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ON THE STABILITY OF NEW IMPULSIVE ORDINARY
DIFFERENTIAL EQUATIONS

JINRONG WANG — ZENG LIN — YONG ZHOU

ABSTRACT. In this paper, we study new impulsive ordinary differential
equations and apply fixed point approach to establish existence and unique-
ness theorem and derive an interesting stability result in the sense of gen-
eralized B-Ulam—Hyers—Rassias. At last, two examples are given to demon-
strate the applicability of our result.

1. Introduction

Throughout this paper, J = [0,7] and C(J,R) denotes the space of all
continuous functions from J into R. Denote PC(J,R) := {: J - R : z €
C((tk,tk+1],R), K =0,1,...,m and there exist x(¢, ) and x(tﬁ), k=1,...,m,
with z(t, ) = x(tx)}.

In addition to impulsive differential equations which the impulses are in-
stantaneous, a new class of impulsive differential equations which the impulses
are not instantaneous was reported in [9], [17]. It follows [9], [17], a function
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x eV .:=PC(J,R) ﬂ C((s4,ti41]), R) is called a classical solution of the follow-

ing modified 1mpulswe differential equations:

x/(t):f(tax(t))v te (Siati+l]7 Z‘:Oalw"ama

(1.1) x(t) = gi(t,z(t])), te(tis], i=1,...,m,
z(0) = xo € R,
if x satisfies z(0) = zq, 2(t) = gi(t,x(t])), t € (t;,s:],i=1,...,m, and
t
x(t) = xo —|—/ f(s,z(s))ds, t €10,t],
z(t) = gi(ss, @ / f(s,z(s te (siytiy1], 1=1,...,m.

In the present paper, we mainly apply fixed point approach to study a new
stability of the following modified impulsive differential equations:

2(t) = f(t,x(t), tE€ (sitiy1), i=0,1,...,m,
z(t) = gi(t,z(t))), te€ (ti,si], i=1,...,m,

where 0 = t) = 59 < t; <81 <ta < ... <ty < Sm < tya1 = T are pre-fixed
numbers, f: [0,7] x R — R is continuous and g;: [t;, s;] X R — R is continuous

(1.2)

for all ¢ = 1,...,m, which is not instantaneous impulses.

Firstly, we introduce a generalized 8-Ulam-Hyers—Rassias stability concept
for the equation (1.2) which is partly motivated by the concepts of stability
in [21], [23].

Let 0 < 8 <1,% >0 and ¢ € PC(J,Ry) is nondecreasing. Consider

|y/(t) - f(tvy(t)” < (p(t), te (Siati-‘rl]v 1= 07 17 ceey, M,
y(t) —gi(ty(tD) <, tE (tis], i=1,....m.

DEFINITION 1.1. The equation (1.2) is generalized S-Ulam-Hyers—Rassias
stable with respect to (¢, 9) if there exists ¢f g4, , > 0 such that for each solution

(1.3)

y € V of the inequality (1.3) there exists a solution 2 € V of the equation (1.2)
with
ly(t) — z(t)]” < Cf,57gi7sa(wﬁ +¢0(t), teld
REMARK 1.2. A function y € V is a solution of the inequality (1.3) if and
only if there is G € ﬂ C((siytiv1],R) and g € N C([ti, i), R) (which depend
i=1

i=0

on y) such that:
(a) |G <p(t), t e U (si; tia] and [g(t)| <9, t € L_njl(tiasz‘};

(b) ¥'(t) = f(t, <>>+G<> € (sitival, i =0,1,...,m;
() y(t) = gi(t,y(tF) +g(t), t € (i, s3], i=1,...,m
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REMARK 1.3. Obviously, if y € V' is a solution of the inequality (1.3) then y
is a solution of the following integral inequality:

ly(t) — gt y(t5))| < o, te(ti,sl, i=1,...,m;

‘y<t>—y<o>— / £(s(s)) ds| < / o(s)ds,  te0.nl;

t
< w+/ o(s) ds,

Si

‘y(t) — gi(si,y(t])) — / f(s,y(s))ds

t e (Si,ti_._l}, 1= 1,...,m.

