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THE TRAJECTORY ATTRACTOR

AND ITS LIMITING BEHAVIOR

FOR THE CONVECTIVE BRINKMAN–FORCHHEIMER

EQUATIONS

Caidi Zhao — Lei Kong — Guowei Liu — Min Zhao

Abstract. This paper studies the trajectory behavior of the convective

Brinkman–Forchheimer equations in three-dimensional (3D) bounded do-

mains. We first prove the existence of the trajectory attractor Atr
α for the

natural translation semigroup in the trajectory space. Then we establish

that the trajectory attractor Atr
α converges, as α → 0+, to the trajectory

attractor Atr
0 of the 3D Navier–Stokes equations in a proper topological

space.

1. Introduction

The three-dimensional (3D) convective Brinkman–Forchheimer (CBF) equa-

tions have the form (see e.g. [16])

∂u

∂t
− ν∆u+ (u · ∇)u + αu + β|u|r−1u+∇p = g,(1.1)

∇ · u = 0, x ∈ Ω,(1.2)
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where u is the velocity field of the fluid, g is the external force function and

the scalar function p is the pressure. (u · ∇)u denotes the convective effect and

∇ · u = 0 describes the incompressibility of the fluid. In equation (1.1), r > 1

is a constant, ν, α and β are parameters, where ν is the Brinkman coefficient

(effective viscosity), α is the Darcy coefficient (viscosity divided by permeability),

and β is the Forchheimer coefficient. We assume that Ω ⊂ R3 is an open bounded

smooth domain in this paper.

When α = β = 0, equations (1.1)–(1.2) correspond to the classical 3D in-

compressible Navier–Stokes (NS for short) equations (see [24]). The general case

αβ 6= 0 can be also considered as the so-called tamed NS equations, see [22].

Equations (1.1)–(1.2) without the convective effect (i.e. the term (u · ∇)u dis-

appears) are called the incompressible Brinkman–Forchheimer (BF for short)

equations. The BF and CBF equations are used as a mathematical model to

describe the motion of fluid flow in a saturated porous medium, see, e.g. [12],

[14], [22], [23], [32]. This model is recognized to be more accurate when the flow

velocity is too large for the Darcy’s law to be valid alone and in addition the

porosity is not too small.

There are some references studying the BF and CBF equations (see e.g. [16],

[23], [30], [33], [34]). The structural stability in terms of the continuous depen-

dence of solutions to the parameters ν, α and β of the CBF equations has been

investigated by some authors, see [11], [13], [20], [21] and the references therein.

The asymptotic behavior of solutions for the autonomous BF equations has been

studied by [16], [19], [26], [30]. In [26], the existence of a global attractor in H1(Ω)

norm was proved for the external force g ∈ L2(Ω) being time-invariant. In [30]

the existence of a global attractor in H2(Ω) norm was proved with a new and

effective approach. Very recently, by conducting maximal regularity estimates,

Kalantarov and Zelik (see [16]) proved the existence of the smooth attractor for

the autonomous BF and CBF equations with nonlinearities of arbitrary higher-

order growth rate.

In the present paper, we discuss the following CBF equations

∂u

∂t
− ν∆u+ (u · ∇)u + αu + α|u|r−1u+∇p = g, t > 0,(1.3)

∇ · u = 0,(1.4)

with the initial and boundary value conditions

u|∂Ω = 0,(1.5)

u(x, 0) = u0.(1.6)

Here we take α = β > 0 in equation (1.3). We assume that r ∈ (1, 3] in the whole

paper, and in this case we can obtain the existence of weak solutions to equations

(1.3)–(1.6) corresponding to each initial value. However, it is not known whether
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weak solutions are unique or not. The reason is that one can guarantee (u·∇)u ∈
L4/3 ⊂ Lq with the assumption r ≥ 3, where q = (1 + r)/r, and therefore, in

contrast to the case of the classical NS equations, the multiplication of (1.3) by

u with integration over Ω is justified for any weak solution of that equation (see

Kalantarov and Zelik [16]). The possible non-uniqueness of the weak solutions

is one of the difficult problems to overcome when we discuss the asymptotic

behavior of weak solutions for this equations.

There are three notions introduced to overcome the difficulties associated to

possible non-uniqueness of solutions in the study of dynamical systems gener-

ated from partial differential equations. The first one is generalized semi-flow

which was formulated by Ball [2]. The second one is multi-valued dynamical sys-

tems, one can refer to Melnik and Valero [17], [18] for multi-valued semi-flows,

Caraballo et al. [9], [10], Kapustyan and Valero [15], Wang and Zhou [31] for

multi-valued process or semiprocess, and Caraballo et al. [6], [7], [8] for multi-

valued random dynamical systems. The third one is trajectory attractor. The

definition of trajectory attractor was initially developed to overcome difficulties

related to possible non-uniqueness of weak solutions for the 3D NS equations

(see e.g. [3], [4], [27]). Later, the theory of trajectory attractor has been proved

very useful for other models whose solution corresponding to each initial state

can be non-unique.

The first purpose of the present paper is to use the third notion mentioned

above to prove the existence of trajectory attractor Atr
α for equations (1.3)–(1.6).

To this end, we first construct the trajectory space T +
α of solutions and consider

the natural translation semigroup {S(t)}t≥0 acting on it. Then we prove that

{S(t)}t≥0 possesses an absorbing set Λ ⊂ T +
α , which is bounded in the Banach

space Fbα,+ and is compact in the topology Θloc
α,+ (see the notations in Section 3).

Compared with the CBF equations discussed in [16], this paper takes r ∈
(1, 3], while article [16] needs r > 3 to guarantee the uniqueness of the weak

solutions for the CBF equations. In fact, the nonlinear term α|u|r−1u leads to

an additional difficulty in deriving the estimates of solutions under the acting of

{S(t)}t≥0 in the trajectory space. Also this nonlinear term will cause a small

difficulty when we verify the closedness of the trajectory space in the topology

Θloc
α,+ (see Lemma 3.6). These facts require from us to do more detailed analysis

to deal with this nonlinear term.

The second aim of this paper is to verify the convergence of the trajectory

attractor Atr
α to the trajectory attractor Atr

0 of the 3D incompressible NS equa-

tions as α → 0+. When α = 0, equations (1.3)–(1.4) turn into the classical

3D incompressible NS equations. It is well-known (see e.g. [4, 28]) that the 3D

incompressible NS equations possess a trajectory attractor (denoted by) Atr
0 in

its trajectory space (denoted by) T +
0 . We shall first prove that the solutions of
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the CBF equations converge to Atr
0 and then Atr

α → Atr
0 in the topology Θloc

+ as

α→ 0+.

