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ON THE STABILITY OF NEW IMPULSIVE ORDINARY
DIFFERENTIAL EQUATIONS

Jinrong Wang — Zeng Lin — Yong Zhou

Abstract. In this paper, we study new impulsive ordinary differential
equations and apply fixed point approach to establish existence and unique-
ness theorem and derive an interesting stability result in the sense of gen-
eralized β-Ulam–Hyers–Rassias. At last, two examples are given to demon-
strate the applicability of our result.

1. Introduction

Throughout this paper, J = [0, T ] and C(J,R) denotes the space of all
continuous functions from J into R. Denote PC(J,R) := {x : J → R : x ∈
C((tk, tk+1],R), k = 0, 1, . . . ,m and there exist x(t−k ) and x(t+k ), k = 1, . . . ,m,
with x(t−k ) = x(tk)}.

In addition to impulsive differential equations which the impulses are in-
stantaneous, a new class of impulsive differential equations which the impulses
are not instantaneous was reported in [9], [17]. It follows [9], [17], a function
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x ∈ V := PC(J,R)
m⋂
i=0

C1((si, ti+1],R) is called a classical solution of the follow-

ing modified impulsive differential equations:

(1.1)


x′(t) = f(t, x(t)), t ∈ (si, ti+1], i = 0, 1, . . . ,m,

x(t) = gi(t, x(t+i )), t ∈ (ti, si], i = 1, . . . ,m,

x(0) = x0 ∈ R,

if x satisfies x(0) = x0, x(t) = gi(t, x(t+i )), t ∈ (ti, si], i = 1, . . . ,m, and

x(t) = x0 +

∫ t

0

f(s, x(s)) ds, t ∈ [0, t1],

x(t) = gi(si, x(t+i )) +

∫ t

si

f(s, x(s)) ds, t ∈ (si, ti+1], i = 1, . . . ,m.

In the present paper, we mainly apply fixed point approach to study a new
stability of the following modified impulsive differential equations:

(1.2)

x′(t) = f(t, x(t)), t ∈ (si, ti+1], i = 0, 1, . . . ,m,

x(t) = gi(t, x(t+i )), t ∈ (ti, si], i = 1, . . . ,m,

where 0 = t0 = s0 < t1 ≤ s1 ≤ t2 < . . . < tm ≤ sm < tm+1 = T are pre-fixed
numbers, f : [0, T ]× R→ R is continuous and gi : [ti, si]× R→ R is continuous
for all i = 1, . . . ,m, which is not instantaneous impulses.

Firstly, we introduce a generalized β-Ulam–Hyers–Rassias stability concept
for the equation (1.2) which is partly motivated by the concepts of stability
in [21], [23].

Let 0 < β ≤ 1, ψ ≥ 0 and ϕ ∈ PC(J,R+) is nondecreasing. Consider

(1.3)

|y′(t)− f(t, y(t))| ≤ ϕ(t), t ∈ (si, ti+1], i = 0, 1, . . . ,m,

|y(t)− gi(t, y(t+i ))| ≤ ψ, t ∈ (ti, si], i = 1, . . . ,m.

Definition 1.1. The equation (1.2) is generalized β-Ulam–Hyers–Rassias
stable with respect to (ϕ,ψ) if there exists cf,β,gi,ϕ > 0 such that for each solution
y ∈ V of the inequality (1.3) there exists a solution x ∈ V of the equation (1.2)
with

|y(t)− x(t)|β ≤ cf,β,gi,ϕ(ψβ + ϕβ(t)), t ∈ J.

Remark 1.2. A function y ∈ V is a solution of the inequality (1.3) if and

only if there is G ∈
m⋂
i=0

C1((si, ti+1],R) and g ∈
m⋂
i=1

C([ti, si],R) (which depend

on y) such that:

(a) |G(t)| ≤ ϕ(t), t ∈
m⋃
i=0

(si, ti+1] and |g(t)| ≤ ψ, t ∈
m⋃
i=1

(ti, si];

(b) y′(t) = f(t, y(t)) +G(t), t ∈ (si, ti+1], i = 0, 1, . . . ,m;
(c) y(t) = gi(t, y(t+i )) + g(t), t ∈ (ti, si], i = 1, . . . ,m.
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Remark 1.3. Obviously, if y ∈ V is a solution of the inequality (1.3) then y
is a solution of the following integral inequality:

(1.4)



|y(t)− gi(t, y(t+i ))| ≤ ψ, t ∈ (ti, si], i = 1, . . . ,m;∣∣∣∣y(t)− y(0)−
∫ t

0

f(s, y(s)) ds

∣∣∣∣ ≤ ∫ t

0

ϕ(s) ds, t ∈ [0, t1];∣∣∣∣y(t)− gi(si, y(t+i ))−
∫ t

si

f(s, y(s)) ds

∣∣∣∣ ≤ ψ +

∫ t

si

ϕ(s) ds,

t ∈ (si, ti+1], i = 1, . . . ,m.

Secondly, we use the same idea and extend to study generalized β-Ulam–
Hyers–Rassias stability of the equation

(1.5)

x′(t) = λx(t) + f(t, x(t)), t ∈ (si, ti+1], i = 0, 1, . . . ,m, λ > 0,

x(t) = gi(t, x(t)), t ∈ (ti, si], i = 1, . . . ,m.

Definition 1.4. The equation (1.5) is generalized β-Ulam–Hyers–Rassias
stable with respect to (ϕ,ψ) if there exists cf,β,gi,ϕ > 0 such that for each
solution y ∈ V of the inequality

(1.6)

|y′(t)− λy(t)− f(t, y(t))| ≤ ϕ(t), t ∈ (si, ti+1], i = 0, 1, . . . ,m,

|y(t)− gi(t, y(t))| ≤ ψ, t ∈ (ti, si], i = 1, . . . ,m,

there exists a solution x ∈ V of the equation (1.5) with

|y(t)− x(t)|β ≤ cf,β,gi,ϕ(ψβ + ϕβ(t)), t ∈ J.

Just like Remark 1.3, if y ∈ V is a solution of the inequality (1.6) then y is
a solution of the following integral inequality

(1.7)



|y(t)− gi(t, y(t))| ≤ ψ, t ∈ (ti, si], i = 1, . . . ,m;∣∣∣∣y(t)− eλty(0)−
∫ t

0

eλ(t−s)f(s, y(s))ds

∣∣∣∣ ≤ ∫ t

0

eλ(t−s)ϕ(s) ds,

t ∈ [0, t1];∣∣∣∣y(t)− eλ(t−si)gi(si, y(si))−
∫ t

si

eλ(t−s)f(s, y(s)) ds

∣∣∣∣
≤ eλ(t−si)ψ +

∫ t

si

eλ(t−s)ϕ(s) ds, t ∈ (si, ti+1], i = 1, . . . ,m.

For more recent results on Ulam’s type stability, the readers can refer to the
monographs of [5], [10]–[13], [19], and other works [1], [3], [4], [6], [8], [15], [16],
[18], [20], [22], [24] by using fixed point approach and classical analysis methods.

The rest of this paper is organized as follows. In Section 2, Banach fixed-
point theorem for generalized complete metric spaces is used to derive existence
and uniqueness of stable solution for the equation (1.2). In Section 3, extension
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type theorem for the equation (1.5) is given. At last, two examples are given to
demonstrate the applicability of our result.

2. Main results

For a nonempty set X, a function d : X ×X → [0,∞] is called a generalized
metric on X if and only if d satisfies:

(a) d(x, y) = 0 if and only if x = y;
(b) d(x, y) = d(y, x) for all x, y ∈ X;
(c) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

Definition 2.1 (see Jung et al. [14] or Balachandran [2]). Suppose E is a
vector space over K. A function ‖·‖β : E → [0,∞) (0 < β ≤ 1) is called a β-norm
if and only if it satisfies:

(a) ‖x‖β = 0 if and only if x = 0;
(b) ‖λx‖β = |λ|β‖x‖β for all λ ∈ K and all x ∈ E;
(c) ‖x+ y‖β ≤ ‖x‖β + ‖y‖β .

