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EQUIVALENCE AND NONEXISTENCE OF STANDING WAVES
FOR COUPLED SCHRODINGER EQUATIONS
WITH CHERN-SIMONS GAUGE FIELDS
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ABSTRACT. This paper is devoted to the study of standing waves for so-
called N = 2 supersymmetric Chern-Simons—Schrédinger equations, a cou-
pled system of Schrédinger equations in which Chern—Simons gauge fields
are incorporated. We show that there is no nontrivial standing wave to
the N = 2 supersymmetric Chern—Simons—Schrédinger equations when the
coupling constants are less than critical numbers. We also prove that static
N = 2 supersymmetric Chern—Simons—Schrodinger equations are equiva-
lent to their first order self-dual system when the coupling constants are
critical.
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1. Introduction

In this paper, we are concerned with the following coupled Schrédinger equa-
tions with the Chern—Simons gauge fields

iDo¢ + (D1 Dy + DaDa)é + 201|626 + Aa|t|? ¢, = 0,

iDo) + (D1Dy + D2 Do)t + )\2|¢|2¢ — (0142 — 02 A1) =0,
(1.1) BoAr — D1 Ao = — Tm(p D) — Im(P Do) + 01 [¢*/2,

80As — 02 Ao =Im($D16) + Im(YD19) + B¢ [* /2,

DAy — Ay = — (Io]* +¥]?)/2,

where ¢ denotes the imaginary unit, 9y = 9/0t, &y = 9/dx1, 02 = ¢0/dxo for
(t,x1,29) € RM2, $,4p: R1T? — C are complex scalar fields, A4,: R'™? — R are
gauge fields,D,, = 0,, +iA,, are covariant derivative for ;4 = 0,1,2. The parame-
ters A1, A2 > 0 represent the strength of coupling effect of ¢ and . The system
(1.1) is proposed in [7] for explaining electromagnetic phenomena on a planar
domain such as fractional quantum Hall effect or high temperature super conduc-
tivity. It is called the N = 2 supersymmetric Chern—Simons—Schrodinger equa-
tions because it is N = 2 supersymmetric extension of the well-known Jackiw—Pi
model [6] which may be derived by putting ¢» = 0 in (1.1).

The aim of this paper is to observe some equivalence and nonexistence results
for standing wave solutions to (1.1) in a unified way. We mean, by a standing
wave solution, a solution (¢, v, Ag, A1, As) to (1.1) of the form

(0(t,2), U(t, ), Ault, ) = (u(w)e™, v(@)e’?", Ay(2)),

where u,v are complex C* functions, A, (x) are real C* functions and wy,ws
are real constants. A standing wave solution with w; = wy = 0 is called static.

We first consider a special case where the critical coupling constants A; and
Ao are critical, i.e. Ay = 1/2 = Xy. In this case, one can derive the following
system of first order equations called self dual system:

Dlu + ZDQU = 0,
Div+iDsv =0,

1
01 Ay — DA = -5 (|u® + |v]?),
1
AO —_ §|U|2 = 0

We note that solutions of the self-dual equations (1.2) provide static solutions
to the equations (1.1) with the critical constants Ay = 1/2 = Ao, i.e. solutions to
the following equations

1
(1.3) Aou — Dy Dyu — DyDou — |ul?u — §|v|2u =0,
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1
(14) on — DlDlv — DQDQ'U — §\u|2v + (81142 — 82A1)1; = 0,
1
(1.5) 01 Ao =Im(uDyu) + Im(vDsv) — 5(91|’U|2,
1
(1.6) 0 Ay = — Im(uDyu) — Im(TDyv) — 532|v|2,

1
(1.7 01Ay — 0 Ay = — 5 (luf? + [v[?).

Indeed, applying the following identity

2
(18) ZD]‘D]"U, = (Dl - ZDQ)(Dl + 'LDQ)U + (81142 - 82A1)u,
j=1

one can check, for instance, the equation (1.3) is verified
1
AQ'LL — (Dl — ZDQ)(Dl + ZDQ)'LL - (81A2 - 82141)11, - |U|2U - §|v|2u =0.

