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THE BLOW-UP AND GLOBAL EXISTENCE
OF SOLUTIONS OF CAUCHY PROBLEMS
FOR A TIME FRACTIONAL DIFFUSION EQUATION

QUAN-GUO ZHANG — HoNG-RuUI SuN

ABSTRACT. In this paper, we investigate the blow-up and global existence
of solutions to the following time fractional nonlinear diffusion equations
ng‘u —Au=|uP~lu, xRN, t>0,
u(0, z) = uo(x), x € RN,
where 0 < o < 1, p > 1, ug € Co(RY) and OCD?u =
(8/0t) oI}~ (u(t, 2) — uo(x)), oI ~* denotes left Riemann-Liouville frac-
tional integrals of order 1 —a. We prove that if 1 < p < 14+2/N, then every
nontrivial nonnegative solution blow-up in finite time, and if p > 14 2/N

and |luol|qc (RNY)s e = N(p — 1)/2 is sufficiently small, then the problem
has global solution.

1. Introduction

This paper is concerned with the blow-up and global existence of solutions
to the following Cauchy problems for time fractional diffusion equation

(1.1) ODfu— Au = [ufP~tu, e RN, >0,
(1.2) u(0,z) =up(z), z€RY,
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where 0 < a < 1, p > 1, ug € Co(RY) = {u c O(RN) | lim wu(x) = 0} and

|z|—00
§Dgu = (0)0t) It~ (u(t,x) — uo(x)), oI} ~* denotes left Riemann-Liouville
fractional integrals of order 1 — o and is defined by

1

ol T = Ti—a) A (t —s)"“u(s) ds.

When a = 1, the problem (1.1)—(1.2) reduces to the semilinear heat equation
(1.3) up — Au=|uPlu, zeRN t>0

with (1.2). In his pioneering article [9], Fujita showed that if 1 < p < 14 2/N
and up # 0, then every solution of (1.3)—(1.2) blows up in a finite time. If
p > 14 2/N, then for initial values bounded by a sufficiently small Gaussian,
that is for 7 > 0, there is € = £(7) > 0 such that if 0 < ug(z) < eG,(z), then the
solution of (1.3)—(1.2) is global. The critical case p = 1+2/N was later proved to
be in the blow-up category [10], [13] (see also [27], [1]). In [27], Weissler proved
that if the initial value ug is small enough in L% (RY), ¢. = N(p—1)/2 > 1,
then the solution of (1.3)—(1.2) exists globally.
In [12], Kirane, Laskyi and Tatar studied the following evolution problem

(1.4) S DU + (=N 2u = h(x, t)|u|"+P, zeRY, t>0,

with (1.2), where 0 < a < 1,0 < 8 < 2, §Dfu = (9/0t)oI}~“(u(t, x) — uop(x)),
p > 0, h satisfies h(z,t) > Chlz|°t? for z € RN, t > 0, C, > 0, and o,
p satisfy some conditions. (—A)%2u = F71(|¢|°.F (u)), where .Z denotes
Fourier transform and .#~! denotes its inverse. They obtained that if 0 <
p < (a(B+0)+ Bp)/(aN + B(1 — «)), then the problem (1.4)—(1.2) admits no
global weak nonnegative solution other than the trivial one.

In [4], Cazenave, Dickstein and Weissler considered the following heat equa-
tion with nonlinear memory,

¢
(1.5) uthu:/ (t —s) VulPtuds, xz€RY t>0
0

with (1.2), where p > 1, 0 < v < 1 and uy € Co(RY).

Let p, =14+22—-7v)/(N—-24+27)4, (N —2+27y); =max{0, N -2+ 2y}
and p, = max{1/v,p,} € (0,00]. They obtained that if p < p., ug >0, ug # 0,
then the solution u of (1.5)—(1.2) blows up in finite time and if p > p, and
up € LI(RN), gy = N(p—1)/(4 —2y) with [[uo||pec vy sufficiently small,
then the solution exists globally.

In [8], Fino and Kirane discussed the following equation

t
(1.6) up + (=) 2y = / (t—s) ulftuds, RN, t>0
0
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with (1.2), 0 < 8 < 2, they got the blow-up and global existence results by
using the test function method. The method based on rescalings of a compactly
support test function to prove the blow-up results which is used by Mitidieri and
Pohozaev [19] to show the blow-up results.

Fractional Cauchy problems are useful to model anomalous diffusion, de-
scribe Hamiltonian chaos, etc. see [21], [25], [28], [18] and references therein. We
refer to several works on the mathematical treatments for time fractional diffu-
sion equation. Eidelman and Kochubei [7] studied an evolution equation with
time fractional and a uniformly elliptic operator with variable coeflicients in the
spatial variables, where the fundamental solution was constructed and investi-
gated. In [14], Kochubei considered the Cauchy problem for a linear evolution
systems of partial differential equations with the fractional derivative in the time
variable and constructed and investigated the Green matrix of the Cauchy prob-
lem. In [24], [17], the existence and properties of solutions for a time fractional
equation in a bounded domain were considered by applying eigenfunction ex-
pansions. Recently, there are many papers about the existence and properties of
solutions for the fractional abstract Cauchy problem, see for example [26], [15],
[29], [20] and the references therein.

Motivated by the above results, in this paper, we study the problem (1.1)—
(1.2). Fujita exponent is determined. We will show that

(i) For ug € Co(RN), ug > 0, and ug # 0, if 1 < p < 1+ 2/N, then the
solution of (1.1)—(1.2) blows up in finite time.

(ii) For ug € Co(RY)N L% (RY), where . = N(p —1)/2,if p > 1+2/N and
luo||Lac is sufficiently small, then (1.1)-(1.2) has a global solution.

