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CONNECTION MATRICES FOR MORSE-BOTT FLOWS

DAHISY V. DE S. LiIMA — KETTY A. DE REZENDE

ABSTRACT. A Connection Matrix Theory approach is presented for Morse—
Bott flows ¢ on smooth closed n-manifolds by characterizing the set of
connection matrices in terms of Morse-Smale perturbations. Further results
are obtained on the effect on the set of connection matrices CM(S) caused
by changes in the partial orderings and in the Morse decompositions of an
isolated invariant set S.

1. Introduction

Our goal is to make use of Conley Index Theory, [3], to study Morse-Bott
flows on a smooth closed n-manifold M with the underlying motivation of ob-
taining dynamical information from homotopical invariants.

In [9], the Conley index of critical manifolds of Morse-Bott functions were
thoroughly investigated and the generalized Morse-Bott inequalities were intro-
duced, bearing in mind continuation results of graphs. In this article, we wish
to introduce a Connection Matrix Theory approach for Morse—Bott flows. The
motivation for this resides in the fact that connection matrices, as defined by
Franzosa in [5], [6] and [7], were introduced to study the behaviour of connect-
ing orbits in a flow which undergoes perturbation. Eventual bifurcations were
captured by transition matrices, see also [8], [10] and [12]. On the other hand, in
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the setting of Morse Theory, connection matrices can be viewed as differentials
of Morse complexes (see [14]), making it possible to translate topological data
into dynamical data and vice versa.

Considering a Morse—Bott function f: M — R on a smooth closed n-manifold
M, a Morse-Bott complex associated to f is constructed in [1] by means of
a Morse—Smale perturbation h: M — R of f. A natural question to consider is
whether the differential of a Morse-Bott complex can be interpreted as a con-
nection matrix. The answer to this is affirmative. However, a necessary step
to accomplish this endeavour is to explore more deeply the Connection Matrix
Theory for Morse-Bott flows, which is our focus in this paper.

The idea is to obtain a characterization of the set of connection matrices for
a Morse-Bott flow ¢y on M using the set of connection matrices for a Morse-
Smale flow @5, on M, where h is a Morse perturbation of f and ¢ (resp. ¢p)
is a flow associated to the vector field —V f (resp. —Vh). As a result of this
characterization, proved in Section 4, one can define a Morse-Bott complex with
differential being a connection matrix which opens the possibility to the use
of spectral sequence techniques, such as in [4], [11] and [8], to obtain further
dynamical information, e.g. bifurcating orbits.

Our approach to study connection matrices for Morse-Bott flows and obtain
the required characterization is to initially consider connection matrices of Morse
decompositions in a general setting. Given an isolated invariant set S, we analyze
what properties remain on the sets of connection matrices when both Morse
decompositions of S and partial orderings undergo changes.

The article is organized as follows. In Section 2 we review some classical
definitions and results on Morse decompositions and connection matrices and
how these concepts are related to Morse chain complexes.

In Section 3 we consider connection matrices in a general framework. More
specifically, given an isolated invariant set S and a <-ordered Morse decompo-
sition D(S), we measure the effect a change in the Morse decomposition D(S),
caused by a modification on the partial order <, has on the respective connection
matrices, as shown in Proposition 3.3 and Theorem 3.7.

In Section 4 we apply the results obtained in Section 3 to Morse-Bott flows
@s on a closed n-manifold M. For instance, in Theorem 4.2 we prove that the
set of connection matrices for Morse-Bott flows on M coincides with the set of
connection matrices for perturbations that give rise to Morse—-Smale flows on M.
Theorem 4.3 is more constructive in nature, since we show how a connection
matrix of D(M, ¢p,), where ¢, is a perturbation of ¢y, induces a connection
matrix of the Morse-Bott flow .

In Section 5, we answer a natural question that arises in this context, which
examines if for a given connection matrix A for a Morse-Bott flow ¢ there exists
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a Morse-Smale perturbation ¢, of ¢ such that A is induced from a connection
matrix of ¢y,.

2. Background

We assume that the reader is familiar with the basic ideas in Conley Index
Theory, including homotopical and homological Conley index, Morse decomposi-
tions, homology index braids, connection matrices, etc. Some references for this
section are [3], [5], [6], [7] and [14].

2.1. Connection matrix theory. In this subsection, we present some def-
initions and results on connection matrices, Morse decompositions and partial
orders. Further details can be found in [5] and [6], for example.

Let P be a finite set. A partial order on P is a transitive relation < on the
elements of P for which 7 < 7 never holds, for all 7 € P. The pair (P, <) is
called a partially ordered set.

An interval in (P, <) is a subset I C P, such that, if 7,7’ € l and 7 < 7" <
7', where 7"/ € P, then 7" € I.

The set of all intervals in (P, <) is denoted by Z(P, <). Two elements m, 7’
of P are said to be adjacent if {m, 7'} € Z(P, <).

An ordered collection (I1,...,1I,) of intervals in (P, <) is called an adjacent n-

tuple of intervals if U I e I(P,<) and if 7 € I; and 7’ € Iy, with k < j, implies

m £ 7'. The set of all adjacent n-tuples of intervals is denoted by Z, (P, <).

If (I,J) € Zy(P, <) then I U J is denoted by I.J.

An n-tuple (Il, ..., I;) is called a decomposition of an interval I if (I, ..., I,)
in Z,,(P, <) and U I =1

j=1
Let T' be a Hausdorff topological space with a continuous flow and S an

isolated invariant set in I'. A <-ordered Morse decomposition of S is a collection
D(S) = {Mx}rep of mutually disjoint compact invariant subsets of S’ for which
the following property holds: if v does not belong to any M, with = € P, then
there must exist 7, 7’ € P such that v € C(My, M,/), where C(My, M) is the
set of orbits connecting M, to M/, i.e.

C(Mp,Mp)={x €S |w" C M; and w C My }.

Note that the partial order < on P induces a partial order on D(S), which is
also denoted by < and called an admissible ordering of D(S). The flow defines
an admissible ordering < of D(S), defined as follows: M, <p M, if and only
if there exists a sequence ™ = mg,71,...,Tph—1,Tn = 7 of elements of P such
that C'(My,, My, ) # 0, for all j = 1,...n. Every admissible ordering of D(S)
is an extension of <p, in other words, all other admissible orders are obtained
by adding relations to <p.
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For each interval I of (P, <), one can associate the set

My = (U Mﬂ) u ( U C(Mw7Mw)),
wel m,mel
each is called a Morse set of the admissible ordering <. Franzosa proves in [5]
that if (I,J) € Zo(P, <) then (M;, M) is an attractor-repeller pair in M;; and
that there is a long exact sequence

(21) - — CH(M;) 5 CH(M; ) 25 CH(M,) 25 CH(M;) — -

associated to the pair (My, M), where CH (M) denotes de homology index of
M. The collection of the homology index CH (M), for all I € Z(P, <), and the
maps s, px, Oy, for all pair (I,J) € Zo(P, <), is a graded module braid over <.
This graded module braid is denoted by H(<) and is called the homology index
braid of the admissible ordering < of D(S). Moreover, H(<) is chain complex
generated. See [5] and [6] for more details.