The rest of the paper is organized as follows. In Section 2 we first introduce

some notations and operators. Then we show the existence and recall some

properties of the weak solutions for the CBF equations. In Section 3, we prove

the existence of the trajectory attractor Atr
α for the CBF equations. In Section 4,

we verify the convergence of the weak solutions and the trajectory attractor Atr
α

to the trajectory attractor Atr
0 of the 3D incompressible NS equations as α→ 0+.

2. Preliminaries

In this section, we first introduce some notations and put the initial boundary

value problem (1.3)–(1.6) into the abstract form. Then we show the existence of

the weak solutions and recall two useful lemmas.

In this paper we use c to denote the generic constant that can take different

values in different places. Lp(Ω) = Lp(Ω) × Lp(Ω) × Lp(Ω) is the 3D Lebesgue

space with norm ‖·‖Lp(Ω), Hm0 (Ω) = Hm
0 (Ω)×Hm

0 (Ω)×Hm
0 (Ω) is the 3D Sobolev

space with norm ‖·‖Hm0 (Ω) and dual space H−m(Ω), where Lp(Ω) and Hm
0 (Ω) are

the usual Lp-Lebesgue space and Sobolev space ([1]) on Ω, respectively. When

p = 2, we denote ‖·‖L2(Ω) = ‖·‖, and also ‖·‖L2(Ω) = ‖·‖ if there is no confusion.

We define

V = {φ | φ ∈ (C∞0 (Ω))3 and ∇ · φ = 0},

and denote by H, L̃p(Ω) and V the closure spaces of V in L2 norm, Lp(Ω) norm

and H1
0 norm, respectively. 〈 · , · 〉 is the inner product of H (or L2(Ω), L2(Ω)),

or the dual pairing between V and V ′ (the dual space of V ), or between Hm0 (Ω)

and H−m(Ω).

To put equations (1.3)–(1.6) into the abstract form, we now introduce some

operators. Firstly, set L = −∆ (the Laplace operator ∆ is taken with zero

boundary conditions u|∂Ω). Then using integration by parts, we have

〈Lu, v〉 = 〈∇u,∇v〉, for all u, v ∈ H1
0(Ω) or V.(2.1)

Secondly, we define a continuous trilinear form (see e.g. [25]) b( · , · , · ) on H1
0(Ω)

(and in particular on V ) by

(2.2) b(u, v, w) =

3∑
j,k=1

∫
Ω

uj
∂vk
∂xj

wk dx, for all u, v, w ∈ H1
0(Ω) or V.

If u ∈ V , one can check

(2.3) b(u, v, w) = −b(u,w, v), b(u, v, v) = 0, for all v, w ∈ H1
0(Ω).
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For u, v ∈ H1
0(Ω) (resp. V ), we denote by B(u, v) the element in H−1(Ω) (resp.

V ′) defined by 〈B(u, v), w〉 = b(u, v, w), for any w ∈ H1
0(Ω) (resp. V ). Set

(2.4) B(u) = B(u, u), for all u ∈ H1
0(Ω) (resp. V ).

Excluding the pressure p, we can rewrite the weak form of problem (1.3)–(1.6)

in the solenoidal vector fields as follows:

∂u

∂t
+ νLu+B(u) + αu+ α|u|r−1u = g, in D′(0, T ;V ′),(2.5)

u(x, 0) = u0.(2.6)

Definition 2.1. A function u ∈ L∞(0, T ;H) ∩ L2(0, T ;V ) ∩ Lr+1(0, T ;

L̃r+1(Ω)) is called a weak solution of equation (2.5) on the interval (0, T ) if

u together with its derivative ∂tu satisfies equation (2.5) in the sense of distri-

bution in D′(0, T ;V ′).

Lemma 2.2 ([16]). Let α > 0, r ∈ (1, 3] and g ∈ V ′. Then for each T > 0

and for any u0 ∈ H, equations (2.5)–(2.6) possess at least one weak solution

which satisfies the following energy inequality

(2.7)
1

2

d

dt
‖u(t)‖2 + ν‖u(t)‖2V + α(‖u(t)‖2 + ‖u(t)‖r+1

L̃r+1(Ω)
) ≤ 〈u(t), g〉,

for all t ∈ (0, T ), in the sense that

(2.8) − 1

2

∫ T

0

‖u(s)‖2ψ′(s) ds+ ν

∫ T

0

‖u(s)‖2V ψ(s) ds

+ α

∫ T

0

(‖u(s)‖2 + ‖u(s)‖r+1

L̃r+1(Ω)
)ψ(s) ds ≤

∫ T

0

〈u(s), g〉ψ(s) ds,

for all ψ(s) ∈ C∞0 (0, T ), ψ(s) ≥ 0.

We end this section with two useful lemmas.

Lemma 2.3 ([4]). Let E1 be a Banach space and E ↪→ E0 ⊆ E1, where the

embedding E ↪→ E0 is compact. Set

Wp,q(0, T ;E,E1) = {φ(t), t ∈ [0, T ] | φ(t) ∈ Lp(0, T ;E), φ′(t) ∈ Lq(0, T ;E1)},

p ≥ 1, q > 1, with norm

‖φ‖Wp,q =

(∫ T

0

‖φ‖pE
)1/p

+

(∫ T

0

‖φ′‖qE1

)1/q

.

Then Wp,q(0, T ;E,E1) ↪→ Lp(0, T ;E0) with compact embedding.

Lemma 2.4 ([4]). Let y(s),K(s) ∈ L1
loc(0,+∞) and let

−
∫ +∞

0

y(s)φ′(s) ds+ β

∫ +∞

0

y(s)φ(s) ds ≤
∫ +∞

0

K(s)φ(s) ds(2.9)
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hold for any φ(s) ∈ C∞0 (R+) with φ(s) ≥ 0 and some β ∈ R. Then, for any

t, τ ∈ R+, t ≥ τ , there holds

y(t)eβt − y(τ)eβτ ≤
∫ t

τ

K(s)eβs ds.(2.10)

3. Existence of the trajectory attractor for the CBF equations

In this section, we will prove the existence of the trajectory attractor for

the CBF equation (2.5). In the sequel, we use Π+ to denote the restriction

operator (with respect to (w.r.t.) the time variable) to the semi-infinite interval

R+. Analogously, ΠT stands for the restriction operator to the interval [0, T ].

For example, if u( · ) ∈ L∞(R+, H) ∩ L2
loc(R+, V ) then ΠTu( · ) ∈ L∞(0, T ;H) ∩

L2(0, T ;V ), and ΠTu(t) = u(t) if t ∈ [0, T ].

When we prove Lemma 2.2, the Galerkin method makes it possible to con-

struct a family of weak solutions of equation (2.5) that satisfy the energy inequal-

ity (2.7) in the sense of (2.8). These weak solutions constitute the trajectory

space of equation (2.5).