Compare with the classical results of heat equation (1.3)—(1.2), the major
difference between the time fractional equation (1.1)—(1.2) and the heat equation
(1.3)—(1.2) is that in critical case, that is p = 14+2/N, the solution of (1.1)—(1.2)
could exist globally.

In [4], the authors inferred that for (1.6)—(1.2), the Fujita critical exponent is
not the one which would be predicted from the scaling properties of the equation,
which is different from the heat equation (1.3)—(1.2). But for (1.1), despite it
is also nonlocal about ¢, we can also obtain the Fujita critical exponent by the
scaling properties of the equation (1.1). In fact, if u(¢,x) is a solution of (1.1)
with the initial value ug(x), then, for every X > 0, A2¢/(P=Dy (A2t \°2) is also
a solution of (1.1) with initial value A\2*/(P=Dyg(\*z). Since

(1.7) A2 =D (A )| pa gy = A2/ @D Ny | o),

it follows that the invariant Lebesgue norm for (1.7) is given by ¢. = N(p — 1)/2.
If . > 1, then p > 1+2/N. Therefore, one predicts 1+ 2/N is the Fujita critical
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exponent. Our main results show 1+ 2/N is the Fujita critical exponent for the
problem (1.1)—(1.2).

This paper is organized as follows. In Section 2, some preliminaries are
presented. In Section 3, the local existence and uniqueness of mild solution of
the problem (1.1)—(1.2) are established. In Section 4, we show that the blow-up
and global existence of the solutions to the problem (1.1)—(1.2).

2. Preliminaries

In this section, we present some preliminaries that will be used in the next
sections.

First, we list some properties of two special functions. The Mittag—Leffler
function is defined for complex z € C in [11], [23]

oo k
z
Eop(2) = —, o,fe€C, Re(a) >0
D=3 gy @9 EC Rel@)
and its Riemann—Liouville fractional integral satisfies

OItlfa(ta—lEa’a()\ta)) = EaJ()\ta) for \ € (C, O<a<l.

We also need the following Wright type function which was considered by
Mainardi [16] (see also [23])

S (=2)*

(2.1) $al2) = — ETD(—ak +1—a)
1 < (—2)*T(a(k + 1)) sin(n(k + 1)a)
L ;0 k!

for 0 < a < 1. ¢, is an entire function and has the following properties.

o0

(a) ¢a(f) >0 for § > 0 and b (0)d = 1.
0

(b) /OOO e (0)07 dO = m for > —1.

(c) /000 ba(0)e " df = Eo1(—2), 2z € C.

(d) 04/0Oo 0¢o(0)e % df = E, o(—2), 2 € C.

If§Dgf € LY0,T), g € C*([0,T]) and g(T) = 0, then we have the following
formula of integration by parts

T T
(2.2) /0 g §Dgfdt = /0 (f(t) — £(0)) EDggat,
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Cpa, d 7l—«
where ' Dyg = — 5,17 g,

1 T e
m/t (s —t)"“g(s) ds.

We need know the Caputo fractional derivative of the following function,

tl%iag =

which will be used in the next sections. For given T' > 0 and n > 0, if we let

(1—t/T), t<T,

p(t) =
0, t>T,

then

(n+1) . t\"
C Nna _ -\t « v <
+ DTo(t) F(n+lfoz)T (1 T) , t<T,

(see for example [11]).
We denote A = A and it generates a semigroup {T(¢)}s>0 on Co(RY) with
domain

D(A) = {’LL € C()(RN) | Au € C()(RN)}.

Then T'(t) is an analytic and contractive semigroup on Co(RY) [3], [22] and, for
t>0,zeRY,

1 2
B B _ b P
(2.3)  T(t)up = . G(t,x — y)uo(y) dy, G(t,x) = (47rt)N/2e ;

and T'(t) is a contractive semigroup on LI(R™Y) for ¢ > 1 [5], and
(2.4) T (t)uol| oy < (4art) = N/2A/G=LP) 0| g vy

for ug € LY(RYN), ¢ < p < +o0.
Define the operators P, (t) and S,(t) as

(oo}

(2.5) Pauo = | 6a(®)T(t*0)udd,  t>0,

(2.6) Sa(t)up = 00 ()T (t*0)up db, t > 0.
Consider the following linear time fractional equation

§Dfu — Au = f(t,z), »€RN, t>0,

2.7
@7 (0, 2) = up(x), z € RV,

where ug € Co(RY) and f € L1((0,T),Co(RY)). If u is a solution of (2.7), then
by [2] (see also [26]), we get

u(t, z) zPa(t)uo+/0 (t— )5 LS, (t — 5) f(s, 2) ds,

where P, (t) and S,(t) are given by (2.5) and (2.6), respectively.
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We denote
K(t,x) = / b (0)G(t0,2)df, 2 € RN\ {0}, t > 0.
0

Note that for given ¢t > 0 and = € RY \ {0}, G(t*0,2) — 0 as § — 0, so K is
well defined. Since [} ¢q(0)df =1, [x G(t,x)dz =1, we know that

Kt )Lrmyy =1 fort>0.

LEMMA 2.1. The operator {Po(t)}+>0 has the following properties

(a) Ifug >0, ug Z 0, then Py(t)ug > 0 and || Po(t)uoll L1 myy = lluoll o1 @yy-
(b) If1<p<qg<+4o0candl/r=1/p—1/q<2/N, then

ory T(1 = N/(2r))

(28)  IPa(Ouollaqen) < (dnt) N0 S TEE S

Hu0||LP(RN)~

PROOF. (a) follows from T'(t)ug > 0, ¢ > 0 and ||K(t, - )| 1y = 1.