Now, let C = {CA(7)}rep be a collection of free chain complexes with trivial
boundary operator, where CA(w) = CH (M), for all m € P, the homology index
of M, with coefficients in G. A map A: CA(P) — CA(P) can be viewed as

a matrix
A= ( A’ m) >7r,7r’€P
where each entry A(n’,7) is a map of degree —1 from CH (M) to CH(M,).
One says that
(a) A is strictly upper triangular if A(7’,7) # 0 implies 7 < 7';
(b) A is a boundary map if each map A(n’, 7) is of degree —1 and Ao A = 0;
Given (I,J) € Iy(P, <), let A(J,I) be the map defined by the matrix

AWGD = ( A7) )

and denote the map A(I,I) by A(I). For each I € Z(P, <), considering the
module CA(I) = @ CH(M,), (CA(I),A(I)) is a chain complex. For each pair
el

rel, n’'ed

of adjacent intervals (I, J), there is a short exact sequence associated to it:

i(1,10) p(1J,J)
—r —

0 — CA(I) CA(L]) CA(J) — 0.

Passing to homology, one has the long exact sequence

i (I,1)

o HA) 2D gy U2

L aA) 2D gaa) —

where HA(K) denotes the homology of the chain complex (CA(K), A(K)), the
maps i.(I,IJ), p.(IJ,J) are induced by the inclusion i(I,IJ) and projection
p(IJ,J) maps, respectively. The map A, (J,I) is induced by A(J,I) as follows:
A (J,D[a] = [A(J,I)a]. The collection of HA(I), for all I € Z(P, <), and the
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maps i (I, IJ), p.(IJ,J), Au(J, I), for each (I, J) € Zo(P, <), is a graded module
braid denoted by HA.

A strictly upper triangular boundary map A: CA(P) — CA(P) is called
a connection matrix of H(<) if and only if the graded module braid HA generated
by A is isomorphic to H(<), that is, if there is a collection of isomorphisms

{6(I): HA(I) —» CH(M;) | I € (P, <)},

such that, the following diagram commutes for all pair (I, J) € Za(P, <):

AL (J,T) i (I,17) pu(IJ,J) AL (J,I) i
LTS HA(L) S5 HA(LT) =25 HA(T) ——25 HA(L) — 2 -

Je(z) le(u) JG(]) le(z)

o CHOM) — = CH(Myy) —— CH(M;) o CH(My) —— -

If < is the flow ordering, then A is said to be a connection matrix of the Morse
decomposition D(S).

The set CM(<) of connection matrices of H(<) is non empty, as Franzosa
proved in [6]. Moreover, if <; and <9 are admissible orderings of D(S) such that
< is an extension of <j, then CM(<;) C CM(<3). In particularly, CM(<p) C
CM(<), for all admissible ordering < of D(S).

The set CM (<) provides some dynamical information about the structure
of an invariant set S. A well known fact is that if A € CM(<p), 7 and 7’ are
adjacent in the flow ordering and A(n’,7) # 0 then C(My, M) # 0.

Note that algebraic properties of A put restrictions on the maps 9(w, 7).
A can be used to prove the existence of connecting orbits between Morse sets.
Moreover, this theory can also be applied to the study of parameterized families
of flows, according to the following two approaches: first by studying the stability
of connection matrices under perturbations, whenever some stable connecting
orbits are identified; and secondly by studying the changes in connection matrices
under perturbation, whenever bifurcations are detected, see [7] and [8].

2.2. Morse chain complex. Let f be a Morse function on a smooth closed
Riemannian manifold M of finite dimension n. Denote by ¢, a flow associated
to the vector field —V f. Assume that f satisfies the transversality condition,
i.e. the stable and unstable manifolds of critical points of f have transversal
intersection. In this case, we refer to f as a Morse-Smale function. Given
x,y € Crit(f) of index k and k — 1, respectively, the set of orbits connecting x to
y is finite. To count orbits with signs, fix orientations of the unstable manifold
WH(x) of critical points = of f, and denote by (x) both the critical point x and
the fixed orientation of W"(z). Now, define n(x,y) as the intersection number
between the spheres S¥~! = W¥(z)N f~1(a) and S"* = W*(y)N f~*(a), where
a is a regular value between f(z) and f(y). For each k = 1,...,n, the k-th Morse
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chain group is

z€Crit (f)

the free abelian group generated by all critical points of f of index k. Define the
boundary operator 95 : Ci(f) = Cr—1(f) on the generators of Ci(f) by

Opley = > nzy)y),

y€E€Crity_1(f)

and extend it by linearity. The pair (C.(f),0¢) is the Morse chain complex
over Z. Analogously, one can define a Morse chain complex over Zs by defining
n(x,y) as the number of orbits connecting x to y module 2. For details about
Morse chain complexes see [14] and [15].

A result due to Salamon, see [14], establishes a relation between the bound-
ary operator 0¢ of a Morse chain complex with connection matrices. Consider
M as an isolated invariant set relative to the flow ¢ and the finest Morse de-
composition D(M) = {M, = {z} | z € Crit(f)} of M, i.e. each Morse set M
contains only one singularity of ¢;. Salamon proved in [14] that the boundary
operator 0S of a Morse chain complex associated to f is a connection matrix of
the Morse decomposition D(M), by identifying the free abelian group Z{x) with
the homology index CH(M,) of M,. For more details, see [2] and [14].