The first main result is to establish the reverse direction. In other words, we
prove that every smooth solution of (1.3)—(1.7) with some integrability conditions
is a solution of the self-dual system (1.2). This kind of equivalence is proved in [4]
for Jackiw—Pi model. Here we extend it to the NV = 2 super-symmetric Chern—
Simons—Schrodinger equations.

THEOREM 1.1. Suppose that (¢,1, Ag, A1, As) is a static solution of (1.1)
such that:

(a) ¢,% € HY(R?) and ¢ # 0,

(b) Ag € LP(R?) for some 1 < p < oo,

(c) Ay, Ay € LI(R?) for some 2 < q < c0.

Then (¢,v, Ag, A1, Az) also solves the self dual system (1.2).

Theorem 1.1 says that the system (1.2) equals to the equations (1.3)—(1.7)
under the condition of Theorem 1.1 although it consists of first-order differential
equations. In the case of ¢ = 0, we have Apyp = 0 and Ay = ¢ which implies
Ap = 0 for nontrivial 1. See the proof of Theorem 1.1.

Next, we state nonexistence results of nontrivial standing waves when param-

eters A; and Aq are subcritical, i.e. (A1, A2) € ((0,1/2] x (0,1/2]) \ {(1/2, 1/2)}.

THEOREM 1.2. Suppose that (¢,, Ag, A1, A2) is a standing wave solution
of (1.1) satisfying (a)—(c) of Theorem 1.1 and 0 < Ay < 1/2, 0 < Ay < 1/2.
Then, one has ¢ = 0. In addition, one also has ¢ =0 if Ay # —ws.

THEOREM 1.3. Suppose that (¢,1, Ag, A1, As) is a standing wave solution
of (1.1) satisfying (a)—(c) of Theorem 1.1 and \y = 1/2,0 < A2 < 1/2. Then,
one has either ¢ =0 or ¢p = 0. In addition, one has ¥ =0 if Ay # —ws.
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In fact, Theorems 1.2 and 1.3 are corollaries of Theorems 3.1 and 3.2 in which
the equations (2.1), a generalized version of (1.1), is considered. See Section 3.
All the theorems mentioned above are derived as easy applications of an integral
identity (2.8) which holds true for every standing wave solutions to (2.1). We
will see that (2.8) is due to combining Pohozaev type identity and Nehari type
identity with Bogomol'nyi trick (2.17) below.

The rest of the paper is organized as follows. We derive (2.8) in Section 2.
In sections 3 we give precise statements of Theorems 3.1 and 3.2. In Section 4
we prove Theorems 1.1, 3.1 and 3.2 by using (2.8).

2. Integral identity

Consider the generalized version of (1.1) as the following:
Do+ (DiD1 +DaD2)o+ F(19)6 + 52 (0 6)o = 0
Do+ (D1D1 + DaD)ur+ GO, )0 — (01 42 — 0241 =0,
(1) oy — 0y dg = — Tm(FD26) ~ In(@D20) + S il
004z — 0y Ao =Tm(BD10) + In(TD1Y) + 5010 P

014y — 02 A = (Ip* + [?).

1
2
Throughout the paper, we always assume that F' and G are C* functions and
satisfy
(2.2) F(0)=F'(0)=0 and G(s1,0) = G(0,s2) =0 for all sy, s3 > 0.

If one choose, for example, F(s) = A\1s%, G(s1,82) = A25182, the system (2.1)
becomes (1.1).
Now, we plug the standing wave ansatz into (2.1) to get the equations
(2.3) (w1 4+ Ag)u — (D1 Dy + DyDo)u — F'(Ju*)u — 95, G(|ul?, [v]*)u = 0,
(24) (wg + A0>1} - <D1D1 + D2D2)’U
— 852G(|u\2, |’U|2)’U + (81142 — 82A1)U =0,

(2.5) 91 Ay = Tm(TDyu) + Im(TDs0) — %81|U|2,

(2.6) 934y = — Tm(TDyu) — Tm(TD1v) — %ag|v|2,
1

(27) 61142 — 82141 = (|u\2 —+ "U‘Q).