For (b), by (2.4) and the properties of ¢, we have

—+00 —+o00
/ Da(0)T(t*0)ugdf < / 6 () (4mt0) ™™ ) |lug || Lo (v dB
0 0

La(RN)

oo
= (4mt) =N/ @) / $a(0)0~N 7 db||uo|| Lo )
0

_ (g2 L= N/(@2r))
_(47Tt ) N/( )m”uOHLT)(RN).

Hence, we derive (2.8) holds. O

LEMMA 2.2. For the operator {S,(t)}t>0, we have the following results.
(a) Ifup >0 and ug #0, then

1
Sa(t)’LLQ >0 and ||Sa(t)U0||L1(]RN) = @HUOHLI(RN)'
(b) For1<p<g<+4oo,letl/r=1/p—1/q, if 1/r < 4/N, then
(2 - N/(2r))

a\—N/(2r
(2.9)  |ISa(t)uollpa@ny < a(dmt?) /( )F(l Fa—aN/(2n) [[woll L ).

PROOF. The proof is similar to that of Lemma 2.1, so we omit it. O
LEMMA 2.3. For ug € Co(RY), we have P, (t)ug € D(A) fort >0, and
§ DY Py (t)ug = APy (t)uo, t>0,
IAPu (ol ey < sallvollimen), >0

for some constant C > 0.
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PROOF. Let X = Cy(RY). First, we prove if ug € X, then P, (t)ug € D(A).
In fact, for ug € X,

Pug = / G0 (0)T (100 A — /0 (6u(0) — b (0))T () dB

1 9]
+¢a(0)/0 T(tag)’UJO d9+/1 gf)a(@)T(to‘H)uo de.

Clearly, fo (t*0)ug df € D(A). Note that there exists positive constant C' such
that

[[uol|x

JAT(E8)uollx < CH50 X,

t>0, 6>0,

we get that
/ Do (DT (t*0)ug df € D(A).

Next, we show that

1
/0 (6a(0) — 6o (0))T(t°0)ug d6 € D(A).
In fact, for every h > 0,

700 [ 0.0 - 6,017 000 ~ [ (60(6) = 6a(O) T 00 0

1 1
=1 /0 (6 (0) — o (0)(T(t%0 4 h) — T(t*6))ug db.

Since
H (T(t*0 + h) — T(t*0))ug
h

$a(t) — 6a(0) ‘

<
0 ¢

= gl

for some constant C' > 0 independent of # and h, so, by dominated convergence
theorem, we know

1
/0 (60(8) — Ga(0)T(t°0)up b € D(A),

Note that
AP (g = A / (G0u(0) — b (0))T(10) g dB
+ 6a(0 A/ (%0 uod0+A/ 6o (0T (200 d
- / ($a(0) = 6 (0)) AT(t0)uq o

L 9a(O)(T()uo —uo) / " Ga(0) AT(1°6)uo 6.
te 1
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Therefore

C
(2.10) [APa(t)uollx < 52 fluollx

for some positive constant C'.
By dominated convergence theorem, we obtain that for ug € X,

%Pa(t)uo =t*"1AS, (t)ug, t>0.

Furthermore, if uy € D(A), then
%Pa(t)uo =718, (t) Aug, t>0.

Since

1 . 1 t ga—1 o]
oI 1S4 (1) Auo) = s /O T /0 060 (0)T (s°0) Aug df ds,
o 1
/ 00 (0)T(s°0) Aug df = —— [ Boa(As™)(A — A)~ Aug d),
0 21 r’

where I is a path composed from two rays pe'”, p > 1, /2 < 7 < 7 and pe "
and a curve e?, —r < B < T,

oI Tt T By (M) = Eo 1 (M%),
S0,
(2.11) oI (1S (t) Aug) = Po(t) Aug = AP, (t)ug.

Therefore, we get § D Py, (t)ug = APy (t)ug if ug € D(A), t > 0. Next, we prove
that the conclusion also holds if ug € X.

In fact, if uy € X, then we can find {up,} C D(A) such that ug, — uo
in X. By (2.11) and Lemma 2.1, we know

§ D Po(t)uon = APy (t)ug,n  and || Po(t)uo.nlx < [luonllx-
We denote u,, = P, (t)ugn. Then, there exists u € X such that for every

T > 0, u, — u uniformly in X for ¢ € [0,T] as n — oco. Since

Ti-«
)||UnHL°°((o,T),X), t 10,7,

Ilfac n <
HO t u ”X — (1 —O()F(l —a

so we know oI} ™ “u, — oI} "%u in X. By (2.10),
C
1§ Dfuy || x < t—a\|uo,n||x7 for some constant C >0, ¢ > 0.

Hence, for every ¢ > 0, there exists w € C([6,00), X) such that § Dfu, — w
uniformly in X on ¢ € [§, c0).
Note that for ¢ € [4, 00),

a d —a
th Up = %(oltl (Pa(t)uo,n — uo,n)) = Aug,
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o
w= %Oltlfa(u —wug) = § D%, te s o00).
Since A is closed, we have w = Au, that is § Dfu = Au = AP, (t)ug, t € [§,0).
By arbitrariness of 6, we have § Df‘u = AP, (t)ug, t > 0. O
LEMMA 2.4. Assume that f € L1((0,T),Co(RN)), ¢ > 1. Let
w(t) = /Ot(t — )18, (t — 5)f(s) ds,
then

t
Iy — / Pu(t — 5)f(s) ds.
0
Furthermore, if qa > 1, then w € C([0,T], Co(RY)).