Definition 3.1. The trajectory space T +
α of equation (2.5) consists of func-

tions u ∈ L∞loc(R+;H)∩L2
loc(R+;V )∩Lr+1

loc (R+; L̃r+1(Ω)) such that for all T > 0

the function ΠTu is a weak solution of equation (2.5) on the interval (0, T ) and

ΠTu satisfies the energy inequality (2.7) in the sense of (2.8).

We consider the natural translation semigroup {S(t)}t≥0 acting on the tra-

jectory space T +
α . The operator S(t) is defined as

(3.1) S(t)u( · ) = u(t+ · ), u( · ) ∈ T +
α , for all t ≥ 0.

Lemma 3.2. (a) For any u0 ∈ H, there exists a trajectory (maybe not unique)

u ∈ T +
α such that u(0) = u0;

(b) T +
α is translation invariant under the acting of {S(t)}t≥0, i.e.

(3.2) S(t)T +
α ⊂ T +

α , for all t ≥ 0.

Proof. Assertion (a) follows directly from Lemma 2.2. We next prove (b).

Let a function u(s) ∈ T +
α with s ∈ R+. Since equation (2.5) is autonomous, the

function S(t)u(s) = u(t+ s), t ≥ 0, s ≥ 0, is clearly a weak solution of equation

(2.5), and u(t+ s) meets the energy inequality (2.7), as does the function u(s).�

Lemma 3.3. If u ∈ L2(0, T ;V )∩L∞(0, T ;H)∩Lr+1(0, T ; L̃r+1(Ω)), then the

functions

t 7→ Lu(t) ∈ L2(0, T ;V ′),(3.3)

t 7→ B(u(t)) ∈ L4/3(0, T ;V ′),(3.4)

t 7→ α|u(t)|r−1u(t) ∈ L(r+1)∗(0, T ; L̃(r+1)∗(Ω)),(3.5)

where (r + 1)∗ = (r + 1)/r is the conjugated exponent of r + 1.



Convective Brinkman–Forchheimer Equations 419

Proof. For almost every t ∈ [0, T ], Lu(t) and B(u(t)) are elements of V ′,

and α|u(t)|r−1u(t) is an element of L̃(r+1)∗(Ω). The measurability of the func-

tions t 7→ Lu(t), t 7→ B(u(t)) and t 7→ α|u(t)|r−1u(t) is not difficult to check.

Now for any φ ∈ V , we have

(3.6) |〈Lu, φ〉| = |〈∇u,∇φ〉| ≤ c‖u‖V ‖φ‖V .

By Hölder and Gagliardo–Nirenberg inequalities and the embedding V ↪→ L̃6(Ω),

we have (see e.g. [28])

|〈B(u), φ〉| ≤ c‖u‖1/2‖u‖3/2V ‖φ‖V ,(3.7)

and

α|〈|u|r−1u, φ〉| ≤ α
∫
Ω

|u|r|φ| dx ≤ α‖|u|r‖L̃(r+1)∗ (Ω)‖φ‖L(r+1)(Ω)(3.8)

= α‖u‖rL̃(r+1)(Ω)
‖φ‖L(r+1)(Ω).

(3.6)–(3.8) imply that

‖Lu(t)‖V ′ ≤ c‖u(t)‖V ,(3.9)

‖B(u(t))‖V ′ ≤ c‖u(t)‖1/2 ‖u(t)‖3/2V ,(3.10)

‖α|u(t)|r−1u(t)‖L̃(r+1)∗ (Ω) ≤ c‖u(t)‖rL̃r+1(Ω)
.(3.11)

Therefore, ∫ T

0

‖Lu(t)‖2V ′ dt ≤ c
∫ T

0

‖u(t)‖2V dt,(3.12) ∫ T

0

‖B(u(t))‖4/3V ′ dt ≤ c
∫ T

0

‖u(t)‖2/3 ‖u(t)‖2V dt(3.13)

≤ c‖u(t)‖2/3L∞(0,T ;H)

∫ T

0

‖u(t)‖2V dt,∫ T

0

‖α|u(t)|r−1u(t)‖(r+1)∗

L̃(r+1)∗ (Ω)
dt ≤ c

∫ T

0

‖u(t)‖r+1

L̃r+1(Ω)
dt.(3.14)

(3.12)–(3.14) imply that (3.3)–(3.5) hold true. The proof is complete. �

We now introduce the following spaces

F loc
α,+ :=L∞loc(R+;H) ∩ L2

loc(R+;V ) ∩ Lr+1
loc (R+; L̃r+1(Ω))(3.15)

∩ {u( · )|∂tu( · ) ∈ L4/3
loc (R+;V ′)},

ΠTF loc
α,+ :=L∞(0, T ;H) ∩ L2(0, T ;V ) ∩ Lr+1(0, T ; L̃r+1(Ω))(3.16)

∩ {u( · )|∂tu( · ) ∈ L4/3(0, T ;V ′)}.
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The topology in ΠTF loc
α,+ is defined as the following weak convergence: let

{un(x, t)} be a sequence of ΠTF loc
α,+, if

un(x, t) ⇀ u(x, t) weak∗ in L∞(0, T ;H);

un(x, t) ⇀ u(x, t) weakly in L2(0, T ;V );

un(x, t) ⇀ u(x, t) weakly in Lr+1(0, T ; L̃r+1(Ω));

∂tun(x, t) ⇀ ∂tu(x, t) weakly in L4/3(0, T ;V ′),

(3.17)

then we say that the sequence of functions {un(x, t)} converges to u(x, t) in

the topology of ΠTF loc
α,+ as n → ∞. The topology of space F loc

α,+ is the induc-

tive limit of the topologies in the spaces ΠTF loc
α,+, i.e. a sequence of functions

{un(x, t)} ⊂ F loc
α,+ converges to u(x, t) ∈ F loc

α,+ in the topology of F loc
α,+ as n→∞

if ΠTun(x, t) −→ ΠTu(x, t) in the topology of ΠTF loc
α,+ for any T > 0. We de-

note by Θloc
α,+ the space F loc

α,+ with this topology. We also define a Banach space

Fbα,+ as

Fbα,+ := {u(x, t) ∈ F loc
α,+ | ‖u‖Fb

α,+
< +∞},(3.18)

where the norm in Fbα,+ is defined as

‖u‖Fbα,+ := sup
t≥0
{‖S(t)u‖L∞(0,1;H) + ‖S(t)u‖L2(0,1;V )(3.19)

+ ‖S(t)u‖Lr+1(0,1;L̃r+1(Ω)) + ‖S(t)∂tu‖L4/3(0,1;V ′)}.

