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ABSTRACT. We study the existence of solutions for a class of nonlinear
Schrédinger equations involving a magnetic field with mixed Dirichlet—
Neumann boundary conditions. We use Lusternik—Shnirelman category
and the Morse theory to estimate the number of nontrivial solutions in
terms of the topology of the part of the boundary where the Neumann
condition is prescribed.

1. Introduction

A major role in quantum physics is played by the nonlinear Schrédinger
equation

(1.1) m%‘f = (zfv - A(:c)) U+ U(@)¥ — f([9)e, ze,
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where Q is a bounded smooth domain in RV, N > 3, t € R, h is a positive
constant, 7 is the imaginary unit, ¥:R x RY — C is the wave function, f is
anonlinear term, U is the real electric potential, A: R — R denotes a magnetic
potential and the Schrodinger operator is defined by

2
(@V - A(x)) U = —R2AT — @Avqf + |A]PT — ﬁ,\I!divA.
2 2 1

We are interested in standing wave solutions, that is, solutions for (1.1) in the
form W(t, ) = e~ Bt/ y(z), where u satisfies

(1.2) (lzv - A(x)) u+V(r)u= f(|lu*)u, =€,

where V(z) = U(z) — E. Assuming that V' =1, it follows immediately that v is
a solution of 2 if, and only if, the function v(z) = u(ha) solves

(1.3) (1V - AA(:E)) v+v=f(|v]?)v, ey,

where A\ = h™1, Ay(z) = A(A71z) and Q) = M. The case with no magnetic
vector field, namely A = 0, has been widely studied in the literature. We re-
fer to [3], [4], [7], [8], [20], [23], [27], [33], [34], and references in these papers.
Existence results for the magnetic case were established in [1], [2], [5], [12]-]18],
[22], [24]-[26], [28], [30]-[32]. In [2], the authors have proved that if f is a su-
perlinear function with subcritical growth, then for large values of A > 0, the
equation (1.3) with boundary Dirichlet condition has at least catg, (£2) non-
trivial weak solutions, where catq, (2)) denotes the the Lusternik—Schnirelman
category of Qy in Q). In the seminal works [7], [8], Benci and Cerami used
Lusternik—Schnirelman category and Morse theory to estimate the number of
positive solutions of the problem

(1.4) —eAu+u= f(u), inQ, uw=0, on J9,

where 2 is a bounded domain. In [8], it is proved that for ¢ sufficiently small
the number of positive solutions is at least catq(2). In [7], the authors proved
via Morse theory that the number of solutions depends on the topology of 2,
actually on P:(€2), the Poincaré polynomial of €. In [11], Candela and Lazzo
have considered this same equation with mixed Dirichlet-Neumann boundary
conditions with f(¢) = [t|P~2t. It was proved that the number of positive solu-
tions is influenced by the topology of the part I'; of the boundary 92 where the
Neumann condition is assumed, more precisely, if (N — 1)-dimensional Lebesgue
measure in RY is positive, then the respective problem has at least category of
a set I'1, provided ¢ is sufficiently small.
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Motivated by the results just described, a natural question is whether same
kind of result holds for the mixed boundary problem with magnetic field

(—iV — A\)?u+u = f(Jul*)u in Qy,

(1.5) u=0 on Loy,
0
371: =0, on I'yy,

where A is a positive real parameter, ) = A2 is an expanding set, Q@ C RY
(N > 3) is a bounded domain with smooth boundary 9Q = I'yUT';, where I'g, I’y
are smooth disjoint submanifolds with positive (N — 1)-dimensional Lebesgue
measure in RV, Ty = AT, ['1y = A, A € C(Q,RY) and f € C(R") satisfies:
(f1) f(s) =o(1) and f'(s) = o(1/s), as s — 0.
(f3) There exists g € (2,2*) such that
o fls) o f'(s)
sll>nc}o g(q_Q)/2 =0 and sli>nolo 3(‘1‘4)/2
where 2* = 2N /(N — 2).
(f5) There exists 6 > 2 such that

=0,

0< gF(s) < sf(s), for s >0,

where F(s) = [; f(t)dt.
(fy) f'(s) >0, for all s > 0.
(f5) There exist ¢ € (2,2*) and a constant C' > 0 such that

sf(s) — F(s) > C|s|?, forall s> 0.
We state that the magnetic field does not play any role on the number of

solutions of (1) and therefore a result in the same spirit of [7] and [11] holds.
More precisely, our main results are the following:

THEOREM 1.1. Suppose that f satisfies (f1)—(f5). There exist \* > 0 such
that for any A > \* problem (1.5) has at least catr,, (T'1x) nontrivial weak solu-
tions.

To established the result in terms of Morse theory, we introduce some nota-
tion. For any A > 0, let H} (Qx,Tox) be the Hilbert space

H},A(QA,FO)\) = {u € L*(,C);|Va,u| € L*(Qy), trace of u = 0 on gy},

endowed with the norm
(u,v)a, = Re{ / (Va,uV 4, + ud) dm},
Qx

where

Va,u= (thu)j-v:l, Dy u = —idju — Alu
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and Re(w) is the real part of w € C and W is its complex conjugate. The norm
induced by this inner product is given by

1/2
lullay = ( /Q (Vau? + |u|2>dx) .

By [22], we can state a version of diamagnetic inequality for the space
H,14>\ (Q)nFO)\): For any u € H.lAA (Q)\7F0/\)7

(1.6) Vayul = [V]ul].

As a consequence, the embedding H} (Qx,Tox) < LP(Q,R) is continuous for
1 < p < 2% and it is compact for 1 < p < 2*. It is worth pointing out that
the embedding constants do not depend on A, because of the assumption that
Q c RN (N > 3) is a bounded domain with smooth boundary 9. We also
emphasize that the regularity on 02 assumed here must be sufficient to obtain
ro > 0 such that

(1.7) B, (y+rov,) CQ and B, (y —rov,) C RV \ Q,

uniformly for y € 09, where v, is the inward unitary normal vector to 02 in y
and B, (z) denotes the ball of radius r centered at z.
The functional associated with (1.5) Iy : Hj (€x,Tox) — R is given by

1

(1.8) In(u) = 5/9 (|VAAu|2+|u\2)dacf%/Q F(|u)?) d.

From conditions (f1)—(f2), the functional I, is well defined and belongs to
CQ(H}4k (Qx,Tox),R). Furthermore,

Iﬁ\(u)viRe{ VauVa,v+uvde — f(|u2)uvdx},
Qax Qx

for all u,v € H}U (Qx,Tox). Thus, every critical point of I is a weak solution of
problem (1.5).

In the notation of [7], we have if u is an isolated critical point of Iy and
I\(u) = ¢, the polynomial Morse index i;(u) of u is defined by

ir(u) =Y dim[H* (IS N U, (I5\ {u}) N U)]E",
k
where H¥(-,-) denotes the kth group de homology with coefficients in some
field K, U is a neighbourhood of u and
IS = {v e Hy (0 Tox); In(v) < c}.

As is proved in [6, Theorem 1.5.8], if u is a non-degenerate critical point, then
i(u) = t*(®) where p(u) denotes the numeric Morse index of u.
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Let X be a topological space. The Poincaré polynomial of X is defined by
Pu(X) = dim [H*(X)]t".
k

Following [7], we can prove the ensuing multiplicity result:

THEOREM 1.2. Suppose that f satisfies (f1)—(f5) and the set K of nontrivial
solutions of problem (1.5) is discrete. Then, there exists \* > 0 such that

D ir(u) = tP(T1a) + £[Pu(T1x) — 1] + (t+ 1)Q(1),

ue
for every A > X*, where Q(t) is a polynomial with non-negative integer coeffi-
cients.