PROOF. Let X = Cp(RY). By Fubini theorem and (2.11), we have

ot~ = g =97 [ s = s aras

0
*71 e —5) ¥s—7)*! s—T1)f(T)dsdr
- im0 = s s = s dsa
1 t pt—T a1
:711(17&)/0/0 (t—s—71)"%*""Sa(s)f(r)dsdr

:/ Pult — 7)f(r) dr.

0
For every h > 0 and t + h < T, we have w(t + h) — w(t) = I + I3, where

t+h %)
=« o — 7)ol —7)¢ T T.
L= /t /0 B (0)(t + h — )2 VT((t + h — 7)°6) f(7) dO d

I — a/o /0 0ba(O)[(t + h — 7)1 T((¢t + h — 7)°0)
—(t— T)O‘_IT((t —7)%0)|f(7)db dr,

By Holder inequality, we have

t+h [e%)
(212) |Lfx <a / / 060 (0)(t+h— 1) | £(r)]|x dO dr

1 t+h o1
el e

1 (¢—1)/q

t+h
< m”f“m((om),x) (/f (t+h—r)steb/la=D) dT)

(a=1)/q
1 q— 1 -
- () (qa — 1) ||f||Lq((o7T)7X)h(q /g
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Note that, for 0 < 7 < ¢,

It + 7 =) T+ h = 7)) f(r) = (¢ = 7)* T T((t = 7)*0) f(7) ]| x
<20t -1 f(D)lx
and there exists constant C' > 0 such that
It +h =)' T((¢ + h = 7)) = (¢ = 1) T((t = 7)*O)] f(7)]x
Slt+h =77 = (=) It +h =)0 f(7)]x
+ (¢ =) T+ b —7)%0) = T((t = 7)°0) f()l|x
<Ot =) Rl f(7)llx-

Therefore

it <C [ [T atou@mind ot K

= Piv) (/ot (mm { = i)lfa o i)ga })q/(q_l) dT) e

N fllzaco,1),x)-

Observe that

t 1 h q/(g—1)
i d
/ (mm{u—r)l—a’(t—fﬂ—a}) i
t 1 h q/(q—1)
= min{ ——, ——— dr
[ (e )
e’} 1 h Q/(q_l)
< min{ ——, —— dr
[ (s e))

h [eS)
:/ Tq<a—1)/<q—1>d7+/ B/ (a=1) za(a=2)/(a=1) g

0 h
_ q(q — 1) hqa—l/(q—l)’
(g =1)(g + 1 —ga)
S0,
(2.13) 2]l x < Cllfllpagoy.x) %17
Hence, (2.12)—(2.13) imply that the conclusion hold. d

REMARK 2.5. For oo = 1, the conclusion of Lemma 2.4 also holds (see Theo-
rem 3.1 of Chapter 4 in [22]).

3. Local existence

In this section, we give the local existence and uniqueness of mild solution

of the problem (1.1)—(1.2). First, we give the definition of mild solution of (1.1)—
(1.2).
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DEFINITION 3.1. Let ug€ Co(RY), T'>0. We call that u€ C([0, T], Co(RY))
is a mild solution of the problem (1.1)—(1.2) if u satisfies the following integral
equation

u(t):Pa(t)u0+/0 (t = $)°=18u(t — $)uf~Lu(s)ds, € [0,T].

For the problem (1.1)—(1.2), we have the following local existence result.

THEOREM 3.2. Given ug € Co(RY), then there exists a mazimal time Tax =
T(ug) > 0 such that the problem (1.1)—(1.2) has a unique mild solution u in
C([0,T),Co(RY)) and either Tax = +00 or Trax < 400 and ||[ul| fe ((0,1),00RN))
— 400 as t = Tmax- If, in addition, ug > 0, ug Z 0, then u(t) > 0 and
u(t) > Py(t)ug fort € (0, Tmax). Moreover, if ug € L™ (RY) for some r € [1,00),
then u € C([0, Tiax), L" (RY)).

PROOF. For given T > 0 and ug € Co(RY), let
Er={u|ue C([O,T},CO(RN)), HUHLOO((O,T),Loo(RN)) < 2”“0”L°°(RN)};

d(u,v) = trerﬁ)%] lu(t) — v(t)||poe@ry for u,v € Er.

Since C([0,T],Co(RY)) is a Banach space, (Er,d) is a complete metric space.
We define the operator G on Er as

G(u)(t) = Pa(t)up + /0 (t—8)* 1S (t — s)|u(s)[P"tu(s)ds, wu€ Er,

then G(u) € C([0,T],Co(RY)) in view of Lemma 2.4. If u € Ez, then by
Lemma 2.1(b) and Lemma 2.2(b), for ¢ € [0, T,

1 t o
”G(u)(t)”LOO(RN)S||u0||Lw(RN)+w/O(t5) ()17 oo gy ds

prya

< 2T P
< luol[Loo mvy + m||“o||Loo(RN)~

Hence, we can choose 7' small enough such that
2rTe
p—1
al' () ||uo||L°°(RN) <1
so we get [|G(u)| Lo ((0,1),L00rN)) < 2[[uol| Lo ). Furthermore, for u,v € Er,
we have for ¢ € [0, 7]
1G(u)(t) = G(0) (Bl L =)

< ﬁ/o (t = )" Hllu(s) P~ u(s) = [o(s) P~ o(s) ]| oo vy ds

A®=Dp 7 lug |7,

RN)
<
- ol'(a) lu

- U||Loo((o,T),Loo(RN))-
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We can choose T small enough such that
pAP— UT“WMHDme)<‘}
al'(a) -2’
then [|G(u)(t) — G(v)(t)|| L@y < [lu — v Lo (0,7),comNY) /2. Therefore, G is
contractive on Ep. So, G has a fixed point u € Ep by the contraction mapping

principle.