Secondly, we use the same idea and extend to study generalized (-Ulam—
Hyers—Rassias stability of the equation
I,(t) = )\‘T(t) + f(t,ll?(t)), te (siati-'rl]a 1= 07 17 sy My, A> 07

(1.5)
x(t) = gi(t, z(t)), te (ti,s:], i=1,...,m.

DEFINITION 1.4. The equation (1.5) is generalized S-Ulam-Hyers—Rassias
stable with respect to (p,v) if there exists cypgq4,, > 0 such that for each
solution y € V of the inequality

|yl(t) - )‘y(t) - f(tvy(t))| < @(t)v te (Siati—kl}? i = Oa 17 sy, M,
|y(t)_gl(t7y(t))| ST/)7 te (tiasi}v 7;:1,...,7’77,,
there exists a solution x € V' of the equation (1.5) with

9(®) = 2O < cr5.000 (0% + (1), tE

Just like Remark 1.3, if y € V' is a solution of the inequality (1.6) then y is

(1.6)

a solution of the following integral inequality

|y(t)792(t7y(t))| §¢7 te (ti75i]7 1:177mv

\ya)—e*ty(m— / A9 f(s,y(s))ds| < / AN=9)5(s) ds,

0 0
(1.7) te0,t];

\yu) = N gys)) [ s y(s)) ds

Si

t
< eMt=sidy, —I—/ eA(t_S)go(s) ds, te(sitiv1], t=1,...,m.

For more recent results on Ulam’s type stability, the readers can refer to the
monographs of [5], [10]-[13], [19], and other works [1], [3], [4], [6], [8], [15], [16],
[18], [20], [22], [24] by using fixed point approach and classical analysis methods.

The rest of this paper is organized as follows. In Section 2, Banach fixed-
point theorem for generalized complete metric spaces is used to derive existence
and uniqueness of stable solution for the equation (1.2). In Section 3, extension



306 J. Wane — Z. LiN — Y. ZHou

type theorem for the equation (1.5) is given. At last, two examples are given to
demonstrate the applicability of our result.

2. Main results

For a nonempty set X, a function d: X x X — [0, 00] is called a generalized
metric on X if and only if d satisfies:

(a) d(z,y) =0 if and ounly if x = y;

(b) d(z,y) =d(y,x) for all z,y € X;

(¢) d(z,2) < d(xz,y)+d(y,z) for all z,y,z € X.

DEFINITION 2.1 (see Jung et al. [14] or Balachandran [2]). Suppose F is a
vector space over K. A function ||-||g: E — [0,00) (0 < 8 < 1) is called a S-norm
if and only if it satisfies:

(a) ||lz|lp = 0 if and only if z = 0;

(®) [|Az]lg = [MP||x||s for all X € K and all z € F;

(©) llz+yls <llzlls + llylls-

THEOREM 2.2 (see [7]). Let (X,d) be a generalized complete metric space.
Assume that A: X — X is a strictly contractive operator with the Lipschitz
constant L < 1. If there exists a nonnegative integer k such that d(A**1x, Akz) <
400 for some x € X, then the followings are true:

(a) The sequence {A"x} converges to a fized point x* of A;

(b) x* is the unique fized point of A in X* = {y € X | d(A*z,y) < o};

(c) If y € X*, then

1
) < —— d(Ay, y).
dly,2") < T—7 d(Ay,y)

Next, we introduce the following space of piecewise continuous functions
(2.1) X={g:J—>R|ge PC(JR)},

endowed with the generalized metric on X defined by

(2.2) d(g,h) =inf{C; + C2 € [0, +00] |

l9(t) = h()]” < (Cr + Ca) (97 (t) +¢7) for all t € T},
where C; € {C € [0,+0q] | |9(t) — h(t)|® < CpP(t) for all t € (si,tir1], @ =
0,1,...,m}, and Cy € {C € [0,+00] | |g(t) — h(t)|® < CyP for all t € (t;,s4],
i=1,...,m}. It is easy to verify that (X,d) is a complete generalized metric

space.
Now, we are ready to study the stability result of the equation (1.2).