Theorem 2.2 (see [7]). Let (X, d) be a generalized complete metric space.
Assume that Λ: X → X is a strictly contractive operator with the Lipschitz
constant L < 1. If there exists a nonnegative integer k such that d(Λk+1x,Λkx) <

+∞ for some x ∈ X, then the followings are true:

(a) The sequence {Λnx} converges to a fixed point x∗ of Λ;

(b) x∗ is the unique fixed point of Λ in X∗ = {y ∈ X | d(Λkx, y) <∞};
(c) If y ∈ X∗, then

d(y, x∗) ≤ 1

1− L
d(Λy, y).

Next, we introduce the following space of piecewise continuous functions

(2.1) X = {g : J → R | g ∈ PC(J,R)},

endowed with the generalized metric on X defined by

(2.2) d(g, h) = inf{C1 + C2 ∈ [0,+∞] |

|g(t)− h(t)|β ≤ (C1 + C2)(ϕβ(t) + ψβ) for all t ∈ J},

where C1 ∈ {C ∈ [0,+∞] | |g(t) − h(t)|β ≤ Cϕβ(t) for all t ∈ (si, ti+1], i =

0, 1, . . . ,m}, and C2 ∈ {C ∈ [0,+∞] | |g(t) − h(t)|β ≤ Cψβ for all t ∈ (ti, si],
i = 1, . . . ,m}. It is easy to verify that (X, d) is a complete generalized metric
space.

Now, we are ready to study the stability result of the equation (1.2).

Theorem 2.3. Assume that the following conditions:

(H1) f ∈ C(J × R,R);
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(H2) There exists a positive constant Lf such that

|f(t, u1)− f(t, u2)| ≤ Lf |u1 − u2|,

for each t ∈ J and all u1, u2 ∈ R;

(H3) gi ∈ C([ti, si] × R,R) and there are positive constants Lgi , i = 1, . . . ,m

such that

|gi(t, u1)− gi(t, u2)| ≤ Lgi |u1 − u2|,

for each t ∈ [ti, si] and all u1, u2 ∈ R;

(H4) Let ϕ ∈ C(J,R+) be a nondecreasing function. There exists cϕ > 0 such
that ∫ t

0

ϕ(s)ds ≤ cϕϕ(t), for each t ∈ J,

are satisfied. If there exists a function y ∈ V satisfing (1.3), then there exists a
unique solution y0 : J → R such that

(2.3) y0(t) =


x(0) +

∫ t

0

f(s, y0(s)) ds, t ∈ [0, t1],

gi(t, y0(t+i )), t ∈ (ti, si], i = 1, . . . ,m,

gi(si, y0(t+i )) +

∫ t

si

f(s, y0(s)) ds, t ∈ (si, ti+1], i = 1, . . . ,m,

and

(2.4) |y(t)− y0(t)|β ≤
(1 + cβϕ)(ϕβ(t) + ψβ)

1− ρ
, t ∈ J,

provided that

(2.5) ρ := max
{
Lβgi + Lβf c

β
ϕ

∣∣ i = 1, . . . ,m
}
< 1.

Proof. Define an operator Λ: X → X by

(2.6) (Λx)(t) =


x(0) +

∫ t

0

f(s, x(s)) ds, t ∈ [0, t1],

gi(t, x(t+i )), t ∈ (ti, si], i = 1, . . . ,m,

gi(si, x(t+i )) +

∫ t

si

f(s, x(s)) ds, t ∈ (si, ti+1], i = 1, . . . ,m.

for all x ∈ X and t ∈ [0, T ]. Clearly, Λ is a well defined operator according
to (H1).

We show that Λ is strictly contractive on X. Note that the definition of
(X, d), for any g, h ∈ X, it is possible to find C1, C2 ∈ [0,∞] such that

(2.7) |g(t)− h(t)|β ≤

C1ϕ
β(t), t ∈ (si, ti+1], i = 0, 1, . . . ,m,

C2ψ
β , t ∈ (ti, si], i = 1, . . . ,m.
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It is easy to see that (2.7) is equivalent to

(2.8) |g(t)− h(t)| ≤

C
1/β
1 ϕ(t), t ∈ (si, ti+1], i = 0, 1, . . . ,m,

C
1/β
2 ψ, t ∈ (ti, si], i = 1, . . . ,m.