In this setting of flows generated by Morse functions f: M — R, it is in-
teresting to note that each connection matrix of the finest Morse decomposition
of M, D(M), encodes the weak Morse inequalities, as mentioned in [6]. In-
deed, denote the rank of Hy(M;Z) (}), i.e. the k-th Betti number of M, by S,
and the cardinality of the set of all critical points of f of index k& by ci. One
has that HA(P) % CH(M) = H.(M;Z), since A is a connection matrix; and
CirA(P) = @ CHy(M,), where the sum is over all critical points of f. Therefore,

Ker A, (P)

=rank HyA(P) = rank —————
B = rank HA(P) = ran T A1 (P)

< rank [Ker A (P)] = ¢,

which is precisely the classic Morse inequalities. Furthermore, the equalities
hold if and only if A = 0. Moreover, if the equality B = ¢ holds, for all
kE=1,...,n = dim(M), then the Morse function f is called a perfect Morse
function. Hence, we have proved the following result:

PROPOSITION 2.1. Let f be a perfect Morse function on a closed manifold M .
Consider a flow ¢y associated to the vector field =V f and the finest Morse
decomposition D(M) of M with respect to this flow. Then, the set of connection
matrices of D(M) contains only the null map.

(1) H.(M;Z) denotes the singular homology with integer coefficients of M.
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3. Connection matrices for Coarser Morse decompositions

The motivation for this section can be seen in the following hypothetical
situation. Given an isolated invariant set S and a Morse decomposition D(5),
one can consider a coarser Morse decomposition D(S) of S relative to D(S).
An important question is if there exists any relation between connection ma-
trices of D(S) and connection matrices of D(S). Our goal is to describe the
relationship among connection matrices of D(S) and 5(5) For instance, let
D(S) = {Mj, ..., M;} and let D(S) be the Morse decomposition obtained when
one groups M3, M, and M5 as well as their connections in one Morse set M7,
ie., 5(5) = {My, My, My, Mg, M7}. This grouping will be described in more
detail subsequently. Assume that there is an isomorphism F; from CH (M) to
CH(Ms)® CH(M,) ® CH(Ms) and let

0 A2,1) AGB,1) A1) A(5,1) A®6,1) A(7,1)
0 0 A2 AM42) A(5,2) A®6,2) A(7,2)
0 0 0  A4,3) A(5,3) A(6,3) A(7,3)
A=|0 0 0 0 A(G,4) A®6,4) A(7,4)
0 0 0 0 0  A(6,5) A(T,5)
0 0 0 0 0 0 A(7,6)
00 0 0 0 0 0

be a connection matrix of D(S). One can induce a connection matrix A of the
coarser Morse decomposition D(S) from A, as follows:

0 A(2,1) A(I,1) A(6,1) A(7,1)
0 0 A(,2) A(6,2) A(7,2)
A=10 0 0 A6, 1) A(7,1) |,
0 0 0 0 A(7,6)
0 0 0 0 0
where the maps &(, -) are given by:
A(k,3)
AL j) =] AB,j) A4,j§) AB,j) |oFr and A(k,I)=Fro | A(k,4)
A(k,5)

forj=1,2and k£ =6,7.

In what follows we intend to formalize this approach.

Consider a partially ordered set (P,<). Let Iy,...,I; be a collection of
mutually disjoint intervals with respect to (P, <), such that, if ¢ < j then there
are no elements 7 € I; and 7’ € I; with 7 < 7/. In what follows, a subset P
of (P, <) is defined to be P, U P,, where Py = {7 | @ = Ii,j=1,...,k} and
P, = {7 | 7 = {x} such that 7 € P\ (I; U...UI))}. Hence, the set P = P, UP,
is composed by intervals of (P, <). It is important to note that 7 is an element
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of P and is not an element of P, but an interval in (P, <). From now on, an
element of P will be denoted by 7. Although P is a subset of Z(<) and the
elements of Z(<) are usually denoted by I, J, K, we will denote elements of P
by 7 and intervals of P by I, , J. , K. We also adopt a loose notation m € T to
indicate that the element m € P belongs either to the interval I; for j =1,...,k
or to the singleton interval in (P, <) composed by itself.

Consider the transitive closure of the relation < in P given by:

1 < To, if there are m; € 1 and 7y € Ty such that 71 < w9
where 71,7y € P and T # To.
ProroSITION 3.1. The pair (]3, <) is a partially ordered set.

PROOF. One needs to prove that 7 A 7 for all 7 € P. Suppose by contra-
diction that # < 7. Hence, by definition of the relation <, there exists 7’ € P
such that ¥ < # < 7. If @ is a singleton, ie. # = {7’} € Py, then there
must exist m,m2 € T such that m < 7’ < me. But 7 € Z(P, <), then n’ € 7,
which contradicts the fact that # € P;. Therefore, 7 is not a singleton, that is,
m=1I€ ]52, for some j = 1,...,k. Hence, one has that 7 < 7' = I; < 7, which
contradicts the choices of the intervals I, ..., If. O

The next proposition relates intervals in (P, <) with intervals in (P, <).
Given an interval J in (P, <), define .J to be the subset of P such that 7 € .J iff
7 € 7 for some 7 € J. The set J is well defined since each element 7 of J is an
interval of (P, <).

ProrPoOSITION 3.2.
(a) If J € Z(P, <) then J € I(P,<).
(b) If (J,K) € Ty(P, <) then (J,K) € Ir(P,<).

PROOF. (a) Let J be an interval in (P, <). Given my,m € J and 7 € P
such that m; < 7 < mg, one must show that m € J. In fact, there must exist
T, e, T € P such that m € 1, T € Ty and ™ € 7. Hence, 1 < T < T, which
implies that 7 € J. Therefore, m € J.

(b) As JUK is a interval in (]5, <), by the previous item , J U K is an
interval in (P, <). Suppose by contradiction that m € J, mo € K and mo < 7.
By definition of J, K, there exist m € J and Ty € K such that m € m and
my € 9. Hence, Ty < 1, which contradicts the fact that (.7 , K ) is an adjacent
pair of intervals. O

Indeed, one can show that if (i,,jn) € In(f, <) then (J1,...,J,) €
Z,(I,<). The proof follows the same ideas of the proof of Proposition 3.2(b).

Let S be an isolated invariant set and D(S) = {M, : 7 € P} be a Morse
decomposition of S with admissible ordering <. The purpose of this section is to
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study connection matrices with coarser Morse decompositions of .S, ZS(S) This
is done by considering as Morse sets of D(S) the union of some M, of D(S) and
their connections. More specifically, let D(S) = {M5 : ™ € P}, where

Mz = Ms = ( U Mﬂ> U ( U C(Mﬂ,,Mﬂ)).
= m, ER
5(.5') is not just a collection of some Morse sets of P with respect to <, it is
an <-ordered Morse decomposition of S. See Proposition 3.3 below. Before
proving this, we present a characterization of the set of orbits connecting two
Morse sets in the coarser Morse decomposition 75(5) by means of the set of
orbits connecting two isolated invariant set in the orlglnal Morse decomp0s1t10n
D(S). Let 71,72 € P the set of orbits connecting M;2 to M7r17 C’(M7T27 Mm)
given by
C(Mz, Mz,)= |J COMw, M)
T ET, TET

This characterization is essentially the proof of the following two propositions.