THEOREM 2.3. Assume that the following conditions:
(Hy) feC(JxR,R);
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(Hy) There exists a positive constant Ly such that

|f(t,u1) — f(t,u2)| < Ly|lur — ugl,

for each t € J and all uy,us € R;
(H3) gi € C([ti, si] x R,R) and there are positive constants Ly,, i = 1,...,m
such that
|9:(t, u1) — gi(t, u2)| < Lg, |ur — ual,

for each t € [t;,s;] and all uy,us € R;
(Hy) Let p € C(J,Ry) be a nondecreasing function. There exists c, > 0 such
that

t
/ @(s)ds < cpp(t), for eacht e J,
0

are satisfied. If there exists a function y € V satisfing (1.3), then there exists a
unique solution yo: J — R such that

+ [ st s, re.nl
(2.3) yo(t) = Q gi(t, yo(t] )) te(tis), i=1,....,m,
9i(si, yo(t / f(s,90(s))ds, t€(si,tip1], i=1,...,m,
and
(2.4) ) oo < DO
provided that
(2.5) p::maX{Li—i—L?cg | izl,...,m}<1.

PROOF. Define an operator A: X — X by

/ fs,x(s t €[0,t],

(26) (A:L’)(t) = gz(t 1‘ te (ti,si], t=1,...,m,

gz Si, T / f S, Jf S? te (Siati-‘rl]a t=1,...,m.

for all x € X and t € [0,T]. Clearly, A is a well defined operator according
to (Hy).

We show that A is strictly contractive on X. Note that the definition of
(X,d), for any g, h € X, it is possible to find C7,Cs € [0, 0] such that

C1o°(t), te€ (sitiv1), i=0,1,...,m,

2.7 ~h(t))” <
(2.7) lg(t) — h(t)|” < CotpP,  te(tiysi], i=1,...,m
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It is easy to see that (2.7) is equivalent to

TPy, tets) i=1,....m

By the definition of A in (2.6), (Hz), (Hs), and (2.8), we obtain the following
three possible cases:
Case 1. t € [0,t1], one has

(Ag) () — (AR)( I"—‘/fsg ds—/fsh

<1 (/ 9(s) |ds) SL’B[C”B/O w(s)dsr

L? [C’l/ﬂc@go(t)} = L?chlwﬁ(t).

Case 2. For t € (t;, s:],

[(Ag)(t) = (AR = [gi(t, 9(t7)) — gs(t, h(ED))I” < Ly, Cav”.

Case 8. For t € (Si,ti+1], one can compute

(Ag)(t) — (AR)(®))”

gzsza /ng gzsu /fSh

<lgi(si, 9(t1)) = gi(si, h(t))]° + ‘/fsg ds—/fsh

o(69) - + 23 [ 1ot - o]

B
S Lgi

B
<LS Cyw’ + L [C}/ o /O o(s) ds} < L8 Oy + LiC1 el (1)
< (LB + L) (Cr + Co) (P (1) +07).
Thus, we have
(Ag)(®) = (A @) < max {Lf + Lfel | i = 1,....m (€1 +Co) (" () + ),
for t € J. In other words,
d(Ag, Ah) < p(Cy + C2) (9% (1) + ¥7).

Hence, we derive
d(Ag, Ah) < pd(g,h)

for any g, h € X, and since the condition (2.5), the strictly continuous property
is shown.
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Let us take gg € X. From the piecewise continuous property of gg and Agyg,
it follows that there exists a constant 0 < (G; < oo such that

t B8
(Ago) () — go(1)] = |x(0) + / £(5,90(5)) ds — go(1)

§ leﬁ(t) S G1(¢B(t) + 1/’5)’ te [Oatl]'

There exists a constant 0 < G5 < oo such that
B
(800)0) ~ 0 = [t 00(67)) — v0)

< Goy) < Ga(PP(t) + 7)), te(ti,s], i=1,...,m.