Now, we prove the uniqueness. Let u,v € C([0,7],Co(RY)) be the mild
solutions of (1.1)—(1.2) for some T > 0, then there exists positive constant C' > 0
such that

[u(t) = v(®)llLoe @) = [|G(ult) = G(0) (@) L @)

<c / (t — )% lu(s) — v(8)l| () ds.

Hence, by Gronwall’s inequality, we know u = v.
Next, using the uniqueness of solution, we conclude that the existence of

solution on a maximal interval [0, T ax), where

Timax = sup{T > 0 | there exists a mild solution u
of (1.1)-(1.2) in C([0,T], Co(RM))}.
Assume that Th,ax < +00 and there exists M > 0 such that for ¢ € [0, Trnax),
lu()l| oo mrvy < M.
Next, we will verify that lim w(t) exists in Co(RYN). In fact, for 0 < t <

t—Tmax

T < Tiax, by the proof of Lemma 2.4, there exists constant C' > 0 such that

Jut) — ()l ) < 1Pt — Pl e
w9 tsate = it

— (7= 8)* 718 (1 — ) |u(s) [P u(s) ds

Lo (RN)

H/ = 8)" 71 Sa(r = 8)|u(s)[P u(s) ds

Loo(RN)

< Pt — Pa(r Yot e oy + /T< et
S a Uo () L (RN) F(a) ; T S S

+CM? /t min{(t — )*71, (t — 5)* (1 — t)} ds

0
MP o » 1
ozF(oz)(T_t) oM a(l —a)

Since P, (t)ug is uniformly continuous in [0, Thax], so  lim  wu(t) exists.
t—Thax

< Pa(t)uo — Pa(7)uol| oo myy +
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We denote up, .. = lim wu(t) and define u(Thax) = ur,,,, -
t%Tt;ax

C([0, Trnax), Co(RY)) and then, by Lemma 2.4,

Hence, u €

¢
/ (t — )18, (t — 8)|u(s)|P" u(s) ds € C([0, Tmax), Co(RN)).
0
For h > 0,6 > 0, let

Eh,5 = {’LL S C([TmaxaTmax + h]7 CO(]RN)) | U(Trnax) = ur, d(U,UT

max

) <6},

ax?

where d(u,v) = el max [u(t) — v(t)|| oo rvy for u,v € By 5.

Via C([Tmax; Tmax + h],Co(RY)) is a Banach space, we know (E} s,d) is
a complete metric space.
We define the operator G on E}, 5 as

G(0)(t) = Pa(t)up + / "= ) St — ) ufP () dr

t
+ / (t —7)* 1S (t — TP u(r) dr, v € Epys.
Tmax

Cleaﬂy7 G(U) S C([TmaX7 Tmax + h]a CO(RN)) and G(v)(TmaX) = UTax
Ifve Eys, then for t € [Tmax, Thax + h]a

1G(©)(1) = Uy [l Lo @)
< [[Pa(t)uo = Po(Tmax)uoll o wny + sl oo @) + [ Lall oo vy,

where

Tmax
I = / (t— 7)1 St — P)u(r) u(r)
— (Trnax — T)‘X_lSa(TmaX — T)l’LL(T)|p_1’LL(T) dr,

I, = / (t—’T)a_lsa(t—T)|U|p_1’l)(7') dr.

max

Taking h small enough such that

HPa(t)UO - Pa(Tmax)UOHLOO(]RN) < fort e [Tmavamax + h],

)

Wl o Wl

3] Los (rv) <
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/ (t = 7% S0 (Tomax — ) (J0P~0(7)

Tmax

|uumeN>s\

— ug [P U, ) dT

max

Loo(RN)

t
+H/‘ (t = 7" ST — uz, [P Mur,,.. dr
T,

max

Lo (RN)

t 1 t
< _ -1 P - _ \a—1
_C(S/T ( (t T) dT+ ||uTmax||Loo(]RN) F(a) /Tmax(t T) dr

C(S ||uTmax ||zzOo (RN)
=—(t— Tmax @ B N
a ( ) INa+1)
for t € [Tmax, Tmax + h]. Then, we have ||G(v)(t) — ur,,.
[Tmaxa Tmax + h} .
Next, we will prove that G is contractive on E}, s for h small enough. In fact,
for w,v € Ep s, t € [Tmax, ITmax + 1,

[w(t) —v(®)[| ooy

< /Tm (t =) [ Salt = 7)(Jw|P~ w(r) = [vP (7)) || oo vy dT

(t - Tmax)a S

Wl >

||L<>c(]RN) <4, te€e

S w = 0l oo (T, T+, L2 &Y )) W] Lo (T, Trna +1), L (RY))
t

— P ae
+ ||U||LQQ((Tmax7Tmax+h),L°°(]RN)))p 1@ / (t - T) 1 dr

TITA’;‘,X
pflp )
< a0 Ot il @)}~ (¢ = Tax)® d(w,v).
Choosing h small enough such that
2p71p 1
—_— . p—1lra < =
Ta s 00t lurloe@x)’ ™ h% < 5

Then, G is contractive on Ej, 5. So, we know G has a fixed point v € E}, 5. Since
U(Tmax) - G('U(Tmax)) = U(Tmax), lf we let

u(t)a te [Ovaax)a

U(t)a te [Tmaxa Tmax + h];

then @ € C([0, Timax + 1], Co(RY)) and
u(t) = Po(t)uo + / (t — 1) 1S, (t — 7)|a|P~ au(r) dr.
0

Therefore, u(t) is a mild solution of (1.1)—(1.2), which contradicts with the defi-
nition of T ax.