PROPOSITION 3.3. The set D(S) is a Morse decomposition of S with admis-

sible ordering <.

PROOF. The sets ZT]; are isolated, invariant, disjoint and compact, by def-
inition. If v € S and v ¢ |J M5 one must prove that v € C(Mz, Mz ) with

TeP
7' < 7. Observe that v ¢ |J M, and, as D(5) is a Morse decomposition of S,
TeP
there exist my,m € P such that m < mp and v € C(My,, M,,). Therefore,
v € C(Mz, Mz/), for 7,7 € P such that m, € 7 and 7p € 7. O

PRrROPOSITION 3.4. If < induces the flow ordering of the Morse decomposition
D(S), then < induces the flow ordering of the coarser Morse decomposition D(S).

PROOF. Given 7,7 € P with # < 7, one needs to show that there exist
T = 0,1y, Tn_1,7n = 7 in P such that C’(M,r ,M ) # 0. This proof is
btralghtforward and is done by analysing the possibilities of 7, 7’ € P as elements
of P1 or P, and using the characterization of the set of orbits connecting M
to Mw. O

Having defined the Morse decomposition D(S) with admissible ordering <,
one can now define connection matrices in this setting.

Let H(<) = H(<;G) be the homology index braid of < with coefficients
in G. Let C' = {CA(7)}rep be a collection of free chain complexes with trivial
boundary operator, where CA(w) = CH (M) is the Conley homological index of
M, with coefficients in G, for all # € P. Therefore, the collection of connection
matrices of H(<), CM(H(<)), is non empty, since the graded module braid
H(<) is a chain complex generated.
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From a given connection matrix A: CA(P) — CA(P) of H(<), we will
construct a connection matrix A: CA(P) — CA(P) of the homological index
braid of < with coefficients in G, H(<) = H(<;G). In order to do this, we
will henceforth assume that, for each interval Iy, ..., Iy previously set in (P, <),
A(I;) = 0. Note that, for other intervals in (P, <) different from I1,..., I}, this
assumption is not required. Using this assumption, it follows that

& cH(M,)
Ker A(I;)  rer;
HA(L) = 2L = ! = CH(M,

wel;

for all j = 1,...,k. As A is a connection matrix of H(<) then CH(Mj,) =
HA(I), for all j =1,...,k, and one has
CH(M;,) = @) CH(M,).
wel;

Now, let C' = {Cg(%)}%eﬁ be a chain complex braid over <, where CA(7) =
CH(M%), for each ™ € ]5, and the boundary operator is trivial. The chain
complex braids €' = {CA(7)}rep and C = {CA(T)};.p are related to each
other by:

CA({r}) = CH(M ) = CH(M,) = CA(r);

CA(I;) = CH(M;,) = CH(M;,) = @ CH(M) = P CA(x') = CA(I).

el w' el
In short, C&(%) = CA(T).
For each 7 € ﬁ, let
(3.1) Fx : CA(R) = CA(R)

be an isomorphism. If 7 € 151, i.e. 7 is a singleton, we consider F;x as be the
identity map.

The set of connection matrices of H(=<, ) is non empty, since this graded
module braid is chain complex generated. Now, from A we will make explicit
a connection matrix of H(<, G). Let A: CA(P) — CA(P) be the map regarded

as a matrix
A-(A@.7) )

where each A(7/,7) is the map from CA(7') to CA(7) defined as follows:

~
77 eP

(32) 5;/77‘; = 7:1 o A(%/,TT) o Fxi.

The goal in this section is to show that A = A(P) is a connection matrix of
H (=), which will be proved in Theorem 3.7. The next result describes a relation
between the maps A(K, J) and A(K, J), for each (.J, K) adjacent pair of intervals
in (13, <). This result is essential to the proof of the main theorem.
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THEOREM 3.5. Given a pair of adjacent intervals (j, I~{) €l (]3, <), the map
A(K,J) is conjugated to A(K, J), that is, there exist isomorphisms Ry: CA(J)
— CA(J) and Ri: CA(K) — CA(K) such that

A(K,J)=R;' o A(K,J) o Rk.
In particular, for each Je I(ﬁ7 =),

A(J)=R;' o A(J)oRy.

PROOF. Let J € Z(P, <) and {Ij,,...,1;,} the elements in the intersection
J N P,. To simplify notation, renumber these elements as I, ..., Iy, such that,
if I; < I; then i < j. Define the following subsets of J:

By={7eJ:7<Ipi}\(BoU...UBy), for £=0,...,p—1,
B,={7eJ:I,<7}

u{re J : % and I; are noncomparable for all i = 1, ... , D}

Note that B; N B; = 0 if i # j and ( _ijo Bi) U ( 'Lle IZ) = J. This collection of
subsets of J has the following propertziesz 1

(a) B; €I(]B,<), fori=0,...,p;

(b) (Bo, 1), (Bi, I41), (I, By) € To(P, <), for all k = 1,...,p;

(¢) (Bo,I1,B1,...,1,,By) € Topy1(P, <).

Given (j,l?) € Ig(ﬁ,<), let IZ{,...,IZ{) € J and Iff,...,]{: €K (%) be

the only elements in JN P, and KN 152, respectively. Renumber these elements

as I{,...,II;’ and IlK,...,I;{ such that, if I/ < IJ‘»’ then i < j, and if I <
IJK then ¢ < j. Consider the decompositions (BO,I{,Bl,...,Ii,],Bp) of J and

(Ag, I Ay, ., IqK, A,) of [N(, as described above. Using these decompositions,

one can view A as a map given by the matrix

A(K,J)
I %(AoaBO) é([{(,Bo) %(ALBO) %(15»30) %(Aq»BO) 1
A(Ao, IY) A T)  A(ALT) - AUS ) A(Ag, 1Y)
A( A A A(IK, A

Ao, B1) A(If*,Bi) A(A1,By) - A(IEK,B)) A(A44,By)

AAo, 1) AUIFE. L) A(ALL]) - AUIE L)) A4, L))
A(onBp) A(I{(7Bp) A(AlaBp) A(IKaBp) A(Aqup)_

(2) The superscript J (resp. K) is in order to clarify the relation of elements belonging
to J (resp. K).
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For each J € Z(P, <), consider the isomorphism R from

=P cAmecA)e...o @ CAr) e CAI,) @ CAr)
TE By TEBp 1 TEB,
to
=P camPeame...e P car @ cam @ CAwm)
wEBg wely TEBy 1 wel, TEB,
given by
(3.3) R; = (id, Fy,,id, Fy,, ... ,id, F7,,id),

where F7; is the isomorphisms defined in (3.1). Using this matrix notation, it is
not difficult to see that A(K,J) = R ' o A(K,J) o R.