There exists a constant 0 < G3 < 0o such that

t B
[(Ago)(t) — go(8)]” = gi(sz‘,go(t?>)+/v f(5,90(s)) ds — go(t)

SG?)((pﬁ(t)—i_wﬁ)a te (Si7ti+1]a i:17~-~7m7

since f,g; and go are bounded on J and ¢?(-) + # > 0. Thus, (2.2) implies
that

d(Ago, go) < 0.

By using Banach fixed point theorem, there exists a continuous function
yo: J — R such that A"gy — yo in (X,d) as n — oo and Ayy = yo, that is, yo
satisfies equation (2.3) for every ¢ € J.

Next, we check that {g € X | d(go,9) < o0} = X. For any g € X, since
g and gg are bounded on J and rtr.lei?(apﬁ(t) +9#) > 0, there exists a constant
0 < C, < oo such that |go(t) — g()|? < Cy(¢?(t) + 9P, for any t € J. Hence,
we have d(go, g) < oo for all g € X, that is, {g € X | d(go,9) < co} = X. Hence,
we conclude that yo is the unique continuous function with the property (2.3).
On the other hand, from (1.4) and (Hy) it follows that

(2.9) d(y,Ay) <1+ cg.
Thus, we derive
dAy,y) _ 1+¢
1—-p — 1-p’
which means that (2.4) is true for ¢ € J. The proof is done. O

d(y? yO) S

3. Extension

Now we adopt the same idea in the above section and extend to study gen-
eralized 5-Ulam—Hyers—Rassias stability of the equation (1.5).
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Consider the following impulsive ordinary differential equations with constant
coefficients

2'(t) = Ax(t) + f(t,z(t)), te (sistiva], i=0,1,...,m, A >0,
(31) x(t) :gz(t7x(t))a te (ti75i]7 i:17"'7m5
z(0) = xz9 € R.

A function z € V is called a classical solution of (3.1) if z satisfies 2(0) = z,
x(t) = gi(t, x(t)), t € (t;, 8], i =1,...,m, and

t
x(t) = Mg +/ e’\(t_s)f(s,x(s)) ds, t €1[0,t4],
0

t
(t) = X gi(si,2(s4)) +/ A f(s,2(s)) ds, ¢ € (sitipa), i=1,...,m.

THEOREM 3.1. Assume that (Hy)—(Hy) are satisfied and a function y € V
satisfies (1.6). Then there exists a unique solution yo: J — R such that

t

ez (0) +/ A=) f(s,y0(s)) ds, te0,t],

0

g(t’yo(t))’ te(taSL Z:1a7m7
(32) o(t) =4 . o

M5 g (54,90 (s1)) + / M) f(s,0(s)) ds,

te (Si,ti+1], 1=1,...,m,
and
A1+ )0 + 1)
e c2)(p

(3-3) ly(t) = o (1)]” < 1=, . tEed,
provided that
(3.4) px = AT max{Lgi + L?Cg t=1,... ,m} <1

PROOF. Just like the proof in Theorem 2.3, we define an operator Ay: X —
X by

t

eMa(0) + / A (s x(s))ds,  te0,t],
0

gi(t,l‘(t)), te (ti78i], 1=1,...,m,

t
e’\(t_si)gi(si,x(si))—i-/ =9 £ (s, 2(s)) ds,

Si

(3.5) (Aaz)(t) =

t e (Si,ti_;'_ﬂ, 1= 1,...,m.
for all z € X and t € [0, 7.
Clearly, Ay is a well defined operator according to (Hy). We only need to

