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POSITIVE SOLUTIONS FOR NONLINEAR
NONHOMOGENEOUS PARAMETRIC EQUATIONS

NIKOLAOS S. PAPAGEORGIOU — GEORGE SMYRLIS

ABSTRACT. We consider a nonlinear parametric Dirichlet problem driven
by a nonhomogeneous differential operator which includes as special cases
the p-Laplacian, the (p, ¢)-Laplacian and the generalized p-mean curvature
operator. Using variational methods, we prove a bifurcation-type theorem
describing the dependence of positive solutions on the parameter.

1. Introduction

Let O C RY be a bounded domain with a C2-boundary 9. In this paper,
we study the following nonlinear Dirichlet eigenvalue problem

(P)a  —=diva(Du(z)) = Af(z,u(z)) in £, ulaa=0, u>0, AX>0.

In (P)y the map a: RY — R¥ is strictly monotone and satisfies certain other
regularity conditions. The precise conditions on a(-) are stated in hypotheses
H(a) below. They provide a unifying framework to treat equations driven by the
p-Laplacian, the (p, ¢)-Laplacian differential operator and the generalized p-mean
curvature differential operator. Also, A > 0 is a parameter and f: @ x R - R
is a Caratheodory function (i.e. for all x € R, z — f(z, ) is measurable and for
almost all z€Q, x — f(z,z) is continuous), which is strictly (p—1)-sublinear in
the x-variable near +00. We prove a bifurcation-type result describing precisely
the dependence of positive solutions of (P), on the parameter A > 0. Recently
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positive solutions for nonlinear eigenvalue problems driven by the p-Laplacian,
were obtained by Brock, Itturiaga and Ubilla [5], Hu and Papageorgiou [13]
and Perera [18]. In contrast to our differential operator here, the p-Laplacian is
(p—1)-homogeneous and this is a feature that helps the analysis of the equation.
Finally we should mention the recent work of Cardinali, Papageorgiou, Rub-
bioni [6], where an analogous result was proved for a Neumann logistic equation
driven by the p-Laplacian.

2. Hypotheses — auxiliary results
Let ¥ € C1(0,00) be such that

()
(2.1) 0<C§ﬁ0

t
at? ™t <O(t) S et +4771) forall £ >0

< ¢ for all t > 0,

and some c¢j,co > 0, 1 < ¢ < p. The hypotheses on the map a(-) are the
following:

H(a) a(y) = ao(]|y||)y for all y € RN with ag(t) > 0 for all t > 0,a(0) = 0 and

!
sa'(s) 5 1.

)

(i) ap € CL(R\ {0}) N C(R) and lim

s—0t a(s)
ol
[yl

(it) (Va(y)e, )an > 2l

il
REMARK 2.1. Let

(i) [[Va(y)|] < es3 all y € RV \ {0} and some c3 > 0;

I|€]1? for all y € RN\ {0}, all £ € RV,

t
Go(t) :/ ap(s)sds, t>0.
0

Evidently Go(-) is strictly convex and strictly increasing. For all y € RY we set
G(y) = Go(||lyl]). Then G(-) is convex, G(0) = 0 and for all y € RV \ {0}, we
have

VG(y) = Gy (Hyll)H = ao(|lyl1)y = a(y)-

Hence G( ) is the primitive of a( ). Since G(-) is convex and G(0) = 0, we have
(2.2) G(y) < (a(y),y)ry for all y € RV,

From hypotheses H(a) and (2.2), (2.3), we easily deduce the following pro-
perties of the map a(-).

LEMMA 2.2. If hypotheses H(a) hold, then:

(a) y — a(y) is mazimal monotone and strictly monotone;
) |la)]| < ca(1 + ||y]|P~1) for all y € RN and some c4 > 0;
() (a(y), e~ = allyllP/(p—1) for ally € RY (see (2.2)).
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From this lemma and the integral form of the mean value theorem, we obtain
the following growth conditions on G(-).

