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ANALYTIC INVARIANT MANIFOLDS
FOR NONAUTONOMOUS EQUATIONS

Luis BARREIRA — CLAUDIA VALLS

ABSTRACT. We construct real analytic stable invariant manifolds for suf-
ficiently small perturbations of a linear equation v = A(t)v admitting
a nonuniform exponential dichotomy. As a byproduct of our approach we
obtain an exponential control not only of the trajectories on the invariant
manifolds, but also of all their derivatives.

1. Introduction

We establish the existence of real analytic stable invariant manifolds for the
equation

(1.1) v =A(t)v + f(t,v),

assuming that the linear equation v = A(t)v admits a nonuniform exponen-
tial dichotomy, and that the perturbation f has an appropriate extension to
the complex domain and is sufficiently small (essentially we require that it de-
cays exponentially with a speed related to the nonuniformity of the exponential
behavior).

Our work naturally belongs to the theory of nonuniformly hyperbolic dy-
namics, and in a certain sense this is the weakest possible setting in which one
can construct (analytic) stable invariant manifolds. We refer to [1] for a detailed
exposition of the theory. The classical notion of exponential dichotomy is very
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stringent for the dynamics and it is of interest to look for more general types
of hyperbolic behavior, that can be much more typical. This is precisely what
happens with the notion of nonuniform exponential dichotomy. Stable invari-
ant manifolds for nonuniformly hyperbolic trajectories were first constructed by
Pesin in [6].

In the case of a nonuniformly hyperbolic holomorphic dynamics in C", the
existence of invariant stable complex manifolds was announced by Wu in [7]
while referring to his doctoral thesis. In the case of polynomial automorphisms
of C? it was shown independently by Wu in [7] and Bedford, Lyubich and Smil-
lie in [3] (both developing the approach of Pesin in the “classical” nonuniform
hyperbolicity theory) that with respect to the unique measure p of maximal en-
tropy, the stable manifold of almost every point is conformally equivalent to the
complex plane. The measure p was introduced by Bedford, Smillie and Sibony
(see [4]) and it was shown to be the unique measure of maximal entropy in [3].
The more general case of arbitrary holomorphic diffeomorphisms of a complex
manifold was considered by Jonsson and Varolin in [5], where they showed that
for each Lyapunov regular trajectory the stable manifolds are biholomorphic to
a complex Fuclidean space.

Here we consider instead the case of a real analytic dynamics, mimicking to
the possible extent our work in [2] in the case of discrete time. To the best of our
knowledge, it exists nowhere in the literature an analytic stable manifold theorem
for nonautonomous differential equations in the nonuniformly hyperbolic setting.
One could try to establish the existence of invariant manifolds using the results
described above for holomorphic dynamics, but the fact that a given real analytic
map may have singularities arbitrarily close the real Euclidean space in which
it is defined prevents us to proceed in this manner, at least without further
hypotheses or modifications.

2. Stable manifold theorem

2.1. Setup. Let A(t) be k x k matrices varying continuously with ¢ in some
open neighbourhood of Ry .
Given s > 0 and v, € R¥, thesolution of the initial value problem

(2.1) v =A(t)v, v(s) =

is defined for all ¢ > 0, and we it in the form v(t) = T'(¢, s)vs, where T(t,s)
is the associated linear evolution operator. We say that equation (2.1) admits
a (strong) nonuniform exponential dichotomy if there exist projections P(t) vary-
ing continuously with ¢t > 0, such that

P#)T(t,s) =T(t,s)P(s) foreveryt,s >0,
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and there exist constants
a<a<0<b<b, >0 and D >0

such that for every t > s > 0 we have

(22)  [T(t)P(s)| < DI [T 5)7 P < Demslt4,
and
(23)  IT( Q) < DI T(15) 7 Q(1)]] < Deto,
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where Q(t) = Id — P(¢) is the complementary projection of P(t) for each ¢ > 0.

Then the stable and unstable subspaces at time t are defined by

E(t) = PO)®") and F(t) = Q(t) (®").