verify that A, is strictly contractive on X. In fact, it follows from the definition
of Ay in (3.5), (Hs), (H3), and (2.8), we obtain that
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Case 1. For t € [0,11],
[(Ara)(®) = (Ash)(0)|® < T L3l ().
Case 2. For t € (t;, 5],
(B29)(6) — (RO = lg:(t,9(6) — g6, (DI < LE Cos®.
Case 3. For t € (s;,ti41],
[(Axg)(t) — (Arh)(®)]°

t B
< loo) ~ sl + L [ late) - o)l as]

t B
< eﬁ)‘TLgi Cot)® + eﬁ’\TL? [011/6 / o(s) ds]
0
< eﬁ’\TLgi Corp? + eﬁ’\TL?Clcggoﬁ(t)
<eP(LE + L]cB)(C1 + Ca)(¢° (1) + vP).

From above, we have d(Axg, Axh) < prd(g,h), for any g,h € X, and since the
condition (3.4), the strictly continuous property is shown.

Let us take g9 € X. Proceeding the same procedure in Theorem 2.3,
d(Axgo,g0) < oo. By using Banach fixed point theorem, there exists a con-
tinuous function yo: J — R such that AYgy — yo in (X,d) as n — oo and
Axyo = o, that is, yo satisfies equation (3.2) for every ¢ € J, which is the unique
continuous function.

On the other hand, from (1.7) and (Hy4) it follows that

d(y, Ary) < (14 ).

Finally,
ePAT (14 cfP)
d(y, < %
(¥, 90) < —— o
which means that (3.3) is true for ¢ € J. The proof is done. O
4. Example

In this section, we present two examples, which indicate how our theorems
can be applied to concrete problems.

ExaMPLE 4.1. Consider

, |z ()]
T (t) = ,
(4.1) 0= 55e

x(t) =

t € (0,1],
[z(17)]
B+ e+ [z(1T)])’

te(1,2],
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and

y'(t) — vl <e, teo,1],

8 + et
1+
P p—]
B+e=H(T+[y(1t))
We put 8 =1/2, J=10,2] and 0 =ty = s9 < t; =1 < s; = 2. Denote

‘Sl, te(1,2).

F(t,z(t), = E'ffl with L; :% for t € [0, 1],
z(1t ) 1
g1(t,z(t)) = (3—|—et1)((1 —2||x(1+)|) with Ly, = 1 for t € (1,2].

We put ¢(t) = e’ and ¢ = 1. Then we choose ¢, = 1 satisfying the condition
fg e®ds < e'. Moreover, Lgl + L?cg, =5/6 < 1.

Now all the assumptions of Theorem 2.3 are satisfied. Thus, (4.1) has
a unique solution yo: [0,2] — R such that |y(t) — yo(t)|*/? < 12(e¥/? 4 1), for all
t €10,2].

ExAMPLE 4.2. Consider

2(t) = 2(t) + 3'55?;, te (0,1,
_ |lz(t)]
W= @rrenareay €02
and
y'(t) —y(t) - 3|5y$)lt <e, teo,1],
’y(t) - lv(®)] ‘ <1, te(1,2.

(24 + e~ (L +[y(8))
Let \=1,8=1/2,T=2,J=[0,2] and 0 =ty = sp < t; = 1 < s = 2. Denote

(o)
35 + et

1
f(t, z(t)) with Ly = 3% for ¢t € [0, 1],

|lz(t)]
24 + et=1)(1 4 |x(¢)])

1
g1(t,z(t)) = ( with Ly, = % for t € (1,2].

We put ¢(t) = e’ and ¢ = 1. Set ¢, = 1, we have fg e®ds < et. Obviously,
11
(LS + Lie,) = 2= x e~ 0.9968 < 1.

30
By Theorem 3.1, there exists a unique solution yq: [0,2] — R such that

t
e'x(0) + /O e~ ;gofﬁ ds, tel0,1],
[%0()]

24+ €11+ |yo(B)])’

Yo(t) =

te (1,2,
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and

60e
ly(t) — yo(t)|'/? <

S m(et/2 + 1) fOI' all t S [0, 2]
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