By the definition of Λ in (2.6), (H2), (H3), and (2.8), we obtain the following
three possible cases:

Case 1. t ∈ [0, t1], one has

|(Λg)(t)− (Λh)(t)|β =

∣∣∣∣ ∫ t

0

f(s, g(s)) ds−
∫ t

0

f(s, h(s)) ds

∣∣∣∣β
≤Lβf

(∫ t

0

|g(s)− h(s)| ds
)β
≤ Lβf

[
C

1/β
1

∫ t

0

ϕ(s) ds

]β
≤Lβf

[
C

1/β
1 cϕϕ(t)

]β
= Lβf c

β
ϕC1ϕ

β(t).

Case 2. For t ∈ (ti, si],

|(Λg)(t)− (Λh)(t)|β = |gi(t, g(t+i ))− gi(t, h(t+i ))|β ≤ LβgiC2ψ
β .

Case 3. For t ∈ (si, ti+1], one can compute

|(Λg)(t) − (Λh)(t)|β

=

∣∣∣∣gi(si, g(t+i )) +

∫ t

si

f(s, g(s)) ds− gi(si, h(t+i ))−
∫ t

si

f(s, h(s)) ds

∣∣∣∣β
≤ |gi(si, g(t+i ))− gi(si, h(t+i ))|β +

∣∣∣∣ ∫ t

si

f(s, g(s))ds−
∫ t

si

f(s, h(s)) ds

∣∣∣∣β
≤Lβgi |g(t+i )− h(t+i )|β + Lβf

[ ∫ t

si

|g(s)− h(s)| ds
]β

≤LβgiC2ψ
β + Lβf

[
C

1/β
1

∫ t

0

ϕ(s) ds

]β
≤ LβgiC2ψ

β + LβfC1c
β
ϕϕ

β(t)

≤ (Lβgi + Lβf c
β
ϕ)(C1 + C2)(ϕβ(t) + ψβ).

Thus, we have

|(Λg)(t)− (Λh)(t)|β ≤ max
{
Lβgi + Lβf c

β
ϕ

∣∣∣ i = 1, . . . ,m
}

(C1 + C2)(ϕβ(t) + ψβ),

for t ∈ J . In other words,

d(Λg,Λh) ≤ ρ(C1 + C2)(ϕβ(t) + ψβ).

Hence, we derive
d(Λg,Λh) ≤ ρd(g, h)

for any g, h ∈ X, and since the condition (2.5), the strictly continuous property
is shown.
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Let us take g0 ∈ X. From the piecewise continuous property of g0 and Λg0,
it follows that there exists a constant 0 < G1 <∞ such that

|(Λg0)(t)− g0(t)|β =

∣∣∣∣x(0) +

∫ t

0

f(s, g0(s)) ds− g0(t)

∣∣∣∣β
≤ G1ϕ

β(t) ≤ G1(ϕβ(t) + ψβ), t ∈ [0, t1].

There exists a constant 0 < G2 <∞ such that

|(Λg0)(t)− g0(t)|β =

∣∣∣∣gi(t, g0(t+i ))− g0(t)

∣∣∣∣β
≤ G2ψ

β ≤ G2(ϕβ(t) + ψβ), t ∈ (ti, si], i = 1, . . . ,m.

There exists a constant 0 < G3 <∞ such that

|(Λg0)(t)− g0(t)|β =

∣∣∣∣gi(si, g0(t+i )) +

∫ t

si

f(s, g0(s)) ds− g0(t)

∣∣∣∣β
≤ G3(ϕβ(t) + ψβ), t ∈ (si, ti+1], i = 1, . . . ,m,

since f, gi and g0 are bounded on J and ϕβ( · ) + ψβ > 0. Thus, (2.2) implies
that

d(Λg0, g0) <∞.

By using Banach fixed point theorem, there exists a continuous function
y0 : J → R such that Λng0 → y0 in (X, d) as n → ∞ and Λy0 = y0, that is, y0
satisfies equation (2.3) for every t ∈ J .

Next, we check that {g ∈ X | d(g0, g) < ∞} = X. For any g ∈ X, since
g and g0 are bounded on J and min

t∈J
(ϕβ(t) + ψβ) > 0, there exists a constant

0 < Cg < ∞ such that |g0(t) − g(t)|β ≤ Cg(ϕ
β(t) + ψβ), for any t ∈ J . Hence,

we have d(g0, g) <∞ for all g ∈ X, that is, {g ∈ X | d(g0, g) <∞} = X. Hence,
we conclude that y0 is the unique continuous function with the property (2.3).
On the other hand, from (1.4) and (H4) it follows that

(2.9) d(y,Λy) ≤ 1 + cβϕ.