In the non-degenerate case, we have:

COROLLARY 1.1. Suppose that f satisfies (f1)—(f5) and the solutions of prob-
lem (1.5) are non-degenerate. Then, there exists \* > 0 such that

>t = 1Py(Tun) + E2[P(T1n) = 1] + (£ + 1)Q(),

ue
for every A > \*, where Q(t) is a polynomial with non-negative integer coeffi-
cients.

As observed in [7] (see also [19]), the application of the Morse theory can give
better information than the use of the Lusternik—Schnirelman theorem. Theo-
rem 1.2 shows that the problem (1.5) possesses at least 2P;(I'15) — 1 nontrivial
weak solutions. In the case of T'1) is topologically trivial, we have P;(I'1y) = 1
and this theorem does not provide any additional information about multiplicity
of solutions. On the other hand, when I'y) is a topologically rich domain, for
example, if 'y is obtained by contractible submanifold cutting off £ contractible
open non-empty sets in 92, we obtain that the number of nontrivial solutions
of (1.5) is affected by k, even if the category of I'1, is 2.

In order to prove Theorems 1.1 and 1.2, we combine the Benci and Cerami
approach [7] with a variation of the arguments of Candela and Lazzo [11]. The
major steps in Benci and Cerami approach are the analysis of the behavior of
some critical levels related to problem (3) and the comparison of the topology
of Q with some sublevel sets of the functional associated with (3). Although
we use this machinery, we have to make a detailed analysis of the behavior
of the minimax levels associated with the problem (1.5) and a more involved
proof that the barycenter function maps suitable sublevel sets of the functional
associated with (1.5) in a neighbourhood of the portion of the boundary where
the Neumann condition is prescribed. This is because the equation (1.5) involves
a magnetic field and mixed Dirichlet—Neumann boundary conditions. Moreover,
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as the nonlinearity is not necessarily homogeneous, our arguments are different
from what can already be found in [11]. Once these crucial steps are verified,
we can employ the Morse theory developed in [7, Section 5] to estimate the
number of nontrivial solutions to (1.5) in terms of the topology of the part of
the boundary where the Neumann condition is assumed.

Theorems 1.1 and 1.2 can be seen as a complement of the studies made in
[2], [7] and [11] in the following aspects: 1) In [2] only the Dirichlet boundary
condition was considered; 2) In [7], the problem was considered for the Laplacian
operator and Dirichlet boundary condition. Here we are working with a more
general boundary condition and with a class of operators which includes the
Laplacian operator as a particular case; 3). In [11], the problem was also consid-
ered for Laplacian operator and with a homogeneous nonlinearity. In the present
paper we deal with a class of nonlinearities that has the homogeneous functions
as a particular case. As we are mainly considering a non homogeneous nonlin-
earity, our estimates are more delicate and we need to make a careful analysis
in several estimates involving different arguments from those used in [11], see
Sections 3, 4 and 5.

2. The Palais—Smale condition

In this section we establish the Palais-Smale condition for the functional Iy,
defined by (1.8), and for the functional I, constrained to M. As a direct
consequence of (f;)—(f3), we obtain

(fs) Given e > 0, there exist constant C. > 0 such that
f(s) <e4Ces /2 forall s >0,

where ¢q € (2,2%).
(f7) There exists @ > 2 and a constant C' > 0 such that

F(s) > 0\8\9/2 —C, forall s>0,

where F(s) = [; f(t)dt.

PrOPOSITION 2.1. The functional I satisfies the Palais—Smale condition,
that is, every sequence (un) C H} ~for which sup |Ix(un)| < co and I§(uy,) — 0,
neN
as n — 00, possesses a converging subsequence.
PROOF. Given a sequence (u,) C H} (€, Tox) such that sup [Ix(un)| < oo

neN
and I} (un) — 0, as n — oo, we may assume that I)(u,) = d and I} (u,) — 0,

as n — oo, for some d € R. We claim that (u,) is bounded. In fact, from (f3),
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we have

d+ on(1) + on(Dllunllay = Ix(un) = 215 (tn)un

11 ) 1 s o 1 ) 11 )
S z __F >(Z2_Z

where 0,(1) denotes a quantity going to zero zero as n — oco. From this, we

|~

obtain that (u,) is bounded. As a consequence, we may assume that (u,) has
a subsequence, still denoted by (u), and there exists u € H}‘A (2, o) such
that

u, —=u in Hj (Q,Toy),
u, —u in LP(Q2y,C), for all p € [1,2%),

Uy, — U a.e.in Q.

Invoking the definition of I}, we obtain

=B, = (23 n) T30 =0 Red [ (1 P £~ 0.

A

Thus, from (fg) and (9),
et — wll2, < 1T (1)t — )] + | T ()t — )

2 — ’LL2’LL’LL — Ul = o
+/m|f(|u”| Jun = f(|[ul”)ullun — uf = on(1),

as n — oo. Hence, up, — u in Hj (€, Tox). O

By (fs)—(f7), it is a simple matter to check that I satisfies the geometric
hypotheses of the mountain pass theorem. From this and Proposition 2.1, for
any X > 0, there exists uy € Hj (Qx,Tox) such that I} (ux) = 0 and Iy (uy) = by,
where by denotes the mountain pass level of the functional I. From (f4), the
level by satisfies (see [36])

(2].) b)\ = uler}\flx I)\(’U,)7

where M) denotes the Nehari manifold associated with I, namely
My = {u € Hj (Qx,Tox) \ {0}; I, (w)u = 0}.

Since we are intend to consider the functional I constrained to My, the next
two results are required.

PROPOSITION 2.2. Suppose that f satisfies (f1) and (f2). Then, there exists
0o > 0 independent of A > 0 such that every u € My satisfies

lullay, >80 and Ix(u) > do.
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PROOF. From (fg), given € > 0 there exists C. > 0 such that for every

u € My,
luly, = / Fu)lul? < e / 3, 5 + C. / uld, .
Q)\ Q)\ Q,\

Since the embedding H} (Qx,Tox) < LP(2,C) is continuous for p € [1,2*] and
the embedding constant does not depend on A, there exists a positive constant
C independent of A such that

(2.2) lull%, < Clellullé, + Cellullh,)-
Taking ¢ = 1/(2C) in (2.2), we have

1 1/(¢—2)
(2.3) llullay > (QCC’s> =:4; > 0.
For any u € M), from (f3) and (2.3), it follows that

B = (5 )+ [ (G0 - 57 (u))

1 1 1 1
> (3 = (5-5)% =0

Taking dg = min{dy,d2} = 2, we conclude the proof. O

PROPOSITION 2.3. The functional I constrained to My satisfies the Palais—
Smale condition.

PRrROOF. Let (u,) C My be a sequence such that sup |Ix(u,)| < oo and
neN
(In|ary) (un) — 0, as n — oo. We can assume, by taking a subsequence if

necessary, that I (u,) — d, for some d € R. By [36, Proposition 5.12], for each
n € N there exists p, € R such that

(2.4) I (un) = pn G (un) = (IA‘M,\)/(“H) = o, (1),

where G (v) = I (v)v, for all v € H} (0, Tox).
As in the proof of Proposition 2.1, (u,) is bounded. Hence, we may sup-

pose that (u,) has a subsequence, still denoted by (u,), and there exists u €
H} (Qx,Toy) such that

Up, —u in H}‘A(QA,I‘OA),
u, — u in LP(Q,C), for all p € [1,2x),

U, — u a.e.on .