If ug € L"(RY) for some 1 < r < oo, then repeating the above argument,
we get the conclusion. Moreover, if ug > 0, then we can obtain the nonnegative
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solution of (1.1) applying the above argument in the set Bt = {u € Ep | u > 0}.
Then, we know u(t) > Py (t)ug > 0 on t € (0, Tryax)- O

4. Blow-up and global existence

In this section, we prove the blow-up results and global existence of solutions
of (1.1)—(1.2). First, we give the definition of weak solution of (1.1)—(1.2).

DEFINITION 4.1. We call u € LP((0,T), LS, (RY)), for ug € L

loc (RN) and
T > 0, is a weak solution of (1.1) if

loc

T
/RN/O (JulP~ Yup +ug ¢ + D) dtdx

T
// YN dtdx+/ / u & DS dt dx
RN 0

for every ¢ € Ci:;}(RN x [0,77]) with suppp CcC RY and ¢(-,T) = 0.

LEMMA 4.2. Assume ug € Co(RY), let u € C([0,T],Co(RN)) be a mild
solution of (1.1)—(1.2), then u is also a weak solution of (1.1)—(1.2).

PROOF. Assuming that u € C([0,T], Co(RY)) is a mild solution of (1.1)-
(1.2), we have

u—ug = Py (t)ug — ug + /Ot(t —7)71S (t — 7)|ulP tudr.
Note that by Lemma 2.4,
ol e < /Ot(t — 1) S (¢ — 1) |ulP tu(T) d7'> = /Ot P, (t — 8)|ulP u(s) ds,
so, we know
oI ) = 11 (Pa(thuo — o) + [ Palt = )~ )

Then, for every ¢ € Ci% (RN x [0,T]) with suppp CcC RY and ¢(x,T) = 0, we
get

(4.1) /RN oI (u — ug)p da = Is(t) + Ts(b),

where

t
L) = / oI (P (D)o — o) dar,  To(t) = / / Pt —8)|ulP~tuds p dz.
]RN RN 0

By Lemma 2.3,

dl.
@2 = [ APuedss [ ol Paltiue — w)pcda.
RN RN
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For every h > 0,t € [0,T) and t + h < T, we have

1 t+h

E(I(}(t +h)—Is(t)) = 7 / / Po(t 4 h — s)|ulP" udsp(t + h, x) dx
0 RN

1 t
- 7/ / Po(t = s)|u[P~ udsp(t, x) de = Ir + Ig + Iy,
h 0 RN

where

t+h poo
[ [ a0 h ol s dbds e+ )
=t [ [ o @en—s o -1 9 o uts) s pit. ) s,
_%/RN/O /Ooo¢a(0)T((t+h—s)o‘9)|u|p1u(s) d8 ds(p(t+h, ) — (1, z)) d.

By dominated convergence theorem, we conclude that

I7 %/ |ulPtupdr  as h — 0,
RN

t oo
— [e4 p—1
I _>/RN/O /0 Do (0)T((t — 8)0)|ulP~ u(s) df ds p; dx
t
:/ /Pa(t75)|u|p71u(s)ds¢td:c as h — 0.
RN JO

[ [ /a%lt+m_g

A(T((t +7h — 5)%0))|ulP " u(s) dr df dsg dx

AN///M%tﬂmg

T((t+7h — 5)*0)|ulP~ u(s) dr df ds p dx

/]RN// /oz@gba (t+7h—2s8)*"

T((t+7h — 5)“0)|u[P~ u(s) dr df ds Ay dx,

Since

by dominated convergence theorem, we know

¢
I — / / (t — )7 S, (t — s)|u|P" u(s) ds Apdx  as h — 0.
RN

Hence, the right derivative of Is on [0,T) is

t
/ [ulP~ up dz + / / (t —8)* 1Sy (t — s)|ulP~tu(s) ds Ap dx
RN RN Jo

t
+ / / Po(t — s)|ulP~ u(s) ds p; dz
RN Jo
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and it is continuous in [0,7). Therefore,

¢
(4.3) dls :/ [ulP~ ugp da —l—/ / (t — )18, (t — 8)|ulP~ u(s) ds Ap dx
dt RN RN JO

+/ /tPa(t—s)|up_1u(s)ds<ptdx

:/ |ulP~ 1u<pdw—|—/ / )48 (t — 8)|uP " u(s) ds Ap dx
RN

w [ (o 1sa(t_s)u|p—1u(s>ds)¢tdx,

for t € [0,T). It follows from (4.1)—(4.3) that

T T
d B dls  dl,
= = I (u— dedt= | =2+ —"dt
0 / dt /]RNO e C(u—uo)pdz /0 at ' dt
/ / (Hyug Ay dx dt
RN
/ / DTgpdmdtJr/ / |u|P~ Lugp da dt
RN
+/ / /(t—s)O‘_ISa(t—s)|u|p_1udsA<pdxdt
o Jry Jo
T T T
:/ / uA(pdzdt—/ / (u—uo)tCD%gadxdth/ / |u|P~ up dx dt.
0 JRN 0 JRN 0o JRN

Hence, we get the conclusion. O

We say the solution u of the problem (1.1)—(1.2) blows up in a finite time T
if Tim flu(t, - ) oo vy = +-o0.

Now, we give a blow-up result of the problem (1.1)—(1.2).