COROLLARY 2.3. If hypotheses H(a) hold, then
c

p(p—1)

EXAMPLES 2.4. The following maps satisfy hypotheses H(a):

lly|[P < G(y) < es(1+ ||y|[P)  for ally € RY and some c5 > 0.

(a) ay) = [ly[[P~*y with 1 < p < co.

This map corresponds to the p-Laplace differential operator

Apu = div(||Du|[P~2Du)  for all u € W, *().

(b) a(y) = [lylP~2y + [ly[| 2y with 1 < ¢ < p < o0.
This map corresponds to the (p, ¢)-differential operator
Apu+ Agu for all u e WyP(Q).

This differential operator is important in quantum physics (see Benci, D’Ave-
nia, Fortunato and Pisani [3]) and in reaction diffusion equations and plasma
physics (see Cherfils and Ilyasov [7]). Recently such equations were studied by
Cingolani and Degiovanni [8], Li and Guo [16], Sun [20].

() aly) = (1+ [lylI)P=2/2y with 1 < p < .

This map corresponds to the generalized p-mean curvature differential oper-
ator

div((1 + || Du|[*)P=2/2Du)  for all u € W, (Q).

Such equations can be found in Pucci and Serrin [19].
(d) a(y) = [lylP~2y + [lyllP~2y/ (1 + [[yl[P) with 1 < p < oo.

(e) a(y) = ly[P~2y +In(1 +[ly[[P)y  with 1 <p < oo.
Let fo: 2 x R — R be a Caratheodory function such that
Ifo(z,2)| < a(2) +clz|"™! foraa. z€Q, allz € R,
with a € L>®(Q)4, ¢ > 0 and

Np
l<r<p'={N-p
+00 if p> N.

ifp <N,

We set .
Fo(z,x) :/ fo(z,8)ds
0
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and consider the C'-functional gg: Wy (Q) — R defined by

<p0(u):/QG’(Du(z))dzf/QFo(z,u(z))dz for all u € W, *(9).

The next result can be found in Gasinski and Papageorgiou [13].

PROPOSITION 2.5. If ug € W, P(Q) is a local CA(Q)-minimizer of o, i.e.
there exists pg > 0 such that

wo(uo) < wo(ug +h) for allh € Co(Q),  [hlloy ) < po

then ug € CYP(Q) for some B € (0,1) and ug is also a local Wy (Q)-minimizer
of o, i.e. there exists p1 > 0 such that

wo(uo) < polug +h) for all h € Wy(Q), |[|h]| < p1.

REMARK 2.6. The first such result was proved by Brezis and Nirenberg [4]
for the case when G(y) = ||y||?/2 for all y € RY. It was extended to the case
G(y) = ||y||P/p for all y € RN with 1 < p < co by Garcia Azorero, Manfredi and
Peral Alonso [9]. The proof of [13] differs from the proofs in [4], [9].

In the analysis of problem (P),, we will use the ordered Banach space
Co(Q) = {u € CH(Q) : ulan = 0}
The order cone of this space is
Cy ={uecC{Q):u(z) >0, for all z € Q}.

This cone has a nonempty interior given by
intCy = {u €Ct:u(z)>0forall z€Q, g—u(z) <O forall z € 89},
n

where n(-) is the outward unit normal on 9€.

Also throughout this work by || - || we denote the norm of the Sobolev space
WyP(€). By virtue of the Poincare inequality, we have |ju|| = ||Dul|, for all
u e WyP(2). By |- |n we denote the Lebesgue measure on RY. For z € R, we
set oF = max{4x,0}. If u € W, P(Q) then

v ) =u()FeWyP(Q) and |ul=uT+uT, u=ut—u".

If h: Q@ xR — R is a measurable function (for example a Carathéodory

function), then
Nu(u)(-) = h(-u(-)) forall u e WyP(Q).