Thus, we derive

d(y, y0) ≤ d(Λy, y)

1− ρ
≤

1 + cβϕ
1− ρ

,

which means that (2.4) is true for t ∈ J . The proof is done. �

3. Extension

Now we adopt the same idea in the above section and extend to study gen-
eralized β-Ulam–Hyers–Rassias stability of the equation (1.5).
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Consider the following impulsive ordinary differential equations with constant
coefficients

(3.1)


x′(t) = λx(t) + f(t, x(t)), t ∈ (si, ti+1], i = 0, 1, . . . ,m, λ > 0,

x(t) = gi(t, x(t)), t ∈ (ti, si], i = 1, . . . ,m,

x(0) = x0 ∈ R.

A function x ∈ V is called a classical solution of (3.1) if x satisfies x(0) = x0,
x(t) = gi(t, x(t)), t ∈ (ti, si], i = 1, . . . ,m, and

x(t) = eλtx0 +

∫ t

0

eλ(t−s)f(s, x(s)) ds, t ∈ [0, t1],

x(t) = eλ(t−si)gi(si, x(si)) +

∫ t

si

eλ(t−s)f(s, x(s)) ds, t ∈ (si, ti+1], i = 1, . . . ,m.

Theorem 3.1. Assume that (H1)–(H4) are satisfied and a function y ∈ V
satisfies (1.6). Then there exists a unique solution y0 : J → R such that

(3.2) y0(t) =



eλtx(0) +

∫ t

0

eλ(t−s)f(s, y0(s)) ds, t ∈ [0, t1],

gi(t, y0(t)), t ∈ (ti, si], i = 1, . . . ,m,

eλ(t−si)gi(si, y0(si)) +

∫ t

si

eλ(t−s)f(s, y0(s)) ds,

t ∈ (si, ti+1], i = 1, . . . ,m,

and

(3.3) |y(t)− y0(t)|β ≤
eβλT (1 + cβϕ)(ϕβ(t) + ψβ)

1− ρ
, t ∈ J,

provided that

(3.4) ρλ := eβλT max
{
Lβgi + Lβf c

β
ϕ

∣∣∣ i = 1, . . . ,m
}
< 1.

Proof. Just like the proof in Theorem 2.3, we define an operator Λλ : X →
X by

(3.5) (Λλx)(t) =



eλtx(0) +

∫ t

0

eλ(t−s)f(s, x(s)) ds, t ∈ [0, t1],

gi(t, x(t)), t ∈ (ti, si], i = 1, . . . ,m,

eλ(t−si)gi(si, x(si)) +

∫ t

si

eλ(t−s)f(s, x(s)) ds,

t ∈ (si, ti+1], i = 1, . . . ,m.

for all x ∈ X and t ∈ [0, T ].
Clearly, Λλ is a well defined operator according to (H1). We only need to

verify that Λλ is strictly contractive on X. In fact, it follows from the definition
of Λλ in (3.5), (H2), (H3), and (2.8), we obtain that
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Case 1. For t ∈ [0, t1],

|(Λλg)(t)− (Λλh)(t)|β ≤ eβλTLβf c
β
ϕC1ϕ

β(t).

Case 2. For t ∈ (ti, si],

|(Λλg)(t)− (Λλh)(t)|β = |gi(t, g(t))− gi(t, h(t))|β ≤ LβgiC2ψ
β .

Case 3. For t ∈ (si, ti+1],

|(Λλg)(t) − (Λλh)(t)|β

≤ eβλTLβgi |g(si)− h(si)|β + eβλTLβf

[ ∫ t

si

|g(s)− h(s)| ds
]β

≤ eβλTLβgiC2ψ
β + eβλTLβf

[
C

1/β
1

∫ t

0

ϕ(s) ds

]β
≤ eβλTLβgiC2ψ

β + eβλTLβfC1c
β
ϕϕ

β(t)

≤ eβλT (Lβgi + Lβf c
β
ϕ)(C1 + C2)(ϕβ(t) + ψβ).