Since u,, € M), the condition (f;) implies

Qx
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Moreover, by Proposition 2.2, we have
/ F(lunl®)|unl? > 62, for all n € N.
Qx
Taking n — oo and using the Sobolev embedding, we obtain
21,12 2
f(ul)ul” > 49,
and so, u # 0. From this, (2.5) and Fatou lemma, we have

hni)mf G\ (up)uy, = hmmf 2 I (Jwn]?)|unl* < / ' (u®)|u)* <o0.
n o0 — 00 gzk
Now, we use (2.4) to obtain that p,, — 0, as n — co. Consequently, the sequence

(un) also satisfies sup |1 (u, )| < oo and I3 (u,) — 0, as n — oco. Proposition 2.3
neN
now shows that the functional I constrained to M) satisfies the Palais—Smale

condition. 0

We can proceed analogously to the proof of Proposition 2.3 to show the next
result.

COROLLARY 2.1. I fu is a critical of the functional Iy constrained to My,
then u is a nontrivial critical point of Iy .

3. Preliminaries

Firstly we introduce some notation. Let RY = {(z1,...,zy) € RY : 2y > 0}
and RN=1 = {(21,...,2y5) € RV : 25 = 0}. Consider the problems
2 N du N-1
(3.1) —Au+u= f(u")u inRY, 6—:0 on R
v
and
(3.2) ~Autu=fw)u inRY, wuwe H RN).

Consider now the respective functionals associated with the above problems

1 1
Joo(u) = E/RNQVU\Q +u?) — B /RN F(u?), forallue H'(RY),
+ +

and

1 1
Jan () = 3 /RN(WUP vut) =g [P, foraluc HRY).

We define the corresponding Nehari manifolds and mountain pass levels:

Noo = {ue HY R\ {0}; Jo(w)u=0} and co = ]i\l]’lf Joo,
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and
Nev = {u € H'(R)\ {0}; Jin(w)u=0} and cpv = J{fnf Jrw.
rN
By [9], [29], (3.2) has a radially symmetric positive solution w € H*(RY) N

C?(RY). Moreover, the restriction of w to RY is a solution of (3.1). As a con-

sequence,
(3.3) CRN = 2Coo.
Let » > 0 be such that the sets
IF = {z e RY; dist(2,T1) <r}, Ty ={xeTy; dist(z,T) >}

are homotopically equivalent to I'y. Let n € C*°(Ry) be a non-increasing func-
tion such that n = 1 on [0,7/2], n = 0 on [r,400), || € L®(Ry). We will
denote by (I'] )a the set AT'; . For any y € (I'] ), we define the function

N
z € Q) eiT*-ry(””)n(Lm;y')w(x —y), where T\ (z) = ZAi(y)xj.
j=1

By definition of 7, this function belongs to H}j (€x,Tox). From (f;)—(fy), there
exists ty,, > 0 such that

t)\7yei'r>\,y77<|')\y|)w(. — y) € M,.
Hence, y € (I'] )», and so we are able to define the function ®: (I'; )x — M by
(3.4) D)\ (y)(z) = t,\7ye”*‘y(”)n<|$;y|>w(a: —y), forall z € Q.

PROPOSITION 3.1. Suppose that f satisfies (fi) and (fz). Then, the limit
holds:

lim max [I)(PA(y)) — coo| = 0.
A—~4o0 yely,

ProOOF. Let (A,) be any sequence such that A, — oo, as n — oco. Since
(T )x, is a compact set and I, (®y,) € C((I'7)x, ), it suffices to prove that

n

nh—>1{>lo Iy, ((b)\n (yn)) = Coo)

for y, € ('] ), where the function |I, (®x, (-)) — cool attains its maximum on
('] )a,.- By definition of V4, , for any y € (I'])x,, we have

N
Yy, &0, ) = " 1D% (@, ()2
j=1
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where Dih (®x, (y)(z)) are defined for = € Q) by

n

T

DI, (@, (y)(2) = — 0,0, (y)(x) — A7 ( . ) B, (4)(2)

s (e () 4(2)
(55w

Thereby, for any y € (T'] )

n?

Iy, (®x, (1)) tiy/mn {WQ(W)wz(xy)‘A<i) A(;ﬂ)
(e (o)
_/mn F(timyn<|x);y>w(x—y)|2) dz.

Let T}, be an orthogonal operator on RY which represents a rotation such that the

2

unitary normal vector to T, (25, —y) isex = (0,...,1). Set ﬁhn,y =T,(Q, —Y).
After the change of variable z = z—y and using that n(] - |/A,) and w are radially
symmetric and T}, is a rotation, we find

@) =2 [ (e 4 vwer)] e

Qxany

1 |z
_ F t2 2( 1~ 2 d
2 /@n (A"’yn (An>w (Z)) :

3.y y T 24+ y\|* /|2l
. _Anod Al = )1 - A Ty - g 2 1~ 2
(3 L (&) - 45 (5o
t3 1 ERYE
3-6 + my/ /<> 2 d
( ) 2 ﬁ/\n,y An2 N )‘n w (Z) z
5 2| (I &
3.7 +M/ n’()’wzn() Vuw(z)|dz.
(37) ol M ( bed | LCEL 6wl IEC

We claim that the respective integrals in (3.5), (3.6) and (3.7) go to zero as
n — +oo. Indeed, we first examine (3.5). Since w € L*(RY), there exists M > 0
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such that

— 2
(3.8) / NEA NPT R WEYAC NETE O
,,0B5,0) | \An An An

On the other hand, since A in uniformly continuous on the compact set €, there
exists v > 0 such that

(3.9) |A(z +v) — A(x)| < e, for all ju| <7, forall z € Q.

Since [T, 'z| < M for all z € ﬁAn,y N By (0), there exists A, > 0 sufficiently
large such that [T,'2/A,| < v, hence that, by (3.9), we have

+T1
‘A(yAyz) _ A(f) ’ <e, forallye (I,

for every A, > 0 sufficiently large. Thus, for every z € By (0),
—1
of 121\ o 4 (¥t Ty 2 y
=1 Al 2Ty 2 g L
() () G

and so
y R AVNCTACAY
A 3 —A 3 {5 w”(z)dz = 0.

Combining (3.8) with (3.10), gives that the integral in (3.5) goes to zero as

2

2 2
SRR

(3.10) lim

An=200 /O, NBp(0)

An, — 00. In order to analyze the integrals in (3.6)-(3.7), take a constant C' > 0

such that
An An An

< Clw? + w|Vwl|] € LY(RY)

(D (o)

< /\%Hw(Z)IQ + w(z)[[Vw(z)[] = 0,

2
w? +

1 1
X0y, \ 20,

and
2

: w?(2) +

1
Xﬁkn,y(fz)/\* (2/\

©

almost everywhere z € RN, as n — oo. By Lebesgue’s dominated converge

theorem, it follows that the integrals in (3.6) and (3.7) go to zero as A, — +00.
Consequently,

3 z
B ) =252 [ ()1l + Tua:
Q)\n,y n

1 z
s L (B () ) ax 4, yon. 0
Qrny n
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where 0y, (1) denotes a quantity going to zero as n — oo. Taking y = y, and
using the notation, £, = Qy,,Qy, = Qx, 4., tn = ta, .y, We get

2 z
By h@nm) = [ ()ITER e

- (o8 es) e

We claim that t, — 1, as n — oo. In fact, combining the definition of t,, with
the argument used in the study of the integrals (3.5)—(3.7), yields

(3.12) on(l)—i-/ﬁ (' |)[|Vw2+w |dz

L)

To establish the boundedness of (¢,), suppose by contradiction that there exists
a subsequence t,,, — +oo. Using (f3)—(f5), (1.7), Fatou lemma, w > 0 in RY and
(3.12), we have

voo> [ (vul+ut) = im [ (32 ) 0vu) + we)a:

> lim f(tinQ (')w2(2)>172 (|Z>w2(z) dz
100 By (roen) )‘"z )‘"z

= lim f(tiin(z))wQ(z) dz = 400,

v Bro (roen)
which is impossible. Hence, (t,,) is a bounded sequence. We can clearly assume

that ¢, — tg, as n — oco. To verify that ¢y > 0, suppose by contradiction that
to = 0. By (f1)—(f2) and Lebesgue’s dominated convergence, we obtain

w20 (Erno

On the other hand, from (3.13), (3.12) and (1.7), we have

0< [ 0vuf+utyis = i [ (S )(Tuo +u)a:

_ Il l2l _
= lim - f(tin2 (/\n)wQ(Z)>n2 (/\n)wQ(Z) dz =0,
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which is a contradiction. Hence, t,, — ty > 0, as n — oo. Now observe that

/RN(|Vw|2 +w?)dz = nh_}rrgo . n? (ti';|> [[Vw(2)]? + w?(2)] dz

= nh_}n;o - f <tin2 (;J) w? (z)) n* (Lj) w?(2) dz

/ ft2wHw? dz.
RN

Using this, (f;) and the properties on w, we conclude that ¢ty = 1. Therefore, the
proposition follows from (3.11) and the Lebesgue’s dominated convergence. [

Finally, we establish a version of Lions lemma, whose proof proceeds along
the same lines as in [35, Lemma 2.1] combined with interpolation of the LP
spaces.

LEMMA 2.1. Letl >0, 2 < s <2* and A\, — +00. Let {u,} C HY(Qy,) be

a sequence such that

lim sup / |t |® do = 0.
"0 yeRN J Bi(y)NQ,,

Then, for every m € (2,2%),

lim |un | da = 0.
n—oo Q
An

4. The behavior of the minimax levels

Taking by given by (2.1), we have:

PROPOSITION 4.1. lim by = cso-

A—0c0

The proof of Proposition 4.1 is long and will be carried out in a series of
steps. First, by definition of ®,(y) and Proposition 3.1,

(4].) by SI,\(@)\(y)) :0)\(1)+COO.

We now consider the auxiliary problems:

—Au+u=f(u?)u in Qy,
ou

(4.2) — =0 on I'yy,

v

u=0 on [y
and

—Au+tu= f(u*)u inQ,,
(4.3)

@ =0 on 89,\
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We will denote by H'(£2),Tgx) be the Hilbert space
H*(Qx,Tox) = {u € HY(Q)); trace of u =0 on oy},

endowed with the norm

1/2
follo, = ([ (Fa 4 fuyac)
Qax

Let Jx: HY(Qx,Tox) — R be the functional associated with (4.2) and given by
1 1
Jx(u) = 7/ (|Vul? + u?) dx — 7/ F(u?®)dz, for all u € H*(Qy,Toy).
2 Ja, 2 Ja,
We define the functional Jy: H'(Q,) — R associated with (4.3) by
— 1 1
Ta(u) = 7/ (|Vul|? 4+ u?) dx — f/ F(u®)dz, foralluc H'(Q)),
2 Ja, 2 Ja,

with corresponding Nehari manifold and mountain pass level given by

Ny = {ue H'(Q)\{0}; Ty(u)u=0} and @ =infJ,.

N
We will also denote by c) the mountain pass level associated with the prob-
lem (4.2). By the definition of these levels and from (1.6), we find
(44) by >cy>cy > 0.

From (4.1)—(4.4), we deduce that it suffices to show that

(4.5) lim €y = coo-
A—00

In order to prove (4.5), we begin by observing that the mountain pass theorem
combined with a similar argument employed in the proof of Proposition 2.1
implies that there is a solution uy € H'(Q)) of (4.3) satisfying

(4.6) Ja(un) =2 = %fjm Ty (uy) =0,
A

for every A > 0. Combining (4.4) with (4.6), gives that supy~q Jx(uy) < 0o and
j;(u)\)uA =0 for all A > 0. By (f3),

(4.7) sup [luxllq, < oo
A>0

(where || - ||o, denotes the norm of H'(Q,)). Exploiting similar argument used
in the proof of Proposition 2.2, we may assume that

(4.8) ||u,\\|?lA >80 and Jy(un) =C\ > &y, forall A >0,
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for some constant dy > 0 independent of A\. From (4.8) and Lemma 3.1, there
exist (ya)x C RY,1 >0 and v > 0 such that

(4.9) liminf/ lux|? dz >~ > 0.
QANBi(yx)

A—00

Moreover, by increasing [ if necessary, we may assume that y) € Q) for every
A > 0, because (4.9) yileds Qx N B;(yx) # 0, for every A.

LEMMA 4.1. There exists a constant C > 0 such that dist(yy,0Qy) < C, for
every A > 0.

PROOF. Suppose the lemma were false. Then, we could find a sequence (\,,)
such that A, — oo and dist(yx,,00),) — 00, as n — oco. Let R > [ be an
arbitrary number. For n sufficiently large, we have Bag(yy, ) C Q,,. Define

|z

wy, k() = 77<R)u>\n(x +yn,), forallzeQy —{yr }

where n € C*°(R) is such that n = 1, on [0,1], n = 0, on (2,4+00), 0 <y <1
and ' € L>(R). Hence, suppwy, g C Bar(0). We can assume that wy, r €
HY(RY) and also sup,, ||wy
Observing that

[ twsaPdo= [ o= [ qu Pz
Bi(0) B1(0) Bi(yx,)

we get a nontrivial function wg € H'(RY) such that

rll < C, for some constant C' > 0 independent R.

ns

wy, r — wg, weakly in H'(RY), as n — oo,

wy, r — wg, strongly in LP (RY), p € [1,2%), as n — oo,

loc
/ lwgl* >~y > 0.
By (0)

Let | - || denote the norm in of H*(RY). Since |wg| < liminf ||wy, g|, the
n—oo
family (wg)r € H*(RY) is bounded. Hence, there exists v € H'(R") such that

wgr — v, weakly in H(R"Y), as R — oo,

wr — v, strongly in L2 (RN), p € [1,2%), as R — oo,

loc
[ wPzaso
By (0)

In particular, v # 0. We assert that v is a solution of (3.2). In fact, given
¢ € C(RY), we take t > 0 such that supp ¢ C B;(0) and By(yy,) C Qy, for n
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sufficiently large. As uy, is a weak solution of (4.3) for A = \,,, we have

[ VG i, )Vo 4w, (o ,)0
B (0)
- /Q (Vun, (@ + yr,) V6 + ux, (@ + ya,)d]

= fX, (@ +yx,))us, (& +yr,)o
Qxp

- / @ (& + ya))us, (& + 4, ).
B:(0)

For n sufficiently large and R > t, we obtain
/ [Vwy, RV + wy, ro| dr = / fw3, g)w, roda.
B4 (0) B:(0)
Taking n — oo, we have
/ [VwgpV¢ +wre|de = / fw%)wreo da.
B:(0) B:(0)
Using that supp¢ C B¢(0) and R > t, we find after taking R — oo
[ weworol= [ @ovoruel= [ et [ et
RN B.(0) B:(0) RN

Since ¢ € C(RY) is arbitrary, we conclude that v is a nontrivial solution of
(3.2). Given M > R, we take n sufficiently large such that Bys(yx,) C Qx,. By
(4.1)-(4.4),

— 1
0)\n(1) +Cxx > Cr,, = J)\H(U)\n) — §J>\ (U)\n)U)\n

n

[ 1rwh, wud,n - P, ) de
B (0)

By Fatou’s lemma and (3.3), we obtain, after taking n — oo, R — oo and
M — oo,

1
e 2 2 | [f@2)0? = F@))]da = Jan (v) = can = 2cme,
2 RN
which is a contradiction. Lemma 4.1 is proved. [

From Lemma 4.1, by increasing [ if necessary, we may assume that y, € 92,
in (4.9). Let T}, be an orthogonal operator on RY which represents a rotation
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such that the inward unitary normal vector to (NZ,\ =T, (2 —yy) is ey =
(0,...,1). We define

ua(x) = uA(Ty;lx +y), forall ze Q.