We also consider a continuous function f: Rj xR* — R¥ such that f(t, -): R¥ —
R* is analytic and f(¢,0) = 0 for each ¢t > 0. Given s > 0 and vy = (£,7) €

E(s) x F(s) we denote by

(@(t),y(t)) = (x(t; 5,vs), y(t, 5,05)) € E(t) x F(t)

the unique solution of equation (1.1) with v(s) = vg, or equivalently of the system

x(t) = T(t, S)P(S)§+/ T(t,7)P(r)f (7, x(7),y(r)) d,

y(t) = T(t,)Q(s)n + / T(t, 7)Q(r) f(r,2(7), y(r)) dr.

The semiflow generated by equation (1.1) given by

(2'4) ‘I’T(S,fﬂ?):(5+7'a33(5+Ta§a77)all(3+7afﬂ7))7 T > 0.

2.2. Lyapunov norms. Due to the nonuniform exponential behavior in

(2.2) and (2.3), we introduce appropriate Lyapunov norms with respect to which

the exponential behavior becomes uniform.
Let us fix ¢ > 0 and ¢ € (0, —a/2) such that

@a—b+2(<0 and b—b+(#0.
Given t > p and (u,v) € E(t) x F(t) we define new norms by
[Jullt = / 1T (0, 8) P(t)ulje~ @+ gg,
t

(2.5) t
Jolly = / IT(t, o)L Q(t)v]|le=EHIE=) 4o
t—o

and
[ (w, ) |1y = max{|[ull3, [[v]l;}-

By (2.2) the first integral in (2.5) is finite.
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LEMMA 2.1. There exists a constant C' > 1 such that for every t > p and
(u,v) € E(t) x F(t) we have

(26)  CTle ™ lull < lull; < Celull, TR lul| < ol < Ce|lo].
PROOF. By (2.5) we have

HuH; S/ Dea(a_tH—EtHu||e_(a+<)(a_t) do
t

o0 D
:wam/ ¢ g = D ety
t ¢
For the inequality in the left we note that

HM%Z/"HT@er%wWwa*ﬂﬂw%mg
t

> /°° D105 [y [ =@+ gy
t

_ o0 _ 1
— D! *(gfa*C)t/ (a—a—C=8)o j; — —et
Julle e 7= Pz —c=g "l
(notice that a — @ — ( — e < 0). In a similar manner, we have
t
||v||2 < De—é(t—o)+etHU”e—(QJrC)(t—o) do
t—o
K D
=Det|v]| [ et do < —(1 — e 0)et ||,
t—o C
and for the last inequality we note that
t
[[oll} Z/ IT(t, )" Q)™ olle” ®T =) dg
t—p
t _
>/ DleHo—=et |||~ EHO(t=0) gy
=),
_ t _
_ D—le”e—(Q—b-‘rC-i-E)t/ e(b—b+<)0 do
t—o
1 —
- (1 Oy,
D(b—b+¢)

This completes the proof of the lemma. O

2.3. Stable manifold theorem. Given a subspace F' C R¥, we write
(2.7) B(F)={z e F:|lz; <1}, A(F)={z€F:|z]; <1},

where F is the complexification of F. Now we consider the space H of all
continuous functions f: Rar x R¥ — RF with

f(t,00=0 and (9f/0v)(t,0) =0 fortec RT,
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such that f(¢, - )| B(R¥) has a holomorphic extension f(t, -) to the interior of the
polydisk

AR = {(21,...,25) €CF o ||z]), <1fori=1,...,k}

which is continuous on A;(R¥). We assume that there is a constant § € (0,1)
such that

(2.8) sup { IFCt ) = £t 0l cu,v € Ay(RF) with u # v} < et

[l —oll;

for t € Ry. Let also X be the space of all continuous functions
p: {(t.€) € (o, +00) x R* : £ € By(E(1))} — R
such that:

(1) (t, B:(E(t))) C F(t), with each map ¢(t, -)|B:(E(t)) having a holo-
morphic extension @(¢, -) to the interior of A;(E(t)) (see (2.7)) which is
continuous on A;(E(t));

(2) for every t > p we have ¢(t,0) =0, (0¢/0v)(t,0) = 0, and

= _>(+ A

sup { (2, €) f(/t,f)llt
1€ — €l

Setting £ = 0 in (2.9), we obtain ||@(¢, &) ||} < [|€]|; and hence,

(2.9) ¢, €€ Ay(E(t)) with & # g} < 1.