Let A: Wy P(Q) — W12 (Q) = Wy P(Q)* (1/p+1/p = 1) be the nonlinear

map defined by

(2.3) (A(u),y) = /Q((L(Du)7 Dy)g~ dz  for all u,y € Wol’p(Q).
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Here by (-, -) we denote the duality brackets for the pair (Wy*(Q), W17 (Q)).
From Gasinski and Papageorgiou [10], we have

PROPOSITION 2.7. If hypotheses H(a) hold and A: WP (Q) — WP (Q) is
the nonlinear map defined by (2.3), then A is monotone continuous bounded (i.e.
maps bounded sets to bounded sets) hence mazimal monotone too and of type
(S)y4, i.e. if up — u in Wy P(Q) and limiup<A(un),un —u) <0, then u, — u

n—-+0oo

in WyP ().

Let hy,hy € L>®(Q). We write hy < hg, if for any K C Q compact, we can
find € > 0 suth that

hi(z) +€ < ha(z) foraa. z € K.

Evidently, if hy, he € C(Q) and hy(2) < ha(z) for all z € , then hy < ha.
The next strong comparison principle extends Proposition 2.6 of Arcoya and
Ruiz [2] which was proved for the particular case of the p-Laplacian.

PROPOSITION 2.8. If & > 0, hi,ha € L®(Q),h1 < hy and u € CH(Q),
v € int C are solutions of

—diva(Du(z)) + lu(2)[P2u(z)* = hi(z) in Q,
—diva(Dv(2)) + £[v(2)|P%v(2) = ha(z) in Q,
then v —u € int C..
Proor. We have
Au) + €lulP72u < A(v) + P20 in W_l’p/(ﬂ).
Acting with (u —v)* € W, "P(£2), we obtain

(A(u) = A(v), (u—v)") + /Q E(Jul"u = [uP~?v) (u — v)* dz 0,

= (a(Du) — a(Dv), Du — Dv)gn~ dz
{u>v}

[ e ol ) 0z <0,
{u>v}
= [{u>v}|xy =0, hence u <v (see Lemma 2.2).

Next we show that u(z) < v(z) for all z € 2. To this end, we introduce the
sets

Eo={z€Q:u(z) =v(2)} and FE ={z¢€Q:Du(z)=Duv(z)=0}.

CraMm. Ey C E.
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Let z9 € Fy. Then the function w = v — u attains its minimum at zy and
so Du(zg) = Dv(zp). If Du(zp) # 0, then we can find p > 0 small such that
B,(z) € © and

[|Du(z)|| >0, [|[Dv(2)|| >0, (Du(z),Dv(z))g~x >0 forall z € B,(2).
We have w = v —u € C4 \ {0} and w(-) satisfies the following linear elliptic
equation in B,(zg) (see Arcoya and Ruiz [2]):

N

(2.4) - Z 8(,921 (19”(2:)32;> = —f(‘UIP—QU — |u‘p_2u) + h2 - hl in BP(ZO).

i,j=1

In (2.4) the coefficients ¥;;( - ) are given by

ﬂij(z):/o gZ;((l—t)Du(z)+tDv(z))dt.

We have 9;; € C(B,(20)) and by choosing p > 0 even smaller if necessary in (2.4),
we can have the differential operator uniformly elliptic and the forcing term (i.e.
right hand side) positive. Then the maximum principle of Vazquez [21] implies
that u(z) < v(z) for all z € B,(2), which contradicts the fact that 29 € Ej.
This proves the Claim.

Since v € int C4, we have that E is compact and Ey being a closed subset
of E (see the Claim), itself is also compact. Therefore we can find Q; C Q
a smooth open set such that

EyCO CO CO.
We can find € € (0, 1) such that
(2.5) u(z)+e<wv(z) forall z€d and hi(z)+e < ha(z)

for almost all z € ;.
We choose 4 € (0,¢) small such that

(2.6) Ells|P=2s = |s'[P72s| < e
for all s,s" € [—]|v]|oos ||tt]]oo], With |s — s'| < §. Then we have
—diva(D(u+9)) + &u+ 0P 2(u+ 6) = —diva(Du) + E|lu+ 5|72 (u + 0)
=&[lu+ 0P (u+6) — [uP"u] + by

<h;+e<hy (see (2.5) and (3.3))
= —diva(Dv) + £w|P" %0 in Q,
=u+0<v iny (see Pucci, Serrin [19]).