In the following, we gather the properties satisfied by wy:

(a) Since [[uallg, = lurlle,, (4.7) shows that supy-q [lvallg, < oo;

o) [ Fede= [ Fod)ds

Qx Qy
(c) Since uy is a solution of (4.3), vy is a solution of
(4.10) —Au+u=fu)u inQy, % =0 on dy;
v

(d) Jg, (va) =¢g, =Cx, where Jg is the functional associated with (4.10)
and Cg, Is the corresponding mountain pass level,
(e) From (4.9),

liminf/ N
A—o0 BZ(O)ﬂQ,\

Given p > h > 0, we define
Dp,h = {(331,. .. ,JTN) S RN; N > h} ﬂBp(()).

From (1.7), Xg, — Xgy almost everywhere in RN, as A — co. Hence, D, ), C Qy
for every X sufficiently large. Thus, vy € H'(D, ) for every A sufficiently large.
By (a), we may assume that there exists v, € H'(D, ) such that

U = Uph weakly in Hl(Dpwh), as A — oo,

Ux = Uph strongly in LP(D,5),p € [1,2%), as A = oo,

ua(z) = v, p(x) ae in Dy, as A — oo.

Using (a) one more time and the Banach—Steinhaus theorem, we find a constant
K > 0 such that

lvpnllp,, <K, forall p,h>0

(where || - |[p,, denotes the norm of H'(D,)). Let p, — oo and h, — 0 be
monotone sequences. Thus,

D,=D,, n, CD = Dp41, foralln>1.

Prt1shnia
This allows us to apply a diagonal type argument to obtain a bounded subse-
quence (vi) in H'(RY) and a function v € H'(RY) such that

v — v weakly in H*(RY), as k — oo,
(4.11) Vp — U strongly in LfOC(Rf), for all p € [1,2%), as k — oo,

vg(z) = v(z) ae inRY, as k — oo.
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LEMMA 4.2. The function v is a nontrivial weak solution of (3.1).

ProoF. We first show that v Z 0. In fact, from (e),

(4.12) lim mf/ vi >y > 0.
BL(O)ﬁﬁk

k—o0

Given ¢ € (0,1), define A, = {z € B(0) N Q;0 < 2N <t} and Ay = (B;(0) N

Q) \ A;. Thus,
Lot-([f )
B (0)NQ Ay Ag

As sup ||vg||p, < oo, using Holder’s inequality and the Sobolev embedding the-
k

N2/ 9N
s () ()" emae
Ay A Ay

for some constant K > 0. Now choose a t € (0,1) such that

2/2* 2/N
ot () (L) <3
At At At 4

Consequently, from (4.12), for all sufficiently large k, we have

g/ vz§1+/ v%§1+/vi,
Bi(0)NS2s 4 Ja, 4 Jp

for every compact set D C RN with Ay C D C Dj. Hence, for all sufficiently

large k,
/ UZ Z
D
v

/v2:lim v,%27>0,
D 4

k—o0 D

orem, we get

N2

2

and consequently

which implies v #Z 0. In order to prove that v is a weak solution of (3.1), we
first show that Vv, — Vv, strongly in (L?(K))Y, for any compact set K C RY.
Effectively, let K C Rf be a compact set. Taking ¢ € C° (Rf) such that ¢ = 1,
on K, and 0 < ¢ <1, we have suppy C ﬁk, for every k sufficiently large. As
v, v € H'(€) and vy, is a weak solution of (4.10), we have

(413) T, (0n)(0pd) = / (Vo6 + 0eVor Ve + o2l — [ F)d =0,

Qe Qe

(4.14) 7I§k (v)(vy) = / [V Vo + vV Vi + vpod] — /ﬁ f@)vpvy =0,

Qp
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where 7§k:H1(S~)k) — R is the functional associated with (4.10). Combining
(4.13)—(4.14), we obtain

/ |V, — Vol? < / ¥ [|Vog|* — 2V, Vo + Vo ?]
K RN
:/ (| Vog|* — VR Vo + VoV (v — )]
RY

- / F@2)opvds + / PV (0 — i)
RY RY

[FO2)02 — 0 VoV — vleg] + / VeV + vy

N
+

Z/R [f(0R) ok (vi — v) — (v — v) VR Vb — vgah(vy, — v)]

N
+

+ YVoV (v, — v).

N
RY

This and the fact that (vx) is bounded in L*(R%Y) combined with (fs), (4.11) and
Holder’s inequality show that

/\Vvk—VvFgok(l)7 as k — oo,
K

that is Vup — Vo, strongly in (L?(K))¥, as desired. As a consequence,
(4.15) Voui(x) — Vo(z), for almost every x € RY.

In order to conclude the proof of Lemma 4.2, it remains to prove that

(4.16) /R

Since the set of restrictions of the functions of C°(RY) to RY is a dense subspace
of H'(RY) (see [10, Corollaire IX.8]), it suffices to show that relation (4.16)
holds for every ¢ € C®(RY). Given ¢ € C®(RY), let t > 0 be such that
B:(0) D supp¢. From (1.7), XapnBi0) — XBy almost everywhere in RV, as

VoV + vg] — /RN f@?vp =0, forall p € H'(RY).

N
+

k — oo, where B;” = B;(0) NRY and where x B 18 the characteristic function
related to the set B;". This and (4.15) imply that Xﬁth(O)VvkﬁxB: Vo, almost
everywhere in RV, as k — oo. Furthermore, (Xﬁth(O)Vvk)k is bounded in
(L2(RY)N. Hence, X6, B, (0) VX g+ VU weakly in (L2RYNN, as k — oo,
and so

(4.17) kl;r{:o/fz Vo Vo = kl;rilo /]RN xﬁth(o)Vka¢
k +
:/ Xpt+ VoV = VouVe.
RY RY
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Since (v;) is bounded in H'(RY), by (fs), there exists M; > 0 such that
(1.18) [ Irede e < .
B¢(0)
Given n > 0, from (4.11) and Egoroff’s theorem, there exists E C B;(0) such

that |E| < n and vg(z) — v(z) uniformly on B:(0)\ E. Using Holder’s inequality,
(4.18) and (fs), we get Ma > 0 such that

’ / (f(wi)or — f(v2)v)¢’ < / |f(oR)vr — f(v*)||] + Man?.
B¢ (0) B (0)\E

As 7 > 0 can be chosen arbitrarily small, f(vZ)vy — f(v?)v uniformly on B.(0)\
E and supp ¢ C B(0), we obtain

(4.19) lim / fR)vpd = / fHve.
k— o0 Qe Rf

Using (4.11), similar arguments to those above show that

(4.20) lim Vpp = / V.