(2.10) o(t, B(E(t) C By(F(t)) and 3(t, Au(E(t))) C Au(F(L)).
In particular this implies that
(& 3(t,€)) € Ay(RF)  for every € € Ay(E(t)).
Given a function ¢ € X, for each t > o we consider the graph
Vi ={(& 0(t,6)) : € € Bi(E(1))} C R,

The following is our stable manifold theorem.

THEOREM 2.2. Assume that equation (2.1) admits a nonuniform exponential
dichotomy and take f € H. Provided that 0 in (2.8) is sufficiently small, there
exists a unique ¢ € X such that

(2.11) U, (V) CVrys foreveryr >0, s> p.

Moreover:

(a) 'V is an analytic manifold, 0 € Vy, and ToV; = E(t) for every t € Ry ;
(b) for every sufficiently small o > 0, there exists K > 0 such that

19 (s. €, 0(5,€)) = Ur(5,&, (s, )| < KelTroraltmrzes|e _¢|
for everyt > s > o and &, £ € By(E(s)).
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3. Proof of Theorem 2.2

3.1. Function spaces. In view of the desired property (2.11), given s > o
and & € Bs(E(s)), and setting v(s) = (&, ¢(s,£)) € Vs, we must have

\Ijt*S(&gv(p(Sag)) = (.’E(t, 5)790(1571'(1575)))7 t>s

for some z(t,&) € E(t). Therefore, equation (1.1) can be written in the form

b, =T PO+ [ T 7P r,2(5,),plr,2(5,)) b
(31) olt,2(t,6) = Tt )Qs)o(5.)
+ T, (. €), ol €))) e
for ¢t > s. Now we equip the space X with the norm

(3-2) lell = sup{lla(t, ) I/l : £ > ¢ and 2 € A(E(t)) \ {0}}.

One can easily verify that X is a complete metric space with this norm.
For a fixed s > g, given t > s we set

(3.3) plt,5) = @+ 20)(t - s).
Let also B be the space of all continuous functions
z: {(t,€) € [s,400) x R¥: € € B,(E(s))} — R*

such that:

(1) x(t,Bs(E(s))) C E(t) for each t > s, which each map z(t, - )| Bs(E(s))
having a holomorphic extension Z(¢, - ) to the interior of As(F(s)) which
is continuous on A (E(s));

(2) z(s,&) =& for each £ € B4(E(s)), and

T 1, —p(t,s)
(34) lall' = sup {lx(tsﬁ!”

It follows from (3.4) and (3.3) that

s t>sand £ € AJ(E(s))\ {O}} <1.

(3.5) z(t, Bs(E(s))) C B(E(t)), Z(t, As(E(s))) C A(E(1)).

One can also verify that B is a complete metric space with the norm in (3.4).

3.2. Solution on the stable direction. Now we establish the existence
of solutions of the first equation in (3.1) in the space B.

LEMMA 3.1. Provided that ¢ is sufficiently small, for each p € X and s > p
there is a unique x, € B satisfying the first equation in (3.1) for every t > s.
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PrOOF. Given z € B, we define

(Ja)(t,§) = T(t,s)P(s)§ +/ T(t,7)P(7)f (7, 2(7,§), (7, 2(7,£))) dr
for each t > s and £ € B4(E(s)). When £ € A (E(s)) we have

(@(7,€), (1, %(7,€))) € A7 (R")

(see (2.10) and (3.5)). Thus, each map (Jz)(¢, - ) admits a holomorphic extension
to the interior of A4(E(s)), which we continue to denote by (Jx)(t, -), and it is
given by

(Jz)(t,€) = T(t, S)P(S)§+/ T(t,7)P(7) [ (,E(7,£), §(7, (7, €))) dr.