Since Ey C 4, it follows that Ey = () and so u(z) < v(z) for all z € Q.
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Next, let zp € 9. Since 02 is by hypothesis a C? -manifold, we can find
p > 0 small such that

Byp(Z) CQ and zp € 0B3,(2) N0Q (with z € Q).
Invoking Lemma 2 of Lewis [15], we can find @ € C*(Bs,(2)) such that
(27) —div(6(2)DW(2)) =0 in Byy(2) \ B,(2)(0(2) = (93(2))1)=1),
(2.8) W lop,z =1, Wop,,z) =0, 0 <@ < 1in Byy(2) \ B,(2),
and ||D@(z)|| > ¢ > 0 for all z € Ba,(2) \ B,(2).
From the previous part of the proof we have w(z) > 0 for all z € 2. Hence
m, = minjw(z) : z € 0B,(Z)] > 0.
We set w = m,w. Then from (3.4) we have
~div (0(z)D(2)) =0 in Bay(2)\ B, (2),
W]pB,(2) = Mp, WlB,, =) = 0.
The weak comparison principle (see Pucci and Serrin [19]), implies w < w in
B, (%) \ Bp(Z). Moreover, w(zy) = w(zp) = 0. Hence

ow ow ow
8—n(z0) < %(zo) = mp%(zo) <0 (see (3.4)),

=sw=v—u€intC,. |
Finally by A1 we denote the first eigenvalue of the Dirichlet p- Laplacian. We

know (see, for example, Gasinski and Papageorgiou [12]) that A1 > 0 and

N DullP
(2.9) Sy = inf [ 1240

ue WyP(Q),u#0|.

[ullp
3. Positive solutions

In this section we prove the bifurcation-type theorem describing the depen-
dence of the positive solutions of (P), on the parameter A > 0.
The hypotheses on the reaction f(z,z) of (P)y, are the following:
H(f) f: @ x R — R is a Caratheodory function such that f(z,0) = 0, for
almost all z € Q and
(i) for every p > 0, there exists «, € L>°(€2) such that

flz,2) < ay(z) foraa. zeQ, allzel0,pl;

=0 uniformly for almost all z € ;

oo f(z)
w0 5

=0 uniformly for almost all z € Q;

(iv) for every p > 0, there exists £, > 0 such that for almost all z € Q,
= f(z,2) + &P~ ! is nondecreasing on [0, p|;
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(v) f(z,2) > 0 for almost all z € Q and all > 0.

REMARK 3.1. Since we are looking for positive solutions and the hypotheses
concern only the positive semiaxis Ry = [0, +00), we may (and will) assume that
f(z,z)=0 fora.a. z€ Qandall z <0.

Hypothesis H(f)(ii) implies that for aalmost all z € Q, f(z, -) is strictly (p — 1)-
sublinear near +ooc.
EXAMPLE 3.2. Let
U if e [0, 1],
glo)y =49
x4 ifx>1,

with 1 < g <p<r<oo, a€ L*®Q);, a(z) > 0 for almost all z € Q and let
f(z,z) = a(z)g(x). Then f(z,x) satisfies hypotheses H(f).

Let S = {A > 0 : problem (P), has a nontrivial positive solution} and let
S(A) be the corresponding solution set of (P)y. We set A\, = inf S (if S = (),
then A\, = +00).

PROPOSITION 3.3. If hypotheses H(a), H(f) hold, then
S(A\) CintCy  and Ay > 0.

PROOF. Suppose that S # @) and let A € S. Then we can find u € Wol’p(Q),
u > 0, u # 0 such that
—diva(Du(z)) = AMf(z,u(z)) inQ, ulse=0.