Here we want to point out that the spaces Θloc
α,+ and Fbα,+ introduced above are

modifications of the spaces Θloc
+ and Fb+ introduced in [4].

Lemma 3.4. T +
α ⊂ F loc

α,+.

Proof. Since r ∈ (1, 3] and L̃(r+1)∗(Ω) ↪→ V ′, we have by (3.5) that

α|u(t)|r−1u(t) ∈ L(r+1)∗

loc (R+; L̃(r+1)∗(Ω)) ↪→ L
4/3
loc (R+;V ′).

By Lemma 3.3, we get from equation (2.5) that ∂tu( · ) ∈ L4/3
loc (R+;V ′). �

Lemma 3.5. T +
α ⊂ Fbα,+ and for any trajectory u ∈ T +

α , there exist some

positive constants c0, ρ0, η0 and δ0, which are independent of u, such that

(3.20) ‖S(t)u‖Fb
α,+
≤ c0‖u‖η0L∞(0,1;H)e

−δ0t + ρ0, for all t ≥ 0,

where η0 ∈ {1/2, 1, 3/2, 2, 5/2, 3}, δ0 ∈ {α/2, 3α/2, α/4, 3α/4, 9α/4, α}.

Proof. By (2.8), we have for any ψ(s) ∈ C∞0 (R+) with ψ(s) ≥ 0 that

−
∫ +∞

0

‖u‖2ψ′(s) ds+ α

∫ +∞

0

‖u‖2ψ(s) ds ≤ 1

ν

∫ +∞

0

‖g‖2V ′ψ(s) ds.

Using Lemma 2.4, we obtain

‖u(t)‖2eαt ≤ ‖u(τ)‖2eατ +
‖g‖2V ′
αν

(eαt − eατ ), for all t, τ ∈ R+ with t ≥ τ,
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from which we get

(3.21) ‖S(t)u‖L∞(R+;H) ≤ c‖u‖L∞(0,1;H)e
−αt/2 +

‖g‖V ′√
αν

, for all t ∈ R+.

Now, using u to take dual paring 〈 · , · 〉 with equation (2.5) and integrating with

respect to time variable from τ to t (t, τ ∈ R+ with t ≥ τ), we obtain

(3.22)
1

2
(‖u(t)‖2 − ‖u(τ)‖2) + ν

∫ t

τ

‖u‖2V ds+ α

∫ t

τ

‖u‖2 ds+ α

∫ t

τ

‖u‖r+1

L̃r+1
ds

≤
∫ t

τ

‖g‖V ′‖u(s)‖V ds ≤
1

2ν

∫ t

τ

‖g‖2V ′ ds+
ν

2

∫ t

τ

‖u(s)‖2V ds,

which implies

‖u(t)‖2+ν

∫ t

τ

‖u‖2V ds ≤
1

ν

∫ t

τ

‖g‖2V ′ ds+‖u(τ)‖2, for all t, τ ∈ R+ with t ≥ τ.

We use (3.21) to get

‖S(t)u‖L2(0,1;V ) =

(∫ t+1

t

‖u(s)‖2V ds
)1/2

(3.23)

≤
(
‖u(t)‖2

ν
+
‖g‖2V ′
ν2

)1/2

≤ ‖u(t)‖√
ν

+
‖g‖V ′
ν

≤ c‖u‖L∞(0,1;H)e
−αt/2 +

‖g‖V ′
2ν
√
α

+
‖g‖V ′
ν

,

for all t ≥ 0. Combining (3.21)–(3.23), we have

‖S(t)u‖Lr+1(0,1;L̃r+1(Ω)) =

(∫ t+1

t

‖u(s)‖r+1

L̃r+1(Ω)
ds

)1/r+1

(3.24)

≤
(

1

2αν
‖g‖2V ′ +

1

2α
‖u(t)‖2

)1/r+1

≤ c(‖u‖2L∞(0,1;H)e
−αt + ‖g‖2V ′)1/r+1.

Since r ∈ (1, 3], we get from (3.24) that

‖S(t)u‖Lr+1(0,1;L̃r+1(Ω))(3.25)

≤ c(‖u‖2L∞(0,1;H)e
−αt + ‖g‖2V ′)1/2 + c(‖u‖2L∞(0,1;H)e

−αt + ‖g‖2V ′)1/4

≤ c(‖u‖L∞(0,1;H)e
−αt/2 + ‖g‖V ′) + c(‖u‖1/2L∞(0,1;H)e

−αt/4 + ‖g‖1/2V ′ ).

Setting ρ = (1/(2ν
√
α) + 1/ν)‖g‖V ′ and using (3.10) and (3.23), we get(∫ t+1

t

‖B(u(s))‖4/3V ′ ds

)3/4

≤ c
(∫ t+1

t

‖u(s)‖2/3‖u(s)‖2V ds
)3/4

(3.26)

≤ c esssup
t≥0

‖u(t)‖1/2
(∫ t+1

t

‖u(s)‖2V ds
)3/4

≤ c(‖u‖L∞(0,1;H)e
−αt/2 + ρ)1/2(‖u‖L∞(0,1;H)e

−αt/2 + ρ)3/2
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= c(‖u‖L∞(0,1;H)e
−αt/2 + ρ)2

= c‖u‖2L∞(0,1;H)e
−αt + 2cρ‖u‖L∞(0,1;H)e

−αt/2 + cρ2,

for all t ≥ 0. Now, from equation (2.5), we have

‖S(t)∂tu‖L4/3(0,1;V ′) ≤ ν‖S(t)Lu‖L4/3(0,1;V ′)(3.27)

+ ‖S(t)B(u)‖L4/3(0,1;V ′) + α‖S(t)u‖L4/3(0,1;V ′)

+ α‖S(t)|u|r−1u‖L4/3(0,1;V ′) + ‖g‖L4/3(0,1;V ′).

By (3.9) and the embedding L2(0, 1;V ) ↪→ L4/3(0, 1;V ), we get

(3.28) ‖S(t)Lu‖L4/3(0,1;V ′) ≤ c‖S(t)u‖L4/3(0,1;V ) ≤ c‖S(t)u‖L2(0,1;V ).

Also by the embedding L2(0, 1;V ) ↪→ L4/3(0, 1;V ) ↪→ L4/3(0, 1;V ′), we have

(3.29) ‖S(t)u‖L4/3(0,1;V ′) ≤ c‖S(t)u‖L2(0,1;V ).