2

Then, on can obtain the following;:
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PROPOSITION 2.1. Let (u,v, Ag, A1, As) be a smooth solution of equations
(2.3)-(2.7). Suppose that
(a) u,v € HY(R?),
(b) Ag € LP(R?) for some 1 < p < o0,
(c) Ay, Ay € LI(R?) for some 2 < q < o0,
(d) E(lul®), F'(lul®)[ul?, G(lul?, [v]*), 85, G ([ul?, [v][*)|v]?, 05, G([ul?, [0]*)[v]*
in L'(R?).
Then the following integral identity holds true:

1
(2.8) / (D1 +iD2)ul® 4 |(Dy +iDa)v[* + §|U\4
RZ

1
+ F([ul?) = F'([ul)|ul® + S ul?[o* + G(lul*, [v]*)
= 05, G([ul?, o) |ul* = 0, G(Jul?, [v]*) v]* dz = 0.

Here, H'(R?) denotes the standard Sobolev space which is the set of weakly
differentiable functions v on R? such that both of u and Vu are square integrable.
We will derive the identity (2.8) by combining the well-known Derrick—Pohozaev
type identity [2] and Nehari type identity with the Bogomol'nyi trick (2.17).

PROOF. The main part of the proof is to multiply (2.3) and (2.4) by zxDyu
and zDjv respectively and to integrate them to derive the Derrick-Pohozaev
identity. Then the Bogomol’'nyi trick (2.17) is used to obtain (2.8). Rigorous
proof consists of integrating by parts over Bg := {z € R? | |z| < R}, taking care
of boundary terms and applying the Lebesgue dominated convergence theorem as
in [4]. Here we skip a detailed process and just show main calculation for simple
presentation. From now on, we adopt the summation convention for repeated
indices.

Suppose that (u,v, Ag, A1, As) is a solution of (2.3)—(2.7). Multiplying (2.3)
by 2 Dyu and integrating over R?, we obtain

(2.9) / (w1 + Ap)uzg Dyudr — D;DjuxDyudz
R? R2

— / (F'(Jul*)u + 05, G(|ul?, [v]*)v) zx Dyu dz = 0.
R2
Now we set
I :/ (w1 + Ag)uzgDyude,
RQ

II = D;DjuxyDyude,
R2

= [ (F(uP)u+ 0., Gl o)) oD
R2
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Integrating by parts and taking real parts, we have

1
Re{l} = — /2(0.)1 + Ag)|ul* + §|u|2 x;05Ag dz,
(2.10) R .
Re(IIl} = = [ P(uf?) = 500 Gul?, o), do

For II, we define Fjj;, := 0; A, — OrA;. Then we have, integrating by parts,

II= —/ |Djul?® + . DjuD; Dyu dx
R2

= —/ |Djul® + zxDju (DyDju + iFj,u) dz,
R2

where we used the identity D;Dyu = Dy Dju + iFj,u. Taking the real part, we
obtain

1
(2.11) Re{Il} = — / |Djul* + 5xkak(leu\?) + 2 FjpIm(uDju) dx
R

:—/ 2 FipIm(TDju) de.
R2

Multiplying (2.4) by o3 Dyv and integrating over R?, we obtain
(2.12) / (we + Ap)vxpDyvdr — / D;D;vxiDyvde
R2 R2

— / (05, G(|ul?, [v]*)v — Fi2v) axDyvdx = 0.
R2
Now we set

V= (ws+ Ao)vziDrvdr, V= D;DjvxpDyvdx,
R2 R2

VI= [ (@Gl o) - Fizv) oy Divds,
R2
Integrating by parts and taking real parts, we have

1
Re{VI} = _/ (w2 -+ Ao)of? + 3o 50, A i,
R?

(2.13) Re{V} = —/ zp FipIm(vD;v) de,
R2

1 1
Re{VI} = — /R S Fr2i0iluf? = S0, Glul [o]?);05 of? da

We put (2.10), (2.11) and (2.13) in the equations (2.9) and (2.12). Taking
equations (2.5)—(2.7) into accout, we obtain

(2.14) /]R2 F(lul*) + G(Jul?, |v]*) = (w1 + Ao)|u|® — (we + Ag)|v[* dz = 0.