If J (resp. K) contains no elements of P, it is also true that A(K,.J) =
R;' o A(K,J) o Ry, where Ry = id (Ry = id, respectively).

To see that A(J) = R;' o A(J) o Ry, for a given J € Z(P, <), just consider

the decomposition (By, I1, B1, . .., Ip, Bp) of J, as described above, and visualize
the map A(J) as
[ A(Bo) A(l1,By) A(B1,By) -+ A(l,,By) A(By, By) ]
0 A(L) A&Bl,ll) NA(IP,L) ~A(Bp,11)
o= 0 0 A(B1) -+ A(lp,B1) A(Bp, Bi)
Ad)=| | . R ; ’
0 0 0 Z(Ip) K(Bp»fp)
L 0 0 0 0 A(B,) |

If J contains none of the elements Iy,...,I;, € Py, then A(J) = A(J), by
definition of the map A. O

The first step to show that A is a connection matrix of H(=) is to check if A
is a strictly upper triangular boundary map, since all connection matrices have
this property.

THEOREM 3.6.

(a) The map A is strictly upper triangular, i.e. ﬁ(%’, 7) # 0 implies T < 7';

(b) The map A is a boundary map, i.e.A(7',7) is of degree —1 and AoA = 0.

PROOF. (a) Suppose that A(7,7) # 0. By definition of A in (3.2), one has
that A(7',7) # 0. Hence, there are m; € 7,1 € T such that A(me,71) # 0.
Therefore, m; < o, which implies 7 < 7.

(b) By definition of A in (3.2), it follows that A(7',7) is of degree —1, for
all 7,7 € P. By Theorem 3.5, one has that for each interval J € (P, <):

A(J)? = (Ry' o A(J) o Ry)(R;" 0 A(J) o Ry) = (R}" 0 A(J)* o Ry),

which is zero, since A(J) is a boundary map. In particular, A(P)% = 0. O
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We are now able to prove our main theorem.
THEOREM 3.7. The map A: CP — CP is a connection matriz of H(=).

ProOF. By Theorem 3.6, Aisa strictly upper triangular boundary map. To
show that this map is a connection matrix of (<), one needs to guarantee that
the graded module braid HA is isomorphic to the homology index braid H(=<).

As A is a connection matrix, then the graded module braid HA is isomorphic
to the homology index braid H(<). Moreover, for each J e (ﬁ, <), one has
that C’H(Mj) ~ CH(Mj). Hence, to prove this theorem, it is sufficient to show
that HA is isomorphic to HA, i.e. that there exists a collection of isomorphisms
U(J): HA(J) — HA(J), J € Z(P, <), such that, for each (J,K) € Z(P, <)
the following diagram commutes:

S B ART) o~
AJ) —s HAGGR) s HAR Y gR() —s .

(3.4) Jp(j) J\y(i}?) Jq;(f() JP(JN)

AJK,T)  ~ ~
--—H

e *>
A (K, )

We will start by showing that, for each J € Z(P, <), HA(J) and HA(J) are

isomorphic by constructing an isomorphism \If(j ). Afterwards, we will use this

collection of isomorphisms to prove that the diagram in (3.4) is commutative.
For each J € Z(P,<), let U(J): HA(J) — HA(J) be the map induced

from the collection {F} 5 on the quotient modules HA(J) and HA(J). More

specifically, considering a decomposition of J as (By, 1, B1,...,1,,Bp) (as in
the proof of Theorem 3.6), define
~ o~ ~  KerA(J) Ker A(J)
U(J): HA(J) = —=—2) 5 HA(J) = ——27
W) HAL) Im A(J) )= T ae)

where, Ry: CA(J) — CA(J) is the isomorphism defined in (3.3). Observe that,
if J does not contain elements of P, then W(.J) is the identity map. The following

two claims show that W(.J) is well defined and is an isomorphism of modules.

CLAIM 3.8. The map ¥(J) is well defined.

We need to show that if [a] € HA(J) then [Ry(a)] € HA(J), and that W(.J)
does not depend on the particular choice of representatives. Firstly, one has that

[a] € HA(J) = a € Ker A(J)
= Ry(a) € Ker A(J), since A(J) = R;'oA(J)o Ry
= [Ry(a)] € HA(J).
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This proves that if [a] € HA(J) then [Ry(a)] € HA(J). On the other hand,
[a] = [b] € HA(J) = [a—b] =0
=a—beImA(J)
= Ry(a—b) € ImA(J) since A(J) = R;' o A(J)o Ry
= Ry(a) — R;(b) € ImA(J)
= [Ry(a)] = [R,(b)].

Hence, ¥(J) does not depend on the particular choice of representatives.

CramM 3.9. The map ¥(J) is an isomorphism of modules.

It is not difficult to see that ¥(J) is a homomorphism of modules. We will

prove that it is bijective. Observe that W(J) is injective, since

U(J)a] =W(J)[b] € HA(J)
= [Rj(a—"b)] =0, ie Rjy(a—>b)eImA(J)
=a—-beImR;" o A(J)
= a—belmA(J), since A(J)oR;' = R; o A(J)
= [a] = [b].

Now, given [b] € HA(J), let a = R;'(b). Observe that

A(J)(a) = A(J) o R} (b) = Ry o A(J)(b) = 0,
which implies [a] € HA(J). Moreover, U(J)[a] = U(J)[R;*(b)] = [b], proving
that W(J) is surjective.

Therefore, W(J) is an isomorphism between HA(J) and HA(J), for all in-
tervals J in (P, <).