Since (r + 1)∗ = (r + 1)/r ≥ 4/3 when r ∈ (1, 3], we have L̃(r+1)∗(Ω) ↪→ V ′ and

L(r+1)∗(0, 1;V ′) ↪→ L4/3(0, 1;V ′). Thus

‖S(t)|u|r−1u‖L4/3(0,1;V ′) ≤ c‖S(t)|u|r−1u‖L(r+1)∗ (0,1;V ′)(3.30)

≤ c‖S(t)|u|r−1u‖L(r+1)∗ (0,1;L̃(r+1)∗ (Ω))

= c‖S(t)u‖r
Lr+1(0,1;L̃r+1(Ω))

≤ c‖S(t)u‖Lr+1(0,1;L̃r+1(Ω)) + c‖S(t)u‖3
Lr+1(0,1;L̃r+1(Ω)).

Taking (3.21), (3.23) and (3.25)–(3.30) into account, we get (3.20). �

We next use the estimation obtained in Lemma 3.5 to construct the absorbing

set for {S(t)}t≥0 in T +
α .

Lemma 3.6. There is a bounded absorbing set Λ ⊂ T +
α for {S(t)}t≥0 in T +

α ,

i.e. for any bounded (in the norm of Fbα,+) subset B ⊂ T +
α , there exists a time

t0 = t0(B) such that S(t)u ∈ Λ, for all u ∈ B, for all t ≥ t0.

Proof. Set

(3.31) Λ = {u ∈ T +
α | ‖u‖Fbα,+ ≤ 2ρ0},

where ρ0 is the positive constant from Lemma 3.5. Then by (3.20), Λ is obviously

an absorbing set for {S(t)}t≥0 in T +
α . �

Lemma 3.7. T +
α is closed in the topology Θloc

α,+.

Proof. Let {un} be a bounded (in the norm of Fbα,+) sequence in T +
α and

there exists a function u∗ ∈ F loc
α,+ such that

(3.32) un → u∗ in the topology Θloc
α,+ as n→∞.

We shall prove in two steps that u∗ ∈ T +
α .
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Step 1. We prove for each T > 0 that ΠTu
∗ is a weak solution of equation

(2.5) on (0, T ). To this end, we establish that u∗ ∈ L∞loc(R+;H) ∩L2
loc(R+;V ) ∩

Lr+1
loc (R+, L̃r+1(Ω)), and ∀T > 0,ΠTu

∗(t) is a weak solution of equation (2.5)

on the interval (0, T ).

Indeed, since {un} ⊂ T +
α and {un} is bounded in the Fbα,+ norm, we

see for any T > 0 that {ΠTun} is bounded in L∞(0, T ;H) ∩ L2(0, T ;V ) ∩
Lr+1(0, T ; L̃r+1(Ω)) and {ΠT∂tun} is bounded in L4/3(0, T ;V ′). Using the di-

agonal procedure we deduce that there exists a function u ∈ L∞loc(R+;H) ∩
L2

loc(R+;V ) ∩ Lr+1
loc (R+, L̃r+1(Ω)) and a subsequence {unk} of {un} such that

ΠTunk ⇀ ΠTu weakly in L2(0, T ;V ) as nk →∞,(3.33)

unk ⇀ u weak∗ in L∞(0, T ;H) as nk →∞,(3.34)

ΠTunk ⇀ ΠTu weakly in Lr+1(0, T ; L̃r+1(Ω)) as nk →∞,(3.35)

ΠT∂tunk ⇀ ΠT∂tu weakly in L4/3(0, T ;V ′) as nk →∞,(3.36)

for every T > 0. Obviously, ∂tu ∈ L4/3
loc (R+;V ′). Thus unk → u in the topology

Θloc
α,+ as nk →∞. From (3.32) and the uniqueness of limit we have u = u∗. Next

we verify that ΠTu
∗ is a weak solution of (2.5) on the interval (0, T ). To this

end, we prove the following convergent relations:

LΠTunk ⇀ LΠTu
∗ weakly in L2(0, T ;V ′) as nk →∞,(3.37)

B(ΠTunk) ⇀ B(ΠTu
∗) weakly in L4/3(0, T ;V ′) as nk →∞,(3.38)

ΠTunk ⇀ ΠTu
∗ weakly in L2(0, T ;V ′) as nk →∞,(3.39)

ΠT |unk |r−1unk ⇀ ΠT |u∗|r−1u∗ weakly in L4/3(0, T ;V ′) as nk →∞.(3.40)

In fact, for all φ ∈ L2(0, T ;V )∩ C([0, T ];V ). We use (3.33) and the definition of

the operator L to get

(3.41) lim
nk→∞

∫ T

0

〈LΠTunk − LΠTu
∗, φ〉 dt

= lim
nk→∞

∫ T

0

〈ΠTunk −ΠTu
∗,Lφ〉 dt = 0,

which implies that (3.37) holds true. The proof of (3.38) is the same as that

in [27] where the existence of trajectory attractor for 3D NS equations was

obtained. (3.39) is directly obtained from (3.33). We next prove (3.40). Let

φ ∈ L4(0, T ;V ) ↪→ Lr+1(0, T ; L̃r+1(Ω)). By (3.35) we have

ΠT |unk |r−1unk ⇀ ΠT |u∗|r−1u∗ weakly in L(r+1)∗(0, T ; L̃(r+1)∗(Ω)).

Hence

lim
nk→∞

∫ T

0

〈ΠT |unk |r−1unk −ΠT |u∗|r−1u∗, φ〉 dt = 0.
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So (3.40) holds true. By (3.36)–(3.40) we can pass to the limit as nk →∞. This

shows that ΠTu
∗ is a weak solution of equation (2.5) on (0, T ).

Step 2. We prove that ΠTu
∗ meets the energy inequality (2.7). Since {un}

is bounded in Fbα,+ norm, there is some constant C0 > 0 such that

(3.42) ‖un‖Fbα,+ ≤ C0, for all n ∈ N,

which implies that {ΠTun} is bounded in L2(0, T ;V ) and {ΠT∂tun} is bounded

in L4/3(0, T ;V ′). Note that V ↪→ H ↪→ V ′ with compact embeddings. It then

follows from Lemma 2.3 and condition (3.32) that

(3.43) ΠTun(t)→ ΠTu
∗(t) strongly in L2(0, T ;H) as n→∞.

Thus, extracting a subsequence if necessary,

(3.44) ‖ΠTun(t)‖2 → ‖ΠTu
∗(t)‖2 for a.e. T > 0 as n→∞, t ∈ [0, T ].