On the other hand, multiplying (2.3) and (2.4) by @ and v respectively and
integrating them, we derive
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(2.15) / (w1 + Ao)[ul® + (w2 + Ao)|v|* + |Djul* + |Djv|? + Fiav|?
R2
= F'(lu*))ul® = 05, G(Jul?, [v*)[u® = 85, G(|uf?, [v|*)|v]* dz = 0.
Combining (2.14) and (2.15), we conclude that

(2.16) /|DJ'U\2+\Djv\2+F12|v|2JrF(IUIQ)—F'(IUZ’I)IUI2
R2
+G(|uf?, [v]*) = 05, G(lul?, [ [uf® = 0s, G(|uf?, [v|*)|v]* dz = 0.

Now we apply Bogomol’nyi trick. Note the following identities hold
|Djul®> = [(D1 +iD2)ul®> + V x Jg — Fislul?,

(2.17) 1

|D;jv|* = [(Dy +iD2)v|[* + V x Jp — Fia|v|® + §A|v|2,

where we denote

Jp = (Im(uD;u), Im(uDyu)),
- 1 2 - 1 2
Jrp = | Im(TD1v) + 3 Oa|v|%, Im(TDgv) — 3 o|v|® |,

and use the notation V x J = 01Jo — daJp for a vector J = (Jp, Jz). Then
the equation (2.16), considering the equation (2.7) and the divergence theorem,

gives

: : 1 1
/Rz (D1 +iD2)ul® +[(Dy +iD2)o|* + 5 |ul* + F([ul*) = F' (jul*) ul* + S [ul*|v]*
+G(|uf?, [v]*) = 05, G(lul?, [ [uf® = 05, G(|uf?, [v]*)|v]* dz = 0.

This completes the proof of Proposition 2.1. O

3. Statements for nonexistence results to (2.1)

We state in this section some structural condition on F' and G so that (2.1)
only admits trivial standing wave solutions. This is an extension of the result
in [5] where Jackiw-Pi model is considered. We also refer to [3] in which the
nonexistence of nontrivial solutions to another field equation of Schrédinger type,
the nonlinear Schrodinger—Maxwell system

—Au+V(z)u+ du = |uP~2u,

(3.1) VIR

is studied. It is shown in [3] that if V' is positive constant and p € (0,2) N (6, c0),
then (3.1) does not admit any nontrivial solutions (u, ¢) with finite energy. When
p = 6 and V is nonconstant, a nonexistence result is obtained in [1] by imposing
some conditions on V. The above two papers also make use of Pohozaev and
Nehari identities.



502 H. Hun — J. SEOK

Now, we state the result. Recall that we are already assuming the condi-
tion (2.2).

THEOREM 3.1. Suppose that (u, v, Ag, A1, As) is a smooth solution of the
equations (2.3)—(2.7) satisfying:

(a) u, v e H'(R?),

(b) Ag € LP(R?) for some 1 < p < oo,

(c) A1, Az € LY(R?) for some 2 < q < oo,

(@) F(jul), F'(jul®)[ul?, G(jul?, [v]*), 05, G(lul?, [v[*)[v]?, 05, G(Jul?, [v]*) 0]

in L*(R?).
Assume that
1
552—|—F(s)—F'(s)s>0 for all s > 0,
1
(3:2) 58182 + G(s1,82) — 05, G(81, 52)51 — 05,G (51, 52)s2 > 0

for all s1,s5 > 0.

Then we have that u =0, Ag is a real constant and
1
(D1 +iD2)U:0, (91142782141 = 7§|U|2.
Moreover, we also have v =0 if Ag # —ws.

Note that Theorem 3.1 immediately implies Theorem 1.2. We will give
a proof of Theorem 3.1 in Section 4.

Now, we switch the strict inequality sign in the condition (3.2). Then we
have the following result, which will be proved in Section 4.

THEOREM 3.2. Suppose that (¢p,, Ag, A1, As2) is a smooth solution of the
equations (2.3)—(2.7) satisfying (a)—(d) of Theorem 3.1. Assume that

1

552+F(s) —F'(s)s>0 for all s > 0,

1
(3.3) 55152 + G(s1, 82) — 05, G(81, 82)s1 — 05,G(81,82)82 > 0
for all s1,s9 > 0.