Now, considering the family {¥(J) : J € Z(P, <)}, we will show that the
diagram in (3.4) is commutative, for all pair of adjacent intervals (J, K) € (P, <).
Indeed:

e U(J) oA (K,J)=A(K,J)oU(K).
By Theorem 3.5, A(K, j) = R;'oA(K, J)oRk. Therefore, given [a] € Hﬁ(f(),
one has

U(J)o AL (K, J)a] = U(J)[A(K,J)a] = [Ry o A(K, J)d]
= [A(K,J) o Rka]l = A(K, J)[Rka]
= A (K,J) o U(K)d].

o U(JK)oi, =i, oW(J).
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The isomorphism R restricted to the first component of CA(JK) = CA(J) &
CA(K) behaves as the isomorphism Ry, i.e. RJK|CZ(j) = Ry. Thus, Rk 0i =
ioRy. Given [a] € HA(J), one has

U(JK)oi[a] = U(JK)[i(a)] = [Rsx oi(a)]
=lioRy(a)] = i,[Rs(a)] =i, 0 ¥(J)al.

o U(K)op. =p.oU(JK).
Similarly, RJK|CZ(I~() = Ri and Rx op =po Ryk. Given [a] € H&(jf(),

one has

V(K)o pila) = U(K)[p(a)] = [Ri o Pla)]
= [poRyk(a)] = puRyx(a)] = ps o U(JK)[al.

Hence, we have shown that the diagram in (3.4) is commutative and, by our
initial considerations, this suffice to prove that the graded module braid HA is
isomorphic to the homology index braid #(<). This in turn, proves that the
map A: CP — CP is a connection matrix of H(<). O

4. Application to Morse—Bott flows

In this section, our goal is to obtain an explicit connection matrix of the finest
Morse decomposition of a Morse-Bott flow in M. In order to do this, we will
make use of the results in the previous section as well as a specific perturbation
of f described below.

To familiarize the reader with the main topic of this section, Morse Bott
functions, we will present some basic definitions and results from Morse-Bott
Theory. For more details about this subject, see [1] and [2].

Let f: M — R be a smooth function on a smooth closed n-manifold. Suppose
that the set of critical points of f, Crit(f), contains a closed k-submanifold S
of M. Choosing a Riemannian metric on M, the tangent space of M restricted
to S splits as

T.M|s =T.5 ® .S,

where TS and v, S are the tangent and the normal bundles of S, respectively.

Let Hess,(f) be the Hessian of f at p € S C Crit(f). Given v € T,,S and
w € T, M, then

Hess,(f)(v,w) =V, - (W - f) =0,

since V,, € T,,S and any extension of w to a vector field W satisfies df (W)|s = 0.
Therefore, the Hessian Hess,,(f) induces a symmetric bilinear form on the normal
space 1,5, denoted by Hess, (f).

A smooth function f: M — R on a closed manifold M is called a Morse—Bott
function if the set of critical points Crit(f) is a disjoint union of connected closed
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submanifolds of M, which are called critical manifolds of f, and for each critical
manifold S, the bilinear form Hess,(f) is non-degenerate for all p € S. One
says that the Hessian is non-degenerate in the normal direction to the critical
manifolds.

Given p € Crit(f), where f is a Morse-Bott function, the Morse—Bott index
of p is defined to be the maximal dimension of a subspace of 1,5 on which
Hess, (f) is negative definite. The Morse-Bott index of a critical point p will be
denoted by A,.

For the following lemma see [1].

LEMMA 4.1 (Morse-Bott Lemma). Let f: M — R be a Morse—Bott function
on a n-dimensional manifold M and S C Crit(f) a critical manifold. For each
p € S, there exists a local chart ¢ of M around p and a local splitting of the
normal bundle of S, v,S = vFS®v_ S, which identifies a point x in the domain
of ¢ to (u,v,w), whereu € S, v € vy S and w € v;}FS, such that

foo  (u,v,w) = flu) = Juf* + wl*.

Note that, by the Morse-Bott Lemma, if S is a connected critical manifold
then A, is constant throughout S, that is, A\, = Ay, for all p,q € S. Hence, one
can refer to A, as the Morse-Bott index Ag of the connected critical manifold S.
Moreover, Lemma 4.1 shows that, at a critical point p € S, the tangent space
splits in the following way

T,M =T,S & v}S & v, S,

where )\, = dim (v, S). If £ = dim S and \; = dim (,fS), then one has the
relation n =k + A, + A,

Let f: M — R be a Morse-Bott function on a smooth closed manifold M of
finite dimension n. In [1], a perturbation technique of Morse-Bott functions to
Morse-Smale functions is presented. The perturbation defined therein produces
an explicit Morse-Smale function h: M — R which is arbitrarily close to a given
Morse—Bott function f, such that, h = f outside of a neighborhood of the critical
set of f. More specifically, if f has [ disjoint connected critical manifolds, namely
S1,-..,5;, then h is given by the expression

l
h=i+e(Xoh),
j=1

where f; is a Morse-Smale function on a tubular neighbourhood T} of the cri-
tical manifold S; and p; is a bump function which is identically 1 near S; and
identically zero outside 7T}, for each j = 1,...,l. The critical points of h are
exactly the union of the critical points of f;, for all j = 1,...,l. Moreover,
if p is a critical point of f; of index )\{), then p is a critical point of h of index
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)\Z =) +)\g), where )\; denotes the Morse-Bott index of the critical manifold S;.
For more details see [1].

Consider a flow ¢; in M generated by f, that is, a flow associated to the
vector field —V f. Throughout this article, flows generated by a Morse-Bott
function f will be call Morse-Bott flows. Let h be a Morse-Smale perturbation
of f, as described above, and denote by ¢, a Morse-Smale flow associated to
the vector field —Vh.

The next result provides a relation between the connection matrices for
a Morse-Bott flow ¢ and the connection matrices for a perturbed Morse-Smale
flow ¢, of pr. More specifically, we prove that the set of connection matrices
of a Morse decomposition of M relative to ¢y is equal to the set of connection
matrices of the induced coarser Morse decomposition of M relative to ¢y,.

THEOREM 4.2. Let f be a Morse-Bott function on M and h a Morse-Smale
perturbation of f. If D(M) is a <-ordered Morse decomposition of M relative to
the flow @y, then D(M) is also a <-ordered Morse decomposition of M relative
to the flow ¢, and the sets of connection matrices relative to the both flows are
equal, i.e.

CM(=;05) = CM(=;0n)-

PROOF. Let {S1,..., S} be the critical manifolds of f and N; small isolating
neighbourhoods of Sj, for each j = 1,...,l. Without loss of generality, one can
l
consider h as a perturbation of f such that f = h in M \ N, where N = |J Nj.
i=1

j:
Then ¢ and ¢y, coincide in M \ N, since Vf = Vh in M \ N.