Now for any ψ(s) ∈ C∞0 (0, T ) with ψ(s) ≥ 0, the sequences of functions

{‖ΠTun(t)‖2 ψ′(t)} and {‖ΠTun(t)‖2 ψ(t)} belong to L1(0, T ). From (3.42) we

deduce that {‖ΠTun(t)‖2ψ′(t)} and {‖ΠTun(t)‖2ψ(t)} are essentially bounded

and thus possess an integrable majorant, respectively. Then by Lebesgue’s domi-

nated convergence theorem and (3.43)–(3.44), we get

lim
n→∞

∫ T

0

‖ΠTun(s)‖2ψ′(s) ds =

∫ T

0

‖ΠTu
∗(s)‖2ψ′(s) ds,(3.45)

lim
n→∞

∫ T

0

‖ΠTun(s)‖2ψ(s) ds =

∫ T

0

‖ΠTu
∗(s)‖2ψ(s) ds.(3.46)

From (3.32) and (3.33), we have ΠTun( · )
√
ψ( · ) ⇀ ΠTu

∗( · )
√
ψ( · ) weakly in

L2(0, T ;V ) and by the lower semicontinuity of norm that

(3.47)

∫ T

0

‖ΠTu
∗(s)‖2V ψ(s) ds ≤ lim inf

n→∞

∫ T

0

‖ΠTun(s)‖2V ψ(s) ds.

Observing (3.43), we have

(3.48) lim
n→∞

∫ T

0

〈ΠTun(s), g〉ψ(s) ds =

∫ T

0

〈ΠTu
∗(s), g〉ψ(s) ds.

Lastly, by (3.35) and also by the lower semicontinuity of norm

(3.49)

∫ T

0

‖ΠTu
∗(s)‖r+1

L̃r+1(Ω)
ψ(s) ds ≤ lim inf

n→∞

∫ T

0

‖ΠTun(s)‖r+1

L̃r+1(Ω)
ψ(s) ds.

Since un(t) ∈ T +
α , n ∈ N, there holds

(3.50) − 1

2

∫ T

0

‖ΠTun(s)‖2ψ′(s) ds+ ν

∫ T

0

‖ΠTun(s)‖2V ψ(s) ds

+ α

∫ T

0

(‖ΠTun(s)‖2 + ‖ΠTun(s)‖r+1

L̃r+1(Ω)
)ψ(s) ds ≤

∫ T

0

〈ΠTun(s), g〉ψ(s) ds.
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Combining (3.45)–(3.49) and passing the limit in (3.50), we have

(3.51) − 1

2

T∫
0

‖ΠTu
∗(s)‖2ψ′(s) ds+ ν

∫ T

0

‖ΠTu
∗(s)‖2V ψ(s) ds

+ α

∫ T

0

(‖ΠTu
∗(s)‖2 + ‖ΠTu

∗(s)‖r+1

L̃r+1(Ω)
)ψ(s) ds

≤
∫ T

0

〈ΠTu
∗(s), g〉ψ(s) ds.

Combining steps one and two, we get u∗ ∈ T +
α . �

Lemma 3.8. The absorbing set Λ constructed by Lemma 3.6 is compact in

the topology Θloc
α,+.

Proof. Let {un} ⊂ Λ be a bounded (in the norm of Fbα,+) sequence. Us-

ing the diagonal procedure we see that there exists a function u ∈ F loc
α,+ and

a subsequence {unk} of {un} such that unk −→ u in the topology of Θloc
α,+.

By Lemma 3.7, we have u ∈ T +
α . At the same time, we obtain by the lower

semi-continuity of norm that

‖u‖Fbα,+ ≤ ‖unk‖Fbα,+ ≤ 2ρ0, for all t ≥ 0.

Therefore, u ∈ Λ. This proves the compactness of the absorbing set Λ in the

topology Θloc
α,+. �

We now state and prove the main result of this section.

Theorem 3.9. Let α > 0, r ∈ (1, 3] and g ∈ V ′. Then the translation

semigroup {S(t)}t≥0 defined by (3.1) possesses a trajectory attractor Atr
α ⊂ T +

α

with respect to the topology Θloc
α,+, which satisfies

(a) Atr
α is bounded in Fbα,+ norm and is compact in the topology Θloc

α,+;

(b) S(t)Atr
α = Atr

α , for all t ≥ 0;

(c) Atr
α is an attracting set for {S(t)}t≥0 in the topology Θloc

α,+, i.e. for any

B ⊂ T +
α bounded in Fbα,+ and for any neighbourhood O(Atr

α ) of Atr
α ,

there is a time t∗ = t∗(B,O) such that S(t)B ⊂ O(Atr
α ), for all t ≥ t∗.

Proof. The result of this theorem follows from Lemmas 3.2(b), 3.4, 3.6, 3.8

and Theorem 4.1 of [28]. �

4. Convergence of the trajectory attractor

to that of the 3D NS equations

In this section, we verify that the trajectory attractor Atr
α converges to the

trajectory attractor Atr
0 of the 3D NS equations as α → 0+. The convergence

of solutions and trajectory attractors of the NS-α model and Leray-α model to

those of the 3D NS equations were investigated in [5], [29].
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4.1. Preliminary results on the 3D NS equations. Firstly, we re-

call some results concerning the following 3D incompressible NS equations (see

e.g. [27]):

∂u

∂t
− ν∆u+ (u · ∇)u+∇p = g, t > 0,(4.1)

∇ · u = 0,(4.2)

u|∂Ω = 0,(4.3)

u(x, 0) = u0.(4.4)

By excluding the pressure p, we can rewrite the weak form of problem (4.1)–(4.4)

in the solenoidal vector fields as follows.

∂u

∂t
+ νLu+B(u) = g, in D′(0, T ;V ′),(4.5)

u(x, 0) = u0.(4.6)

Definition 4.1. A function u ∈ L∞(0, T ;H) ∩ L2(0, T ;V ) is called a weak

solution of (4.5) on the interval (0, T ) if u together with its derivative ∂tu satisfies

(4.5) in the sense of distribution in D′(0, T ;V ′).

Lemma 4.2 ([4], [27]). Let g ∈ V ′. Then for each T > 0 and for any

u0 ∈ H, equations (4.5)–(4.6) possess at least one weak solution which satisfies

the following energy inequality

(4.7)
1

2

d

dt
‖u(t)‖2 + ν‖u(t)‖2V ≤ 〈u(t), g〉, for all t ∈ (0, T ),

in the sense that, for all ψ(s) ∈ C∞0 (0, T ), ψ(s) ≥ 0,

(4.8) −1

2

∫ T

0

‖u(s)‖2ψ′(s) ds+ ν

∫ T

0

‖u(s)‖2V ψ(s) ds ≤
∫ T

0

〈u(s), g〉ψ(s) ds.

Definition 4.3 ([4], [27]). The trajectory space T +
0 of equation (4.5) con-

sists of functions u ∈ L∞loc(R+;H) ∩ L2
loc(R+;V ) such that for all T > 0 the

function ΠTu is a weak solution of equation (4.5) on the interval (0, T ) and ΠTu

satisfies the energy inequality (4.7) in the sense of (4.8).