Furthermore, (Jx)(s,&) = £ and (Jz)(¢, -) is continuous on A (E(s)).
Now we show that ||(Jx)(t, -)||} < 1 for each t > s (when t = s this is

immediate from the definitions). Setting

(3.6) 9 (1, €) == P(r) f (7, 2(7, ), o(7, 2(7, £))),
and using (2.6), (2.8), (2.9), and (3.4), we obtain
(3.7) g™ (. )l < Ce g™ (7, 5)]I>

< Coe™ " max{||Z(r, 7, [&(r, Z(7, )17}
< Coe™ ||z (r, &) < Coe™TeP T gl
By (2.5) and (2.2), since T'(0,t)T'(t,s) = T(o, s) for each o >t > s, we obtain

38) NI = [ 1700l do
< / T (0, )T (t, s)P(s)¢||e” @O0 gor
t
t [e%s} _
+/ / 1T (0, )T (t,7)P(7)g" (7,€)[le” T+ dg dr
s t
<@ =) / 1T (o, 5)P(s)€||e” @5 g
t
t [e'e]
+/ / T (o, 7)P(7)|| - [lg* (7, ) le” @0 do dr
S t
t [e'e]
ge@“)(t*s)ufng+CdD||£H;// P (78) A=) y=Clo—1) g g
S t
t [e’¢]
Se(ﬂc)(t—S)HgH{S+C(5D||§H;eﬁ(t—5)// 20(7=9) o —Clo—=1) g5 dr
s t

t e}
36(6“)(’5’5)\\5”’5+C5D||f\|'sep(t’s)/ / 2 (T=1) =Co=1) g g
s t

t oS}
< e@HOE=9)|1¢||” 4 CoD||¢||er ) / / e$(T=9)oC(T=1) g dr
s Jit
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a CéD ¢
<@g+ S elet) [ et ar

¢ ,

s CsD s )
<Ol 4 T (1= el
- s 05D — —s S
= (st + P 1 - sty ey,
Setting
. C8D .
F(r)=e " + o (1—e )
we obtain

F'(r)= < —(+ C§D64T> e " <0

for ¢ sufficiently small. Since F(0) =1, for t — s > 0 we have F(t — s) < 1, i.e.
I(T2)(t Ol < el and || Jz] < 1.

Hence, Jz € B, and we obtain a well-defined operator J: B — B.
Now we show that J is a contraction. Given x,y € B and 7 > s, proceeding
in a similar manner to that in (3.7), and setting

L(r) = P(n)[f (7, %(7,8), o(7, 2(7, €))) — (1, 4(7,£), o (7, 4(7, £)))];

we obtain ||L(7)|| < Cde=c7eP(™9) €|/l — y||’, and hence,

1(J2)(t,€) — (Tn) (O, < / / TP - L) e O dg dr

CéD s s CéD s
< (1= e ) g|Ler) ||z — y|| < 7“5”;6““ N —yl|'.

Therefore,

CéD

[Tz = Jy|l" < &
Provided that § is sufficiently small, we have C6D/¢? < 1 and hence J is a con-
traction. Thus, there exists a unique x = z, € B such that Jx = x. This

l = yll".

completes the proof of the lemma. O
We note that in view of (3.4) each function z; , in Lemma 3.1 satisfies
(3.9) lzg (Ol < gl for ¢ > .
3.3. Auxiliary bounds.

LEMMA 3.2. Provided that § is sufficiently small, for each ¢ € X, s > o, and
£,€ € Ay(E(s)) we have

(3.10) 1T (t,€) — T (£, O)I; < 2[|€ — &Le” ™, t > .
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PROOF. Take 7 > s. Using the notation in (3.6) and proceeding as in (3.7),
we obtain

lg*(7,€) = g (1, Ol < Coe™ T ||T(7, &) — T(7, ) I;-
Set
A7) = |Tp(7,6) = Fp (1,9, and  S(7) = e (") z(7)

for each 7 > s. Proceeding as in (3.8), we obtain
(3.11) z(t)g/ IT(5,5)P(s)(¢ — E)||e~ @)D g
[ [ IrenPol 1669 - Dl drar
t 00
§6(5+<)(t_s)||§—a|;+C’6D/ / At e o(1) do dr
s t
N
t oo
+ CoDe %) / / 2 2(1)e= Y do dr
t

t
— ep(tVS)—C(t—S)Hg _ EHIS + C‘éD el g)/ eQC(T_t)S(T) dr

CéD

<ep<“>[ CE=9)e — €| + )

which yields

eQC(T*t)S(T) d’T':| ,

t
S(t) < eS¢ — g1, + “—D / P 5(r) dr

CéD _
<€ - EHerT et DS(r)dr.