Let D(M;¢y) be a (<-ordered) Morse decomposition of M relative to ¢y.
Since ¢ and ¢y, coincide outside N, this set is also a Morse decomposition of M
relative to the perturbed flow ¢y, which will be denoted by 75(M ;©n). Moreover,
an admissible ordering of D(M; ;) is also an admissible ordering of D(M; pp)
and conversely; flow orderings of both Morse decompositions coincide. Therefore,
for each interval J of <, the Conley index of M; as Morse set of D(M;¢y) is
equal to the Conley index of M; as Morse set of 25(M, ¢p). Furthermore, the
homology index braid of the admissible ordering < of D(M; ) coincides with
the homology index braid of the admissible ordering < of D(M;py). Hence,
the collection CM(=<;¢y) of connection matrices of the admissible ordering <
of D(M;y) is equal to the collection CM(<; ¢p) of connection matrices of the
admissible ordering < of D(M; ¢p). O

Note that the set {S1,...,S;} of all critical manifolds of f is a Morse decom-
position of M with respect to the flow ¢;. Denote this Morse decomposition,
which is the finest one, by D(M; ). On the other hand, if h is a Morse-Smale
perturbation of f, denote the finest Morse decomposition of M relative to ¢y,
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by D(M;ep). The next theorem provides a relation between the connections
matrices of both Morse decompositions. More specifically, we prove that each
connection matrix of D(M; ¢y,) induces a connection matrix of D(M; py).

For the next result, the homology is computed over Z or over a field.

THEOREM 4.3. Let f be a Morse—Bott function on M and h be a Morse—
Smale perturbation of f such that h restricted to a critical manifold of f is
a perfect Morse function. Then a connection matriz of D(M; py) induces a con-
nection matriz of D(M; py).

PROOF. By Theorem 4.2, the Morse decomposition D(M; ¢f) = {S1,..., S}
is also a Morse decomposition of M relative to ¢, and it will be denoted by
5(M ; on). Both Morse decompositions are < p-ordered, where < is the admis-
sible flow ordering. Observe that D(M; ¢y) is the finest Morse decomposition
of M in ¢y, but it is not the case of D(M; ¢). Denote by D(M:; pp,) the finest
Morse decomposition of M relative to @y, that is, each critical point of h corre-
sponds to a Morse set of D(M; pp,).

Now, using the main result of Section 3, we will induce a connection matrix of
D(M; @) from D(M; @y). Since, by Theorem 4.2, CM(<p; o5) = CM(<p; ¢n),
we will obtain the required connection matrix of D(M;y).

Observe that the finest Morse decomposition D(M; pp) = {My}trecp of M
is <p-ordered, where <p denotes the flow ordering. Considering the intervals
I,...,I;, where I; = {m € P : M, € S;}, then 15(M;<ph) is obtained from
D(M;pp) by defining M{ﬂ} = My, if # & I,...,I; and MIJ. = My, for j =
1,...,1. Given a connection matrix A of D(M; ¢y ), observe that each submatrix
A(I), for j = 1,...,1, corresponds to a connection matrix of the finest Morse
decomposition of S; under the flow restricted to Sj, since each non null map in
A(I) is flow defined. By hypothesis, h|s, is a perfect Morse function. Hence,
by Proposition 2.1, one has that A(I;) = 0, for all j. Therefore, we are able to
apply Theorem 3.7 which provides a connection matrix A of 5(M 1 oR)- O

EXAMPLE 4.4. Let f be a Morse-Bott function on S? having three isolated
critical points of indices 2, namely z1,2z2 and x3, one isolated critical point of
index 1, namely, y and B = S as critical manifold of index 0, as depicted in
Figure 1.

Let h be a perturbation of f when one considers a perfect Morse function on
the critical manifold S*, as in Figure 2. Denote by @ (resp. ¢p) a Morse-Bott
flow (resp. Morse flow) on S? associated to the vector field —V f (resp. —Vh).

The objective herein is to obtain a connection matrix of the finest Morse
decomposition of S? with respect to the Morse-Bott flow ¢ by means of a con-
nection matrix of the finest Morse decomposition of S? with respect to the Morse
flow . Firstly, we will compute a connection matrix of a Morse decomposition
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T ZTo

€3

FIGURE 1. A Morse-Bott flow on S? associated to the function f

<
[ 3}

x3

FIGURE 2. A Morse—Smale perturbation of the Morse-Bott function f

of S? with respect to ¢,. Then, using the tools proved in Section 3, we will
obtain the required matrix.

Consider the set P = {1,2,3,4,5,6} with partial order < given by [1 < 2, 3];
[2 < 4,5]; and [1 < 4,6]. Let My =2z, My = g, M3 =y, My = x1, M5 = x9
and Mg = x3. The set D(S%¢p) = {M; : i € P} is the finest <-ordered
Morse decomposition of S? with respect to the flow ;. Moreover, < is the
flow ordering. As proved by Salamon in [14], the differential of a Morse-Witten
complex of h is a connection matrix of the Morse decomposition D(S?; ). In
order to obtain a connection matrix of D(S%; ¢y,), we will compute the Morse-
Witten complex (Cy(h),0s) of h, considering the orientations on the unstable
manifolds of the critical points as the ones illustrated in Figure 2. For this
choice of orientations, we have that the Morse chain groups are Cy(f) = Z(Z),
Ci(f) = Z{y) & Z{y) and Cs(f) = Z{x1) & Z{x2) ® Z{x3), where (z) denotes
both the critical point x as well as its orientation. The differential 9 is defined
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on the generators according to the matrix:

zZ oy Yy x1 T2 T3
zZfo o o o 0o 0]
710 0 0 41 0 -1
o = wylo 0o 0 -1 41 o0 |,
/0 0 0 0 0 0
22/ 0 0 0 0 0 0
23/ 0 0 0 0 0 0

which is a connection matrix of D(S2, ;) by identifying the number +1 with
an isomorphism between the Conley homology indices in question.

Now, note that I = {1,2} is an interval in (P, <) and, defining P = {I, {3},
{4},{5},{6}} and the order [I < {3} < {4},{5}]; [ < {6}], then (P,<) is
a partially ordered set, by Proposition 3.1. Let 5(52; ©n) = {]\7; ‘T e ]5}, where
My = §UC(My, M) UZ and Mgy = M;, for i € {3,4,5,6}. By Proposition 3.3,
this set is an <-ordered Morse decomposition of S? with respect to the flow ¢y,.
Moreover, by Proposition 3.4, < is the flow ordering. Finally, by Theorem 3.7,
A induces a connection matrix A of 15(52, ©n), which is given by the following
map of degree —1 from CH(B)®CH (y)®CH (x1)®CH (x2) ®CH (x3) to itself:

B y x x2 3

B0 0 = 0 =

(4.1) X _ y| 0 0 = =~ 0
zz[ 0 O O O O

[0 O O O O

zz[ 0O 0O O O O

Consider the <-ordered Morse decomposition 5(52;g0f) ={M; : 7 € P}
relative to the Morse-Bott flow ¢y, where M; = B, M3, =y, Mgy = w1,
M5y = w3 and M = x3. The partial order < is the flow ordering. By
Theorem 4.3, the map in (4.1) is a connection matrix of D(S%; ¢y).