Write

F loc
+ := L∞loc(R+;H) ∩ L2

loc(R+;V ) ∩ {u( · )|∂tu( · ) ∈ L4/3
loc (R+;V ′)},(4.9)

ΠTF loc
+ := L∞(0, T ;H) ∩ L2(0, T ;V ) ∩ {u( · ) | ∂tu( · ) ∈ L4/3(0, T ;V ′)}.(4.10)

The topology of space ΠTF loc
+ is defined as the following weak convergence: let

{un(x, t)} be a sequence of ΠTF loc
+ , if

(4.11)


un(x, t) ⇀ u(x, t) weak∗ in L∞(0, T ;H);

un(x, t) ⇀ u(x, t) weakly in L2(0, T ;V );

∂tun(x, t) ⇀ ∂tu(x, t) weakly in L4/3(0, T ;V ′),
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then we say that the sequence of functions {un(x, t)} converges to u(x, t) in the

topology of ΠTF loc
+ as n→∞.

The topology of space F loc
+ is the inductive limit of the topologies in the

spaces ΠTF loc
+ , i.e. a sequence of functions {un(x, t)} ⊂ F loc

+ converges to

u(x, t) ∈ F loc
+ in the topology of F loc

+ as n → ∞ if ΠTun(x, t) → ΠTu(x, t)

in the topology of ΠTF loc
+ for any T > 0. We denote by Θloc

+ the space F loc
+ with

this topology. We also define a Banach space Fb+ as

(4.12) Fb+ := {u(x, t) ∈ F loc
+ | ‖u‖Fb

+
< +∞},

where the norm in Fb+ is defined as

(4.13) ‖u‖Fb+ := sup
t≥0
{‖S(t)u‖L2(0,1;V ) + ‖S(t)u‖L∞(0,1;H)

+ ‖S(t)∂tu‖L4/3(0,1;V ′)}.

Lemma 4.4 ([4]). Let g ∈ V ′. Then the translation semigroup {S(t)}t≥0

defined by (3.1) possesses a trajectory attractor Atr
0 ⊂ T +

0 with respect to the

topology Θloc
+ , which satisfies

(a) Atr
0 is bounded in Fb+ norm and is compact in the topology Θloc

+ ;

(b) S(t)Atr
0 = Atr

0 , for all t ≥ 0;

(c) Atr
0 is an attracting set for {S(t)}t≥0 in the topology Θloc

+ , i.e. for any

B ⊂ T +
0 bounded in Fb+ and for any neighbourhood O(Atr

0 ) of Atr
0 , there

is a time t∗ = t∗(B,O) such that S(t)B ⊂ O(Atr
0 ), for all t ≥ t∗.

4.2. Convergence of solutions of the 3D CBF equations to solu-

tions of the 3D NS equations. In this subsection, we prove the convergence

of solutions of the 3D CBF equations to solutions of the 3D NS equations as

α→ 0+.

Lemma 4.5. Let a sequence of functions uαn(t) ∈ T +
αn , n ∈ N, satisfy the

following properties:

(a) {uαn( · )} is uniformly (w.r.t. n ∈ N) bounded in Fb+;

(b) αn → 0+ as n→∞;

(c) {uαn( · )} → u( · ) in the topology Θloc
+ as n→∞.

Then u ∈ T +
0 .

Proof. By condition (a), (3.21), (3.23), (3.25), (3.27), (3.30) and (4.13), we

see that there is some positive constant C1 such that

(4.14) ‖uαn( · )‖Fb+ ≤ C1, ‖uαn( · )‖Fbα,+ ≤ C1, for all n ∈ N.

Then (4.14), condition (c) and the lower semicontinuity of the norm give

(4.15) ‖u( · )‖Fb+ ≤ C1.
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We next prove that u( · ) is a weak solution of the 3D NS equations on every

(0, T ). Since uαn( · ) ∈ T +
αn , the function uαn( · ) satisfies the equation

(4.16)
∂uαn
∂t

+ νLuαn +B(uαn) + αnuαn + αn|uαn |r−1uαn = g

in the sense D′(0, T ;V ′). Clearly, by condition (c) and (4.11), we have

∂uαn
∂t

⇀
∂u

∂t
weakly in L4/3(0, T ;V ′) as αn → 0+,(4.17)

αnuαn ⇀ 0 weakly in L2(0, T ;V ) as αn → 0+.(4.18)

Also, by the definition of the operator L, we get

(4.19) νLuαn ⇀ νLu weakly in L2(0, T ;V ′) as αn → 0+.

At the same time, by (3.25), (3.26), (3.30) and (4.14), we see that both {B(uαn)}
and {αn|uαn |r−1uαn} are uniformly (w.r.t. n ∈ N) bounded in L4/3(0, T ;V ′).

Then by condition (c), it is not difficult to prove that

B(uαn) ⇀ B(u) weakly in L4/3(0, T ;V ′) as αn → 0+,(4.20)

αn|uαn |r−1uαn ⇀ 0 weakly in L4/3(0, T ;V ′) as αn → 0+.(4.21)

Since L4/3(0, T ) ⊂ D′(0, T ), we can pass the limit in (4.16) and obtain

(4.22)
∂u

∂t
+ νLu+B(u) = g, in D′(0, T ;V ′),

that is u( · ) is a weak solution of the 3D NS equations on (0, T ).

We now prove that u( · ) meets the energy inequality (4.8) for each T > 0.

From (4.14), we see that {ΠTuαn} is bounded in L2(0, T ;V ) and {ΠT∂tuαn} is

bounded in L4/3(0, T ;V ′). It then follows from Lemma 2.3 and condition (c)

that

(4.23) ΠTuαn(t)→ ΠTu(t) strongly in L2(0, T ;H) as αn → 0+.

Thus, extracting a subsequence if necessary,

(4.24) ‖ΠTuαn(t)‖2 → ‖ΠTu(t)‖2 for a.e. t ∈ (0, T ) as αn → 0+.

For any ψ(s) ∈ C∞0 (0, T ) with ψ(s) ≥ 0, the sequence {‖ΠTuαn(t)‖2 ψ′(t)}
belongs to L1(0, T ). From (4.14) we deduce that {‖ΠTuαn(t)‖2ψ′(t)} is essen-

tially bounded and thus possesses an integrable majorant. Then by Lebesgue’s

dominated convergence theorem and (4.24), we have

(4.25)

∫ T

0

‖uαn(s)‖2ψ′(s) ds→
∫ T

0

‖u(s)‖2ψ′(s) ds as αn → 0+.

From condition (c), we have uαn( · )
√
ψ( · ) ⇀ u( · )

√
ψ( · ) weakly in L2(0, T ;V ).