Applying Gronwall’s lemma we obtain

- t2¢(T—1) qr 2 -
S(t) < ||€ — €||Le PP/ T < OO/ e €L,

and hence,
10(2,€) = B8, Iy < P/ — gl e,
Taking 0 sufficiently small, this yields inequality (3.10). d

LEMMA 3.3. Provided that § is sufficiently small, for each @, ¥ € X, s > p,
and £ € AG(E(s)) we have

(3.12) 1Z4(t,€) = Ty (.1 < lIEllllp — wlle” ™), ¢ > s.

PRrOOF. Take 7 > s. Proceeding as in (3.7) and using (3.2) and (3.9) we
obtain

(313)  al(r) = [[§(r, T (7,€), B, T (7, €))) = G Ty (7, €), (7, Ty (1, )|
< OO ||(@ (7, €) = T (1, ), B(7, T (7,€)) = (7, Ty (1, )7
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<Coe™ ([T (T, N5 - o = Yl + 20T (7,€) — Ty (7, E)I7)
< Coe= TP i€l — bl + 2C5e T | T (7,€) — Ty (7, I

Set
p(r) = T (1,6) = Ty (7, and T(7) = e~ *")p(r)
for each 7 > s. Proceeding as in (3.11) (see also (3.7) and (3.8)) we obtain

//IWGT (N)lla(r)e” @D do dr
=ammmw—ww//m&w”wvwa@ﬂW%wmh
+20D§ / / N 5(1)e” @O 4o dr
= CoDell,lle - wmé“ts(/ /" (=9 ¢=Co0) o dy
+20D5/ / e =N%(7) do dr

=CoD|I€]l5lle — w||\ep<“>/ / (=== 4o dr

+2C’Déep(t’s)/ / eQC(T_t)e_g(”_t)T(T) do dt

_CéD 9, 20D oo [ e
S lllle = wler® + 22 f“>/e%<“Tvmﬂ

S

and thus,

CéD
= 50

20D6
T(t) < Gerliellle — vl + =2 /'%“ﬂTer

Applying Gronwall’s lemma we obtain

W= Sze €15 lle — Il

and taking ¢ sufficiently small yields inequality (3.12). O

3.4. Existence of the graph. Now we use the former lemmas to establish
the existence of a function ¢ € X satisfying the second identity in (3.1). We
start with an auxiliary statement.

LEMMA 3.4. Provided that § is sufficiently small, there exists a unique @ € X
such that for every s > g and & € Bs(E(s)) we have

B e [ T QW elr () dr
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PrOOF. We define an operator ® in X by

a1 @aE9-- [ T, 8 Q) F (1 (. €), (2, £))) d

for s > pand £ € Bs(E(s)), where z, is the unique function given by Lemma 3.1.
We first show that the integral in (3.15) (or more precisely its extension to the
complex domain) converges uniformly on A(E(s)). Indeed, by (3.9) and (2.6),

writing

W (7,8) = Q(T) (7,25 (7,€), P(T, T (7 £)))

and proceeding as in (3.7), we obtain
[h* (7, &)l < Coe™T |a(, §)|I, < Ce™=Te? ™) |¢]L.
By the second inequality in (2.3), for every r > s we have

(3.16) | T(7,9) 7' Q1) - [In*(7,)]| < DOS||¢|[se b= FeTemeT (@20 (T=s)
— Dcf(ge(ﬁ—b-i-%)(T—S)7
where @ — b+ 2¢ < 0. This shows that the integral in (3.15) converges uniformly
on A (E(s)), and hence the right-hand side of (3.15) defines a holomorphic ex-
tension of (Py)(s, - ) to the interior of Ag(E(s)) which is continuous on Ag(E(s))
(we continue to denote the extension by (®¢)(s, -)). Since z,(7,0) = 0 for eve-
ry ¢ € X and 7 > s (see (3.9)), it follows from (3.15) that (P¢)(s,0) = 0 for
every s > p. Furthermore, also by (3.15) and since (9f/0v)(t,0) = 0, we have
A(Dp/0v)(s,0) =0 for every s > o.
By (2.6), (3.9) and (3.10), proceeding as in (3.7) we obtain
b(r) = ||h*(1,€) = h*(1,€)
< Coe™ ||z (r,€) —a(r, )| < 2Cse™ TP |I€ — £l
In an analogous manner to that in (3.16) we also have