Combing (4.17)—(4.20) with the fact that v, satisfies (4.10), yields

0= lim [ (VorVeé+uvpd — f(vi)vxd) = / (VoVe +vé — f(v*)vg),

k—oo JO N
Qp RY

for every ¢ € C°(RY), and the proof Lemma 4.2 is complete. O

In the following, we conclude the proof of Propostion 4.1. From (4.1) and (4.4),

Coo + Ok(l) >Cq, = Eﬁk = j@k (Uk)

g, (00~ 3T, (v = 5 [ F0R)E - PR

Using Fatou’s lemma and (4.11), we have

1
Coo > limsupecg > likm infcg = liminf 7/ [f(v3)vi — F(v})]
° —00

k— o0 k—o0 Q

1 2y, 2 2\1 _
> 5 [ PO = P = () > e

Consequently, /\lim Ca, = Coo, that is, (4.5) holds, and the proof of Proposi-
—00

tion 4.1 is complete.
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5. The barycenter map

This section is devoted to establish a key relation between some subsets
of RN and M,. For q € (2,2*) given by (f5) and A\ > 0, define the barycenter
map Bx: My — RY by

/ x|ul? dx
Qx

/ |u|? dx
Qx

PROPOSITION 5.1. Let (I'])y be the ewpanding set \I'T. Then, there exist
e* >0 and \; > 0 such that Bx(u) € (I])x, provided that A > \;, u € My and
I(u) < b}, where by = by +¢*.

Ba(u) =

PRrROOF. It suffices to show that if (¢,) and (),) are arbitrary sequences,
with €, — 0 and A, = oo, and if u,, € M), is a sequence such that

(5.1) br, < I, (un) < by, +en,
then
(5.2) dist (B, (un), T1x,) < Anr,

for every n sufficiently large. In fact, by (5.1) and Proposition 4.1,
(5.3) I, (un) = €0, asn — o0.
Using that u, € M, and (1.6), there exists ¢, > 0 such that
(5.4) 0 (1) + oo =1, (un) > r?fg(])\n (tun)
> = >
=z max Jy, (tun]) = Jx, (tnfun]) = cx,.,

where Jy, is the functional associated with (4.2) with A = X,, ¢y, and Ny,
are the corresponding mountain pass level and the Nehari manifold. Combining
(4.4)—(4.5) with (5.4) and Proposition 4.1, we have

(5.5) lim ¢y, = lim Jy, (ts]un]) = Coo-
n— o0 n— oo
Set €, = by, — ¢y, - By Proposition 4.1 and (5.5), €, — 0, as n — oo. Thus,
En + Cx, > J)\n(tnlunl) > Cx, -

Applying the variational principle [21, Corollary 3.4], for every n € N, there
exists v, € Ny, such that

(56) th|un| - ’Un”Qn < 2\/§na Cx, < J)\n (Un) < Cx, + 2gn

and
[(Ix,, }NM)'(Un)||(H1(mn,rmn))' < 8Vén.
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As in the proof of Proposition 2.3, we find that v, € H(Qy,, oy, ) satisfies
(57) J/\,L (Un) — Coo) J;\n (Un) — 0.

From (5.7) and (f3), the sequence (||v,]|a,, )» is bounded. Consequently, from
Lemma 3.1 and (5.7), there exist [ > 0, v > 0 and y, € RY such that

lim inf [vn|? > > 0.

o0 J By (yn)NQa,
Proceeding as in the proof of Lemma 4.1, with (5.7) replacing (4.6), we get
a positive constant C' > 0 such that dist(y,, 9, ) < C. Thus, by increasing [
if necessary, we may assume that y, € 0, . Following the same argument in
the proof of Proposition 4.1, we define

Un(z) = v (T, w + yp), forallze Q, =T, (O, — {yn}), for all n € N,

to obtain a subsequence of T, € H(€,,, T, ) (still denoted by 7,,) and a function
v € H'(RY) such that

58) U, —=v in H'(RY), %, >v in L}

loc

(Rf), for all p € [1,2%),

(5.9) U (1) = v(z), Vin(z) = Vu(x) for almost every z € RY.

CrLAaM 1. There exits a constant C > 0 such that dist(y,,T'1y,) < C.

In fact, suppose Claim I were false. Then we could find subsequences (not
renamed) such that

(5.10) oy, = dist(yn, ', ) = 00, asn — oo.
We next show that v € H 1(Rf ) is a weak solution of
(5.11) —Av+v=f*v inRY, v=0 on RN

Effectively, set
|z

wp(x) = f<a>'17n(x), for all z € Q,,,

where a;, > 0 is given in (5.10) and & € C°(Ry) is such that () = 1, t €
[0,1/2], £&(t) = 0, t > 2/3. Thus, w, € H}(Q,) C H}(RY) and wy(z) — v(z)
almost every x € RY, as n — co. Since (w,,) C Hg(RY) is bounded, there is
w € H}(RY) such that w,, — w weakly in H}(RY). By the Sobolev imbedding
theorem, w,(z) — w(z) almost every z € RY, as n — oco. As the limit is
unique, v = w in H}(RY). Taking ¢ € C2°(RY), gives supp ¢ C Q,, for every n
sufficiently large. By (5.7) and the definition of v,,, we have

(5.12) / (V3uVo + T — F(@2)506) = 01(n),

n
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for every n sufficiently large. From (5.8), after taking n — oo in (5.12), we find

/ (VoVe +vé — f(v)vg) = 0.
RY
Since ¢ is arbitrary, the function v is a weak solution of (5.11).

Let Jg : Hl(ﬁn, f/\no) — R be the functional associated with the problem

—Av+v=f)v inQ,,
ov ~
(5.13) ol 0 onI'iy,,

v=_0 on I'gy,, .

Using that v is a weak solution of (5.11), Fatou lemma and (5.7), we have

Bt Te (Y — T i L N2 2
Coo = liminf Jg () = hnrr_1>101<1>f2/§n(f(vn)vn F(©2))
1
=liminf 5 | xa, (F@) - F@)

n—oo N
R

> 5 [ IO~ F) 2 ey 2

that is coo = CRY - However, ¢y, = CRY > crN = 2¢s, Which is impossible, and
Claim I is proved.

CrLAaM II. Given anye > 0, there exists R = R(g) > 0 such that

(5.14) lim [f(W2)v2 — F(v2)] > e — &

"0 J 0, NBR(yn)

Indeed, we first show that the function v given by (5.8)—(5.9) satisfies Joo (v) =
Coo and v is a solution of (3.1). Consider ¢ € C§°(RY) such that ¢ = 1, on B (0),
¢ =0, on B5(0), 0 < ¢ <1, and define

or(z) = ¢<;) for all z € RN, T > 0.

Hence, the sequence ¢7, is bounded in H(€,, Loy, ) and ¢pv — v in HY(RY),
as T — oo. By (5.7), we have

/N V5,V (1) + / BalPér = / FER)Ror + on(1),
Qn Q Q

n n

that is,

(5.15) / Vafor+ [

0.V, Vor + /ﬁ [on 21 = /ﬁ f(@O2)02 7 +0n(1).

n
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We now proceed to verify that

(5.16) /~ VT, Vor — wVoVor,
Qn RY

(5.17) /{~2 U2 pr — /R’l lv2ér,

(5.18) /ﬁ f@2) 2 pp — /M f@*)v%ér,

asn — oo. Let ¢ > 0 and T > 1 be arbitrary numbers. Fix ¢ > 0 to be
appropriately chosen and define

E; = {x € Bor(0); 0 <2V <t}

Using that (||[U,]/g )n is bounded and Holder inequality, we obtain

2/2" 2/N
Ey E Ey

i q/2" q/c
E; E, E,

for some positive constant M, where a = 2*/(2* — ¢). Set k = max{a/q, N/2}
and take t = £°T'=N. Thus, TW-D2/Ng2/N — 26/N apnd TWN-1a/oqa/e —
g"/® with min{2x/N, kq/a} =1 > 0, and consequently