From above, we have d(Λλg,Λλh) ≤ ρλd(g, h), for any g, h ∈ X, and since the
condition (3.4), the strictly continuous property is shown.

Let us take g0 ∈ X. Proceeding the same procedure in Theorem 2.3,
d(Λλg0, g0) < ∞. By using Banach fixed point theorem, there exists a con-
tinuous function y0 : J → R such that Λnλg0 → y0 in (X, d) as n → ∞ and
Λλy0 = y0, that is, y0 satisfies equation (3.2) for every t ∈ J , which is the unique
continuous function.

On the other hand, from (1.7) and (H4) it follows that

d(y,Λλy) ≤ eβλT (1 + cβϕ).

Finally,

d(y, y0) ≤
eβλT (1 + cβϕ)

1− ρλ
,

which means that (3.3) is true for t ∈ J . The proof is done. �

4. Example

In this section, we present two examples, which indicate how our theorems
can be applied to concrete problems.

Example 4.1. Consider

(4.1)


x′(t) =

|x(t)|
8 + et

, t ∈ (0, 1],

x(t) =
|x(1+)|

(3 + et−1)(1 + |x(1+)|)
, t ∈ (1, 2],
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and 
∣∣∣∣y′(t)− |y(t)|

8 + et

∣∣∣∣ ≤ et, t ∈ [0, 1],∣∣∣∣y(t)− |y(1+)|
(3 + et−1)(1 + |y(1+)|)

∣∣∣∣ ≤ 1, t ∈ (1, 2].

We put β = 1/2, J = [0, 2] and 0 = t0 = s0 < t1 = 1 < s1 = 2. Denote

f(t, x(t)),=
|x(t)|
8 + et

with Lf =
1

9
for t ∈ [0, 1],

g1(t, x(t)) =
|x(1+)|

(3 + et−1)(1 + |x(1+)|)
with Lg1 =

1

4
for t ∈ (1, 2].

We put ϕ(t) = et and ψ = 1. Then we choose cϕ = 1 satisfying the condition∫ t
0
es ds ≤ et. Moreover, Lβg1 + Lβf cϕ = 5/6 < 1.
Now all the assumptions of Theorem 2.3 are satisfied. Thus, (4.1) has

a unique solution y0 : [0, 2]→ R such that |y(t)− y0(t)|1/2 ≤ 12(et/2 + 1), for all
t ∈ [0, 2].

Example 4.2. Consider
x′(t) = x(t) +

|x(t)|
35 + et

, t ∈ (0, 1],

x(t) =
|x(t)|

(24 + et−1)(1 + |x(t)|)
, t ∈ (1, 2],

and 
∣∣∣∣y′(t)− y(t)− |y(t)|

35 + et

∣∣∣∣ ≤ et, t ∈ [0, 1],∣∣∣∣y(t)− |y(t)|
(24 + et−1)(1 + |y(t)|)

∣∣∣∣ ≤ 1, t ∈ (1, 2].

Let λ = 1, β = 1/2, T = 2, J = [0, 2] and 0 = t0 = s0 < t1 = 1 < s1 = 2. Denote

f(t, x(t)) =
|x(t)|

35 + et
with Lf =

1

36
for t ∈ [0, 1],

g1(t, x(t)) =
|x(t)|

(24 + et−1)(1 + |x(t)|)
with Lg1 =

1

25
for t ∈ (1, 2].

We put ϕ(t) = et and ψ = 1. Set cϕ = 1, we have
∫ t
0
es ds ≤ et. Obviously,

eβλT (Lβg1 + Lβf cϕ) =
11

30
× e ≈ 0.9968 < 1.

By Theorem 3.1, there exists a unique solution y0 : [0, 2]→ R such that

y0(t) =


etx(0) +

∫ t

0

et−s
|y0(s)|
35 + es

ds, t ∈ [0, 1],

|y0(t)|
(24 + et−1)(1 + |y0(t)|)

, t ∈ (1, 2],
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and

|y(t)− y0(t)|1/2 ≤ 60e

30− 11e
(et/2 + 1) for all t ∈ [0, 2].
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