(317)  [(®@e)(s€) — (@p)(s, O
<[ [ e e e e i do

<20D§|€ €|, /OO /s e~ 0(r=0) ((@+20)(7=5) . = (b+0)(0=9) g5 7
s s—p

<20Ds||€ - €|, / / e(@=0+20)(7=5) o, =C(0=5) g7 47
s s—o

_ 2CD5(e® — 1)

~ (la-b+ 2

Taking § sufficiently small we have ®(X) C X and the operator ®: X — X is
well-defined.

1€ — €]l
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Now we show that ®: X — X is a contraction with the norm in (3.2). Given
v, € X and s > g, let z, and x4 be the unique functions given by Lemma 3.1.
Proceeding as in (3.13), and using Lemma 3.3, (3.9), and (2.6), we obtain

C(T) = ||Q(T)[f(7—7 530(7—5 5)7 &(7—’ EQD(T’ g))) - fN(T’ '%’111(7’ 5)7&(7-7 §¢(Ta 5)))]”
<Coe™[PTIE]l} -l — Yl + 20|z (7, €) — my (7, )I)]
<3C5e=Te" T ¢l; - lp — .

In an analogous manner to that in (3.17) we conclude that

I@Bp)(s,€) — (@05, I,
< [ [ i@ e elme 0 drds

o0 S
<3CoDlell-fo—vll [ [ ROt g ar
s s—o

_ 3CéD(es? — 1)
~ (la—-b+2(
Thus, taking J sufficiently small, the operator ®: X — X is a contraction in the

€15 - e = [

complete metric space X. Hence, there exists a unique ¢ € X satisfying ®¢ = .
This completes the proof of the lemma. O

We can now establish Theorem 2.2.

PrOOF OF THEOREM 2.2. Consider the unique function ¢ € X given by
Lemma 3.4. Since T'(¢,s)T(,s)! = T(t,7), for every £ € Bs(E(s)) and t > s
it follows from (3.14) that

(318) T(t.5)Q(s)p(s.€) + / T(t,7)Q(r) f (7. 2(r,€). ol (7. £))) d

- / T Q) [ (2, ), ol (7, €)) dr

We know from (3.5) that z(t,£) € B:(E(t)), and hence it follows from (3.14)
that the right-hand side of (3.18) is equal to ¢(t, x(¢,£)). This establishes pro-
perty (2.11).

It follows from the mean value theorem together with Lemmas 3.2 and 2.1,
that for every t > s and &, £ € B,(E(s)) we have (see (2.4))

1W;—s(5,&,0(5,€)) — Wy —s(s,€,0(5,6))|
= [la(t, &) — x(t. ) + llp(t, 2(t,)) — p(t, x(t, ©))
< e [Clla(t,§) — (. Ol + Cllo(t x(t, €)) — o(t, (¢, )]
< 2Ce||2(t, €) — z(t,E); < 4Ce™ ") i€ ~ €],

4CD £ s s ra 4CD a g)(t—s £s ra
< S e g g < ST g O
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4. Decay of derivatives along the stable manifold

We show in this section that the derivatives of the functions

5 = \Ilt—s(57 fa (p(S, 5))

also exhibit an exponential decay.

THEOREM 4.1. Under the assumptions in Theorem 2.2, for the unique ¢ € X
there exists k > 1 such that given 7 € N, t > s > o, and &, £ € E(s) with
€I 1€l < C~ e we have

o7

Hafj \I/t s 5590(575)) 8§J

55 V(5.5 9)|

< Hj6(6+a+36)(t75)+6(j+4)8Hf . E”

PrOOF. Given o € (0, 1] we set
(4.1) Alo)={z=(21,...,2) €CF i |g5| <o fori=1,....k}.