(5.19) lim £%9/* = lim £2*/N = 0.
e—0 e—0

By choice of ¢, we have

(5.20) 0,2 <e*/NM  and 0|7 < X9/ M.
E, Ey

We observe that by (5.8)—(5.9), v also satisfies (5.20). Furthermore, Bor \ F: C

O, provided that n is sufficiently large. Applying Holder inequality, (5.8), (5.9)
and (5.20), for every n sufficiently large, we get

’/~ 'ﬁanSTV'ﬁn—/ vVorVu
Q, RY

<

/ U, VorVu, —uvVerVu
Bar\E:

+ ’ U, VorVu,
Ey

—&-’/ vVorVu
E:

<

/ Vd)TVﬁn (5n — U) + ‘ / UV(]ﬁT(Vﬁn — VU)
BQT\Et B2T\Et

+ M/ (1Bn]” + [vI*) < 0n(1) +2Me™ /N
E;
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From (5.19) and the fact that € can be chosen arbitrarily small, we obtain that
(5.16) holds for every T' > 0. We can proceed analogously to proof of (5.17). In
order to verify (5.18), we combine (fs) with (5.20), to obtain

(5.21) f( 2)02 < 5/ 24O [ B < M(eF/ 4 g2/,
E; E;

From (5.8) and (5.21), we have

‘/ ) asr/ F (0o or

< \ [ @@ - s +
Bor\E

@ +| [ f@h?

‘ E;
< 0n(1) 4+ M(eh9/@ 4 g25/N),

‘Et

From (5.19) and the fact that € can be chosen arbitrarily small, we obtain that
(5.18) holds for every T' > 0. Combining (5.15)—(5.18) with Fatou lemma, we

get
[ wekers [ ovovers [ wPer< [ s@iter.
RY RY RY RY
for every T' > 0. Finally, taking T"— 400, we find
(5.22) / [[Vv]? + 0% < / fo?)v?
RY RY

From (f)—(fy), there exists to > 0 such that tov € No. By (5.22), we have
0 < tp < 1. Suppose that ty, < 1. In this case, using that the function s —
f(s)s — F(s) is increasing in [0, +00), by (fy), Fatou lemma and (5.9), we have

Coo = lim inf {Ji (Un) — %Jé" ('ﬁn)ﬁn}
ool ~2 1 2\02 _ F(o?
=timint 5 [ (FG - P 2 / F(02? — F(0?)]
> % /]R )RR — F(R0)] = Juoltor) fJ (to0)tov > Ca,

which is impossible. Hence, ty = 1, and consequently v € N,,. Furthermore, v
satisfies

(5.23) oo > %/]RN [f(v®)v? = F(v?)] = Joo(v) — %J;O(v)v = Joo(V) > Coo-

We conclude that Jo,(v) = ¢o and v is a solution of (3.1). By (5.23), given any
e > 0, there exists R > 0 such that

1 2,2 2 B
5 /RNHBR(O)[f(U Yo© — F(v%)] > oo — €.
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Since X g, (¥)Un(2) = X g+ (z)v(z) almost every x € RY, as n — oo, by Fatou
n R

lemma we have

1 1
lim inf 2 / F(@2)o2 — F(u2)] = liminf - / @) — F2)
n—o00 Br(yn)N2n n—o0o BRmﬁn
1
>5[ - F) 2 e
2 Jr¥nBR(0)

which completes the proof of Claim II.

We are now ready to show (5.2). By (5.6) and the Sobolev embedding theo-
rem, the sequences {t,|u,|} C H(Qn,Tox,) and {v,} C HY(Qn, Loy, ) have the
same limit. Hence, Claim IT is also valid for {t,|u,|}n, that is,

n—oo

1
lim inf 7/ [f (Itntn|®) [tntn > — F(|taun|?)] > coo — €.
BR(y'n)ﬂQ/\n

From this, (5.5) and (f5), we have

n—oo

(5.24) liminf/ Cltpunl? < e.
Q,, \Br(yn)

By Claim I, we can assume that y,, € Ty, , i.e. yn/\, € [y and y,, /A, — 0 € T'1,
asn — 0o, because I'y is a compact set. Take j € {1,..., N}. From the definition
o x%

< /“ An
/ [tnun|?
Q/\n

Using Lemma 2.1 and the fact that ¢, |u,| € M)

of the barycenter, we have

xJ
|tnun | 1

B (un) ;

An 0

we may assume that

n?

/ [thun|? >~y >0, forallneN.
Qi

As a consequence,

n J J q
—t—— — x| < — — Iy ||thu
7‘ A ol = /an N, 0|ltnun]
= / S 2 |[tnun|? +/ S x| [t |?
Qx,,NBr(yn) | 1 Qx,, \Br(yn) | 1
S/ )\7_/\7n |tnun|q+/ )\—"—xé [tnun|?
Qx,NBr(yn) | \n n Qx,,NBr(yn) | \n
x .
+/ o — x| [tnun|?
Qx, \Br(yn) 1 'n
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< [ttt + 22 o] [ ftaualt o+ diom(@) [ "
An Qx A’rL Qx, Qx, \Br(yn)
— <R + Yn _ Zo > / |tnun|q + dlam(Q)/ |tnun|q-
An | A Q O, \Br(yn)

From (5.24) and the fact that the sequence (||t,uy 4, )n is bounded and y,, /A, —
T, we find
51" (un)

PAp N\ g
Lo
n

< diam(Q)——

0 < liminf
< limin ok

n—oo

forall je{1,...,N}.

Since € > 0 is arbitrary, we can find a subsequence (not renamed) such that

dist(ﬂ/\")\(un),l"l) — 0, asn— oo.

We conclude that dist(5y, (un),'1a,) < Anr, for every n sufficiently large, hence
that (5.2) holds, and Proposition 5.1 follows. O

Taking €* > 0 given by Proposition 5.1, we define b5 = by +¢*. As a
consequence of Propositions 3.1, 4.1 and 5.1, we obtain the following result which
is the key point in the comparison of the topology of the sublevel sets of the
functional I, with that of I'q,.

LEMMA 5.1. There exists \* > 0 such that
_ b b
A((T7)r) C M and  Br(My*) C (T])a,
for every A > X\*, where Mii = If\; N M.

PROOF. By Proposition 5.1, there exists A; > 0 such that 6>\(M§;) C (T)ax.
From Propositions 3.1 and 4.1, we have

lim (I)\(CD)\(y)) — b)\) = 07

A—00
independent of y € I'[,. Thus, for this €* > 0 there exits Ao = A2(¢*) > 0 such
that I (®x(y)) < by+e*, forevery A > Ag and y € (I'] ). Set A* = max{A;, \2}.
Hence, @, ((T'7)x) C MAb*and BA(M)\b*) C (T)a, for all A > A*. O
6. Proof of Theorem 1.1

We begin by stating a comparison of the topology of the sublevel M f\& with
that of I'y,.