THEOREM 4.3. Let ug € Co(RY) and ug > 0, if

/ uo(z)x(z)dz > 1,
RN

where
-1
([ VI ) e
RN ,
then the mild solutions of (1.1)—(1.2) blow up in a finite time.
PRrOOF. We take ¢ € C§°(R) such that

Lz <1,

YE=N0 e,



86 Q.G. ZuaNnG — H.R. Sun

and 0 < ¢(x) < 1, z € R. Let ¢,(z) = ¢(x/n), n = 1,2,... By Lemma 4.2,
a mild solution of (1.1)-(1.2) is also a weak solution of it. So, using the def-
inition of weak solution of (1.1)—(1.2), taking ¢, (x,t) = x(z)n(x)e1(t) for
1 € CH([0,T]) with ¢1(T) =0 and o1 > 0, we have

T T
(4.4) / / uPo,, dz dt + / / uoS DS, da dt
RN Jo RN Jo

T
:/ / (—ulp, +uf D$p,,) dz dt.
RN Jo

Since A(x¥n) = (Ax)Un + 2Vx - Vb, + (At,)x and Ax > —x, by (4.4) and
the dominated convergence theorem, let n — oo, we have

T T
(4.5) / / uPxp1 dx dt + / / uoxS Doy da dt
RN Jo RN Jo

T
g/ / (uxp1 + ux® DSr) da dt.
RN Jo

Hence, by Jensen’s inequality and (4.5), we have

T 4 T
/ (/ wy d:z:> p1dt + / / uoxth%gol dx dt
0 RN RV Jo

T
S/ /(ux<p1+uxtCD%e01)d:cdt.
RN Jo

So, if we denote f(t) = [pn ux dx, then

T T
(4.6) / (f? — Pgndt < / (f — F(0))C Dy d.

We take 1 =, %J(t) where ) € C}((0,7)) and ¢ > 0, then (4.6) implies
T _ T B T B

| otetr - niae= [ - puagiwaes [ - ropian

0 0 0

Hence,

(4.7) ol (f” = f) + £(0) < f.

In view of f(0) = [z~ uo(z)x(x)dz > 1 and the continuity of f, we obtain
f(t) > 1 when t is small enough. Then (4.7) implies f(t) > f(0) > 1 for
t € [0,T]. Taking ¢1(t) = (1 —t/T)™, t € [0,T] m > max{1l,pa/(p — 1)}, we
know there exists constant C' > 0 such that

T T
/ (f? = flprdt + CFO)T' ™ < s/ fPoy dt 4 C(e)Tt P/ (P=1)
0 0

Choosing ¢ small enough such that f(0) > (1 —¢)~"/®=1 we then have f(0) <
CT*~P/(P=1) for some constant C' > 0. If the solution of (1.1)-(1.2) exists
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globally, we get f(0) = 0 by taking T' — oo, which contradicts with f(0) > 1.
Hence, Theorem 3.2 guarantees that u blows up in a finite time. O

Next, we give the main result of this paper.

THEOREM 4.4. Let ug € Co(RY) and ug > 0, ug # 0, then
(a) If 1 < p < 14 2/N, then the mild solution of (1.1)-(1.2) blows up in

a finite time.
(b) Ifp>142/N and |[uol| pac ) is sufficiently small, where q.=N(p—1)/2,
then the solutions of (1.1)—(1.2) exist globally.

PRrROOF. (a) Let ® € C§°(R) such that ®(s) = 1 for |s| < 1, ®(s) = 0 for
|s| > 2 and 0 < ®(s) < 1. For T' > 0, we define

t m
pr(z) = (BT~ |z))*/ =D, p(t) = (1 - ) L= max{lv pa}’
T p—1
for t € [0,T]. Assuming that u is a mild solution of (1.1), then, by Lemma 4.2,

we have

T
(4.8) /N/ (uPpr1p2 + uopry D3p2) dt dz
R 0

T
:/ / (u(—L¢1) 2 + upr{ Do) dt dx
RN JO
Note that
(4.9) (= 2p1)@2 + 1€ Dipa| < OT %y Pipy/"

for some positive constant C' independent of T'. Then, by (4.8), (4.9) and Hélder
inequality, we have

T T
/ / (uPp12 + uogalth%goQ) dtdx < CT_O‘/ / ugoi/pcpé/p dt dx
RN Jo RN Jo

T 1/p
< CT—a+(1+OéN/2)(P_1)/p (/ / upSOISD2 dt daﬁ) .
RN JO

Hence
Tlfa/ UpP1 d.’L’ S OT1+D¢N/27PC“/(Z771).
]RN

It follows from p < 14 2/N that (N/2 4+ 1)a — pa/(p — 1) < 0. Therefore, if
solution of (1.1)—(1.2) exists globally, then taking 7' — oo, we obtain

/ ugp1 dr =0
RN

and then ug = 0. Hence, by Theorem 4.3, we know u blows up in a finite time.
(b) We construct the global solution of (1.1)-(1.2) by the contraction map-
ping principle.
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Since p > 14 2/N > 14 2a/(aN + 2 — 2a), we know
aN(p-1)
2(pa—p+ 1)+

where (pa — p+ 1)1 = max{0,pa —p + 1}.
In view of p > 1+ 2/N > (4 — N + /N2 +16) /4, we have
N(p-1)
2p(2 —p)+
Hence, by (4.10), (4.11) and (p — 1)N/(2p) < (aN(p —1))/2(pax —p + 1)1 ), we
can choose ¢ > p > 1+ 2/N such that
o 1  aN o
<

4.12 — <=
(4.12) p—1 p 2¢ p-1

(4.10) > 1,

(4.11) > 1.

and
« aN
Let
N/1 1 N
(4.14) 5:‘3‘(_):@_@,
2 \¢. ¢ p—1 2q
Using (4.12) and (4.14), one verifies that
N(p—1
(4.15) 0<pB<l, a= %q)—i-(p—l)ﬁ.