In the previous example, one could have chosen a different perturbation A
of f. For instance, using the perturbation shown in Figure 3, one obtains the
following map from CH(B) ® CH(y) ® CH(x1) ® CH(x2) ® CH(x3) to itself:

B y x1 xzy 23
B0 0 0 =~ =
A — yl 0 0 ~ =~ 0 ’
z| 0 0 0 0 O
2| 0 0 0 0 O
z3|/ 0 0 0O O O
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which is a connection matrix of the finest Morse decomposition of S? relative to
the flow ¢. Therefore, we do not have the uniqueness of connection matrices in
Morse—Bott flows, even if the homology were computed over a field.

T T2

we
@

z3

FIGURE 3. A Morse perturbation of the Morse—Bott function f

5. Final remarks

At this point, a natural question arises: are all connection matrices of the
finest Morse decomposition of a Morse-Bott flow ¢ obtained via Theorem 4.37
In other words, for each connection matrix A of the finest Morse decomposition
of a Morse-Bott flow is there a Morse-Smale perturbation ¢y, of ¢ such that A
is induced from a connection matrix of @p?

In general, this is not the case as seen in Example 5.2. On the other hand,
if some additional structure is assumed it may hold true, as can be verified in
Examples 4.4 and 5.1.

EXAMPLE 5.1. Consider S as the manifold obtained from gluing two solid
tori 7; and 72 by a homeomorphism of their boundaries, the tori T and T5,
which identifies a parallel of T to the meridian of 75. Let f be a Morse—Bott
function on S? such that the critical manifolds of f are the torus T} as a repeller
and two 1-spheres S7 and S, as attractors, where S; lies in the interior of 7j,
t = 1,2. Their Morse-Bott indices are Ay, =1, Ag, =0 and Ag, = 0.

Considering the finest Morse decomposition D(S3) = {S1, Sa, Ty} of S? with
the admissible flow ordering and a connection matrix A of D(S?), then the only
possible non null maps are A(Tl,S’l) and A(Tl,Sg), which are flow defined.
Hence, there is a unique connection matrix of D(S3), namely,

S1 S T4

ssfo o A

A= S| 0 0 A,
il o o0 0
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We will show that this map can be obtained from a connection matrix of
a perturbation of the function f, as discussed in Section 4. In this sense, let h be
a Morse—Smale perturbation of f, such that it is a perfect Morse function when
restricted to the the critical manifolds, S7, S2, 71, of f. Denote the critical points
of h by z1,y1 € S1, z2,y2 € S2 and x, v1,v2,y3 € T1, where z.s have indices zero,
1y/’s have indices one, v's have indices two and z has index three. The differential
of the Morse complex (C(f), ) over Zy associated to h is given by the matrix:

21 %) Y1 Y2 Y3 U1 V2 x

Z1 0

Note that the Conley homological indices of the critical manifolds are as follows:

Zs forn=1,3,
Z forn=0,1,
CH,(Ty) =S Zy ®Zy forn=2, CH,(S;) =
0 forn#0,1,
0 for n #1,2,3,

where ¢ = 1,2. Hence, there exist isomorphisms CH(S;) & CH(z;) @ CH(y;),
for i = 1,2, and CH(Ty) =2 CH(y3) ® CH(v1) ® CH(v2) ® CH(z), which will
be denoted by F; and Fr,, respectively. Now, observe that the submatrix of 9¢

Ys U1 V2 X

Ai:zilo 0 0
yi0110

induces a map A;: CH(T,) — CH(S;), for i = 1,2, by composing A; with the
isomorphisms Fr, and Fi_l. Therefore, the induced connection matrix of the
finest Morse decomposition of S3 relative to the Morse-Bott flow ¢y is

Sy S, T
ssfTo o A
A= S| 0 0 A,
.0 0 0

The following is an adaptation to our context of Reineck’s example in [13]
and illustrates that there are connection matrices that do not arise from Morse—
Smale perturbation.
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EXAMPLE 5.2. Consider a flow in R? as in Figure 4 having seven singularities
and one critical manifold diffeomorphic to S'. By taking the one point compact-
ification R? U {00} of R? and letting oo be an attractor point, one obtains a
Morse-Bott flow on M = S2.

FIGURE 4. Morse-Bott flow on R?

The critical manifold together with the eight isolated singularities form a Mo-
rse decomposition D(S?) of M, with flow ordering [0 < 2,3,4]; [1 < 2,3,4,8];
[2 <5,6]; [3<6,7 and [4 < 5,7], in P ={1,...,8}. Let A be a connection
matrix of D(S?%). All maps A(n’, w) are flow defined, except for A(5,1), A(6,1)
and A(7,1). Tt is easy to compute the boundary flow defined maps using index
triples. In this example they are all isomorphism. The connection matrix A is

as follows:
0 1 2 3 4 5 6 7 8
oo 1 ]
1 0 1 a b ¢ 1
2 0 1 1
3 0 1 0
A= 4 0 1
5 0
6 0
7 0
8 0

The homology with Zs-coefficients was used in order to simplify computations,
however one could as well have used Z-coeflicients.
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The maps a, b and ¢ in A are not flow defined. As A is a connection matrix,
then
Ker A(P) Zy forn=2,0,

Tmaw) ~ HAP) =CHOM) = H(M:Z) = § *

which implies that:
Ker Ag
Im Al
Ker Ay
Im AQ
Ker A,

Im Ag
equal to 1.

° & 7o, which implies that the rank of Ay must be 1;

2 (), which implies that the rank of As must be equal to 3;

2 Zo, which implies that the rank of the kernel of Ay must be

By the last item, we must have a+b+ ¢ # 0 (mod 2). In other orders, either one
of these entries is one or all of these entries are one. Therefore, combining pos-
sibilities, one has four connection matrices of D(M). Three of these connection
matrices are obtained from connection matrices of a Morse-Smale perturbation,
namely the ones where only one of the entries a, b, ¢ is one. On the other hand,
the connection matrix where a = b = ¢ = 1 can not be obtained from a Morse
flow by substituting the critical manifolds for two singularities, since the saddle
has only two orbits in its stable manifold.

Therefore not all connection matrices for Morse—Bott flows arise from con-
nection matrices for Morse-Smale perturbations.
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