From Ladyzhenskaya and Ural’tseva [14, p. 286], we have that u € L>°(Q). Then
invoking the regularity result of Lieberman [17, p. 320], we have that u € C\{0}.
Let p = ||u||oo and let £, > 0 be as postulated by hypothesis H(f)(iv). We have

—diva(Du(2)) + Au(2)P~ = Af(z,u(2)) + Au(2)Pt >0 ae. in Q,
= diva(Du(z)) < A,u(z)P~! a.e. in
= u€intCy (see Pucci-Serrin [19, p. 120]).

So, we have proved that S(\) C int C.
Hypotheses H(f)(i), (ii) imply that we can find ¢g > 0 such that

(3.1) f(z,2) < cgzP™! for a.a. z€Q, all 2 > 0.

Let Ao < c1A1/((p — 1)cg) (see (2.2)) and n € (0, Ao]. Suppose that 5 € S. Then
by virtue of the first part of the proof, we can find u, € S(n) C int C.. We have
A(uy) = nNys(uy), = %”Duan < / nf(z,uy)u, dz (see Lemma 2.2)

p—= Q

C1
p—1

<neeluq|l; < Alfug |15,
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which contradicts (3.5). Therefore nn ¢ S and so A, > Ag > 0. O

For A > 0, let @y: Wy?(Q) — R be the energy functional for problem (P)y
defined by

ox(u) = / G(Du)dz — )\/ F(z,u)dz for all u € W,P(Q),
Q Q
where F(z,2) = [ f(2,5)ds. Clearly, o\ € C*(W,7()).
PROPOSITION 3.4. If hypotheses H(a), H(f) hold, then S # 0.

PRrOOF. Hypotheses H(f)(i), (ii), imply that given ¢ > 0, we can find ¢; =
c7(€) > 0 such that

(3.2) F(z,x2) < %rp +c; foraa. z€Q, all z > 0.
Therefore for u € W, (), we have
ox(u) > ﬁHDqu — %||u+||§ —¢7|Q|n  (see Corollary 2 and (3.7))
> | et e @),

Choosing € € (O,chl/(p — 1)), we see that ¢ is coercive. Also, exploiting the
compact embedding of I/VO1 P(Q) into LP(Q), we check that o, is sequentially
weakly lower semicontinuous. So, by the Weierstrass theorem, we can find u €
WP (€) such that

(3.3) o (@) = inflpx (u) : u e Wy P(Q)].
Let L: LP(Q2) — R be the integral functional defined by
L(v) = / F(z,v(z))dz for all v e LP(Q).
Q

By virtue of hypothesis H(f)(v) we see that for every v € LP(£2) such that v > 0
and v # 0, we have that L(v) > 0. Since the space W, () is dense in LP(Q),
we can find 7 € W, *(Q),7 > 0 such that L(7) > 0. Then we can choose A > 0
large such that

AL(D) > /QG(Dﬁ) dz = ©A(0) <0 = @,\(T) <0=px(0)
(see (3.8)), hence u # 0. From (3.8), we have
(3.4) o\(@) =0 = A(a) = AN (u).

Acting on (3.4) with —a~ € W, ?(Q) and using Lemma 2.2, we obtain @ > 0,
u # 0. Therefore @ € S(A) C int Cy for A > 0 large. Hence S # 0. O

PROPOSITION 3.5. If hypotheses H(a), H(f) hold and A € S, then
[A,+o0) CS.
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PRrROOF. Let uy € S(A) C int Cy (see Proposition 3.3). Also let # > X and
consider the following Caratheodory function:

0f(z,ux(z)) if x <wux(z),

3.5 ho(z,x) =
(3:5) o) 0f(z,x) if ux(z) < z.

We set .
Hg(z,a:)z/ ho(z,s)ds
0

and then introduce the C'-functional ¢ : Wy "*(€2) — R defined by

o (u) = /QG(DU) dz — /QH(;(Z,U) dz for all u € WyP(Q).