Assume that the initial value uq satisfies

(4.16) sugtﬁHPa(t)uOHLq(Rw) =17 < +o0.
t>

Note that (4.13) implies 1/g. — 1/q < 2/N. If ug € L% (RY), (2.8) im-
plies (4.16) holds. If ug(z) < C|z|~2/®=Y for some constant C > 0, then
||T(t)u0||Lq(RN) < CtN/29)-1/(p=1), Hence,

| Pa(t)uo]| pa(ry < Ot N/ (2a)=1/(p—1)) /Oo ha(0)9N/ D=1/ (p=1) gg.
0
Since N/(2q) —1/(p—1) > —1,
/m 60 (0)0N/CD-1/-D) g < o0,
0

Therefore, we also obtain that (4.16) is satisfied in this case.
Let Y = {u € L*°((0,00), LY(RY)) | |[ully < oo}, where

ully = sup 7 [[u()| pagen)-
>0
For v € Y, we define

B(u)(t) = Pa(t)uo + /0 (t = )18, (t — 8)|ulP~Lu(s)ds.
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Denote By = {u € Y | |lu|ly < M}. For any u,v € By, t >0,
(4.17) 7(|@(u)(t) — D(0) (1) pager)
<t’ /Ot(t = 8)" 7 Sat = 5)(u"(s) = 07 ()| o) ds.

Since ¢ > p > N(p—1)/4, so p/q — 1/q < 4/N. Hence, Holder inequality,
Lemma 2.2, (4.15) and (4.17) imply that there exists constant C' > 0 such that

t7)|®(u) — () L)

t
< Ctﬁ/ (t— S)a—l—aN(p/q—l/q)/2Hup — || ds
< | B

7 (RN)
t
< Ctﬁ/o (t— S)aflfaN(pfl)/@q)(Hu“]z;(lRN) + ||v||i;(1RN))Hu — 0| pa(ryy ds

t
<Pt / (t — 5)@ 1= oNE=1/(2D) =P8 gg||y, — v||y
0

— O MP~1¢B—pB—aN(p—1)/(29)+«
1
. / (1-— T)*aN(pfl)/(2Q)+aflepﬁ dr |lu—v|ly
0

1

=CMP! / (1- T)_aN(p_l)/(Q‘IHa_lT_pﬂ dr |jlu —vlly
0

(p—1)B)I'(1 —pp)

If we choose M small enough such that

b1 Tl DAL= p) _1
. fi-p 2

then ||®(u) — ®(v)||y < |lu —v|ly/2. Since

—cmr L

t
tﬂ”q)(u)(t)”Lq(]RN) S Ui + CMptﬂ / (t — S)—QN(p/q—l/q)/2—1+aS—pﬂ ds
0

I'((p—1)B)I'(1 - pp)

INCR) ’
we can choose 1 and M small enough such that
D((p — DAL~ pf)

NG
Therefore, by contraction mapping principle we know ® has a fixed point u €
Byr. Next, we will prove u € C([0, 00), Co(RY)).

First, we prove that for 7' > 0 small enough, u € C([0, 7], Co(RY)). In fact,

the above proof shows that u is the unique solution in

<n+CM? t €[0,400),

n+ CMP < M.

Bar = {u e 1((0,7), L®Y)) | sup ¢%u(t)]lpagey < M.
0<t<T
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By Theorem 3.2 and ug € Co(R™) N LI(RY), we know that for T' small enough,
(1.1) has a unique solution u € C([0,T], Co(RN) N LY(RY)).

Hence, we can take T small enough such that OsupT Pla(t)|| powny < M.

<t<

Then, by uniqueness, we know u = @ for t € [0, 7] and then u € C([0,T], Co(RY))
NC([0,T], LY (RN)).

Next, we show that u € C([0,T],Co(RY)) by a bootstrap argument. For
t > T, we have

u— Py (t)ug = /0 (t —5)*" 1S, (t — s)uP ds

T t
= / (t —8)* 1Sy (t — s)uP ds + / (t —5)* 1S, (t — s)uP ds
0 T

= Iig + I11.
It follows from u € C([0,T], Co(RY)) that
I € C(IT, 00), Co(RY)) N C([T, 00), LI(RY)).

For Ty > T, we know u? € L>((T,Ty), L%/?(RY)). Note that ¢ > N(p —1)/2,
we can choose r > ¢ such that N(p/q—1/r)/2 < 1. Then analogous to the proof
of Lemma 2.4, we can show that I1; € C([T,T1], L"(RY)). By the arbitrariness
of Ty, we know I1; € C([T, 00), L"(R™)) and so u € C([T, 00), L"(RN)).

We take r = qx?, x > 1 such that

N 1
(p— ,)<1, i=1,2,...,
2\q qx’

then u € C([T,00), L9 (RN)). By finite steps, we have p/(gx’) < 2/N, so
u € C([0,00), Co(RY)). O

REMARK 4.5. Theorems 4.3, 4.4 and (1.7) guarantee that L9 (RY) is the
only possible Lebesgue space where smallness of the initial value could imply
global existence.

REMARK 4.6. The Fujita exponent can also be obtained by equaling the time
decay rate Na/2 of ||pa(t)uoll L @ny (see (2.8)) and the blow-up rate a/(p — 1)
of fractional ordinary differential equation §Dfu = uP, p > 1, u = ug (see [6]
for a =1).
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