Also by the lower semicontinuity of norm, we get

(4.26)

∫ T

0

‖u(s)‖2ψ(s) ds ≤ lim inf
n→∞

∫ T

0

‖uαn(s)‖2ψ(s) ds.
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Observing (4.23), we have

(4.27)

∫ T

0

〈uαn(s), g〉ψ(s) ds→
∫ T

0

〈u(s), g〉ψ(s) ds as αn → 0+.

Lastly, (4.14) implies that∫ T

0

(‖uαn(s)‖2 + ‖uαn(s)‖r+1

L̃r+1(Ω)
)ψ(s) ds ≤ C1

for any n ∈ N. So we obtain

(4.28) αn

∫ T

0

(‖uαn(s)‖2 + ‖uαn(s)‖r+1

L̃r+1(Ω)
)ψ(s) ds→ 0 as αn → 0+.

Since uαn( · ) ∈ T +
αn , n ∈ N, there holds

(4.29) − 1

2

∫ T

0

‖uαn(s)‖2ψ′(s) ds+ ν

∫ T

0

‖uαn(s)‖2V ψ(s) ds

+ α

∫ T

0

(‖uαn(s)‖2 + ‖uαn(s)‖r+1

L̃r+1(Ω)
)ψ(s) ds ≤

∫ T

0

〈uαn(s), g〉ψ(s) ds.

Combining (4.25)–(4.28) and passing the limit in (4.29), we have

(4.30) −1

2

∫ T

0

‖u(s)‖2ψ′(s) ds+ ν

∫ T

0

‖u(s)‖2V ψ(s) ds ≤
∫ T

0

〈u(s), g〉ψ(s) ds.

(4.22) and (4.30) imply that u ∈ T +
0 . The proof is complete. �

4.3. Convergence of the trajectory attractor to that of the 3D NS

equations. Here, we shall verify the main result of this section, that is, the

trajectory attractor Atr
α converges to the trajectory attractor Atr

0 of the 3D NS

equations as α→ 0+.

Lemma 4.6. For each α ∈ (0, 1], define

Bα = {uα | uα ∈ T +
α and there is some positive constant C2

independent of α such that ‖uα‖Fb+ ≤ C2, for all uα ∈ Bα}.

Then

(4.31) S(t)Bα → Atr
0 in the topology Θloc

+ as t→ +∞ and α→ 0+,

where (4.31) is interpreted in the following sense: for any sequence {uα}0<α≤1

with uα ∈ Bα, there is some u ∈ Atr
0 such that S(t)uα → u in the topology Θloc

+

as t→ +∞ and α→ 0+.

Proof. We argue by contradiction. Assume the converse: there exists some

neighbourhood O(Atr
0 ) of Atr

0 in the topology Θloc
+ and two sequences αn → 0+,

tn → +∞ as n→∞, such that

(4.32) S(tn)Bαn 6⊂ O(Atr
0 ).
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Then, there exist some solutions uαn( · ) ∈ Bαn such that

(4.33) vαn(t) := S(tn)uαn(t) 6∈ O(Atr
0 ).

Since the function vαn(t) is a solution of the autonomous CBF equations (2.5)–

(2.6) with α = αn on the interval [−tn,+∞) and vαn(t) is the backward time

shift of the solution uαn(t) by tn, we get from the definition of Bα that

(4.34) sup
t≥−tn

‖vαn(t)‖+ sup
t≥−tn

(∫ t+1

t

‖vαn(s)‖2V ds
)1/2

+ sup
t≥−tn

(∫ t+1

t

‖∂tvαn(s)‖4/3V ′ ds

)3/4

≤ C2.

For each T > 0, we consider αn with the index n such that tn ≥ T . Then (4.34)

implies that the sequence {vαn( · )} is weakly compact in the space

Θ−T,T := L∞(−T, T ;H) ∩ L2(−T, T ;V ) ∩ {v | ∂tv ∈ L4/3(−T, T ;V ′)}

for every fixed T > 0, where the topology of Θ−T,T is defined in the manner

similar to (4.11) with the interval (0, T ) replaced by (−T, T ). Hence, for every

fixed T > 0, we can choose a subsequence {nk} such that {vnk( · )} converges

weakly in Θ−T,T . Then, using the standard diagonal procedure, we can construct

a function v(t), t ∈ R, and a subsequence {nkj} such that

(4.35) vnkj ( · ) ⇀ v( · ) weakly in Θ−T,T as nkj →∞, for each T > 0.

So, by (4.34), we obtain the following inequality for the limit function v(t)

(4.36) sup
t∈R
‖v(t)‖+ sup

t∈R

(∫ t+1

t

‖v(s)‖2V ds
)1/2

+ sup
t∈R

(∫ t+1

t

‖∂tv(s))‖4/3V ′ ds

)3/4

≤ C2.

Thus, we get v ∈ Fb := {u ∈ F loc | ‖u‖Fb < +∞}, where

F loc := L∞(R;H) ∩ L2
loc(R;V ) ∩ {u( · ) | ∂tu( · ) ∈ L4/3

loc (R;V ′)}

and the norm in Fb is defined as

(4.37) ‖v‖Fb := sup
t∈R
{‖S(t)u‖L2(0,1;V )

+ ‖S(t)u‖L∞(0,1;H) + ‖S(t)∂tu‖L4/3(0,1;V ′)}.

Since the addressed equation is autonomous, we can apply Lemma 4.5 in which

we suppose that all the functions are defined on the semi-axis [−T,+∞) instead

of [0,+∞). By doing so and using (4.35)–(4.36), we see that v(x, t) is a weak

solution of the 3D NS equations for all t ∈ R. This fact, together with (4.36),

implies v ∈ K0, where K0 is the kernel of equation (4.5). By the structure of
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the trajectory attractor (see [4]), we have Π+K0 = Atr
0 . Then we conclude that

Π+v ∈ Π+K0 = Atr
0 and by (4.35)

Π+vnkj → Π+v in the topology Θloc
+ as n→∞.

Particularly, we have for large enough nkj that

Π+vnkj ∈ O(Π+v) ⊂ O(Atr
0 ),

which contradicts (4.32). The proof is complete. �

Theorem 4.7. Let Atr
α and Atr

0 be the trajectory attractor for the CBF equa-

tion (2.5) and the 3D NS equation (4.5), respectively. Then

Atr
α → Atr

0 in the topology Θloc
+ as α→ 0+.

Proof. We see from Section 3 that the family {Atr
α }0<α≤1 is uniformly

(w.r.t. α ∈ (0, 1]) bounded in Fb+ norm. Applying Lemma 4.6 with Bα = Atr
α

and the invariant property of Atr
α (see Theorem 3.9(c)), we obtain

Atr
α = S(t)Atr

α → Atr
0 in the topology Θloc

+ as t→ +∞ and α→ 0+.

The proof is complete. �
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