Then one of the following holds:

(a) u=0,v=0, Ay is a real constant and Oy Ay — 92 A1 = 0;

(b) u=0, Ag = —wq, v # 0 and

1
<D1 + ’L'DQ)’U = 0, 81142 — 82141 = —§|U|2;
(c) v=0, Ag = |u|?/2 — w1, u Z 0 and
1 1

(D14 iD2)u =0, 1Ay — 0xA; = —§|u|27 F(s) = 582 for s €10, T,

where T' = max |u(z)]?.
rER?
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It is easy to see that Theorem 3.2 implies both of Theorem 1.3 and the
following nonexistence results.

COROLLARY 3.3. Let (¢,, Ag, A1, A2) be a solution of the equations (2.3)—
(2.7) satisfying (a)—(d) of Theorem 3.2. Suppose that F' and G satisfy the con-
dition (3.3) and there is a sequence {s,} — 0 such that F(s,) # s2/2 for all n.
Suppose also that Ay # —ws. Then one has ¢ =0 and ¢ = 0.

4. Proof of Theorems 1.1, 3.1 and 3.2
We can easily prove all the theorems by using identity (2.8).

PROOF OF THEOREM 1.1. Set w1 = wy = 0, F(s) = s?/2 and G(s1,82) =
$182/2. Then Proposition 2.1 implies (D7 4+ iD2)¢ = 0 and (D + iD3)p = 0.

It remains to show Ag = |¢|?/2 to complete the proof of Theorem 1.1.

From the equation (1.3) and the factorization identity (1.8), we can check that
the equation Agp = |¢|?¢/2 is satisfied. Also VAy = V|¢|?/2 from equations
(1.5) and (1.6) so that Ag = |¢|?/2 + ¢ for some ¢ € R. Thus, we have c¢ = 0
and conclude that ¢ = 0 since ¢ # 0. ]

PROOF OF THEOREM 3.1. Observe that the condition (3.2) and Proposi-
tion 2.1 imply that
u=0 and (Dy+iD2)v=0.

Then, equations (2.5)—(2.6) become VAy = 0 so that Ag is a real constant.

The equation (2.7) becomes 01 Ay — 241 = —|v]?/2. From the factorization
identity (1.8) and the condition (2.2), we see that the equation (2.4) becomes
(wa + Ap)v = 0. Therefore v =0 if Ay # —ws. O

PrROOF OF THEOREM 3.2. We deduce from the condition (3.3) and Propo-
sition 2.1 that

(4.1) uv =0, (D14 iD3)u =0, (D1 +iDs2)v = 0.
Then we have
1
<(UJ1 + Ao) + §\u|2 — F/(|U|2))’LL = O, (CUQ + Ao)’U = 0,
(4.2) ) .
Ao = §|u|2+07 F12=—§(IUI2+IUIQ)'

for some c € R.
Now we introduce the following lemma and refer to Proposition 5.1 in [8] for
the proof.

LEMMA 4.1. Let f be a nonzero smooth complex function and Ay, As be
smooth real functions on R? such that (D1 +iD3)f = 0. Then the zero set of f
has empty interior.
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Considering (4.1) and Lemma 4.1, we have the following three cases:
Case 1. Suppose that u = 0 and v = 0. Then we can derive the conclusion (a)
of Theorem 3.2 from (4.2).
Case 2. Suppose that v # 0. Then v = 0 by Lemma 4.1 and the conclu-
sion (b) of Theorem 3.2 is also immediate from (4.2).
Case 3. Suppose that u # 0. Then v = 0 and w; + ¢ + [ul?> — F'(Jul?) =0
0

by (4.2). Taking limit |z| — oo, we see that ¢ = —w; and |u|?> — F'(|u|?) = 0.

Therefore we have Ay = |u|?/2 —w; and s — F'(s) =0 on s € O,m&ﬂxg |u(x)|2]
e

This completes the proof of Theorem 3.2. (|
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