LEMMA 4.2 (see [2, Lemma 5]). If f: int A(o) — C is holomorphic, then
there exists d = d(k) > 0 such that
of d
7o)

sup
z€A(oeP)

sup |f(2)|

N ka+1 z€A(0)

for every p € (0,1 and j =1,... k.

We consider a sequence (0;);en, satisfying o; = Uj,le’l/jQ for j > 1, and

we set
1, Jj=2,
T 1) = j=2 1 .2
(]) H Hel/l , j 2 3
1=1i=1
We have
— —1/r? : — —72/6
(4.2) o] = 09 H e and llg& o] = oge .
Now we set p*(¢,&) = @(t,x(¢,£)). By the chain rule,
©* - oz
t t . — | (¢ .
|5 )eo] <|(52)ereo] |G
For each T = Z(t, £), using Lemma 2.1 we obtain
t h t
H <gi)( 7| < sup { &t Hlllzll PO o he AdEW), b # o}

h
S 02€2€t sup{”(p(t z_‘_f)L” (t m)Ht JZ—Fh c At(E(t)),h 7& O} S 02€2€t.
t
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Thus, setting o9 = C~1e™=% (for each fixed s) and a; = sup{|(0z/9¢)(t, &) :
¢ € A(0p)}, with C* replaced by E(s) in (4.1), we have

(4.3) by :=sup {H (i;’g)(t,f)” € e A(Uo)} < C?e*la; =:ay.

We claim that, for each j > 2,

(44) ;= sup{H@Z)(t,g)‘ Ce A(aj_l)} < T0) T (de®+D/P) g,

=1
and
. i1
" O 2,
(45) bj (= 8sup {”( 853 )(t,f) ’ : 5 S A(O’j_l)} S -1 (de(k+l)/l )al-
9 =1
For j =2, by Lemma 4.2 and (4.3) we have
d6k+1 dek+1 dek—i—l
ag <~ ay and b2 S 1 S Eil.
0o 00 00

This proves (4.4) and (4.5) for j = 2. Now we assume that (4.4) and (4.5) hold
for j=1—1 (I > 3). Then, by Lemma 4.2,

(k+1)/(1-1)* _q) =t
(4.6) a < deialfl < T( 11)2 de(k+1)/3
g1—-2 0120 =1
By (4.2) we have
TU-1) Ty e
ST T =TT =0
j=14=1 j=14=1

and we conclude from (4.6) that

-1

I ,

l(_z (deF+D/%)q,
0'0 j

S

a; <

1

This shows that (4.4) holds for j = [. One can show in a similar manner that (4.5)
holds for j = 1.
Now we establish the statement in the theorem. By Lemmas 2.1 and 3.2 we

obtain
a; < sup { I, € + h;”_ Ol 26,6+ heAy(E(s)),h# 0}
< C2eE(t+S) sup { ||5(t7£ +|]|7’}27 5(@5)”2 . 5’5 1+ he AS(E(S)),]“L 7& 0}

< 20266(t+s)6p(t,s) — 2026(a+2<+6)(t_s)+268,

and thus,

o < 204625t6(ﬁ+2(+8)(t—s)+2£s _ 2046(6+2C+3a)(t—s)+4es.
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By the mean value theorem, (4.4), and (4.5), for each j > 1 and &, £ € E(s) with
€11, 11€]l < C~te~=* we obtain

ajqj o > - -
@ tfs(S,é.a(p(sag)) 65] t— s( 75)@(575))
3]‘ o7 . =
-0 - ggred] + [ w0 - o]
<(ajp1 +bi41)[€ — l
< 204+je(E+2C+3E)(t—s)+8(j+4)sT(j + 1) ﬁ(de(k+1)/l2)||§ _ E”
=1

< 204(dc)je(k+1)7r2/66(6+2§+35)(t—s)-&-s(j+4)sT(j + 1) Hg _ EH

Noticing that

! o 2
zz; Z] i
=1 i=1 =1

we obtain the desired statement taking k > dCe™ °/6, O
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