As we did for the functional ¢ in the proof of Proposition 3.4, we show that
1y is coercive and sequentially weakly lower semicontinuous. So, we can find
ug € Wy (Q) such that

Yo(ug) = inflthg(u) : u € Wol’p(Q)] = Pp(ug) =0
(3.6) = A(ug) = Np,(ug).

On (3.6) we act with (uy —ug)™ € W, ?(Q). Then

(A(uo), (ur — ug) ™) = /Q ho (2 up) (ur — ug)* dz

:/Qef(z,uk)(uAfueﬁdz (see (3.5))

> / A (z,up)(uy —ug)T dz (since A < 8, f>0)
Q
= (A(un), (ux —ug)™)

= (a(Duy) — a(Dug), Duy — Dug)gny dz < 0

{urx>up}
= |{u,\ > u9}|N =0

(see Lemma 2.2), hence uy < ug. Then from (3.5) and (3.6) we have
A(ug) =ONs(ug) = wp € S(P) CintCy andsod €S,
= [\, +00) CS. O
From this proposition it follows that (A, +00) C S.

PROPOSITION 3.6. If hypotheses H(a), H(f) hold and X\ > \*, then problem
(P)a has at least two nontrivial positive solutions ug,u € int Cy .

PROOF. We know that (A, +00) € S. Let Ay < p < A < 6. We can find
u, € S(p) € intCy and ug € S(0) C int C (see Proposition 3.3) and we can
have u,, < ug (see the proof of Proposition 3.5).
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We introduce the following Caratheodory function
A (zouu(2)) if @ <wup(z),
(3.7) Mz, x) =< Mz, 2) if u,(2) < < wp(z),
Az, up(2))  if ug(z) < z.
Let "
Lx(z,2z) = / (2, 8) ds
0

and consider the C'-functional oy : Wy* () — R defined by
ox(u) = / G(Du) dz — / Ta(z,u)dz for all u € W, P(Q).
Q Q

Clearly o is coercive (see (3.7)) and sequentially weakly lower semicontinuous.
So, we can find ug € W, *(§2) such that

ox(ug) = inflox(u) : u € WyP(Q)] = oh(uo) =0,
(38) = A(UO) = N%\ (’U,o)
Acting on (3.8) first with (u, — ug)t € WyP(Q) and then with (ug — ug)™ €
WyP(€2) we show that

ug € [up,ug) = {u € Wy P(Q) : uu(z) < u(z) < ug(2) ae. in Q}
= ug € S(A\) Cint Cy

(see (3.7) and (3.8)).
Let p = [|ug||oo and let £, > 0 be as postulated by hypothesis H(f)(iv). Then

—diva(Dug(2)) + pépun(2)P ™ = pf(2,uu(2)) + p€pun(2)P
< AMf(z,u0(2)) + Apuo(2)P

(see H(f)(iv) and recall u, < ug, g < A)
= —diva(Dug(2)) + A,up(2)P~  a.e. in Q,
= ug —uy € intCp

(see Proposition 2.5).
In a similar fashion, we show that ug —ug € int Cy.. So, we have proved that

(3.9) ug € int ey g [wp, ug).
From (3.5) and (3.7) it follows that
PA |[u,“u9] =0x |[uu,u9] +B8%  with B} € R,
= g is a local C3(€Q)-minimizer of @y (see (3.9)),

= wp is a local W, ?(Q)-minimizer of p5 (see Proposition 2.3).
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Hypothesis H(f)(iii) implies that given € > 0, we can find § = d(¢) > 0 such
that

(3.10) F(z,x2) < CaP foraa. ze Q, all z € ]0,4].
p

Then, for u € C}(2) with H“”C&(ﬁ) < 6, we have

1 C1 )\€:|
u) > — — = |||ul|P
Pa(u) 2 [p_l = |l

(see Corollary 2 and (3.5), (3.10)). Choosing & € (0,c1A1/((p — 1)A)), we see that
u = 0 is a local C} (Q)-minimizer of ¢y, hence u = 0 is a local W, *(Q)-minimizer
of ¢y (see Proposition 2.3).