LEMMA 6.1. Let \* > 0 be as in Lemma 5.1. Then

Cath; (Mﬁi) > catp,, (T'1a), for every A > A*.
A



MIXED BOUNDARY PROBLEM FOR SCHRODINGER EQUATIONS 357

PRrOOF. The proof proceeds along the same lines as the proof of [7, Lem-
ma 4.3]. Suppose that cath; (Mi*) = m. Thus, Mi* =T, U...U7T,,, where

A
T; is closed and contractible in Mi’*7 for j = 1,...,m. Hence, there exists

h; € C([0,1] x Tj,MAbi) such that h;(0,u) = u, hj(l,u) = u; € Mii for every
u € Y; and j = 1,...,m, for some u; € M;)A fixed. Set B; := <I>;1(Tj)7
Jj=1,...,m, which are closed in I'],. By Proposition 5.1, we have

I, =JB;
j=1

Using Proposition 5.1 again, the maps g;:[0,1] x B; — I'f} given by

g]<t7y) = ﬁ)\(hj(ta (b)\(y)))’ for all .7 S {17 e 7m}7
are well defined. In addition, g; € C([0,1] x B;,I'f,) and

9;(0,y) =y, g¢;(L,y)=y; € wa for every y € Bj, j=1,...,m,

and y; € I‘IS\ fixed, and so Catrﬁrﬁ < m. Recalling that I‘f}\ and I'7, are
1
homotopically equivalent to I'yy, it follows that catp,, I'1x = CatFJr)\FIN and
1
hence catr,,I'1x < m, which completes the proof. O

Proor oF THEOREM 1.1. Take €* > 0 given by Proposition 5.1, A* > 0
given by Proposition 5.1, and suppose A > A\*. If b3 = by + ¢ is a critical value
for every ¢ € (0,¢*] then I, has infinitely many critical values and the proof is
complete. Otherwise, we can assume that b} is a regular value of I). Since M f\):
is a closed set in My, by Proposition 2.3, the restriction of I to M;); satisfies
the (PS)y condition for every d € R. Hence, by the Lusternik—Schnirelman

theory and Lemma 6.1, we obtain catr,, (I'1\) critical points of I/\‘Mbi' By
A
Corollary 2.1, each of these critical points is a critical point of Iy. O

7. Morse theory for I

In this section we see how the homology groups of the sets 'y, (I'] ), (T )a
and M /\b; are related. For the convenience of the reader, we repeat the relevant
material from [7, Section 5] adapted to our case, thus making the exposition
self-contained.

LEMMA 7.1. Let \* > 0 be as in Lemma 5.1. Then
b
Pe(M*) = Pe(T'1n) + Q(1),
for every A > \*, where Q is a polynomial with non-negative coefficients.

PROOF. Setting A > A*, the function ®,:(I'7)x — M) given by (3.4) in-
duces the homomorphism (®y)g: Hi(I'},) — Hk(M;)A) between the k-th ho-
mology groups. Since ®, is a injective function, so also is (®,)r. Hence,
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dim Hy(I'},) > dim Hy, (Mii)7 and the result follows from the definition of the
Poincaré polynomials and the fact that I';, and I';y are homotopically equiva-
lent. (]

LEMMA 7.2. Let A* > 0 be as in Lemma 5.1, A > A\*, § € (0,d0), for do
given by Proposition 2.2, and b € (J,00] a noncritical level of Iy. Then

P12, 12) = tP(M?).

PROOF. The proof proceeds along the same lines as the proof of [7, Lem-

ma 5.2]. O
LEMMA 7.3. Let A\*, A and § be as in Lemma 7.2. Then

(7.1) P(I,I9) = tPy(T1y) + tQ(1)

and

(7.2) Pe(H,, (0, Tox), I3) = tPe(M)) = t,

where Q is a polynomial with non-negative coefficients.

PROOF. As in the proof of Theorem 1.1, we can assume that b3 is a regular
value. Applying Lemma 7.2, for b = b3, and Lemma 7.1, we get (7.1). Using
that M) is homeomorphic to the unit sphere in H},A (2, Tox), which is con-
tractible, we have that M, is contractible. Hence, dim H*(My) = 1 if k = 0
and dim H*(M,) = 0 if k # 0. Finally, (7.2) is obtained by again invoking
Lemma 7.2, for b = co. (]

LEMMA 7.4. Let X\*, X and § be as in Lemma 7.2. Then
(7.3) Pi(H}, (. Ton). 1) = 22[Pi(T1a) + Q(1) — 1],
where Q is a polynomial with non-negative coefficients.
PrROOF. We follow Benci and Cerami [7] in considering the exact sequence:
coo— Hy(HY (20, Tox), I3) 25 Hi(HY (24, Ton), I0) 25
Py Hy (I, 19) 25 Hy 3 (HY, (0, Top), 1) — -+

From (7.2), we obtain dimH},(H}, (2, ox), I) =0, for all k # 1. If we combine
this with the fact that the sequence is exact , we see that Jy is a isomorphism
for every k > 3. Hence,

(7.4)  dim Hy(H}, (2, Tox), I2) = dim Hy_1 (I, 13), for all k > 3,
For k = 2, we have
. s
s Hy(Hj, (Q,Tox), I3) 2 Ha(H}, (0, Tor), V) <2

O * 7
O H (I, 13) 5 Hy(HY (0, Tox), 1) — -
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Since jo is sobrejective (j3 is the homomorphism induced by the canonic projec-
tion) and dim Ha(H} (2x,T0x),13) = 0, by (7.2), we have

(7.5)  Hy(H}, (Q,Tor), I2) = ja(Ha(HY, (2, Ton), I3)) = {0}.
For k=1,

by i1 ]
coo— Hy (I, 13) =5 Hy(H}, (2, Ton), I3) 25
j biy O b
2 Hy(H) (95, Tox), 1Y) =% Ho(I) I3) — -+
Using that H}h (2, Tox) is a connected set, we have

(76) HO(HAA)\(kaI‘OA%If\;) = 0.

We now claim that iy is a isomorphism. Indeed, as I'y) # (0 and dim Hy(T'1»)
is the number of connected components of the set I';y, we have Hyo(I'15) # {0}.
By (7.1), Hy(I*, I3) # {0}.

From (7.2), we obtain dim H; (HI{U(Q,\,FO)\),Ig) = 1. Using that ¢; is injec-
tive, we have dim Hl(If\i,Ij\;) =1, and so i; is a isomorphism. Using that i; is
a isomorphism and j; is sobrejective, we get

(7.7) dim Hy (H}, (9,T0x), 1)) = 0.
Combining Lemma 7.3 with (7.4)—(7.7), we have

Pe(H4, (. Tox), 1)) = > t*dimHy, (H} (2, Tox), 1))

k>3
=N trdimHy (10, 13) = ¢ 5 dimHyy (I3, 13)
k>3 k>3

=t[P,(I2, IZ) — tdim Hy (I, I]) — dim Ho (I, I3))]
=t2[P:(T1x) + Q(t) — 1].

LEMMA 7.5. Let A*, X and § be as in Lemma 7.2. Suppose that the set IC of
nontrivial solutions of problem (1.5) is discrete. Then

(7.8) D ii(u) =tPy(T1a) + Q) + (1 + 1) Qu (1),
u€eCq

(7.9) Z ir(u) =t*[Py(T1x) + Q) — 1] + (1 + ) Qa(t),
u€Co

where C1 = {u € K; 0 < I\(u) < by} and C3 = {u € K; by < I\(uw)}, and Q;,
1=1,2, is a polynomial with non-negative coefficients.
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ProOF. Using that I satisfies (PS) condition and applying [6, Theorem 1.5.9],
there exists a polynomial Q; with non-negative coefficients such that

3" delu) = P13 1) + (1 4+ D)Qu (1),

u€eCy

Hence, (7.8) is a consequence of (7.1) and (7.9) follows from (7.3). O

PROOF OF THEOREM 1.2. Let A*, X\ and § be as in Lemma 7.2. Since I
does not have nontrivial solution below the level dg, we have K = Cy + Co, for C;
and Cy as in Lemma 7.5. Hence

Z ir(u) = Z ir(u) + Z ir(u).

uekl uelCy ueCso

Using Lemma 7.5, we conclude the proof. (Il

PrROOF OF COROLLARY 1.1. This is a direct consequence of Theorem 1.2
and the fact that i;(u) = t*(*) in the non-degenerate case. O
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