), Up, — win L*(Q) for 1 < s < 22* and u,, — u almost
everywhere on Q. Since {u,, } is bounded in L??" (), {|un, |** ~2
in LANV/GN+2) () and so

Up, + is bound

|22*72u R ‘u|22*72u in L4N/(3N+2)(Q).

|Unk n

Then a standard argument shows that u is a critical point of I,, (see [26]).
We write vy, := uy, —u. The Brezis-Lieb lemma (see [8]) leads to

Va5 = V2|3 +[Von, I3+ o(1),

Jun, 33+ = [ul33: + [on, [33- + o(1).
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Since (I},(un,, ), tn,) — 0, so we have

1 «
M|vvnk|i + |vvnk |§ + §|VU?L)9|§ - 6|vnk %g*

— —puf |Vul*dr — 2/ u?|Vul? dz —/ \Vu|? dz + a/ |ul? dz + ,6/ u|??" da
Q Q Q Q Q
= —(I(u),u) = 0.
Therefore, we may assume that
1 .
pVun, |i + [Vog, ‘g + §|VU$L;C|§ — b, 5|Unk,|§§* —b.

By the Soblev inequality, we have

1

2

and so b > S(b/B)?/?" /2. Then b= 0 or b > SN/2/(2N/23(N=2)/2),
Assume b > SN/2 /(2N/23(N=2)/2) We have

W3 > 58,13

ng 12*

1 1
b> §\Vvi = §5|Unk|§2*a

c+o(1) = I,(un,) — i([ﬂ(unk),unk>

1 1 1 1 1 .
= Z|Vunk\§ + CV<4 - p> ‘unk‘g + 6(4 - 22*) |unk gg*

11 3 .
2 )l + gyl B

4 2N

11 B (b .
=al=—=)jup+ (2 + 1
a3 3 )+ o (5 + ) + o)

SN/Q 5 -

+ [ul35. — Cralulby.

2N

for some C; > 0. A direct computation shows that

(B e p) _ P\ q227 /(227 —p) [ Aryp/ (225 —p) 22% /(2% —p)
Itn>l(I)1(2]Vt —Ciat? | = — lfﬁ Cy (pN) o

Z 2N2N/2ﬁ(N_2)/2

Setting A := (1 —p/22*)0122*/(22*7p) (pIN)P/(22"=P) > 0 we have
SN/2

_ \227/(22" —p)
¢z IN2N/Z3(N-2)/2 Aa )

(3.2)

which contradicts (3.1). So b= 0, and therefore u,, — u in W, "*(). O

PrOOF OF THEOREM 1.2. By Lemma 3.1, there exists a® > 0 such that for
every 0 < a < o* and ¢ < 0, the functional I,,(u) satisfies the (PS) condition.
Now, repeating the proof of the part (b) of Theorem 1.1 we can obtain the
conclusion. ]
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