Therefore we have two local minimizers 0, ug of ¢). Without any loss of
generality we may assume that ¢(0) =0 < ¢y (ug) (the analysis is similar if the
opposite inequality holds). As in Aizicovici, Papageorgiou and Staicu [1] (see
the proof of Proposition 29), we can find p € (0,1) small such that [|ug|| > p and

(3.11) ©A(0) = 0 < px(uo) < inflpa(u) : [[u —uol| = p] =1,

Since ) is coercive, it satisfies the Palais—Smale condition. This fact together
with (3.11) permit the application of the mountain pass theorem (see, for exam-
ple, Gasinski and Papageorgiou [12, p. 648]). So, we can find @ € Wolp(Q) such
that

(3.12) ) < o),
(3.13) (@) =0
From (3.11), (3.12) we have u ¢ {0, uo}. From (3.13) we have
ue S\ CintCy. O
PROPOSITION 3.7. If hypotheses H(a), H(f) hold, then A € S.
PRrROOF. Let {\,}n>1 € S be a sequence such that
A > A foralln>1and A\, | A\, as n — oo.
We can find u, € S(\,) C int C; such that
(3.14) A(up) = A\yNg(u,) forall n > 1.
From the proof of Proposition 3.5, we know that we can have
(3.15) u, <up foralln > 1.
From (3.6) we know that

(3.16) f(z,2) < ceaP™! for a.a. z € Q, all x> 0.
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From (3.14)(3.16), via Lemma 2.2, we infer that {u,},>1 € W, "*(2) is boun-
ded. So, we may assume that
(3.17) Uy — u,  in WyP(Q) and  w, —u, in LP(Q).

On (3.14) we act with u, — u., € Wy*(€). Passing to the limit as n — oo and
using (3.17), we obtain

nlLr&(A(un),un —u,) =0 = u, »u, inWy*(Q)
(see Proposition 2.4). So, if in (3.14) we pass to the limit as n — oo, then
Auy) = AuNyp(uy) = uy € Cy.
We need to show that u, # 0. From (3.14) we have
—diva(Du,(2)) = M f(z,un(z)) ae. inQ, wu, |og=0.

From Ladyzhenskaya and Ural’tseva [14, p. 286], we know that we can find
M; > 0 such that
[Jun]loo < My for all n > 1.

Then invoking the regularity result of Lieberman[17, p. 320], we can find § €
(0,1) and My > 0 such that

up, € CoP(Q)  and [l @y < My forall m > 1.

Since C;?(Q) is embedded compactly in CL(Q), we may assume that u, — u.
in C¢(Q). Suppose that u, = 0. Then

(3.18) up, — 0 in CH(Q).
Hypothesis H(f)(iii) implies that given ¢ > 0, we can find § = §(¢) > 0 such that
(3.19) f(z,2) <exP™t foraa. z€Q, all z € [0,0].
From (3.18) we know that we can find ng > 1 such that
un(z) €10,0] for all z € Q, all n > ny,
= —diva(Du,(2)) < Apeun(2)P~ for a.a. z € Q, all n > no,
(see (3.19))

c

1
=
p—1

A
[[Dun|[h < Anellun|[h < X—”EHDuan for all n > ny,
1

(see Lemma 2.2 and (3.5))

_ai <\, for all n > ng,
(p—1)e
aM A

(p—1e —
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Since € > 0 is arbitrary, we let € | 0 and reach a contradiction. Hence

u, £0= A\ €8. O

So, summarizing the situation for problem (P),, we can state the following

bifurcation-type result.

THEOREM 3.8. If hypotheses H(a), H(f) hold, then there exists Ay > 0 such

that:

il

[2

3

4

5

6

7

8

9

(10]
11]
(12]
(13]

(14]

(a) for every A > A, problem (P)x has at least two nontrivial positive solu-
tions ug, u € int Cy;

(b) for A= X, problem (P), has at least one positive solution u, € int Cy;

(c) for A € (0, ) problem (P), has no nontrivial positive solution.
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